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FIG. 1. Semi-inclusive azimuthal distributions for 
all charged-particle combinations. 


dence of the azimuthal distributions on the par¬ 
ticle’s charge, transverse momentum, and rap¬ 
idity is also studied. 

The results are based on an unbiased inclusive 
data sample of ~ 3500 completely measured events 
obtained from an exposure of the 30-in. FNAL 
hydrogen bubble chamber to a 205-GeV/c proton 
beam. Further details of this experiment are 
given elsewhere. 5 For the analysis of two-parti¬ 
cle distributions we make the following choice of 
kinematic variables: the magnitude of the trans¬ 
verse momentum of particle P iT ; Its center-o - 

mass rapidity, y,; and the azimuthal angle be¬ 
tween the transverse momenta of particles t and 


In this paper we analyze the azimuthal distribu- 
tions 

do n _ ^0 n 

d(p % d<p u 


and 
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FIG. 2. (a) Asymmetry parameter A„ as defined in 
Eq. (1) as a function of charged-particle multiplicity n 
for different charge combinations, (b) Asymmetry A, 
integrated over all n, as a function of p T for all y and 
for >2 - 


where n is the charged-particle multiplicity. 

In Fig. 1 we show the semi-inclusive azimuthal 
distributions for all charged-particle combina¬ 
tions. It is observed that (a) the distributions 
are asymmetric and peak near 180° and (b) the 
asymmetry becomes less pronounced as the 
charged multiplicity increases. As will be dis¬ 
cussed later, these trends may be understood in 
part as a consequence of transverse-momentum 
conservation. To parametrize the distributions, 
we define, for fixed n, the asymmetry parameter 
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Table I and Fig. 2(a) present A„ as a function of 
n for the different charge combinations. In gen¬ 
eral, for each n, the asymmetry for the (+ -) 
combination is larger than that for either the 

(_) or (+ +) combination. This holds as well 

for the inclusive values listed in Table I. 

There exist simple model calculations which 
predict a definite relation between the asymmetry 
A and the total number (n T ) of particles produced 
in the final state. For example, a statistical 
model 5 which incorporates only transverse-mo¬ 
mentum conservation and a Gaussian distribution 
in transverse momentum predicts A - l/(n T ~ 
Applying this model to our measured asymmetry 
parameters for all charged particles, 8 A„ , we 
give in Table I estimates of n T for a given num¬ 
ber of charged particles, n. We also list in a 
I the values of n T calculated using the expert men 
tally observed average number of ti°, K , an 
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explicit teat of the explanation of the source of 
the NCR confirms the general model given in 
Ref. 1. 

The experiment utilized mass-analyzed 200- 
keV beams of "S*, “’"Cl*, "Ar*. “Ca*. 

and “Ti*. The target chamber and associated 
equipment have been described elsewhere. 4 Dose- 
related effects were kept to a minimum by keep¬ 
ing all doses below 10 1 * atoms/cm* where projec- 
tile-implanted-projectile collision contributions 
to the NCR first become noticeable, 4 and also by 
changing the target position frequently. A Si(Li) 
detector with a 12.7-pm Be window was used to 
detect the x radiation; count rates were kept be¬ 
low 300 counts/sec to reduce pileup and gain 
shifts. 

Thick Si targets were bombarded with the var¬ 
ious projectiles; the spectra collected for ”S 
and 4 *Ti projectiles are shown in Fig. 1(a) and 
clearly demonstrate the upward shift on the high- 
energy side of the NCR for the higher-F projec¬ 
tile. Intermediate shifts are observed for the 
other projectiles, depending only on Z v To dem¬ 
onstrate that the projectile mass does not affect 
the end-point energy, the spectra obtained for 
two isotopes of Cl are shown in Fig. 1(b). No 
variation in the end-point energy was observed 
for the two K isotopes either (not shown). 

Following the procedure in Ref. 8, we defined 
an end-point energy as the intersection of the 
line drawn tangent to the high-energy side at the 
half-maximum and the abscissa on a linear scale. 
Since all the NCR spectra had similar shapes on 
the high-energy side, this approach does not have 
as large a systematic error as the determination 
of end-point energies for varying projectile ener- 


(a) <b) 



CHANNEL CHANNEL 


HO. 1. (a) SOO-kaV *S and 1i! ti on thick Si. Spectra 
are shifted vertically to overlap noacharacteiistic rad¬ 
iation aear 1 ksV. to) SOO-feev *ci an! r ci on thick 
Si. Bp e oti a have been normalized to collected charge. 


gy does, 1 * 4,1 because of the variation in peak 
shape observed in the latter. However, the varj 
atlon in the detector-window transmission is stli 
important in this energy region, ranging from 
about 25 to 45% for 1 to 1.5 keV. This transmig. 
sion variation has the effect of increasing the er 
point energy determined as described above, an 
is most important for the lowest-!? projectiles. 

It also reduces the end-point energy differences 
between spectra for adjacent Z x , particularly fa 
lower Z. The experimental end-point energies 
are shown in Fig. 2(a), and demonstrate the mot 
tonic increase in end-point energy as projectile 
Z increases. The errors shown in Fig. 2(a) rep 
resent an estimate of random errors only and do 
not include systematic errors due to the follow¬ 
ing; (1) detector resolution (approximately con¬ 
stant over our energy range), (li) 81 K tail (whic' 
is small and makes approximately the same con¬ 
tribution for all projectiles since for the lower- 
17 projectiles the 81 K 1b more Intense but rela¬ 
tively far from the half-maximum of the NCR), 
and (iii) NCR Bhape variations on the high-ener¬ 
gy side and detector-window (and detector Si ] 
dead-layer) transmission effects. The latter er¬ 
ror is expected to be the dominant one for the 
lower-Z projectiles (if one disregards the sys¬ 
tematic error Inherent in our method of deter¬ 
mining end-point energies). 

As a means of removing some of the system¬ 
atic errors, experimental end-point energy dif¬ 
ferences were extracted and normalized to the 
maximum possible differences associated with . 
the 2p binding energy in the united atom. First, 
we define 



16 17 IS 19 20 21 22 


Z| OF PROJECTILE 

FIG. 2. End-point energies for S, Cl, Ar, K, Ca, 
and Ti on thick Si. 
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FIG. 3. (a) Cj(p m(n ) as a function of The horizontal flag on a datum point is derived from the two distances 
>f closest approach associated with the two projectiles. (b) the K +C1 correlation diagram (from Ref. 8) indicating 
he region of internuclear separation measured. 


it p mtn for the projectile Z =i and Z =14 system, 
uid E t (2p) is the 2p binding energy of the united 
itom formed by Z = i and Z = 14, l.e., atp mln =0. 
Furthermore we assume 
Cf* C J+ 1 *C,; 

that is, we assume that the shape of the molecu¬ 
lar orbital (MO) diagrams does not vary greatly 
over the small differences in p mln and Z associ¬ 
ated with two neighboring projectiles. We then 
calculate 


E itl (2p)-E t (2p) 

where C, Is a measure of the binding energy of 
the united-atom 2 p level at p mln , and Ej(exp) is 
the experimentally determined cutoff energy. 

The large advantage in this formulation is the 
use of the difference of two experimental cutoffs, 
thus canceling many uncertainties in the end- 


proach associated with the two projectiles, while 
the vertical error bar is estimated from the re¬ 
producibility of the cutoff energy. The Ar-Cl 
point may be low because of the large effect of 
the Be window on the Cl + Sl distribution. The 
formula for C,(p mln ) and the assumptions in its 
derivation have been extended and applied to ob¬ 
tain the Ca-Ti point where the atomic number 
varies by 2. 

Figure 3(b) shows the MO diagram for the K 
+ C1 system + = 36)' corresponding to a 

united atom which is the same as the Ti + Si sys¬ 
tem described here. We also note that the order 
of the tightly bound levels is the same for the two 
systems. Indicated in the diagram is the region 
of internuclear separation explored in this study; 
in particular, for an internuclear distance of 0.1 
a.u. the diagram yields C, = 0.33, while the ex¬ 
perimental result derived from the “Ti-^Ca mea¬ 


polnt energy definition. Figure 3(a) shows the 
results of this analysis and indicates that 0.4 
with an indication of a trend to higher C, with 
smaller p m(0 (the S-Cl difference has been omit¬ 
ted because of the uncertainty in the window cor¬ 
rection). The horizontal flag on a datum point is 
determined by the two distances of closest ap- 


surements 1 b 0.30. If the present experiments 
were systematically carried to higier energy, 
the minimum internuclear separation would de¬ 
crease and the experimental end-point energy dif¬ 
ferences would presumably lead to C , approach¬ 
ing 1. This seems to be a way of experimentally 
mapping out the MO diagram. It would, of course, 
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be useful to have more exact calculations for the 
particular systems studied here, as veil as ex¬ 
tending these experiments to a broader range of 
P. 

The yield of Si K x rays present in the spectra 
of Fig. 1 will be discussed In detail elsewhere. 9 
Additional experiments have shown that at the en¬ 
ergy used in the present study, they do not pri¬ 
marily arise from a 2 p vacancy transfer to the Si 
K level but from recoil Si-Si collisions as has 
been shown for Ar-Al. 10 At sufficiently higher 
energies, however, the minimum internuclear 
separation is small enough to make vacancy 
transfer to the Is level of Si the dominant mech¬ 
anism for Si K x-ray production. 

The present results strongly support the orig¬ 
inal interpretation of the NCR. The systematic 
shift with /, is in accord with expectation and 
the quantitative magnitude of the shift is quite 
consistent with the range of minimum internucie- 
ar separations produced in 200-keV collisions. 
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New Method for Lamb-Shift Measurements* 


A. van Wljngaarden, G. W. F. Drake,? and P. S. Faragot 
Department of Physics, University of Windsor, Windsor, Ontario, N9B 3 PI, Canada 

(Received 7 May 1974) 

Thu anisotropy in the quenching radiation of H atoms In the metastable 2s state has 
been studied with the aim of developing a new method for Lamb-shlfi measurements in 
n ^ KanlC l0n8 ' 1118 oxtra P° lated valu e of the anisotropy at zero field strength Is 0 1392 
10.0016, in good agreement with the theoretical prediction 0.139 04 based on the accept¬ 
ed value of the Lamb shift and a consideration of hyperfine coupling effects. Our anisot¬ 
ropy corresponds to a Lamb shift of 1069 =t 13 MHz. 


The comparison of Lamb-shift measurements 
In hydrogen and the hydrogenic ions with theoret¬ 
ical calculations remains one of the important 
tests of quantum electrodynamics. 1 The Lamb 
shifts in H.* D,* He*, 4 and Li** 5 are now accu¬ 
rately known iron: experiments using microwave 
resonance techniques, but no technique of com¬ 
parable accuracy is available for the heavier 
ions. A much less accurate method based on a 
measurement of the quenching rate of the meta¬ 
stable 2s , ti state in an electric field has been ap¬ 
plied to Li* 4 , 8 C 54 , 7 and O 44 ,** but the results 
are far from matching the accuracy of the calcu¬ 
lations of Erickson. 10 We report in this Letter 
some preliminary results for hydrogen which in¬ 


dicate that a method recently suggested by Drake 
and Grlmley 11 is capable of an accuracy at least 
as good as obtained by the quenching-rate tech¬ 
nique. In addition, the results resolve a possible 
discrepancy between theory and experiment found 
by Ott, Kauppila, and Fite 1 * in their measure¬ 
ment ol the polarization of the quenching radia¬ 
tion. 

Fite, Kauppila, and Ott 1 * and Casalese and Ger- 
juoy 1 * first pointed out that the quenching radia¬ 
tion is polarized, but it was not appreciated until 
recently that in addition the radiation summed 
over both polarizations is anisotropic. 11 Since 
the anisotropy is approximately proportional to 
the Lamb shift, a measurement of the total num- 
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jers of Lyman-a photons emitted in the direc¬ 
tions parallel and perpendicular to the quenching 
field is sufficient to determine the Lamb shift. 

[A detailed account of the theory is given in Ref. 
11.) The anisotropy is defined by 

*•(/«-/*)/(/, WJ, ( 1 ) 

where /„ and I x are the total intensities emitted 
In the parallel and perpendicular directions. Since 
r is independent of field strength in the limit of 
weak fields, a short extrapolation to zero field 
strength eliminates all systematic errors which 
are proportional to powers of the field strength. 

No field strength calibration or accurate spatial 
resolution is necessary, thereby eliminating 
some of the sources of error in the quenching- 
rate measurements. Difficulties arising from 
ion-beam deflection in the quenching field and 
background noise are minimized because mea¬ 
surements need be done at only a single point 
near the region of optimum photon counting sta¬ 
tistics. 

A schematic diagram of the apparatus used by 
us is shown in Fig. 1. A monoenergetic (10 keV) 
beam of protons traverses a heated chamber con¬ 
taining Cs vapor. The emerging beam contains 
metastable H atoms in the 2s state produced in 
■the near-resonant reaction H* + Cs — H(2s) + Cs*. 

| Protons are deflected out of this beam by a weak 
'electric field (~10 V/cm) between the prequench¬ 
ing plates. A collimated beam of neutrals then 
enters the observation region where the metasta¬ 
bles are quenched by a dc electric field between 
two parallel plates. The resulting Ly-a radia¬ 
tion passes through a slit system, through an O, 
cell which has a transmission "window” at the 
Ly-a wavelength, and then into an ultraviolet de¬ 
tector which is connected to standard counting 
equipment. The pair of quenching plates equipped 
with a fine mesh screen 1 and a similar screen 2 
can be rotated together by 90° about the neutral 




FSG. 1. Schematic diagram of apparatus. 


beam axis leaving the slit and detector system in 
a fixed position. Mesh 1 is employed to maintain 
a uniform field in the quenching region, and mesh 
2 is introduced for the sake of optical symmetry. 
Thus the photons can be observed through identi¬ 
cal optical systems when emitted either parallel 
or perpendicular to the applied field. The photon 
counts N, and N x obtainable in the two positions 
of the quenching plates are automatically normal¬ 
ized to a constant neutral-beam intensity by mon¬ 
itoring the neutral-beam current with the aid of 
a current-to-frequency converter to define the 
length of the counting period for each measure¬ 
ment. Since the dependence of the total Intensity 
/ on the angle between the field and the direction 
of observation 9 is of the form /=t/cos*0 + V 
xsin*#, 11 where V and V are functions of the field 
strength, / is very insensitive to small errors in 
angular settings in the neighborhood of 9 = 0° and 
90°, making it easy to correct for the effect of a 
finite solid angle of observation. 

There are several factors which can Introduce 
an Instrumental asymmetry, (i) Changes in ac¬ 
ceptance angle with the rotation of the quenching 
plates. ThiB does not occur because the slit sys¬ 
tem is kept fixed, (ii) Different transparencies 
of the screens 1 and 2. A calibration run with 
a beam-foil source of 2p-ls Ly-a radiation in¬ 
dicated that they are equal to an accuracy of 3 
parts in 10*. (ill) The presence of stray magnet¬ 
ic fields B giving rise to a motional electric field 
E =?x B. With weak quenching fields this effect 
could be detected by reversing the direction of 
the quenching field. By defining the measured 
radiation intensity as the mean of two values ob¬ 
tained with field directions reversed this effect is 
eliminated to a high degree of accuracy, (iv) Re¬ 
flections from surfaces. This was reduced as 
much as possible by careful design and the black¬ 
ening of all surfaces. 

The observed photon counts N t and N x were 
corrected for background noise by applying a high 
(1500 V/cm) field to the prequenching plates and 
determining the isotropic component of the radi- 
tion still observed. The noise thus defined amount¬ 
ed to 1-2% of the signal obtained in the absence 
of the prequenching field. The normalized photon 
counts JVn and N x corrected for background noise 
and the finite solid angle of observation are iden¬ 
tified as the intensities f n and I x , respectively. 

The radiation anisotropy R is then defined by Eq. 

(1). 

The anisotropy was measured at a sequence of 
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FIG. 2. Variation of anisotropy with field strength. 

Solid curve, a least-squares fit to four independent 
runs; upper dashed curve, theory without hyperflne 
structure; lower dashed curve, theory with hyperflne 
structure. 

different quenching field strengths E, and a curve 

R = £«,*’** 

*'<i 

was fitted to the experimental results. In per¬ 
forming the least-squares fitting to single runs 
the approximation to a degree n = 2 was always 
found to be statistically significant. While curves 
thus obtained for individual runs were slightly 
different in detail, they always led to extrapolat¬ 
ed values Rlfi ~ 0) which agreed with one another 
within their error margins. 

The experimental results obtained from four 
independent runs are plotted in Fig. 2. The var¬ 
ious symbols represent individual experimental 
results corrected for noise and the finite solid 
angle of observation. The statistical error is the 
same in each case and is Indicated by one error 
bar. The solid curve Is a quadratic least-squares 
fit to the combined data of the four runs and the 
error bar at the left is the computed uncertainty 
In the extrapolated value of R at zero field strength. 
The lower and upper dashed curves are the re¬ 
sults of theoretical calculations 14 based on the ac¬ 
cepted value of the Lamb shift (1057.9 MHz) with 
and without hyperflne-structure coupling effects, 
respectively. The theory contains a summation 
Of the infinite time-dependent perturbation series 
for finite field strengths and includes the pro¬ 
gressive nuclear spin uncoupling with increasing 
Held strength and interaction time. 

The extrapolated zero-field value of R, 0.1392 
±0,0015, agrees with the theoretical value 0.13904 

0 


Including hyperfine-structure effects, but lies 
below the value 0.14112 obtained by neglecting 
hyperflne structure. The apparent disagreement 
between theory and experiment at high field 
strengths 1 b undoubtedly a fie Id-dependent Instru¬ 
mental effect which Is largely eliminated by the 
extrapolation to zero field strength. The percent¬ 
age error In the Lamb shift derived from R Is 
nearly equal to the percentage error in R. Our 
value corresponds to a Lamb shift of 1059 ±13 
MHz. 

It can easily be shown from Eqs. (7) and (10) of 
Ref. 11 that R Is related to the polarization P of 
the quench radiation by 

P = 2R/(jR-l). (2) 

This result remains valid at all field strengths. 
Our zero-field value of R therefore corresponds 
to P = - 0.3235± 0.0040 in agreement with the the¬ 
oretical value -0.3230 including hyperfine struc¬ 
ture. It seems likely that the smaller value 
- 0.30± 0.02 measured directly by Ott, Kauppila, 
and Fite u is due to an Instrumental effect rather 
than a genuine disagreement with theory. 

The results reported here were obtained from 
a very simple "hand-controlled” experiment with¬ 
out the ub6 of sophisticated data collection tech¬ 
niques. The accuracy can be Improved by at least 
an order of magnitude with improved controls and 
photon counting statistics. The introduction of a 
double counter system to monitor both /„ and I ± 
simultaneously would be particularly advanta¬ 
geous. The apparatus Is currently undergoing 
modification to incorporate these refinements 
and extend the measurements to the hydrogenic 
Ions. Similar results have been obtained by re¬ 
placing the rotating plates with a symmetric quad- 
rupole field which can be switched electronically. 
This geometry avoids possible changes in the 
background when the field direction is rotated. 


* Research supported by the National Research Council 
of Canada. 

TAlfred P. Sloan Research Fellow. 

JOn leave of absence from the Department of Physics, 
University of Edinburgh, Edinburgh, Scotland. 

'B. E. Lautrup, A. Peterman, and E. de Rafael, Phys. 
Rep. 3C, 196 (1972). 

3 S. Triebwasser, E. S. Dayhoff, and W. E. Lamb, Jr., 
Phys. Rev. 89 , 98 (1963); R. Roblscoe and T. Shyn, 
Phys. Rev. Lett. 24, 669 (1970). 

*B. Casens, Phys. Rev. 173 . 49 (1968). 

4 M. Narashlmham, thesis, University of Colorado, 
1969 (unpublished). 


Volumi 33, Numbii 1 


PHYSICAL REVIEW LETTERS 


l July 1974 


»M, Levenihal and P. K. Havey, Ptay«. Rev. Lett. 32. 
808 (1974). 

1 *C. Fen, M. Ga role-Mu do*, and I. Sell In, Phys. Rev. 

161, « (1967). 

j 'h. W. Kugel, U Leventhal, and D. E. Mumlok, 
Phys. Rev. A 8. 1306 0972). 

*M. Leventhal, D. E. Murnlck, and H. W. Kugel, 

J Phya. Rev. Lett. 28, 1809 0972). 

I >F. P. Lawrence, C. Y. Fan, and S. Bashkin, Phya. 

! Rev. Lett. 28, 1612 0972). 

1# 0. W. Erickson, Phye. Rev. Lett. 27, 780 0971). 


“O. W. F. Drake and R. B. Grlmley, Phye. Rev. A 8, 
167 0973). Equation (9) of this reference Is Incorrect. 
It should read 

l ! “i(UI J + L H 1^ sin^-flA' I 1 cos’d. 

,l W. L. Fite, W. E. Kauppila, and W. R. Ott, Phys. 
Rev. Lett. 20 , 409 (1968); W. R. Ott, W. E. Kauppfla, 
and W. L. Fite, Phys. Rev. A 1, 1089 0970). 

U J. S. Casalese and E. Gerjuoy, Phys. Rev. 180. 327 
0989). 

**Q. W. F. Drake, to be published. 


Efficient Positronium Formation by Slow Positrons Incident on Solid Targets* 

K. F. Canter, A. P. Mills, Jr., and S. Berko 
Department of Physic*, Brandels University, Waltham, Massachusetts 02154 
(Received 1 April 1974) 

A beam of slow positrons In the few-eV region Is directed at bakable solid targets In a 
vacuum ol (2—4) *10'* Torr. Measurements of the 2y/Sy annihilation-yield ratio indicate 
the conversion of the incident positrons Into positronium. The conversion efficiency de¬ 
pends on the target material and Incident positron energy, varying from less than 26 % at 
300 K to 40-86% at 900 K. 


In this Letter we report the observation that an 
external slow-positron ( e*) beam (a few eV) forms 
positronium (Ps) with high efficiency when collid¬ 
ing with solid targets. The experiment is the 
first designed explicitly to study the collisions of 
slow positrons with solid targets, and has been 
made possible by recent developments in the pro¬ 
duction of high-flux e 4 beams. 1-4 The large e ’- 
to-P8 conversion efficiency reported here, be¬ 
sides its intrinsic interest, is particularly rele¬ 
vant to the interpretations of recent observations 
of slow-e * emission from metal surfaces, 4 ' 8 Ps 
emission from oxide powders,"' 7 and the Interme¬ 
diate-lifetime component in metal powders." 

These phenomena have been observed with fast 
(*0.5 MeV end-point enemy) e 4 that have slowed 
down internally in the solid, as contrasted to the 
external-beam technique reported here. 

The experimental setup consists of a slow-e 4 
beam and a target stage. Slow e 4 are produced 
in a converter similar to that originally used for 
e 4 -helium scattering-cross-section measure¬ 
ments." The converter consists of MgO-coated 
gold foils, 0.15 mm thick, arranged in a venetian- 
bUnd geometry on a 1-cra-diam ring, behind 
which is placed a "Co fast-e* source. In order 
to have the target far from the source, the e * 
are magnetically transported through a 1.5-m- 
long beam tube with a 30° bend in the middle. The 
tube is baffled internally against fast e 4 and 


wound externally with a solenoid; with a field of 
75 G, only the slow e 4 are able to reach the tar¬ 
get. Approximately one in 3 xlO 4 of the ""Co e 4 
emerge as slow e \ The e * beam has a measured 
longitudinal energy distribution of less than 2-eV 
width, with an intrinsic average energy of 1 to 2 
eV with respect to a grounded tungsten grid in 
front of the converter. The converter can be 
biased with an accelerating voltage V A . 

Figure 1 shows the details of the target cham¬ 
ber at the end of the beam tube. Pressures at 
the target range from (2 to 4)xl0 - * Torr, with a 
pump-oil-vapor background of less than 10 -l8 
Torr. The target cage and target stage can be 
biased with respect to ground by a voltage V T . 
Suitably changing V A and keeping V A -V r fixed, 
we can keep the incident e * energy constant with 
V r positive or negative. When tests of target 
polarity are not being made, the target cage and 
the grid in front of the cage are removed from 
the target chamber. Annihilation spectra of the 
Incident e 4 are obtained with a Nal(Tl) detector. 

Figure 2 shows the Nal(Tl) pulse-height spec¬ 
tra for 10-eV e 4 incident on a Ti target at 300 
and 770 K. The dashed curve labeled “pure 2y” 
was obtained by accelerating the e * into the Ti 
target at 300 K with V A - V t = 380 V. The same 
spectral shape is obtained by placing a ”Na source 
surrounded by copper at the location of the target 
stage.. When the Ti target is heated from 300 to 
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FIG. 1. Target chamber. A, aperture; S, solenoids; 
G, grounded grid; C, target cage; T, target stage; 

/, Insulator; L, quartz window and lens. C and T are 
at the same bias V r . Hie 3 In. *3 in. Nairn} eolntllla- 
tor Is coupled to an KCA 8675 photomultlpler. A heater 
In the target stage allows target specimens to be heated 
to 900 K. 

770 K, a reduction In the 511-keV photopeak ac¬ 
companied by an increase in the counting rate be¬ 
low 511 keV is observed. We attribute this change 
to an increase in 3> annihilation, indicating an 
increase in freely annihilating Ps formation. At 
770 K the photopeak is reduced by 50% compared 
to the pure-2 > spectrum, after subtraction of the 
“beam-off” background. Taking into account the 
2y annihilations from { of the Ps formed in the 
spin-singlet state, and correcting for the proba¬ 
bility that two photons from the 3> annihilations 
of spin-triplet Ps can enter the scintillator si¬ 
multaneously and contribute counts under the 511- 
keV photopeak, the observed 50% photopeak re¬ 
duction is estimated to correspond to a free Ps 
formation efficiency t of (80 ±10)%. The same 
analysis yields t =(25 ±10)% at a 300-K target 
temperature. 

The loss of 2> annihilations was also measured 
using two Nal detectors 180" apart. The coinci¬ 
dence rate as a function of target temperature is 
shown in Fig. 3. Starting with point A (e ' energy 
300 eV, e * 5%) and multiplying the observed 
fractional loss in coincidences by 4- yields t (23% 
and 80% for target temperatures of 300 and 750 
K, respectively). Estimating the fraction of 3> 
annihilations detected in coincidence yields cor¬ 
rected values of t equal to (25 ± 5)%> and (85 ± 5)%. 

Let us consider the validity of the Ps-formation 
int e rpr e t ation of the observed effect of tempera - 
tare on the single-Nal -detector spectra. The 



FIG. 2. NaI(Tl) pulse-height spectra of 10-eV «* an¬ 
nihilation y’a from Ti. Run time per spectrum la 80 
min, using a 6-mCt w Co fsat-e* louroe. The pure-2y 
spectrum corresponds to no Ps formation. 


only other way in which the peak counting rate P 
at 511 keV might decrease with a simultaneous 
increase in the valley (between the photopeak and 



FIG. 3. 2-y-annihllation coincidence rate as a function 
of target (Ti> temperature for t* Incident energy of 10 
eV. Point A Is the coincidence rate for pure 2y annihi¬ 
lations (no Ps). Note that when the target is ooolsd, 
the 2y rate responds by Increasing with a characteris¬ 
tic time of 10 4 sec. 
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the 340 -keV Compton edge) count rate V is for 
some of the 2y annihilations to originate from lo¬ 
cations out of direct sight of the scintillator, and 
to undergo Compton scattering into the detector. 
However, we have found experimentally that the 
magnetic guiding field constrains the r ^ to an¬ 
nihilate only at the target stage or far back into 
the beam tube. Further, a pure 2y source was 
moved to various positions inside the target 
chamber in an attempt to simulate a geometry - 
related reduction in P/V. The largest reduction 
of P/V achieved was 30%, but at a cost of a 40% 
reduction in total count rate. In sharp contrast, 
baking a T1 target, for example, yields a 60% de¬ 
crease in P/V, accompanied by a 15% increase 
in total count rate. An Increase is to be expected 
as a result of the higher detection probability for 
3y annihilation. 

In lieu of an arrangement of three shielded 
scintillation detectors (not permitted by the spa¬ 
tial limitations imposed by the pumping system 
at the target chamber), a second detector with a 
2 cm x8 cm Pb slit geometry was placed at 90° 
and 30 cm away from the target. Upon our baking 
an etched Au target (which shows the same P/V 
change as does Ti), the coincidence rate between 
the two counters Increased above the 300-K coin¬ 
cidence rate by 0.50 ±0.01 sec' 1 with a slow -e 4 
beam of 6000 e 4 sec * 1 . This agrees with an esti¬ 
mate of die increase in 3y annihilations which re¬ 
sult in two of the three y’s being detected, using 
the values of € given above. 

Measurement of the P/V changes with and with¬ 
out the target cage, and a search for 2y coinci¬ 
dences away from the target, have also been car¬ 
ried out to differentiate between the possibilities 
of freely annihilating Ps being very weakly bound 
to the target surface and its actually escaping 
from the target. Although the results presently 
Indicate that the Ps escapes, the escape velocity 
cannot be determined until the reflection coeffi¬ 
cient of Ps colliding with the interior walls of the 
target chamber is known. Measurements of the 
effect of changing the polarity of V T [while keep¬ 
ing the e 4 incident energy £ ( «=e{V A - V r ) con¬ 
stant] show that (1) P/V is independent of target 
polarity, and (2) the fraction of incident e 4 which 
are reemitted by the target as slow e * is less 
than 10% for E, > 10 eV. 

The measured values of e (to the nearest 5%) 
for 10-eV e 4 incident on the targets at 800 K are 
as follows: Au, etched, 85%; Au, unetched, 60%; 
Ti, 85%; Cu, oxygen-free high-conductivity, 

80%; graphite, pyrolytic single crystal, 70%; 


fused quartz (Supras)l), 69%; MgO, single crys¬ 
tal, 75%; Al, 79%; ZnO, powder, 80%; quartz, 
single crystal, 50%. None of the samples investi¬ 
gated exhibit appreciable changes in t when the 
target temperature is varied from 750 to 900 K. 
For all targets at room temperature, * is less 
than 25% for £,>10 eV. At intermediate temper¬ 
atures t exhibits a complex dependence on the 
target’s bakeout history. In addition to the ther¬ 
mal effects, t varies with E t . For example, for 
Ti at 800 K, t decreases from 85% for £,= 10 eV 
to 40% for £, = 350 eV. At room temperature t 
decreases from 25% to less than 5% over the 
same range of E ,. The variation of e with E, is 
smaller for Au targets. 

We interpret the effect of temperature on the 
increase in Ps formation to be the result of de¬ 
sorbing the many physisorbed layers of water a a 
well as other possible contaminants typically 
present on surfaces in nonultrahigh vacuum. How¬ 
ever, the baking does not necessarily remove 
die oxide or activated oxide-hydrocarbon com¬ 
pound layers; thus Ps formation might be due to 
such nonmetal surface layers, since oxide pow¬ 
ders are known to be efficient converters of in¬ 
ternally thermalized e 4 into Ps. B,T 

A preliminary measurement of t for 10-eV e 4 
incident on a special tungsten filament target 
yields t = (80 ± 5)% at 1800 K. This result perhaps 
comes closest to indicating Ps formation at a 
pure metal surface, although at this temperature 
an oxide layer can still persist on W. Even though 
Ps formation in bulk metals is forbidden,® forma¬ 
tion at metal surfaces might still be possible by 
virtue of the electron cloud extending beyond the 
positive-ion background of the metal. 10 

To date, slow-e ’ emission has only been ob¬ 
served to be relatively efficient from surfaces 
having several adsorbed layers of contaminants. 
Recent measurements show that e 4 emission from 
metals is reduced significantly upon baking the 
surfaces at 500 K in a vacuum of 10 ' 7 Torr." 
Other experiments show a reduction in die slow- 
e 4 yield as a function of the length of time that 
the surfaces have been kept in vacuum. 1 More¬ 
over, our results indicate that Ps formation is 
the dominant low-energy e 4 surface process when 
most of the adsorbed contaminants are removed 
by baking. Such effects are consistent with an 
earlier suggestion that slow-e * emission from 
“metals” at room temperature is a result of dis¬ 
sociated Ps. 3 However, there may be some fun¬ 
damental difference in the surface effects be¬ 
tween e ' 4 diffusing to the surface as a result at 
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thermalization inside the bulk solid and e * being 
introduced externally at low energies. In any 
case, the interpretation of these effects in terms 
of pure metal surfaces is premature, and ultra- 
high-vacuum experiments are needed. 

The photon counting system referred to in Fig. 

1 is being employed in a search for 2430-A pho¬ 
tons resulting from the Lyman -a transition of 
the Ps if any is formed in the n = 2 excited state. '* 
If at least 0.1% of the Ps were formed in the n = 2 
state, we would observe a significant signal (95% 
confidence level) after a 24-h run with our pres¬ 
ent sensitivity. As of this writing, we have ob¬ 
served no Lyman-a photons for any target ma¬ 
terial investigated. 

The authors wish to acknowledge valuable dis - 
cussions regarding surface conditions with Dr. E. 
W. Plummer, University of Pennsylvania, and 
Dr. J. C. Tracy, General Motors Technical Cen¬ 
ter. 

Note added .—The positronium formation has 
now also been confirmed by a direct 3> coinci¬ 
dence measurement. Using an extended target 
chamber we obtain a triple coincidence rate be¬ 
tween three 3 x3-in. Nal(Tl) detectors, 10 cm 
from a Ti target, of 0.362±0.027 sec" 1 at 525°C 
versus 0.064 ±0.013 sec' 1 at 30"C with a back¬ 
ground rate =0.017 sec 
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Raman Scattering from Coherent Spin States in n-Type Cds 


R. Romestain,* S. Geschwind, and G. E. Devlin 
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and 

P. A. Wolfff 

Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 

(Received 8 May 1974) 

When the donor sptnB In a-CdS are simultaneously irradiated with laser light at frequen¬ 
cy u L and microwaves at frequency id 0 near the spin resonance, intense sidebands at w L 
are observed for forward scattering which are more than 3 orders of magnitude great¬ 
er than those for spontaneous spin-flip Raman scattering. This phenomenon is explained 
aa Raman scattering from coherent states. 


We have observed intense sideband radiation at 
frequencies u L ± when the electron spins in 
K-CdS are simultaneously irradiated with laser 
light at frequency w L and microwaves at frequen¬ 
cy « 0 , close to the donor-spin resonance frequen¬ 
cy, These huge sidebands are observed in the 
forward direction and are at least 3 orders of 


magnitude stronger them those due to spontaneous 
spin-flip Raman scattering (SFRS). This effect 
has been seen in crystals ranging in concentra¬ 
tion from (1 to 5)x 10 1T (excess donors)/cm*. It 
may be described as coherent SFRS from coher¬ 
ent spin states or, alternatively, as parametric 
conversion of light via the macroscopic magnetic 
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dipole processing at frequency w 0 . In optimal 
cases a conversion efficiency of 6% has been seen. 

The experiment described below Is a new type 
of optically detected EPR, which may prove ad¬ 
vantageous In studying semiconductors In the 
Mott -transition regime, covered by our sample 
concentrations, 1 where EPR and relaxation mea¬ 
surements have been difficult. 

The apparatus used to observe SFRS and simul¬ 
taneously Irradiate the sample with microwaves 
is similar to that previously used to study the 
microwave-phonon bottleneck with Brillouin scat¬ 
tering.* It was simply modified for observation 
of forward light scattering (as compared to 90° 
scattering) by use of a mirror as shown in Fig. 
1(a). The laser beam—a single-mode Ar + at 
4880 A— propagates at a small angle 9 relative 
to the c axis of the crystal. It should be empha¬ 
sized, however, that the scattered light is viewed 
along the direction of the laser beam, as the co¬ 
herent SFRS is colllnear with the incident beam 
as will be discussed below. 

Figure 1(a) shows the SFRS spectrum as anal¬ 
yzed by a piezoelectrlcally scanned Fabry-Perot 
Interferometer In a sample with 2 x io 17 excess 
donors. The observed ratio of Stokes to antl- 
Stokes emission Is in rough accord with the ex¬ 
pected Boltzmann factor for a temperature of 2TK 
and a field of 9600 G. These measurements par¬ 
allel earlier work on spontaneous SFRS in n- 
CdS.* 4 Here, however, lower field and higher 
resolution are used. 

Figure 1(b) Illustrates the more than 3 orders 
of magnitude increase In forward sideband scat¬ 
tering that occurs when a resonant microwave 
field a x Is applied to the sample. The observed 
difference In Intensity between Stokes and anti- 
Stokes emission in Fig. 1(b), and its reversal 
when the polarization of the incident laser beam 
is rotated by 90°, as illustrated in Fig. 1(c), is 
due to phase-matching conditions detailed below. 
The larger peaks In Figs. 1(b) and 1(c) corre¬ 
spond to an Intensity which is approximately 5% 
of the laser beam. The variation In Intensity of 
the scattered light as the magnetic field is swept 
through its resonant value H 0 = Hw 0 /gn B reflects 
the EPR signal as discussed below. However, its. 
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FIG. 1. Forward SFRS spectra at 2"K and associated 
geometries: (a) without resonant 23.96-GHz microwave 
excitation of the spins; (b) and (o) with microwave ex¬ 
citation (spectrum a is shown for comparison). The c 
axis is in the y-s plane. Depending upon whether E L is 
in this plane (b) or perpendicular to it (c), phase match¬ 
ing favors Stokes or anti-Stokes emission, respectively. 
The other weak component is also seen as a result of 
depolarization of incident light. 


frequency shift Is always equal to the driving fre¬ 
quency w 0 . 

The coherent effect described above may be 
calculated by following a semlclassical treatment. 
Raman scattering between two general states la) 
and lb) may be viewed as radiation from a Raman 
dipole resulting from the admixture of excited 
states In) into la) and Ift) via coupling to the elec¬ 
tric field cos(wf) of the incident light beam. 

To loweBt order in E L , the modified ground states 
|i/> a ) and I4>t>, with energies and hw t , respec¬ 
tively, may be written as 1 


l^*exp(-i<p){|a) - iE n \n)[(n\$ L -ei\a)/(E n - E a -ttv L )]exp(- (1) 

For simplicity we have dropped the nonresoriant term in lif 1 ,) as the frequency of the laser light is 
close to an intermediate-state resonance. \ip„) is given by an equation similar to (1) with b replacing 
a, but without the factor s'", which describes the relative phase between the states and is random 
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lor spontaneous scattering. ....... 

It is convenient to introduce an effective Raman dipole operator D which operates in the two-di¬ 
mensional manifold of the unperturbed states \a(t))= la)exp(- iw t t-i<p) and !6(/)) = lb) exp(-fw»f) such 
that 


<«*(')! <M'> > - <*(/)! £ ( *’l “(D). (2) 

In most general fashion any such operator may be expressed in terms of a fictitious spin S=*i formal¬ 
ism.* Thus 

D„ (,) =E ii <*ui l E u a j ex P(- + P^ E u 1 «xp(- iu> L t) + c.c., (3) 

where the a/s are the Pauli matrices and where we have taken E H -E a * E n -E t . For the case where 
la) and lb) are time-reversed states split by a magnetic field along z and for cubic symmetry, 7 it fol¬ 
lows easily that 

iT f *> = ?x£Jaexp(- iu) L /) + c.c.\ + [/3E L 7exp(-iw l /) + c.c.\, (4) 


where" 


a*£„ii(alexlrt)(nlezlb)/(E n -E a -/(w l ). (5) 

In Eq. (4), 0 corresponds to the usual polarizability which gives rise to the Rayleigh scattering. Inter¬ 
action of ff (t) with the Raman-scattered light Sr immediately yields the effective spin-flip Hamilto¬ 
nian, 

3C rf (,) = 2 ao-(S L * ff„)exp[- i(v L - a>„)/1 + c.c., (0) 

previously used to describe spontaneous SFRS in semiconductors* and the parametric generation in the 
far infrared by the mixing of two laser beams. 10 

Spontaneous Raman scattering between la) and 16) is associated with the Raman electric dipole, 


(6(/)|ff ( *’| a(/)) = exp(+i'w ta f - i<p)[aexp(- iw L t) + c.c. |(6|a|a)xfT t . 


(7) 


The appropriate dipole to use in the classical radiation formula is (6(f) ln(/)) + c.c., where for 

Stokes emission one omits the energy nonconserving term expf+ifcvj. + cu^)/]. Similarly, for anti-Stokes 
emission one omits the exp(+ i(ui t - ui t Jt \ term. Radiation in the transverse plane of this dipole can be 
expressed in terms of a spontaneous differential Raman cross section per center, given by 

<tfa/rfn) T = 4|a|*K±wJV^ (8) 

The important point to be emphasized is the random-phase factor <p in Eq. (7) which results in the in¬ 
coherent spontaneous Raman scattering from the centers. By contrast, we now consider the case 
where the system 1 b prepared as a coherent superposition of states la) and 16) as is done in our exper¬ 
iment by application of a coherent microwave field of frequency u> 0 near resonance with i.e., 11 

c(t) = x\a)+ mexp(iv 0 l)\b). (9) 


X and u are related to the components of (a) which are in turn given by solutions to the Bloch equa¬ 
tions, “ neglecting the feedback of the Raman light. The magnitude of the transverse component of pro¬ 
cessing magnetization Is a r = i Upl. By the use of (4) and (9), it is seen that the state lc(f)) displays 
an oscillating Raman dipole, 

5 ce (,) «(c(/)| ff (,) |c(/)) = [Ap*(aia|6)xf 1 exp(- iuioO + c.c.ftaexpf- iw t f) + c.c.]. (10) 


All dipoles in Eq. (10) have their phase unambigu¬ 
ously defined in contrast to spontaneous scatter¬ 
ing [Eq. (7)]. These coherent electric dipoles 
constitute a superradiant source in the Dicke 
sense 1 * which will emit cooperatively in the for¬ 
ward direction at frequencies u> L ±u> 0 ° u> s pro¬ 
vided that a phase-matching condition &k*k L -k s 


- 6„ = 0 is fulfilled, or k L - k s *0 since the micro- 
wave frequency corresponds to * 0 a0. It should 
be noted that emtsslon depends on a r and will 
therefore persist for the phase memory time T t 
of <j t even after the microwaves are removed. 

Using a source term in Maxwell's 


1 *» 
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equations, one has for the geometry shown in 
Fig. 1 




4 wuP 
‘ c* 




( 11 ) 


Here £ s Is the sideband field amplitude, k s the 
sideband wave vector, r the absorption coeffi¬ 
cient, and 7i the concentration. Note that D ce (a) 
has the factor e" 1 * 1 * via E L . Equation (11) can 
be integrated to estimate P*/P 0 , the ratio of in¬ 
tensities of Raman to laser light exiting from the 
crystal. The factor a appearing in D ec (i) can be 
expressed in terms of (do/d(l) v via Eq. (8), giv¬ 
ing 


P s l/dc\ x .Vtr/ 1 -cos(AfcL) 

P a *2\dn) v c IP "* 


( 12 ) 


where X, is the free-space optical wavelength, e 
the optical dielectric constant, and L the interac¬ 
tion length (L= 1 mm). From the measured val¬ 
ues of T l and T % given below, we estimate a T * =*3 
x 10"*. da/dSi 10"“ cm* for 4880 A light in mod¬ 
erately doped n-CdS M with 17= 2 x 10”. Thus, P J 
P 0 =«0.08 for our sample, in reasonable agree¬ 
ment with experiment, considering the large un¬ 
certainties in several of the quantities appearing 
in the numerical calculations. 

As oi t is very close to the band gap, one cannot 
neglect the dispersion d*± (8A/8w)« 0l in attempt¬ 
ing to satisfy AA * 0, even though w 0 is only as 
small as 0.8 cm" 1 . However, since according to 
the selection rules of Eq. (11) this dis¬ 

persion may be compensated for by the birefrin¬ 
gence 6(8) of the uniaxial CdS crystal, which for 
propagation at angle 0 close to the c axis may be 
expressed as 6(0) =*(«„- n M )(P. The birefringence 
cancels the dispersion when 9=[d/(k 0 -A*)] 1 '*, 
provided the higher-frequency wave propagates 
as an extraordinary wave. Using d = 5 x 10" 4 M 
and our measured value of n 0 ~n t = 0.22, one 
finds 0 c»3 0 in agreement with observation within 
experimental error. At this angle, the Stokes 
generation is phase matched if is in the ex¬ 
traordinary polarization [Fig. 1(b)). If S L is 
changed to ordinary, the intensities should re¬ 
verse [Fig. 1(c)], 

When the dc magnetic field is swept through 
resonance, the intensity of the coherent SFRS 
sidebands reflects a nonconventlonal EPR signal. 
In most EPR experiments, one observes a signal 
proportional to either of the transverse compo¬ 
nents of spin in the rotating frame, S,, or S t ,, 
which are, respectively, In phase or out of phase 
with the rotating microwave field. In contrast, 



FIG. 2. Magnetic-field dependence of the intensity at 
the coherent Raman scattering. The resonance field 
corresponds to g ± - 1.77. The broadening and dip at 
full power la) Indicates that the unaaturated EPR line, 
(b) is homogeneous with T ,=4x to" 1 sec. 


the signal we observe is proportional to o T **S x .* 
+S,.\ This distinction becomes quite marked in 
the saturation of the EPR line when X^£f l (2T l 7' a ) a/ * 
> 1, at which point a double peak appears In o r * 
as seen in Fig. 2(a). 

Transient microwave studies, to be reported 
later, on these signals have yielded a value of 
T,» 5X10"* sec for a sample with »j = 2xl0” do¬ 
nors. A detailed analysis of the saturation be¬ 
havior of o r *, as displayed in Fig. 2(a), shows 
that the line is Indeed homogeneous with T, «= 4 
* 10"' sec. This short value of T t may be caused 
by loss of phase memory from exchange flipping 
between donors, or electron hopping at the onset 
of the Mott transition. Such unequal values of 
T , and T t in a hopping regime are contrary to the 
often-made assumption of T,» T, in this regime. 

We wish to thank P. A. Fleury, J. A. Glord- 
malne, P. Hu, S. L. McCall, L. R. Walker, and 
Y. Yafet for many helpful discussions and S. Bor- 
tas for polishing of the CdS samples. 
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Molecular Theory of Orientational Fluctuations and Optical Kerr Effect 
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By use of Kubo's statistical formalism, we show that the orientational fluctuations of | 

Interacting molecules aro responsible for both the narrow central component and the I 

broad Raylelgh-wlng component In the light-scattering spectrum of a liquid crystalline , 

material. The same formalism also describes the optical Kerr effect. We also point out y 

the difference between the microscopic and the macroscopic order parameters. 

The spectrum of light scattering from an Isotropic nematic substance has a narrow central compo- ' 
nent presumably arising from fluctuations of the order parameter. 1 The order parameter here de¬ 
scribes the orientational order of the long molecules in the medium. 9 On the other hand, a much broad¬ 
er central component was also observed in the spectrum. 9 Such a component always exists in ordinary , 
liquids and 1 b often called the Raylelgh-wlng component. 4 It Is well known that the Raylelgh-wlng com¬ 
ponent comes from orientational fluctuations of molecules. 4 Thus, from the microscopic point of view, 
both components appear to be due to orientational fluctuations of molecules. It is then Interesting to 
see how the orientational fluctuations can give rise to two very different components In the spectrum 
and how they are related. In this paper, we show from microscopic derivations that Interaction be¬ 
tween molecules Is responsible for the observed results, and, In particular, the narrow central com¬ 
ponent appears because of the large mean-field modification on the orientational motion near a phase 
transition. 

The orientational fluctuations are also directly related to the optical Kerr effect as a result of mo¬ 
lecular reorientation. 9 From Kubo’s fluctuation-dissipation theory," we can express the birefringence 
Induced by a linearly polarized optical field of sinusoidally varying Intensity, l£ 0 l“(/) 3 l^l n 9 exp(- iQf), 

In the Isotropic phase as 


MO)=(2x/«)F(fi)|A 0 | l 9 , 

•F(O) ■ 6*(0)/|<SU t ,* = /KC*(0)6 i( 0» + /f^"(6x(0)«x dt, (l) 

where 0*1 /kT, 6\(t) Is the anisotropy in the susceptibility induced by the field, and the angular brack 
eta in d ica te the ensemble average. On the other hand, the average Induced anisotropy of the polariz¬ 
ability for each molecule is 

Mifl-ZUDldWo 9 . /(«)= (A«>Wn)/|S 0 | n 9 , 

9(«)»f0(S(O)S(O)) + <l^"<S(O)S(f))e- 1( «d/J{2A a /3V)|« Ioe | n 2 »y(n)(5 loc | o J , 


(2) 
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w here a B - au 1* the anisotropy of the molecular polarizability; 

S«Ss„ s,»i(3cos J e ( -l), 

<*1 

such that Q = (£)/N is the usual order parameter; N is the number of molecules per unit volume; and 
g t Is the angle between E 0 and the long axle of the fth molecule. ^ oc f* is the local field which ie re¬ 


lated to l£ 0 l* by 

♦Aa|#, oc | B , -P.«(fl)+*Aof|4| B » (3) 

where P Q y(fi) la the local-field correction due to intermolecular Interaction In the mean-field approx¬ 
imation . 9 We then obtain from Eq. (2) 

/(o) = (A«h'<n)[i -y(n)v 0 /jAot]-*. (4) 

The relation between F(R) and /(fi) is, from the Clausslus-Moeotti equation, 

jr<n) = N/(n)/(l-$»Ar«), (5) 

where a is the average polarizability. 

Now that the spectrum of scattered radiation is given by 

/(O)*RetA|"(6x(0)«x(0>e‘‘°‘ dt\, ( 6 ) 

where A is a proportional constant, we see immediately from Eq. (1) that 

/(O) * Re{[ F[tl) - F{0)\A/iw(l}. (7) 

Then, in order to find [(a), we need only to find y(O). We have calculated y(tl) after Zwanzig’s ap¬ 
proach . 7 We shall only sketch, in the following, the important steps of the calculations. 

To find y(£l), we must first calculate the integral 

(\/N)£°dt C -‘“(S(0)S«)> = (\/N)['dt e’ ,n ‘/dfl 0 dftp(ft 0 )g(ft 0 , ft, f)gs ,<<»*,(*), (8) 

where ft 0 and ft are the abbreviations indicating the orientations of the set of molecules initially and at 
time t, respectively, p(U 0 ) is the initial equilibrium distribution, and g(U a , ft, t) is the probability of 
finding a specific set of orientations ft at t when the initial set of orientations is ft 0 . Thus, we have 

p(a 0 ) = e- BV /jda 0 e- ,v , (9) 

where V is the intermolecular Interaction potential. We shall use the simple form proposed by Maier 
and Saupe 9 ' 9 for V: 

v=Bv ( =Bc ii s,« J , i*j. ( 10 ) 

l u 

The function g(fl 0 , ft, t) obeys the rotational diffusion equation 

Bg/Bt = S>g, (11) 

where 

°*= (l/ 0 £)£„n,,-[fU + A?R„n (L=r.xv„, 


and £ is the frictional coefficient. The above equation, with the initial condition g(t =• 0) => 5(fl 0 - ft 0 ), 
gives 

£dtg(t)e <at = -6(ft-ft 0 )/(in+S>). (12) 

Consequently, we can obtain from Eqs. (2) and (8) 

y(fi)=r(0)+ 1 /da (Es,)—^p(fl)I)s„ y(O)=0~-/rfap(fl)S* t s J . <u> 

The evaluation of the above integrals is then carried out by perturbation expansion by assuming the 
intermolecular Interaction potential V to be small compared with kT. This assumption is Justified 
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since, in the isotropic phase, we expect 1 and hence pV, ve/sEjC'u* 1. The detailed caicuU- 

tions and the results are very similar to those in Zwanzig’s case. 7 We find, to the second order, 0 that 


r(0)*Afi<A*)[y 


1 * 18.4/if 
-4.47? - /nr 


10/1 , -4.2ft ] 

+ 1 - i'fJr/2 1 - iSdr/lSJ’ 


(14) 


where r = f/6*T and K = (2/35)‘ft*ZjC, M C tl . Then, from Eqs. (4) and (5), we obtain the expression 

l t k 

ftn)=fl£,A/(i -»nO (15) 


where 


B = lA'/(l -^nA’o)J^(Aa) 2 ; 

r.-r/ll -(7 e /T) + fl(p , C , )J, T a = (r/2)H+0(^ a C a )J, r 3 = (Sr/lSitH-e^C 2 )), 

C, = [1 - (T c /r)l"ll + 28.6/f/(I - T e /T) j(l +8(^C a )J, 

C, = 10il t-(T e /7)J- a /f + e(^C'’), C 3 = -4.2[l + (T e /T)}- 2 /t+6(fi 3 C 3 ), T c = V 0 /bk; 


Qlp'C") is a term of the order of 0"C". 

The spectrum of light scattering by orientational fluctuations can now be obtained by inserting Eq. 
(15) into Eq. (7). We see immediately that the spectrum is composed of several Lorentzian compo¬ 
nents with the intensity ratio given by C,:C 2 :C 3 . The strongest component is C, and has a half-width 
1 /t,. We notice in Eq. (16) that if we neglect terms of with n .* 2, then we can write 

c, = r/(7-r c ), T, = j/6*(r- 7 C ), (17) 

which have the same forms as those derived for order-parameter fluctuations from the Landau-de 
Gennes theory. 1 7' c here is in fact identical to the second-order phase transition temperature derived 
from the mean-field theory by Maler and Saupe. 2 Consequently, we can say that the C, component is 
the same component known to be due to order-parameter fluctuations, 1 * 10 or, in our present language, 
it la due to orientational fluctuations of molecules under the influence of the mean field created by in- 
termolecular interaction. Both the intensity and the inverse width of this component show the critical 
behavior which has been demonstrated experimentally in liquid crystalline materials. 1 In ordinary 
liquids, T c is below the liquid-solid transition temperature and cannot be reached. 

The other components in the spectrum arise from the correlated effect of lniermolecular interaction. 
The fluctuating molecule modifies the dynamics of the orientational motion of neighboring molecules 
which, in turn, modify the dynamics of the orientational fluctuations of the original molecule. This 
cue is analogous to the case of coupled damped harmonic oscillators. In both cues, new modes are 
created through coupling. Since T 0 =S*C„ and hence R = 4T C /49T, we find from Eq. (16) that C, and 
C a are about 10 1 times smaller than C,. The cor¬ 
responding half-widths 1 /t 2 and l/r 3 are charac¬ 
teristics of orientational fluctuations of a few 
molecules. Both components should not show 
critical behavior as 7'— y 

The experimental results of Rayleigh-wing scat¬ 
tering in N-fp-methoxybenzylldlnej-p-butylani- 
llne (MBBA) indeed showed two broad Lorentzian 
components with no critical behavior.’ Their in¬ 
tegrated intensities were about 10’ times smaller 
t h a n that of the component due to order-param¬ 
eter fluctuations studied by Stinson and Litster. 1 
The variation of 1/t 3 and 1/t 3 with temperature 
is shown in Fig. 1 In comparison with theoretical 
predictions. For the theoretical curve, we have 
used 4 • arn(T), where nr is an adjustable constant 
different tor different components 1 andri(T) is 



FIG. 1. Comparison of theoretical Rayleigh-wing 
linewldthB in MBBA as a function of temperature with 
experimental data (circles for r?' 1 and crosses for 
tj"’) obtained by Amer, Lin, and Shen In Ref. 3. 
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the shear viscosity determined by Martinoty, Candau, and Debeauvais. 11 The agreement between the¬ 
ory and experiment Is fairly good. We should, however, emphasize here that our theory is only meant 
to explain qualitatively the characteristic difference between the various components of light scatter¬ 
ing due to molecular orientational fluctuations. Like other microscopic theories for liquids, because 
of the simplifying assumption on molecular interaction, it would not explain experimental results quan- 
ttatively. For example, we have not taken Into account molecular collision which is believed to have 
strong influence on Rayleigfa-wing scattering. 4 

From Eqs. (1) and (IS), we can also find the time variation of the field-induced refractive index in¬ 
duced by a time-dependent field* IS 0 l 2 (t): 

6n(i )* (2ir/«)flS*(C*/T*)/_' ij |$ 0 |*(f ■') exp[- (/ - i')/i k W- (18) 

Again, the C, component dominates here. This equation applies to the optical Kerr effect. Such an ef¬ 
fect in an isotropic nematic substance has recently been measured. 11 

Finally, we can obtain the equation of motion for fin(f), or t\(t) - nbn(t)/2t, from Bq. (18): 

(8/8f)6x(/) + AE*(C*/T* 1 )X‘ <> |(S 0 | a «')e3q)[-(/-f')/T*Jd/' = AS*(C*/T*)|« 0 | 1 (f). (19) 

If we retain only the C l terms in Eq. (19), we then find 

(8/8< + T t l )0x(t) = A (C,/t,) I<5 0 | a . (20) 

de Gennes 10 has pointed out that 6* can be taken as the macroscopic order parameter. We recognize 
that Eq. (20) is in exactly the same form as the equation of motion for the macroscopic order param¬ 
eter derived by de Gennes from thermodynamic consideration. 10 As seen from the above derivation, 
the macroscopic order parameter is different from the microscopic order parameter Q = (Z),(3 cos a 0, - 
- l)/2)/AT. The two are related through the local field correction. 

In conclusion, we have shown that the orientational fluctuations of molecules are responsible for both 
the narrow central component (known to be due to order parameter fluctuations) and the broad Ray¬ 
leigh-wing component in the light-scattering spectrum of an isotropic liquid crystalline substance. 

The broad wing is due to coupling between fluctuating molecules through intermolecular interaction. 

We have also derived expressions for the optical Kerr response due to molecular reorientation and the 
equation of motion for the macroscopic order parameter. The theory is general. In particular, it also 
applies to solldB such as the plastic crystals. Observations of light scattering by orientational fluctua¬ 
tions and the corresponding optical Kerr effect in a plastic crystal have recently been reported. 1 *" 14 

One of us (Y.R.S.) thanks Dr. N. M. Amer for helpful discussions in formulating the problem. He 
also acknowledges the partial research support from the U. S. Atomic Energy Commission and the Gug¬ 
genheim Memorial Foundation, and the hospitality of Professor J. Ducuing at the Laboratoire d’Optique 
Qu antique. 
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The first measurements of longitudinal spin relaxation due to binary atomic collisions 
In bulk ’He gas are reported. At 4.2 K the data are fitted by the expression pT , - 61 a 2 
sec g cm' 5 for densities p such that 0.01 < p < 0.05 g cm'’. At lower densities wall relax¬ 
ation predominates and at higher densities a binary oollUion theory Is Inadequate. A 
model of wall relaxation is given which identifies the role of the absorbed phase of ’He 
on the wall. 


Longitudinal nuclear-spin relaxation in ’He has 
been studied thoroughly 1 in the liquid and solid 
phases, but there are no published data for pure 
bulk ’He gas. Recent theoretical calculations’ 1 ’ 
have shown how measurements of the spin longi¬ 
tudinal relaxation time T, are sensitive to the 
form of the spin-independent interparticle poten- 
ttaL We report here the first measurements of 
T l In bulk ’He gas. 

From the point of view of NMR, ’He gas has 
long been recognized as an unusually simple sys¬ 
tem in which the interatomic dipole-dipole cou¬ 
pling is not overwhelmed by strong Intramolecu¬ 
lar Interactions present In molecular gases like 
H, and CH«, 4 but emerges as the dominant relax¬ 
ation mechanism. Bloembergen* suggested that 
dilute ’He gas would relax via the colllsional mod¬ 
ulation of the dipole-dipole interaction between 
pairs of atoms. In the framework of this model, 
a ’He spin experiences a changing magnetic field 
for a period of time of the order of the duration 
of a collision, but Is unaffected between colli- 
■ions. The local field seen by a spin Is a series 
of spikes of width equal to the time r-d/v for 
which a collision lasts, where d is the distance 
of closest approach and v the thermal velocity. 
This time (-10' 1 ’ sec) is sufficiently short that 
T the Inverse angular Larmor frequency, 
for fields attainable with laboratory electromag¬ 
nets. In this limit r, = r it and to estimate T s we 
consider the effects of binary collisions which 
DC cur Incoherently at an average frequency !»„,[[. 8 
I In each collision the transverse spin magne- 
:1am dephases by A<p «1 , then 

l/T,~<A<p’>v eoI ,. ( 1 ) 

<A<p’> - (*V /d’Hd/vf, „ roll - nttd’v, 

ind so 

l/r, - i/T t - *(m/*r) m #v/rf s ocp/r*'», (2) 

rhere n is the number density of atoms (mass m ) 


In the gas. 

This is a crude treatment ignoring the precise 
nature of the interparticle potential which will 
affect the length of time of a collision and make 
it energy (and therefore temperature) dependent.’ 
There will also be a contribution from the transi¬ 
ent spin-rotation interaction associated with ef¬ 
fects of electric polarization during a collision,’ 

Evaluation of expression (2) at 1 atm pressure 
shows T l to be about Iff sec at room tempera¬ 
ture and about 10 4 sec at 4 K. Previously report¬ 
ed measurements’" 14 of T, on *He gas are all 
much shorter than these values, undoubtedly be¬ 
cause of the presence of paramagnetic Impurities 
or of wall relaxation. Oxygen molecules will 
make a significant contribution to 1/T 1 when their 
fractional concentration reaches [y(*He)/y(0,)]* 

~ 10"’. When making measurements at or above 
77 K concentrations of at least this magnitude 
are difficult to avoid, but at 4.2 K where the pres¬ 
ent data were recorded all Impurities except 4 He 
will be condensed out on the walls. Wall effects 
are more difficult to estimate. Masnou-Seeuws 
and Bouchiat” have distinguished two regimes de¬ 
pending on the nature of the surface. For suffi¬ 
ciently dirty surfaces T, is determined by the 
time needed for an atom to reach the walls, be- . 
cause In a much shorter subsequent time it will 
make enough collisions with the wall to flip Its ! 
spin. In this regime i 

[T l )^=R’/v*Dccn (3) \ 

for a spherical sample of radius R. T y is Inde¬ 
pendent of a, the spin-flip probability per wall '* 
collision, provided a Is large enough to keep the 
system In this regime. ^ 

In the other (clean surface) regime, an average > 
particle diffuses to the wall and then makes too ; 
few collisions with the wall to relax Its spin be¬ 
fore returning to the bulk gas. The average wall £ 
collision frequency In a sphere is Sv/4R and the 
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relaxation time la 

<T 1 ) t « ll »4*/3art). (4) 

The gaa density does not affect T t in this regime 
except perhaps indirectly through a. 

Since the relaxation rates add, 

(l/7’ 1 )ob. = (l/^)-n+(l/7’ 1 )buik. (5) 

and we may hope to Identify (T,),*,,, by the differ¬ 
ent density dependence of Eq. (2) and Eq. (3) or 
(4). 

The measurements reported here were all made 
at 4.2 K. The sample chamber consists of an ap¬ 
proximately spherical bulb of volume about 1 cm 9 
blown at the end of J-mm-i.d. Pyrex thick-walled 
capillary tubing. The cleaning procedure used 
was similar to that described by Horvitz. M Mol¬ 
ecules adsorbed on the glass wall are driven off 
by exciting a discharge In low-pressure helium 
gas in the sample chamber and flushing out the 
resulting Impurities. The sample of *He gas is 
cleaned and stored in a misch-metal oxygen get¬ 
ter. 15 

A simple twln-T bridge spectrometer 16 operat¬ 
ing at 3.5 MHz Is employed to monitor the NMR 
adiabatic fast-passage signal. The very long re¬ 
laxation times are measured by sweeping the 
field through resonance once to a resting field 
off resonance in order to Invert the magnetiza¬ 
tion, and at later times sampling the magnetiza¬ 
tion nondestructlvely by cycling the field to reso¬ 
nance and then returning to the resting field. The 
magnetization, therefore, continues on its origi¬ 
nal relaxation curve and the measurement can be 
made in a period of about 3T,. As long as the 
adiabatic conditions are satisfied, there Is neg¬ 
ligible loss of magnetization each time the signal 
is monitored. 

Measurements of T, were made over a density 
range varying from the dilute-gas limit in which 
X » d to a dense-gas regime in which X - d. Two 
series of measurements were taken, with the ini¬ 
tial and final runs of each series here reported. 
Between runs in each series there was intensive 
cleaning of the sample chamber. Values of T l 
plotted versus the density p in Fig. 1 fall into 
three regimes. At densities around 7xlO'* g 
cm'*, T, varies approximately as p'*. This de¬ 
pendence is expected 17 in a regime where many- 
body collisions are important and T^fJ/socn'*. 
We note that the density at which this regime be¬ 
gins is close to the liquid density (7X10"* g cm** 
on the saturated-vapor pressure curve at 2.6 K 1 *), 
and that d/K ■ iad* ■ 0.7 at this density. At moder- 



lo'p (gr eitr 3 ) 

FIG. 1. Measurements of T, In *He gas versus den¬ 
sity p at 4.2 K and a frequency of 3.B MHz. Open tri¬ 
angles, series A. 1st run; filled triangles, series A, 
final run (after cleanings); open circles, series B, 1st 
run; filled circles, series B, final run (after clean¬ 
ings). The solid lines are best fits with Eq. (S) and the 
dashed line is a slope corresponding to T, p* 1 . 


ate densities the results approach a common en¬ 
velope given by T,p = 61 sec g cm"*. At low pres¬ 
sure T,ocp, with T,/p increasing as the cleaning 
process Is carried out more carefully. The mid¬ 
dle region has the correct density dependence for 
bulk relaxation and we attribute the data here to 
refer to an intrinsic process of the kind devel¬ 
oped in Eq. (2). 

Since, in practice, it is found that 

( 1 / 7 ’i)oh,=c l P+c*4>, (6) 

where the first term on the right is characteris¬ 
tic of bulk relaxation, p/T, can be plotted versus 
p* to find the slope c x . Values so found for the 
four runs of Fig. 1 are given in Table I together 
with a recent theoretical expression* obtained us¬ 
ing the best interatomic potentials currently avail¬ 
able. The agreement suggests that while an al¬ 
ternative relaxation process may be present as 
a contributory factor, the nuclear dipole-dipole 
coupling seems to be the major source of longi¬ 
tudinal spin relaxation. 

The low-density region does not seem consistent 
with Bouchlat’s treatment of wall relaxation since 
if a Tj <x p region is observed it should (a) be in¬ 
dependent of cleaning and (b) have T l /p=R*/i*Dp 
= 10* cm* sec g"*,* Instead of the range 10*-10* 
observed. However, It is possible that what is 
observed here Is the clean-surface result {T,) —H 
« 4R/Sav with a dependent on pressure. At these 
pressures and temperatures, there will be 1 * be- 


19 



¥ ■ , ; 

\ VotuMi J3,NvMin 1 PHYSICAL REVIEW LETTERS_ ' 







Vohjw PHYSICAL ItSVISW LETTERS ijwri&t 

"A. J. Symoods, D. Mil. thesis, Univerilty of So*- arch, J. Holt, and A. L. Thomson, Monolayer and Smb- 

ssx, 1966 (unpublished). monolayer Bolton Films, edited by l. Q, Daunt and 

*D. T. Brewer, D. CreaweU, Y. Goto. M. G. Rich- e. Lerner (Plenum, New York, 1978), p. 101. 


New Universal Quantity for the He 4 Superfluid Transition* 

M. Ferer 

Department of Physics, West Virginia University, Morgantown, West Virginia 36506 

(Received 26 March 1974) 

Two- »cale-factor universality ii used to show that a simple combination of measurable 
critical amplitudes is universal. Good experimental agreement is observed. 


One of the most striking aspects of critical be¬ 
havior is the universality of the critical indices 
and the scaling functions, i.e., their independence 
of nonsymmetry-changfng details in the Hamilto¬ 
nian. 1 Because the order parameter associated 
with the superfluid transition in He 4 is unphysical, 
there are only two accessible critical indices; a 
from the specific heat and v from the superfluid 
density. 2 ' 4 The universality of these indices has 
been experimentally verified 5 ' 7 ; but little work 
has investigated the universality of the scaling 
functions for this system because, heretofore, its 
only observable consequence has been the univer¬ 
sality of the ratio of the high- and low-tempera¬ 
ture values of a critical amplitude. 5 Using results 
determined originally by Josephson from hydrody¬ 
namic arguments, 2 - 5 we will show that the univer¬ 
sality of 

•^Hc 3 .tng(^x/P*^ 3 l r»Tx> (j} 

Hi - T x /T\ 

is a further consequence of two-scale-factor uni¬ 
versality, which Is an explicit formulation of the 
universality of the scaling functions. a ' n In the 
above expression, p, is the superfluid density 
and iitlg is the singular part of the constant- 
pressure specific-heat density. 

Comparing X He with X defined in Refs. 8 and 9, 

It is clear that the universality of follows 
Irom the universality of X provided that T /p, 
cales like the correlation length, i.e., provided 
l»at T/p, depends on the reduced temperature / 
and nonuniversal quantities in the same way as 
lie correlation length. It haa been verified that 
they have the same t dependence 2,5 ; using similar 
arguments, we will Show that they have the same 
dependence on nonuniversal quantities. 

In addition to demonstrating the consistency of 


the universality of X Hr with two-scale-factor uni¬ 
versality, we test their validity by determining 
,Y[| C for various values of pressure using data 
given in Refs. 5-7 which investigated the pres¬ 
sure dependence of the specific heat and the su- 
perfluid density, respectively. As predicted, 
these values of A Hr , presented in Table I, are in¬ 
deed universal, i.e., independent of pressure. 

To ascertain that the universality of X He is a 
consequence of two-scale-factor universality, we 
must find expressions for p, and C fcIing in terms 
of universal parameters and the two, independent, 
nonuniversal scale factors. Such expressions 
have been determined for the generalized suscep¬ 
tibility and the standard thermodynamic quantities 
such as the specific-heat density but not for the 
superfluid density.*' 10 However, using hydrody¬ 
namic arguments, Josephson determined rela¬ 
tions between p, and the quantities for which scal¬ 
ing expressions are known. 2 ’ 5 Therefore, we can 
use his relations to determine a scaling expres¬ 
sion for p,. 

Josephson postulated the following expression 


TABLE I. Values of ‘A^ and 2 A W determined using 
Eq. (10) and the data of Refs. 6-7. 




10'» ‘A* 

p 

(bar) 

10' 4 ‘Ah, 

r a /k cm j \n 

[cm’\ mole / J 

0.06 

2.06 

3.11 

1.66 

2.02 

3.07 

7.33 

1.99 

3.01 

16.03 

2.02 

3.10 

18.18 

1.99 

3.10 

22.63 

1.96 

3.12 

26.87 

2.19 

3.47 


1 
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for the free-energy density F, which is valid in 
the hydrodynamic limit 5 '*: 

F=(i/K)/d*r|/(|*rl , ) + *4j(vr*r>J* 

+ i^»l(vr*?)il , -M*r)J- (2) 

In this expression, *,♦, the order parameter, is 
(fi r ) where ifrp is the annihilation operator for 
He'* atoms; II and j. denote the real and imaginary 
components respectively; and hf is a fictitious 
field coupled to the order parameter through a 
term, Shj-iiil,? 1 -1 rtf* r in the Hamiltonian. The 
function/(x) and the constants A H and A x depend 
on temperature and field. From this hydrody¬ 
namic expression for the free energy, Josephson 
showed that 

p.^AAm/hfW, ( 3 ) 

where m is the mass of a He 1 atom, and that 

A i /fer = 21im[Ai(<7)r , > < 4 ) 

« -o 

where xJ?) gives the response of the order pa¬ 
rameter to the uniform, fictitious field. 2 '* 

In uniform field, scaling and two-scale-factor 
universality predict the following expressions: 
the singular part of the free energy density. 



the singular part of the order parameter, 

+ **fl * r »*=(£0 8 d(H*/(gfl‘ S ); (5b) 

the singular part of the zero-field specific-heat 
density, 

-(2 - «K1 - <*Xg!f (5c) 

and the singular part of the perpendicular sus¬ 
ceptibility, 

X A^n^tY^Uql/igtY, nh/{gt)*>. (5d) 

In these expressions, 3(y), d(y), and G(z, y) are 
undetermined but universal functions; a, A, /3, 
v, and ri are the conventionally defined critical 
indices; and n, l, and g are the system-depen¬ 
dent scale factors with n and l being related 
through the universality of »/f\ 4>8 ' 10 Thus all 
nonuniversal system dependence is explicitly con¬ 
tained in the scale factors. 

To determine the scaling form of p,, via Eq. 

(3), we need the scaling form of 4 given in Eq. 
(Sb) and the scaling form of A x . This latter quan¬ 
tity can be determined in two ways. The first 
u«ea Eq. (Bd) in Eq. (4) and yields 

AjToB(£()' nv /l, B^Sk— Um|x*G(Jf, Oil. (6) 

" x-o 


Note that B is a universal constant. The second 
way requires that the second term in Eq. (2) have 
the correct scaling form, Le., 

lA xl(V? M kr f/k 7= Let? -*n -‘{7,(0). (7) 

Writing all but AJT in terms of scaled variables, 




*T»o 



ff a (0) 


( 8 ) 


predicts the same scaling form for A JT as In 
Eq. (8) since 2(1 -8- v)- or = - ij v* but it does 
not provide a readily accessible expression for 
the universal constant B. Now using this result, 
Eq. (0), and Eq. (5b) in Eq. (3) yields the follow¬ 
ing scaling form for tip, 

T/p t =B'l(gtr v , m)*/B |rf(0) | *, (9) 

since 2£ - p v- v* Thus, since B' Is a universal 
constant, T/p , scales like the correlation length 
(see Ref. 8), and the universality of X He follows 
from the universality of X defined in Refs. 8 and 
9. 

Having verified that the universality of X Hr is 
a consequence of two-scale-factor universality, 
let us use our result for a further test of the 
validity of two-scale-factor universality. Using 
the data in Refs. 5-7 which investigated the pres¬ 
sure dependence of the specific heat and the su¬ 
perfluid density, we can determine values of X He 
for several different values of pressure, which 
is expected to be an irrelevant variable. If, con¬ 
sistent with our earlier arguments, we assume 
that 3v= 2 - a, we can rewrite Eq. (1) using the 
amplitudes defined in Refs. 5-7: 


v Ao ' iP) ( US. 

k(P) I' 


( 10 ) 


In this equation, A 0 '{P) denotes the critical am¬ 
plitude of the molar specific heat at constant 
pressure in units of the universal gas constant ft; 
T X (P) and V X (P), the values of which are given in 
Table I of Ref. 5, denote, respectively, the tem¬ 
perature and the molar volume on the A line; and 
k(P) denotes the critical amplitude of the nor¬ 
malized superfluid density, P,V x , with the units 
of p, being moles per unit volume. 

In using the values given for A 0 'CP) and k(P), 
we must realize Out the values of these ampli¬ 
tudes depend on the values of the indices used in 
their determination. We, therefore, have a choice 
between several alternative values of the same 
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amplitude depending upon the particular value 
used for die related index. Given the experimen¬ 
tal uncertainty in the indices, we should choose 
those values of the indices which not only seem 
to be the most correct, 0.00 > a > - 0.03 and 0.666 
< k0.674, s ' t but which also are in closest agree¬ 
ment with scaling and universality predictions be¬ 
cause the amplitudes should not be expected to 
obey scaling and universality if the indices do 
not* Unfortunately, the values used in the litera¬ 
ture do not allow us to satisfy both these condi¬ 
tions. For this reason, we present two separate 
determinations of AT Hc in Table I. The first de¬ 
termination, ‘Xhc, best satisfies the first condi¬ 
tion, while the second, *X He , best satisfies the 
second condition. In determining the values for 
‘,Y He) we used Eq. (10), the values of A 0 '(P) from 
Table XI of Ref. 5 consistent with a = -0.02, and 
the values of k(P) from Eq. (13) of Ref. 7 consis¬ 
tent with v= 0.669. These values of the indices 
are close to what seem to be the most correct 
values; but they represent a small violation of 
the scaling law 2 - a - 3 v- 0. We should note that 
if 2-0-31** 0, Eq. (1) is trivially universal and 
not identical to Eq. (10). We also expect that us¬ 
ing amplitudes consistent with a violation of this 
scaling law will introduce nonuniveraal trends in 
'X H r-* However, the numerical smallness of 
this discrepancy would imply small, if not negli¬ 
gible, nonuniveraal trends in In determin¬ 

ing i > r llc , we used Eq. (10), the values of A 0 \P) 
from Table X of Ref. 5 consistent with a =0.00, 
and the values of k(P) from Eq. (11) of Ref. 6 con¬ 
sistent with i/= f. Quite probably these values 
are slightly incorrect, but they obey the scaling 
law 3v= 2 - a exactly. Excepting the values for 
25.87 bar, both and J X He are universal, i.e., 
independent of pressure, to within 2 or 3% which 
seems a plausible estimate of the experimental 


uncertainty. The deviation of the values for the 
largest pressure is not understood. 

Additional investigations of the universality of 
X He , Involving not only the dependence on pres¬ 
sure in pure systems but also the dependence on 
other irrelevant variables such as the fraction of 
He 3 in He 3 -He 4 mixtures, would be of interest as 
further tests of the universality of the scaling 
functions. 

The author wisheB to acknowledge helpful dis¬ 
cussions with M. E. Fisher as well as the hospi¬ 
tality of Professor G. V. Chester and Professor 
M. E. Fisher and of Cornell University where 
part of this work was completed. 
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1// Noise from Thermal Fluctuations in Metal Films* 

John Clarket and Richard F. Vosst 
Department of Physics, University of California, Berkeley, California 94720, 
and Inorganic Materials Research Division, Lawrence Berkeley Laboratory, Berkeley, California 94720 

(Received 26 December 1973) 

The observed dependence of the l/f noise in metal films on the temperature coefficient 
of resistance and on sample volume, and the observation of frequency-dependent spatial 
correlations of the noise, suggest the noise is due to a thermal-diffusion mechanism. 

The assumption of a spectrum for the intrinsic temperature fluctuations with an explicit 
\/f region, and the condition 4AT)^«*rVC F , yield quantitative predictions of the noise 
power In excellent agreement with experiment. 


Several authors 1,9 have studied diffusion of heat 
or particles as a possible mechanism for 1// 
noise. The spectra calculated for simple uni¬ 
form systems, although “l//-like,” do not exhib¬ 
it a convincing 1// behavior over many decades 
of frequency. As a consequence, diffusion has 
not been accepted as a source of 1 // noise. 9 In 
this Letter, we present experimental evidence 
that strongly supports a thermal-diffusion mech¬ 
anism as the source of l/f noise in thin metal 
films. 

As an example of a thermal-diffusion system, 
consider an infinite uniform medium with ther¬ 
mal diffusivity D. If 0(x, /) is the temperature at 
x at time /, 0 obeys the diffusion equation DV 9 0 
= 00 /at. The average temperature of a bar-shaped 
volume O of length l v and rectangular cross sec¬ 
tion »!,»/,). r(t) = n-‘/ n 0(x,/)d s .v. is a 
fluctuating quantity. 9 In equilibrium at tempera¬ 
ture T, <(AT) 9 ) = * B T 9 /Cy, and is Independent of 
D, where C y is the heat capacity of the bar. The 
spectrum of the fluctuations, S r (w) a{T*{w)T(w)), 
does, however, depend on D, and on the manner 
in which a given fluctuation decays in space and 
time. The characteristic dimensions of the bar, 

1 3 a K< define characteristic frequencies, 

u>,»w, through the relation = The 

spectrum 1 ' 4 is approximated by S(w)°c const (w 
««,), S(w)«ln(l/«) (u>, '<u^<w 2 ), S(o>)<*oj' 1/2 
(« f « w «u>,). and S(w)au)' J/2 (<p »w 3 ). For two 
dimensions, S(u>)°cln(l u>) (w ^a> t ), S(u>) a u)" l/9 
(a), «u) «tjJ 2 ), and S(w)° r w‘ s/J (w »w a ). For one 
dimension, S(w)«w' 1 ' 9 (w w,), and S(w)“ur ,/9 
(<i>x>ci>j). Normalization is achieved by JJj”S r (u>)dw 
= <(AT)*>. 

Hie spectra are best understood in terms of 
the frequency-dependent correlation length, A(w) 

■ tJ D/wf*. The quantity t(r, u))5(0*(x,w)0(x + r, 
<*>)> is a measure of how fluctuations at x are re¬ 
lated to those r away at frequency u>. In one di¬ 


mension 

t‘j( ?, w) oc exp(-|r| A) cob(tt/4 +|r | A); 
in three dimensions 

c a (r, w)' r lr|‘ l exp(-[r|A)cos(|r|A). 

A is thus a measure of the average spatial extent 
of a fluctuation at u. Low-ai fluctuations on the 
average take place over larger volumes and have 
greater amplitudes than those at high w. Changes 
in the spectrum occur when A« l,. 

Although the heat flow is uniform throughout 
the system, we assume that electrical conduc¬ 
tion is confined to the bar, of resistance R and 
temperature coefficient of resistance (1 /R) 
x8 R/dT. A constant current in the bar produces 
an average voltage V and a voltage noise spec¬ 
trum Sy(w)= V 9 ^ , S r (o>). The spectrum is l//-like, 
increasing as f is lowered, but there is no sub¬ 
stantial 1// region. 

Hooge and Hoppenbrouwers 5 have studied l/f 
noise in gold films, and found that the voltage 
spectrum S r (f) could be described by 

S r (f)/V 3 <=s2.4xl0- 3 /R c f, (1) 

where N c is the number of carriers in the sam¬ 
ple. Although both the numerical coefficient and 
the exact 1 // law represent a rather approximate 
fit for a large number of samples, Eq. (1) is a 
useful basis for comparison. We have repeated 
these experiments using films typically 150 pm 
xlO pm x400 to 2000 A evaporated or sputtered 
onto glass substrates. A constant current was 
passed along each sample, and the voltage spec¬ 
trum from 0.1 to 25 Hz was measured using 
tuned circuits modeled in a PDP-11 computer. 
The amplifier background spectrum (K=0), which 
was 1-4 orders of magnitude smaller, was mea¬ 
sured and subtracted out for each sample. The 
samples were usually placed in a closed metal 
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box during the measurements. We also mea¬ 
sured several samples under vacuum, and found 
no detectable change in the noise, indicating that 
atmospheric turbulence did not contribute to the 
noise. The observed spectra varied as l//° 
where 1.0 <« <1.4. We also found S r (f) oc V*, and 
by varying sample dimensions, that S y (f) was ap¬ 
proximately inversely proportional to sample vol¬ 
ume. Samples of identical geometry showed vari¬ 
ations of up to a factor of 3 in noise power. The 
measured average values of S y (f)/V* at 10 Hz 
for seven different materials are summarized in 
Table I, together with the measured temperature 
coefficients of resistance for the same films. 

The negative 0 for the bismuth was probably due 
to die somewhat amorphous nature of the evapo¬ 
rated films. The resistivities of all the materi¬ 
als, including bismuth, were close to the bulk 
values. 

Table I contains important evidence for the dif¬ 
fusion mechanism. The measured 0 for the Man- 
ganin films was <10' M K' 1 , more than an order 
of magnitude below that of the other materials. 
There was no detectable 1/f noise in the Man- 
ganin films. This result strongly suggests that 
the noise in the other metal films arises from 
temperature modulation of the resistance. 

As a second test of the diffusion mechanism, 
we measured the frequency-dependent spatial 
correlation. A bismuth film of thickness 1000 A 
was cut into two strips each of length l and width 
12 fan [Fig. l(a)|. Separate batteries and large 
resistors R 0 were used to supply a constant cur¬ 
rent to each strip. The two noise voltages V^t) 
and V 3 [t) were separately amplified and the spec¬ 
trum of their sum or difference measured with 
the PDP-11. If S + (/) and S.(/) are the spectra 
of |Vi(f)+V,(f)] and [V t (f) — V 2 (f)j, the fractional 




FIG. 1. (a) Experimental configuration for correla¬ 
tion measurement. (b) Fractional correlation for taro 
samples. 


correlation between Hie strips is 

C(/) = [S + (/)-S.(/)]/[S + (/) +S_(/)]. (2) 

When F,(f) and V t (l) are independent, $»(/) = £.(/) 
and C(f) = 0. When the two strips are completely 
correlated 1^,(1)= V,(f), S.(/) = 0, andC(/) = l. 

For temperature fluctuations at high/, X «/ and 
C(/)—0, while at low/, X »/ and C(/)- const. 
We expect the change from correlated to uncor¬ 
related noise to occur when X« /. Results for 
two different l are shown in Fig. 1(b). The con¬ 
dition X = l corresponds to frequencies of 0.13 
and 1.2 Hz for 1 = 7.5 and / = 2.5 mm (with D = 0.2 
cm* sec' 1 ). The measured C(/) is in good agree¬ 
ment with our expectations. As l is increased, 


TABLE I. The measured and calculated noise power at 10 Hi and the 
measured temperature coefficient of resistance for seven-materials. 


Material 

s r(/)/V' 1 measured 
at 10 Hz 
(10“ ,s Hz* 1 ) 

Sv( f)/\ x calculated 
at 10 Hz 

DO' 1 * Hz* 1 ) 

Measured S 
CK' 1 ) 

Cu 

10 

16 

0.0038 

Ag 

10 

2 

0.0036 

Au 

1 

0.76 

0.0012 

Sn 

12 

7.7 

0.0036 

B1 

20 

9.3 

-0.0029 

Manganln 

<10'* 

<6.6*10'* 

ldl<io ' 4 

InSb 

3*10 4 

20 

-0.0064 


or 
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the tow-/ limit otC(J) decreases because (In 
two or three dimensions) a fluctuation In one 
strip has an increasing probability of decaying 
without influencing the other strip [cf. c,(r, u>)J. 
For mm, scatter in the data obscured any 

possible correlations. 

Although the scaling of the noise as VVfl, the 
absence of the noise in Manganin, and the frequen¬ 
cy-dependent correlation all indicate a thermal- 
diffusion mechanism, the observed spectrum of 
a thin film differs from that calculated for the 
uniform system. There are several possible 
reasons for the discrepancy. The sample is not 
in thermal equilibrium. The power dissipated in 
the sample raises its temperature above ambient 
temperature. Moreover, a temperature fluctua¬ 
tion, by changing the resistivity, changes the 
power dissipated in its neighborhood resulting in 
a feedback effect. We expect this effect to change 
the dependence of the noise power on V 1 as well 
as to produce vastly different spectra for posi¬ 
tive and negative feedback. The observed close 
dependence on V* and the similarity of the spec¬ 
tra for metals (0 >0) and bismuth (0 <0), however, 
lead us to believe that feedback Is not generally 
a dominant mechanism. Only to lowest order is 
the sample resistance proportional to the aver¬ 
age temperature. It is possible to have a tem¬ 
perature distribution which does not change the 
average temperature yet which does change the 
current paths and hence the resistance. We ex¬ 
pect this effect to be negligible for X greater than 
the strip width, and to be independent of 0. 

The major reason for the discrepancy, however, 
is probably the thermal inhomogeneity of the sys¬ 
tem. Although neither the very different diffuslv- 
lties of llm and substrate, nor the presence of 
boundary resistance can affect ((AT) 8 }, both can 
seriously modify S r (/), which depends on the de¬ 
cay of the temperature fluctuations. In an at¬ 
tempt to investigate the Importance of the ther¬ 
mal environment of the film, we coated several 
samples with an electrically Insulating layer of 
photoresist: No change in the noise was observed. 
However, a layer of copper about 5000 A thick 
evaporated over the photoresist decreased the 
noise by roughly a factor of 2 below about 1 Hz, 
but did not affect the noise at higher frequencies. 
The spectrum, then, depends in a detailed way 
on ths thermal environment of the film. At high 
frequency, we expect fluctuations to decay pre¬ 
dominantly along the film (two-dimensional de¬ 
cay) because of the high thermal conductivity of 
the metal. Only at lower frequencies, where x is 


comparable with the sample length, does the sub¬ 
strate become Important and the decay more 
three dimensional. 

We therefore expect S r (f) to be constant for/ 

«/,, and to be proportional to/' 8/8 for / »/„ 
where /, and f, are the characteristic frequen¬ 
cies for the length I, and the width 4 of the strip. 
We postulate that the thermally inhomogeneous 
system has a 1// spectrum in the Intermediate 
frequency region. We model the spectrum by 
SAf)=A/f l (/</,), S r (/)-A/Z (A </</,), and 
S r (/) =A/ t 1/ V/ >/ * (/ »/,). Using the normaliza¬ 
tion condition, we find for the 1// region 

Sr (/) = V/^rVCrtS + In (/,//,)]/. (3) 

At room temperature C Y <*> 3N A k a , where N A is 
the number of atoms in the sample, and 

Sy(f)/V t ’v(?T M /3N A [3 + 21 a(l i /l t )l/. (4) 

The last column of Table I contains the calcu¬ 
lated values of S 7 [/)/V i tor the films at 10 Hz. 
Both metals (N C »N X ) and bismuth (W A « 10 S N C ) 
show good agreement with Eq. (4). For the sam¬ 
ples of Hooge and Hoppenbrouwers" (800x10 pm), 
using our measured 0 for gold, we find S r (f)/V* 

« 3.6x10 ~ a /N A f in remarkable agreement with 
Eq. (2), provided we set JV C =JV A . 

We believe Eq. (3) should apply to any system. 
However, diffusion may not be the only or domi¬ 
nant source of 1//noise. As an example, consid¬ 
er our results for evaporated InSb semiconduct¬ 
ing films shown in Table I. The noise intensity 
was 3 orders of magnitude above that predicted 
by Eq. (3). In addition, we observed no spatial 
correlation of the noise. We conclude that the 
thermal-diffusion mechanism was not the domi¬ 
nant source of 1// noise in these samples. 

The frequency-dependent spatial correlation, 
the lack of 1// noise in Manganin films, and the 
scaling of the noise as V*f?/N A constitute strong 
experimental evidence that the 1 // noise in met¬ 
al films arises from the modulation of the resis¬ 
tance by intrinsic thermal fluctuations. We feel, 
therefore, that a diffusion mechanism can pro¬ 
duce 1// noise, and that the inability of theory to 
predict the observed 1// spectrum is due to the 
approximation of the experimental system by a 
uniform diffusive medium. The assumption of an 
explicit 1// region in S T (f), together with ((AT) 8 ) 
=k a T*/C r , yields quantitative predictions in good 
agreement with experiment. 
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K. M. ran Vllet, and Or. J. R. Wald ram for their 
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t t hank Professor C. Kittel for his advice and en¬ 
couragement throughout the course of this work. 
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Electron-Magnon Bound States 
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Interactions between strongly correlated electrons (or holes) and spin waves are in¬ 
vestigated with the aid of a simple physical model. The model is the large-interaction 
limit of the Hubbard model with an additional ferromagnetic Heisenberg interaction be¬ 
tween nearest-neighbor singly occupied sites. We find that even though there is no ob¬ 
vious electron-magnon attraction in the model, electron-magnon bound states exist for 
some crystal structures. 


We have found electron-magnon bound states In 
a simple model of a ferromagnetic semiconductor 
or insulator. The bound states are characterized 
by a large mass (about one hundred times the 
electron mass), a binding energy considerably 
less than the electron bandwidth, complicated 
symmetries, and relatively large size. These 
bound states are peculiar in the Bense that they 
can exist even though there is no ad hoc electron- 
magnon interaction in this model. An effective 
binding appears because for some crystal struc¬ 
tures the kinetic energy of strongly correlated 
electrons or holes is decreased by the presence 
of a spin wave. We feel that spin waves can quite 
generally influence electronic kinetic energies in 
both ferromagnets and antiferromagnetB to pro¬ 
duce electron-magnon bound states. For simplic¬ 
ity, the following discussion will be primarily re¬ 
stricted to an exactly solvable, ferromagnetic 
model. 

Qualitatively, we envision the electrons to be 
hopping from site to site, but because of the Cou¬ 


lomb interaction two electrons cannot simulta¬ 
neously occupy the same site. In addition, we as¬ 
sume that there is an effective exchange interac¬ 
tion between neighboring electron-spin moments. 
Since we are Interested in particle-spin-wave 
bound states, only the case in which there is one 
“hole” and one “spin flip” will be considered. We 
are thus treating the case of hole-magnon bound 
states. The corresponding case of electron-mag¬ 
non bound states is identical to the above problem 
with the sign of the hopping matrix element re¬ 
versed. 

For the ferromagnetic model with only nearest- 
neighbor hopping, we find that the existence of 
hole-magnon (or electron-magnon) bound states 
depends crucially on the lattice structure. Elec¬ 
tron kinetic energies can be lowered by spin 
waves only in those lattices where “self-return¬ 
ing paths" can have an odd number of hops. These 
lattices Include the face-centered cubic, hexa¬ 
gonal close packed, and triangular structures. 
Results presented here are primarily for the fee 
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lattice. 

The model Hamiltonian H Is the sum of the In¬ 
finite-Interaction Hubbard Hamiltonian 1 which de¬ 
scribee the hopping of a single hole, and a Hei¬ 
senberg Hamiltonian which produces the ferro¬ 
magnetism. The lowest order correction to this 
model for a large but finite intra-atomic interac¬ 
tion V Is an effective antiferromagnetic exchange 
between nearest-neighbor singly occupied sites. 
Realistically, the exchange in our model should 
be interpreted as having been normalized by_I 


- 2t*/U, where t is the Hubbard hopping matrix 
element. Although higher order terms In \/V 
are complicated, we believe that the qualitative 
features of electron-magnon bound states de¬ 
scribed here remain valid ae long as one Is se¬ 
curely in the strong-coupling regime and the ef¬ 
fective exchange is ferromagnetic. 

For infinite U, we may restrict ourselves to a 
subspace of state space which excludes doubly 
occupied sites. Denoting the projection onto this 
subspace as P, the projected Hamiltonian is 


H x ~ PlTjt (a + • §(♦ a _ %)]P, 

1.4 

where a is the creatton operator for an electron , 
with spin a at site i, site i + A is a nearest neigh- 
bor of site i , and the spin operators can be writ - 
ten in terms of the Pauli matrices as 

( 2 ) 


( 1 ) 


vector 5 can be written as a linear combination 
of basis functions Ip) with amplitudes 

=£,,6„ |p>, (3) 

where 


The only states we are concerned with are linear 
combinations of states produced by the operation 
of a single hole operator (a,f) and a single spin- 
flip operator on the completely ferro¬ 

magnetic state I ip). Eigenstates of H of this type 
With translational periodicity given by a wave 


Physically, Ip) describes a hole-spln-flip pair 
separated by a distance propagating with a 
wave vector q. 

The matrix elements of H between states Ip) 
and !y> (ff^ for p,y* 0) are 


The state lp = 0) is undefined but the Hamiltonian matrix can be expanded by defining 

H -0- 


This adds an additional eigenvalue of zero to the spectrum of H but doeB 
The eigenvalues of H can be found by Fourier transform, 


not otherwise 


*•» 8 jv 2 «wl - *' 9 * ff a - £ • R r »*„ = «*.{*<£) - J\h <E + $ _ Us )} + v M /;v, 


(5) 

( 6 ) 

alter the results. 

(7) 


where 2. is the lattice coordination number, 

^M = -7(*(it)+*(P)+A(5 + k + iS)] + 4h(k*5)+h@ + 5)- s*(J-P)], 

and ___ 

(gj ^ where 

The bound state energies of this system are ob- «\,> (*) = A(k)gj (*), 

ained as poles in the t matrix of H„. Because 

V ** separable, i.e., ®uM = E#Vii(P)C„ # (»), 


( 8 ) 

( 12 ) 

(13) 


V M - ( 10 ) 

w t matrix may be found exactly. The diagonal 

-matrix elements are 

f M -Trfw(*)fl-*(«)]’»}, ( 11 ) 


and G h °(u>) is the Green’s function for the matrix 

W-V/N)". 

Poles in appear as zeros of the determinant 
of l / - 0(»)J. At a general point in the Brillouln 
zone for q , the t matrix is of a large dimension. 
However, at various symmetry points and along 
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the symmetry axes, the use of group theory drastically reduces the dimensionality of this matrix. 
For the fee lattice, at the r point (q = 0) the t matrix is one-dimensional, and the bound-state energy 
is given by that value of u which satisfies the equation 


1 + 


2(f + f/fT 1 - cos -<*» > dk dk dk -0 

' Vh J, Jo Jo a) - 12/- (f 


(14) 


where for this lattice 


k (*) = 4[coa(k z ) c os(k,) + cos(*,) cos(*,) + cos(*,) cos (*,)]. 


(15) 


This bound state belongs to the r , 5 representation 
and is triply degenerate. Along the various sym¬ 
metry axes of the Brillouin zone, this degeneracy 
is either partially or completely lifted. 

The band structure of the hole-spin-wave bound 
state for J «(is shown in Fig. 1. The band min¬ 
imum occurs at the point X of the Brillouin zone 
jt the fee lattice. The ratio of the maximum bind¬ 
ing energy to the bandwidth is <*0.02. The effec¬ 
tive mass of the bound system around the point X 
Is approximately 100 times that of the electron. 
The size of the bound states is 10 lattice spac- 
lngs or more. 

We feel that electron-magnon or hole-magnon 
states may be observable. Further approximate 
calculations indicate that electrons or holes bind 
to only one magnon, so for small J, the electron- 
magnon bound states are the lowest-energy sin- 
gle-partlcle-type excitations of the model. If the 
model is valid, these states should lie below the 
absorption edge for the creation of simple elec¬ 
tron-hole pairs in magnetic semiconductors. 

The band structure along the A axis for the 
same lattice whenJ = 0.1f Is shown in Fig. 2(a). 
The energy level belonging to the representation 
A, now lies deeper than that belonging to A,. For 
7>0.02f the bound state at X is absorbed into the 
continuum,’ and so the bound states are found on¬ 
ly near r. 

The binding energy of the triply degenerate 



FIG. 1. The band structure of the hole-magnon bound 
■tats in a fee lattice for . 


bound state at r is an increasing function of J as 
long as 0 *J*l [see Fig. 2(b)], and rapidly de¬ 
creases for J >/. There is no bound state for J 
■e 1.12 1. This iB consistent with the requirement 
that for a purely Heisenberg Interaction 
there can be no such bound system.’ 

There are, unfortunately, few insulating ferro- 
magnets. Although these ferromagnets may be 
adequately described by this model, many more 
insulating antlferromagnets exist (e.g., some 
transition-metal chalcogenldes) which might be 
well described by this model if it could be solved 
for J < 0. We believe that electron-magnon or 
hole-magnon bound states can also exist for anti- 
ferromagnets. Nagaoka 4 has shown that for many 
infinite-interaction Hubbard lattices the antiferro¬ 
magnetic state with one hole does not have the 
lowest energy. This suggests that a spin wave in 
an antlferromagnet could lower the energy of the 
hopping electron or hole and produce an electron- 
antiferromagnetic-magnon bound state. Although 
some evidence for the existence of electron-mag- 
non binding effects comes from a moment expan¬ 
sion of the density of states for electrons in Nfiel 
antlferromagnets, we can offer no rigorous proof 


(a) «>> 



FIG. 2. (a) The band structure of the bole-magnoo 
bound state along the A axis for J* 0.1. Note that the 
bound states disappear into the continuum as the cen¬ 
ter- of-msss momentum Increases, (b) The binding en¬ 
ergy of the r n bound state as a function of the Heisen¬ 
berg exchange coupling, J. 
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lattice. 

The model Hamiltonian H is the sum of the in¬ 
finite-interaction Hubbard Hamiltonian 1 which de¬ 
scribes the hopping of a single hole, and a Hei¬ 
senberg Hamiltonian which produces the ferro¬ 
magnetism. The lowest order correction to this 
model tor a large but finite intra-atomic interac¬ 
tion V is an effective antiferromagnetic exchange 
between nearest - neighbor singly occupied sites. 
Realistically, the exchange in our model should 
be interpreted as having been normalized by j 


- 2 t*/U, where t is the Hubbard hopping matrix 
element. Although higher order terms in 1/U 
are complicated, we believe that the qualitative 
features of electron-magnon bound states de¬ 
scribed here remain valid as long as one is se¬ 
curely In the strong-coupling regime and the ef¬ 
fective exchange is ferromagnetic. 

For infinite V, we may restrict ourselves to a 
subspace of state space which excludes doubly 
occupied sites. Denoting the projection onto this 
subspace as P, the projected Hamiltonian is 


li - - 1 * o j )) + */(§*• - < )] P, 


( 1 ) 


where is the creation operator for an electron 
with spin o at site i, site f + A is a nearest neigh¬ 
bor of site i, and the spin operators can be writ¬ 
ten In terms of the Pauli matrices as 




(21 


The only states we are concerned with are linear 
combinations of states produced by the operation 
of a single hole operator (a it ) and a single spin- 
flip operator («>/»,») on the completely ferro¬ 
magnetic state lv>). Eigenstates of H of this type 
with translational periodicity given by a wave 


' vector q can be written as a linear combination 
of basis functions Ip) with amplitudes : 

l*.>-£AW. (3) 

where 

= exp(f$- J<p). (4) 

Physically, Ip) describes a hole-spin-flip pair 
separated by a distance R^ propagating with a 
wave vector q. 

The matrix elements of H between states Ip) 
and ly> for p,y* 0 ) are 


ff|;> * ) — ^ 4 — 3)]. 

The state Ip 0) is undefined but the Hamiltonian matrix can be expanded by defining 

' 0 . 


(5) 


( 6 ) 


This adds an additional eigenvalue of zero to the spectrum of H but does not otherwise alter (he results. 
The eigenvalues of ft can be found by Fourier transform, 


11 » jf 71 exp[ - ttf ■ R m -£* R t ) |/f - 3,., \th (k)-4*(k + q)-t/U+ XjN. 
where Z is the lattice coordination number. 

l c.» **(p)vA(q *k + p)] + d(*(k + q)+h <P ‘ 5)— ffc(k-j5)J, 


(7) 


( 8 ) 


and 


*(£)-£a- 


,iV- \ 


(9) 

The bound state energies of this system are ob¬ 
tained as poles in the I matrix of U pk . Because 
l - ** is separable, i.e.. 


where 

OiA'd) r Tjp<Pij(p)G f / > (uj), 


( 12 ) 

( 13 ) 


V M » 


( 10 ) 


the / matrix may be found exactly. The diagonal 
/-matrix elements are 


Tr[y><*)[l-0(«)rn. 


( 11 ) 


and G m °(u') is the Green’s function for the matrix 
(ff- V/AT) W . 

Poles in f M appear as zeros of the determinant 
of f / - 0(u>)]. At a general point in the Brillouin 
zone for < 7 , the f matrix is of a large dimension. 
However, at various symmetry points and along 
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he symmetry axes, the use of group theory drastically reduces the dimensionality of this matrix. 
Tot the fee lattice, at the r point (q = 0) the t matrix Is one-dimensional, and the bound-state energy 
s given by that value of w which satisfies the equation 




(14) 


rhere for this lattice 

h(k) = 4[cos(A I ) cos(*,) + cos(*J cos(*,) + cos(fe,) cos (*,)]. (15) 


’his bound state belongs to the T JS representation 
nd is triply degenerate. Along the various sym- 
letry axes of the Brlllouln zone, this degeneracy 
i either partially or completely lifted. 

The band structure of the hole-spin-wave bound 
ate for J<ct Is shown in Fig. 1. The band min¬ 
ium occurs at the point X of the Brlllouln zone 
the fee lattice. The ratio of the maximum bind- 
g energy to the bandwidth is ='0.02. The effec¬ 
ts mass of the bound system around the point X 
approximately 100 times that of the electron, 
te size of the bound states is 10 lattice spac- 
gs or more. 

We feel that electron-magnon or hole-magnon 
states may be observable. Further approximate 
calculations indicate that electrons or holes bind 
to only one magnon, so for small J, the electron- 
magnon bound states are the lowest-energy sin- 
;le-particle-type excitations of the model. If the 
nodel is valid, these states should lie below the 
ibsorption edge for the creation of simple elec- 
ron-hole pairs in magnetic semiconductors. 

The band structure along the A axis for the 
lame lattice when J = 0.11 Is shown In Fig. 2(a). 

’he energy level belonging to the representation 
k, now lies deeper than that belonging to A,. For 
r >0.02f the bound state at X is absorbed into the 
ontinuum,* and so the bound states are found on- 
y near r. 

The binding energy of the triply degenerate 



FIG. 1. The band structure of the hole-magnon bound 
'tate in a fee lattice for J «f. 


bound state at T is an increasing function of J as 
long as 0[see Fig. 2(b)], and rapidly de¬ 
creases lor J >1. There is no bound state for J 
*tl.l2f. This is consistent with the requirement 
that for a purely Heisenberg interaction {J»/). 
there can be no such bound system.* 

There are, unfortunately, few Insulating ferro- 
magnets, Although these ferromagnets may be 
adequately described by this model, many more 
insulating antlferromagnets exist (e.g., some 
transition-metal chalcogenldes) which might be 
well described by this model if it could be solved 
for <f <0. We believe that electron-magnon or 
hole-magnon bound states can also exist for antl- 
ferromagnets. Nagaoka* has shown that for many 
infinite-interaction Hubbard lattices the antiferro¬ 
magnetic state with one hole does not have the 
lowest energy. This suggests that a spin wave in 
an antiferromagnet could lower the energy of the 
hopping electron or hole and produce an electron- 
antiferromagnettc-magnon bound state. Although 
some evidence for the existence of electron-mag- 
non binding effects comes from a moment expan¬ 
sion of the density of states for electrons In Neel 
antlferromagnets, we can offer no rigorous proof 
(a) (b) 




FIG. 2. (a) The band structure of the hole-magnon 
bound state along the A axis for J-0.1. Note that the 
bound states disappear into the continuum as the een- 
ter-of-mass momentum increases, (b) The binding en¬ 
ergy of the r, 5 bound state as a function of the Heisen¬ 
berg exchange coupling, J. 
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ol their existence. 
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Failure of the Allowed Assumption in the e/l? Decays of l4Sg Gd and ,43 *Sm-Experimental 
Evidence for Interference Effects in Nuclear 0 Decay 
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Cyclotron Iaibomtorytand Department of Physics, Michigan State University, East Lansing, Michigan 48824 

(Received 8 Aprti 1974) 

Anomalous (/p 4 decay branching ratios for "hindered allowed” transitions (measured 
by y*-y and x-y coincidence techniques) have been found In ,45 *Gd— 145 Eu(808.5-keV 
state) and - ,w Pm(1173.2-keV state). These ratios exceed theoretical predictions 

by factors of 24 and 5, respectively. Thirteen additional ratios from theae nuclei and 
l4, h'u agree with the predictions. This Is the first conclusive evidence of the failure of 
the allowed assumption in nuclear p decay and of the prcsenco of interference effects. 


Numerous past measurements of (/ft‘ (electron- 
capture to positron) decay branching ratios 1 ' 4 
tend to support modern (3-decay and weak-tnter- 
actlon theory. These measurements generally 
involved simple, fast allowed transitions and 
were quite difficult to perform inasmuch as only 
very small deviations from the theoretically pre¬ 
dicted ratios were involved and are difficult to 
detect. With the discovery of parity nonconserva¬ 
tion and the success of the universal V-A Inter¬ 
action, most of the Interest in measuring these 
ratios disappeared, and in recent years only a 
few additional values have been measured. Stud¬ 
ies on M8 *Gd decay in this laboratory 5 indicated 
an anomalous branching ratio involving a highly 
hindered allowed transition. In this work we 
study this transition more thoroughly and report 
a similar anomaly in u, *Sm decay. We then dis¬ 
cuss some of the ramifications of our findings. 

All activities discussed here were prepared 
with beams Irom the Michigan State University 
sector-focused cyclotron. W5 *Gd (I U1 = 22.9 min) 
was prepared by the reaction “Sm^He^l using 

20-MeV *He beam on a target enriched to 95.10% 
n “‘Sin. M, Eu (f l 2 = 2.6 min) was produced by 
***S m(p, 2 n) using a 28-MeV p beam on similar 


targets, and Us daughter “*'Sm (/,„=• 8,83 min) 
was studied along with it. 

The relative (3* feedings were measured by the 
y* -y triple coincidence method described by Kelly 
and co-workers." Briefly, the two halves of an 
8 < 8-In. Nal(Tl) split annulus were gated on the 
511-keV y 1 radiation indicative ol a ft* event and 
a third y-ray coincidence was sought in a large 
Ge(Ll) detector inside the annulus tunnel. A re¬ 
solving time of 50 nsec and the triple-coincidence 
requirement made chance events very rate. The 
relative ft* feedings to each level were Inferred 
from the coincident y-ray spectrum after correct¬ 
ing for y-ray feeding from higher-lying levels. 

The high efficiency of the annulus (80% at 511 
keV) caused significant chance summing of anni¬ 
hilation quanta with y rays in coincidence with 
those detected in the Ge(Ll) detector, so only lev¬ 
els de-exciting primarily through a single direct 
ground-state transition could be studied. Fortu¬ 
nately, the nuclei discussed here decay predomi¬ 
nantly to levels de-exciting directly to the ground 
states. 

Relative c feedings were measured by an x-y 
coincidence experiment. A 5-ram-thick planar 
Ge(Ll) detector with 550-eV resolution at 122 keV 
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was gated on the K x-ray region to indicate an e 
event, and a large Ge(Li) detector was gated on y 
rays tagging the e-fed level. {The y transitions 
in the nuclei studied here all have high enough 
energies to make x rays resulting from internal 
conversion negligible.) The data were listed, 
three addresses per event (E„, E y , and time), 
and were sorted off-line with subtraction of the 
continuum from both the x-ray and time axes. 

The resultant coincident y-ray spectra were anal¬ 
yzed to obtain the relative £ feedings. Final e 
feedings were corrected for L capture. 7 

The two sets of intensities were normalized to 
each other for MOj Gd decay by assuming the theo¬ 
retical ratio for decay to the 1757.8-keV level, 
vhich was chosen because it is fast (log// = 5.8) 
ind the statistics are excellent. These relative 
eedings are presented in Table I. (If the theo- 
etfcal predictions were correct, the choice of 
transition for normalization should not be signifi¬ 
cant; however, had we chosen the transition to 
the 808.5-keV level for normalization, the total 
/3* feeding would far exceed 100%.) The mea¬ 
sured e//3* branching ratios are compared in Ta¬ 
ils I with the values tabulated by Gove and Mar¬ 


tin* for Q t = 5.3 MeV.* The data can perhaps be 
best compared with theory by defining a “skew 
ratio” A = (£/0*)„ pt /(e/0 + )ti«r- » is thus a mea¬ 
sure of how much the £ branch is enhanced or the 
jj* branch is suppressed. Agreement is general¬ 
ly good except for the transition to the 808.5-keV 
level, where 1? has a value of 24. A 20% excess 
is also seen in the transition to the 1041.9-keV 
level. 

The M,# Srn and M *Eu decays are more difficult 
to study because of the short half-lives involved. 
Only total feedings and relative 0* feedings were 
measured, so e feedings were inferred from 
these. The measured ratios in Table I are nor¬ 
malized to theory for the transitions to the 1056.6- 
keV level of M *Pm and to the 1107.2-keV level of 
M, Sm. Q ( was assumed to be 3.32 meV for M **Sm 
decay 10 and 5.5 MeV for M *Eu decay.” Again, 
agreement is good except for the transition to the 
1173.2-kcV level of M *Pm, where the experimen¬ 
tal c/8 + exceeds the theoretical one by a factor of 
5. 

The excellent agreement of most of the data 
with theory makes the exceptions stand out quite 
strongly. They are not easy to explain away. For 


TABLET. «//3* branching ratios for 1 ‘*‘Gd, l4Sr Sm, and us Eu decays. 



Energy* 

e< 

£(tot)/0' 

£fto0/8' b 

Skew ratio R 


(keV) 

(MeV) 

experimental 

theoretical 

(expt/theor) 

uv dd 

808.5 

4.5 

10.7 ±2.0 

0.46 

24 


1041.9 

4.3 

0.72 ±0.06 

0.60 

1.2 


1767.8 

3.5 

= 1.17 ±0.05 ' 

1.17 

1.0 


1880.6 

3.4 

1.34 ±0.05 

1.37 

0.98 


2494.8 

2.8 

3.07 ±0.5 

3.39 

0.91 


2642.2 

2.7 

4.70 ±0.5 

4.41 

1.07 

l43, Sm 

1056.6 

2.26 

^9.7 ±0.7 c 

9.7 

1.0 


1173.1 

2.15 

63 ±10 

13 

4.9 


1403.1 

1.92 

35 ± 5 

29 

1.2 


1615.0 

1.80 

30 ± 7 

= 0.61 ±0.06 f 

49 

0.61 d 

”’Eu 

1107.2 

4.4' 

0.46 

1.11 


1636.7 

4.0 

0.62 ±0.06 

0.69 

0.90 


1665.9 

3.9 

0.69 ±0.15 

0.72 

0.96 


1715.1 

3.8 

0.75 ±0.17 

0.83 

0.90 


1912.6 

3.8 

1.07 ±0.11 

1.02 

1.05 


‘Only the ratios for the most significantly fed levels are Included In this table. 
^Values from Ref. 8. 

c e/8* ratios are normalized to this transition. 

d An error of only 100 keV in the reported decay energy would bring this value 
In line with theory without significantly affecting the fit of the rest of the data. 

'The total available decay energy for ”*Eu was chosen as 5.5 MeV to obtain 
the best comparison with the theoretical values. 

f The lo Eu experimental ratio normalization was adjusted slightly to give the 
best and most consistent agreement with theory. 
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_ example, extreme care was taken to Insure that 

0 f t the ft"a were completely annihilated within the 
^ source package In the annulus tunnel, so effects 
wi( such as Incomplete annihilation cannot be the ex¬ 
planation. The y transitions associated with the 
( levels that receive the anomalous d decay are all 
1 well understood from previous studies , • 1,,,, and 

A nr 

should not be delayed, so this cannot be the ex¬ 
planation either. This was also seen in the time- 
to-amplltude converter spectra for wv Gd, where 
all the transitions were prompt. Errors In the 
decay schemes must be small, as virtually 99% 
of the y-ray intensity Is firmly placed In each. 
Corrections for L capture are straightforward 
and affect the relative feedings only slightly. 

The Implications of these anomalous e/d‘ branch¬ 
ing ratios may be quite significant. Close obser¬ 
vation of the ,4, 'Gd and K, 'Sm anomalies Indicates 
that they are not random cases but instead partic¬ 
ularly hindered allowed transitions of a similar 
nature. (The "fast” transitions In the decays of 
these nuclei have been shown 4 ’ 10 to lead to three- 
quaslpartlcle states.) 

Actually, our arguments do not hinge on the de¬ 
tailed nature of these transitions—for the pur¬ 
poses of what follows they might just as well be 
considered “fast” transitions between states of 
unknown structure, It was also shown by Biryu¬ 
kov and Shlmanskaya 18 that the transition to the 
ground state of 142 Pm gives the predicted ratio. 

On the other hand, the anomalous transitions of 


|C„| , )(/l) , 4-||Cj a + )C J .| , l(/o) 1 + ||cJ s 

and 


148 *Gd to the 808.5-keV state in l4S Eu and of “**Sm 
to the 1173.1-keV state in M *Pm both proceed 
through the m,,, states of the daughters. These 
hindered transitions are of the (over-simplified) 
form 

WrtlfV 1 * («!/,)(»!„) log/; = 7.1, 
for M **Gd decay and 

fr'W’Wt/R)' 1 - (* s »/*)(«*»,*) f "\ Iog/< = 6.4, 

for u, *Sm decay. As written, these are complex 
multiparticle decays and rearrangements and may 
very well proceed through small components of 
the wave functions. The important fact, however, 
is that the anomalous e/branching ratios occur 
in these hindered allowed transitions. (It should 
be emphasized that the basic characters of all of 
these shell-model states are well known from a 
combination of decay-scheme, atomic-beams, l * 
and s ingle-particle-transfer 1 ”* studies; these 
are indeed allowed transitions.) The transitions 
to the rrrf t/J states at 1041.9 keV (log;; = 6.7) In 
145 Eu and 1403.1 keV (log/; = 6.3) in M, Pm are also 
complex but to a lesser extent. They display 
smaller anomalies (=15%) in the e/l3* branching 
ratios. 

The transition amplitude squared for 0 decay 
can be written 20 

A /( =4(li6<HO->) 
for e' decay, where 

ICj>! l ](/y*) a + [|C 4 | 2 + Ic/l’ll/or) 2 


= 2|C 4 C,(/l> 2 >C A C r (Jo)‘ + C A C P (fy,)’ f C S C. 

Here C s , C r , C A , C T , and C' p are the coupling 
constants for the scalar, vector, axial-vector, 
tensor, and pseudoscalar interactions, respec¬ 
tively (with terms for odd and even couplings im¬ 
plicit), and the matrix elements have their cus¬ 
tomary definitions. The c7/l* branching ratios 
give evidence of interference terms because of 
the opposite signs of !> in the expression for h fl . 
This can be seen in the equation for the electron- 
capture to positron transition-probability ratio, 

1>\'/(1 + fi )/( l - ft < H ,M ». 

In the allowed assumption / y } and far are consid¬ 
ered to be much smaller than fl and fo because 
they are proportional to r/c (=0.1)—thus, they 
are Ignored. 


(f ®)*|. 


The fact that the anomalous f/ 0 * branching ra¬ 
tios occur for hindered transitions brings into 
question the allowed assumption. If the allowed 
matrix elements /1 and Jo are small, this does 
not necessarily mean that the higher order cor¬ 
rections are also reduced. It Is conceivable that 
in some cases the “correction” terms could be 
considerably larger than the allowed terms. In 
such cases the higher order terms will lead to 
VA interference, which will give considerably 
larger e, d* ratios than those predicted for al¬ 
lowed transitions. This is borne out in measure¬ 
ments ol e/d’ ratios in second-forbidden unique 
transitions where the ratios are as much as 6 
timeB the corresponding allowed values, 21 Unfor- 
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inately, as many as six matrix elements can con- 
rib'ite to our anomalous transitions, so the net 
ffect cannot be predicted. Calculations are cur- 
ently underway In this laboratory to estimate 
etter the relative contributions of higher order 
latrix elements. 

As long as higher order matrix elements are 
ossibly Important, the C A C P interference term 
mst also be considered. The pseudoscalar cou- 
ling has never been adequately eliminated for 
decay, and this may be a good way to test it. 

'he AP Interference will also lead to larger c/fi* 
ranching ratios than predicted for allowed decay, 
id it Is more Importantly a critical test of two- 
jmponent neutrino theory and exclusively left- 
uided particles. Measurements of ft hellcity 
id possibly spectrum shapes on hindered tran- 
Itions should provide a sensitive test for such 
iterference. 

In conclusion, we have found solid experimen- 
il evidence for f/0* branching ratios for hind- 
red allowed transitions that are much larger 
tan theory would predict. Thus, allowed /l-de¬ 
ny theory is Inadequate to explain these transi¬ 
ons, and large interference effects are indi- 
ited. Other hindered transitions should prove 
i be good places to search for such effects, and 
ilicity and shape measurements should provide 
tore insight into the exact nature of the interfer- 
ice. 
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Measurement of the Positron-Electron Ratio in the Primary Cosmic Rays from 5 to 50 GeV* 

A. Buffington, C. D. Orth, and G. F. Smoot 
Space Sciences Laboratory and Lawrence Berkeley Laboratory, 

University of California, Berkeley, California 94720 
(Received 9 May 1974) 

We report the first measurement of primary—cosmic-ray positrons above 5 GeV, Both 
e' anti e~ fluxes were measured, using a balloon-borne magnetic spectrometer. Back¬ 
ground was suppressed using a new technique which combines both selective trigger and 
identification of hremsstrahlung photons created by e* upon entering the Instrument. If 
no positrons originate at cosmic-ray sources, our observed ratio e*/i,e* +«') = £>.08 
± 0.02 requires source protons to traverse 2.Si 1.5 g/cm z of Interstellar material. 
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0 Primary cosmic rays generate secondary cos - 
mlc rays through Interactions with the interstel- 
a lar gas. The fluxes of secondaries are a measure 
of the material traversed by their parents. While 
* secondary nuclei (e.g., Li, Be, B) arise from 
low-momentum-transfer fragmentation of heavier 
1 nuclei, positrons are the decay products of pions 
’ produced in highly inelastic proton Interactions. 

As a result, secondary nuclei have the same en¬ 
ergy per nucleon as their parents, while posi¬ 
trons have energies typically 5 to 30 times small¬ 
er than their parents. 

Cosmic-ray nuclei traverse a mean column den¬ 
sity which diminishes from about 4 g/cm J at a 
few GeV/nucIeon to about 2 g/cm 7 by 50 GeV/ 
nucleon. 1 ' 5 A measurement of the positron flux 
above a few GeV provides the means to see if this 
diminishing trend continues, since these posi¬ 
trons are produced by protons with energies 
above 50 GeV. 

In this Letter we present the first separated 
e* and r' flux measurements In the energy range 
from 5 to 50 GeV. We used a new technique 
which combines a radiator to produce brems- 
strahlung photons, a superconducting magnetic 
spectrometer to deflect the incident e l , and a 
multigap lead-plate spark chamber to Identify the 
resulting photon and c' showers. The shower 
from the hremsstrahlung photons appears in the 
lead-plate chamber near the extrapolated tangent 
of the Incident e * trajectory, while the shower 
from the e' appears at the end of its deflected 
trajectory. Figure 1 ts a schematic of the ap¬ 
paratus: more complete details appear else¬ 
where."' 7 A good e 4 event presents a unique to¬ 
pology: a single particle passing through the opti¬ 
cally viewed spectrometer spark chambers, and 
two showers properly located in the lead-plate 
spark chamber. When combined with an Initial 
background rejection accomplished by trigger¬ 


ing with a high threshold on a scintillator located 
below the lead chamber, this topology require¬ 
ment reduces the proton and other background to 
a negligible level. This was verified for 4.5- 
GeV/r protons from the Lawrence Berkeley Lab¬ 
oratory Bevatron, where calibration of the ap¬ 
paratus gave a rejection of better than 1Q*\ 

The instrument was flown to an altitude of 35.3 
km on a balloon from Palestine, Texas, on the 
night of 2 November 1972. The events from the 
flight were scanned to Impose the proper e* to¬ 
pology. Events thus selected were measured by 
hand and analyzed to reconstruct the particle tra¬ 
jectory, determine its energy, and predict the 
proper shower locations In the lead-plate cham¬ 
ber." The final rejection of background was made 
by a comparison of the predicted bremsstrahlung- 
conversion locations with the observed locations. 
Figure 2 shows a scatter plot of the results. A 
dense region of correct predictions lies in the 
middle of the plot, and a small scatter of events 



FIG. 1. Schematic diagram for the apparatus. 
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X pradicttd — X observed (cm) 

FIG. 2. Comparison of bremsstrahlung-photon real- 
space location as predicted by the spectrometer mea¬ 
surement , and as actually observed for a portion of our 
data. Wo have Included only events above 2 GeV In the 
spectrometer, since multiple Coulomb scattering 
broadens the distribution below this energy. Events 
outside of the 2-cm box are rejected as “background." 


with wrong predictions lies away from the center. 
About two thirds of the events outside the selec¬ 
tion box shown are positively charged, presum¬ 
ably proton background. Assuming that such 
background puts these “bremsstrahlung photon 
showers” inside the selection box with about the 
same density as Just outside the box, we conclude 
that no more than one or two of the events inside 
the box which we call positrons could actually 
have been protons simulating all criteria for true 
c\ Similarly, from a study of the distribution 
of true e* , we see that no more than of real 
e* could have been lost by imposing the brems- 
strahlung-box criterion. In any case, the details 
of the selection box are not relevant for the ratio 
e*/(e* + e~) reported here because the proton 
background is so low and the e* analysis is charge 
symmetric. 

To determine the overall efficiency of the tech¬ 
nique for e* detection, we made a preflight test 
at the Stanford Linear Accelerator Center. There 
we found the efficiency to be 55Jb for detecting e" 
at 5 and 15 GeV. The efficiency was expected to 
drop slowly to about 25% at 50 GeV, where the 
two showers in the lead-plate chamber begin to 
merge and cannot be separately discerned. Ef¬ 
ficiency in flight was expected to be slightly re¬ 
duced by the added gondola material above the 
spectrometer. 

As a cross check of the expected efficiency in 
flight, we selected as good e' in a portion of our 


Negative charge —wf*— Positive charge — 



FIG. 3. Specific curvature (Inverse momentum per 
unit charge) distribution for events selected as e * . 
Resolution = 0.02 e/GV. 


data all negatively charged events which showered 
in the lead-plate chamber. The result was 108 
good e" events with properly Identified brems¬ 
strahlung showers and 57 good e~ events not 
meeting the bremsstrahlung-scan criteria. Using 
a Monte Carlo program simulating the apparatus 
geometry and the bremsstrahlung radiation pro¬ 
cess, wo predict that these two event categories 
and the category of e~ events failing the other 
selection criteria should be in the respective 
fractions 0.51, 0.32, and 0.17. These figures 
compare favorably with the scanning results, and 
therefore verify the efficiency of our technique. 
Including trigger efficiency, our overall efficien¬ 
cy was 0.47. 

After analyzing 77% of our data, representing 
about 27 min of live time with a geometry factor 
of 840 ± 30 cm 1 sr, we found 379 e * events. The 
distribution of these events as a function of spe¬ 
cific curvature (the Inverse of momentum per 
unit charge) is shown in Fig. 3. To convert spe¬ 
cific curvature to primary energy, one must in¬ 
vert and then scale up by the bremsstrahlung-de- 
gradation factor. This factor is energy and spec - 
trum dependent, but Is about 1.4 for our data. 
Scaling is required because the observed energy 
of an e* Is not its primary energy, but its ener¬ 
gy as degraded by bremsstrahlung in 0.54 radia¬ 
tion length of material above the spectrometer 
(0.39 from the gondola, 0.15 from the atmos¬ 
phere). The degradation for an e' is of course 
the same as the degradation for an e~. 

To obtain primary e* fluxes, we must subtract 
the atmospherically generated flux of e* from the 
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distribution In Fig. 3. This was done using a 
Monte Carlo program, a proton flux of dN/dh 
= 1.9*10'/-.' 2 - 7 Vm 2 sr sec GeV, 0,10 hadron inter¬ 
action properties, and an experiment exposure 
factor. The resulting absolute e * background ex¬ 
pected from proton interactions in the 5.6 g/cm 1 
of atmosphere above the apparatus Is shown in 
Fig. 3 (dashed curve). The falloff in background 
above * 1 c/GV is due to apparatus trigger thresh¬ 
old. Reentrant albedo is expected to be a small 
effect, and Indeed we see no enhancement of low- 
energy events. 

A subtraction of atmospheric background leaves 
267 (>’ events. Taking the efficiency into account, 
we estimate an absolute e* + e~ flux of 4.2±0.6 
particles'm 3 sr sec above an assumed average 
geomagnetic cutoff of 4 GV/c. In a future pub¬ 
lication, we will analyze the Importance of this 
flux measurement, as well as our study of the 
spectral indices of the <■ 1 and e~ fluxes. In this 
Letter, we concentrate on the ratio r*/(e* + e'). 

Proper treatment of the atmospheric background 
is essential to extract a meaningful ratio e ‘ / 

(e* ±c") from our data. Note that the background 
near zero specific curvature In Fig. 3 is very 
small. There are two reasons for this. First, 
because the cosmic-ray spectrum of proton par¬ 
ents Is a power law, the atmospheric background 
vanishes at zero specific curvature (infinite mo¬ 
mentum). Second, the time-dilation-inhibited 
decay of high-energy muons in the atmosphere 
reduces the background near zero specific cur¬ 
vature even further. 

The dot-dashed curve in Fig. 3 is the total ex¬ 
pected spectrum derived by adding the atmospher¬ 
ic background and a Monte Carlo prediction for 
the bremsstrahlung-degraded flux of primary e*. 
For the primary c~ spectrum, we used dN/dh 
.c A"*.’ 3 (the 2.83 was obtained by drawing a line 
through a recent compilation of e* data”), and 
normalized to our observed e' ilux. The fit for 
the total c* curve is good, but there is an excess 
above background near zero specific curvature 
for positive charge. These events we interpret 
as the true observed e * signal originating outside 
of the atmosphere. We emphasize that this e' 
signal could not have resulted from “spillover” 
from the large e~ peak because the position of 
the brems8trahlung shower uniquely determines 
the charge for each event and our resolution is 
much less than our bin size. Our rejection of 
protons is sufficiently strong that proton contam¬ 
ination in the e* sample could not be more than 
10%. An improper assessment of atmospheric 



FIG. 4. Hatio e’/(e 4 > e~) as a function of incident 
energy, corrected to top of atmosphere. Smooth curves 
indicate the expected ratio of e* production from inter¬ 
actions of cosmic-ray protons and nuclei with the inter¬ 
stellar gas, divided by the total measured e* +e~ pri¬ 
mary flux. 


background could not possibly account for all of 
the e* signal, even though our atmospheric cal¬ 
culation might be In error by as much as 4(7% at 
high energies. 

Figure 4 shows the ratio e*/(e* + e~) obtained 
from Fig. 3 and scaled to energy at the top of the 
atmosphere. Also shown are the previous lower- 
energy measurements. 13,13 Ratios at higher en¬ 
ergies have been inferred from east-west asym¬ 
metry measurements, 11 " 15 but the results are only 
qualitative. 

To determine the mean interstellar column den¬ 
sity associated with our results in Fig. 4, we 
have plotted the expected ratio for 4 g/cm 3 based 
on Ramaty and Lingenfelter’s calculation of 
secondaries,” our measured total e* flux, our 
assumed e‘ spectral index, and a smooth connec¬ 
tion to low-energy data. 1 ** 1 * We have also Includ¬ 
ed our own estimate for 4 g/cm 3 at higher ener¬ 
gies. This calculation could be in error by as 
much as 40%, partly from uncertainty in the flux 
of parent protons, and partly from uncertainties 
in proton interaction dynamics. 

We find that our average ratio e*/(e* + e‘) 

- 0.08 ±0.02 can be explained by protons of 50 to 
1000 GeV having traversed approximately 3.5 
±1.5 g/cm 2 of interstellar material, if no posi¬ 
trons originate at the source of cosmic rays. 
Considering the uncertainties, we feel that this 
result is consistent with the s, 2 g/cm 3 traversed 
by nuclear cosmic rays, and thus protons and 
nuclear cosmic rays have probably had the same 
history. We also feel that there is no significant 
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, vide nee for positrons In our energy range com¬ 
ug directly from the sources. 
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Solving Equations of the Gell-Mann-Low and Callan-Symanzik Type 

B. F. L. Ward 

Stanford University, Stanford, California 94305 
(Received 7 January 1974) 

An examination Is mado of the dimensional analysis usually employed to solve the re¬ 
normalization group equations for the asymptotic region. It Is argued that If this analy¬ 
sis Is done systematically, one must In general add new inhomogeneous terms to the 
asymptotic equations even after invoking Weinberg’s theorem to discard the (generalized) 
mass insertion term. These new inhomogeneitlos are entirely determined by the physi¬ 
cal thresholds of the theory. They arc shown to provide a natural uxplanation of BJorken 
| scaling In Interacting field theories. 

Recently, some of the most exciting work* in the context of renormalizable quantum field theory has 
been done by employing the Gell-Mann-Low 2 and Callan-Symanzik® equations In the deep Euclidean re¬ 
gion. These equations relate the responses of the one-particle irreducible (1PI) Green’s functions of a 
renormalizable field theory to changes In the parameters of the theory. For example, in a theory with 
one field we have 

[p8/8p+/3(tf)9/8 ( g-«y(g)]r* ) . ( ' ,, = 0, (1) 

where r„ y (n) is the ultraviolet asymptotic part of the 1PI renormalized n-partlcle Green's function, 0 
and y are finite functions of the renormalized coupling constant g, and p is the mass parameter of the 
theory, being either the renormalized mass or, for massless theories, the Euclidean renormalization 
point. Of course, in writing (1) for theories with masses, we are using Weinberg’s theorem. 4 

Equation (1) provides, among other things, a convenient starting point for the discussion of Bjorken 
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scaling in the context of renormalizable quantum field theory. And, indeed, it has recently been shown 1 
that In non-Abellan gauge theories, the origin g = 0 of the effective coupling constant g defined by 


(rt/Ut)gU,g) = (3(g), gi0,g)-g, 


( 2 ) 


Is ultravloletly attractive in the sense of Wilson. 5 Thus, when g is In the corresponding region of at¬ 
traction, these theories are viewed 1 as being asymptotically free and exhibiting BJorken scaling, with¬ 
in calculable logarithmic corrections, with the following form for the solution of (1): 


r a ,/ n '(Ap„. 


• VV-’Ok./>„; 0; m)a 4 '"(1iu) 


(3) 


where /„ is an unknown constant and a =yjb a with y, and b 0 defined by 
V ~Yk>? *fHK 4 )i =V’*'' +0(<‘ 3 lnl), t - ». 


(4) 


As is apparent from (1) and (3), this formulation of the solutions of (1) has relied quite crucially on di¬ 
mensional analysis. In this note we should like to question the way in which this analysis has been ef¬ 
fected. 

To be specific, we recall the strict Callan-Symanzik equation corresponding to (1): 

+ D(g)d/dg-nY(g)\r l "^irJ"\ ( 5 ) 

where T 1 " 1 is the renormalized 1PI n-particle Green’s function, and r±’ ) is the renormalized 1PIn- 
particle Green’s function with one (generalized) mass insertion 5 at zero momentum transfer. In pass¬ 
ing to the deep Euclidean region we shall ultimately again use Weinberg's theorem when necessary to 
discard r^ 1 n) in (5). However, in solving the resulting equation we should like to note that I"*"* will In 
general possess step functions and other singularities associated with the physical thresholds of the 
theory. As a result, when we write (in a theory with only a massless boson field, for example) 

r'"’(Ap / ;g, /x)-W, (6) 

as is customarily done in solving (1), the function <p, because of these generalized thresholds, may 
not satisfy 


(jlil/dp tAd/dA)^ =0. 


(7) 


For example, if 

=P(AAj/p)0(a 2 ( ?>,)■' -nr), (8) 

where p satisfies (7), then i/> clearly does not, in general. 6 We therefore let l<p denote the terms in <p 
which violate (7). We may rewrite (5) in the form 

{- ah/ +d(.e)d/'ig , u4-<fll ^}(g)U^ ^ " , ji - , ' n { ;1 d/ap +Ad/dA)Rp. (9) 

Thus, on using Weinberg’s theorem we obtain for the deep Euclidean region 


{-Aa/«tA +tHg).i/.ig , 4-«li ^>(e)|}r^. ( ' ,, ^«r"’ 1 , 


( 10 ) 


where we have defined 

KV 1 ’ ' =- ;i , *"(/ij/d,i eA<»/<*A)/v'. 


(ID 


For massless non-Abeiiun gauge theories, the solutions of (10) with R r u) set equal to zero (the ho¬ 
mogeneous solutions) are precisely the results of Ref. 1 as illustrated by (3) above. The complete so¬ 
lution of (10) for any r^ 11 " is of course just a constant multiple of the respective homogeneous solu¬ 
tion plus a particular solution of (10). In particular, in the event that the homogeneous solutions are 
absent because of boundary conditions, r B> /" 1 is essentially determined by 
The form of wr ( " 1 is under investigation. In the absence of precise knowledge about its structure, 
let us construct an example of the form it may take In order to illustrate its possible effect on r^" *. 

We take a theory described by a bare Lagrangian with one massive particle (a fermion, say) and a : 
massless boson and let p 2 denote the boson renormalization point. We take the relevant physical 
thresholds to generate only step-function discontinuities and 6 functions In *r ( ' ,> (the «-boson 1PI 


! -sc 
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Green’s function) and, hence, to make the following contribution to *r < " ) (X/» y ; u;g) (the dependences on 
the fermion mass will be suppressed where possible): 

where the p‘ are presumed to satisfy the analog 7 of (7). In general, the physical thresholds may gener¬ 
ate more general terms in r ( " >, but, for the purpose of illustration, we shall just consider (12). The 
form ofRr<*> following from (12) is 

nr'” > = - UatWBh*.)*-- ">a> 2 ), 

where p is clearly determined by {p a ‘} and {p„ J K Equation (10) now reads 
[- A8/9A +pd/dg + 4 - n( 1 +y)]T By ( ' 1 = - 2n<-”£ a p a m a 1 6(x*('£;p ia )* - „ ta *). 

Let 

g’ = 2£dx/P(x). 

*0 

We introduce p„ and <j a by 

/»»«’(E/>i a ) a \ r ... r 

-M 4 pXEfcj’ ) = ^ lU ^" e • - m «/(T,P^ l )'‘ = 5d^■<J a ^r)e iT, . 


(13) 

(14) 

( 15 ) 

(16) 


We are assuming we can invert (15). Defining i = In* 2 , we have, from (14) and (16), 
fdktll rdrfdr y airj-•‘<j(rj )(ik) ,ltt * 

EJ 


eJ- 


2ff 


1 1 ,J 3 


(E/»J* **■ 


7.U.! 


exp[j 1 /+«(Er ( +fW'J 

i 


(17) 


This last equation has the general solution (see Symanzik 3 ) 
• »*/r'+A(i+f'n'a 

dt 


(*) 


.If 

2n J i 


?j *\?J TEV rP "-vrf- 

x expfy, f' + 1 (Er, + /Hat' + f -<&{*«[! + **(*))] - 2 }) + B„ , 


(18) 


where h is arbitrary, B, is a constant, and is a homogeneous solution of (10). Note that in 

general h may not be set equal to °° in (18). We write 

*(*'+«-*'+/+»„(*'+*), (19) 

where h a is a function which we may constrain by the requirement that the first term on the right-hand 
side of (18), which we denote by b T, sy J m \ agrees with the following formal particular integral of (14): 

, n r d *dl rdr^'-dr^^ o(r,)‘"<x{r jx )Vk) t i* t *exp[j 1 t+i('£ri+l)g'] 

~2T-V. J ~7Y;Jj*- pa J l U J ll-7,+*(f+Er,) + 2-«/2] 


".hJ» 


2J a Zf jl(-j+il + 2-n/2) ’ U0) 


where is defined by 

Making a change of variable t‘-t=s in (18), we Bee that as », 

‘ r ^ (n) '2ib / ex pi J > + - 2 - «>* + **<»»! 

+ o(A-)+B/r< 1 »? lkim , 


( 21 ) 


( 22 ) 
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where we have used (20). Of course, here we are assuming that the interchanges in the orders of lim¬ 
its and integrations which we have made are legitimate. Clearly, if the boundary conditions which de¬ 
termine B n are such that f?„ = 0, then it is possible that s r'* \xp t ) behaves like 1 A s in the deep Euclid¬ 
ean region, for n * 4. 

One of the most pleasing features of this development is the possibility of a natural explanation of 
Bjorken scaling. Indeed, consider the familiar Wilson 8 expansion for the product of two electromag¬ 
netic or weak currents at lightlike distances: 

J(y/2V(-y/2)=EC„(y z ;x)O^... (Jii , * , (0).v' J i.-.yS (23) 

where we suppress all tensor and quantum-number labels. The Fourier transforms of the functions C„ 
satisfy an equation analogous to (10) in the deep Euclidean region: 

(- au/ua +ji»/a* - 2 - y„)C BiMy (A V, p;g) = RC m (24) 

where y„ is the anomalous dimension of o„ and RC„ represents the physical thresholds. Assuming 
step-function discontinuities and 6 functions in L'„ due to thresholds {m a J }, we have 


uc„ - - 2p' 2 £ ( ,4„' " '(i)/„Vn 2 >w r A(AV - m 2 ). 


(25) 

where we take ij m ’ to satisfy the analog of (7). From (22) it is clear that, for q 2 < 0, 


«y(*V) const' "Hm', aOAV a-y.hom 

+ (->(*‘"J, 

(26) 

where 



const' •><*', p) -~J dh dl £ fa- yjj 1 - -11m . 

£ *°dv exp[(A +1 -il)s + kf‘_ M dxy H tek))}, 

(27) 

with 4 " 1 defined by 





(28) 


In (26), h\ is a constant and h .„„ is a homogeneous solution of (24). The homogeneous solutions 
ay. tk.ni have been discussed 1 * in Ref. 1, for example, and are known to give at least logarithmic devia¬ 
tions from Bjorken scaling in the absence of HC „. Thus, in view of the deep inelastic data we take 
such solutions to be absent from (27). Then, as A - ", 

f(A V) - const'"’(#', P)AV - 0(a '*), (29) 

which is clearly the desired naive free-field-theory scaling result (Bjorken scaling). We emphasize 
that const'* 0 is essentially determined by the physical thresholds. Note that our argument need not de¬ 
pend on the sign of ii(n) i 

We should also mention that in the asymptotic timelike q 2 region, the contribution of RC'* 0 will also 
be given by (29). However, in this region, for theories with a massive Lagrangian, one may not in 
general neglect the mass-insertion inhomogeneous term in (5) above. This insertion may in general 
generate deviations from the scale-invariant result (29). We conjecture that this is the reason for the 
fast onset of scaling in the deep-inelastic scattering region compared with the annihilation region. Of 
course, this is well known. 

To conclude, we have argued that, contrary to the approach of Ref. 1, it is possible that it is the 
physical thresholds, serving as sources, that generate naive Bjorken scaling in interacting field theo¬ 
ries, the boundary conditions being such as to disallow scale-violating homogeneous solutions to con¬ 
tribute to the appropriate asymptotic physical solutions ol the Callan-Symanzik equations in the deep 
Euclidean region. Specifically, the step-function discontinuities and 6 functions which are familiar 
characteristics of these thresholds can naturally generate Bjorken scaling behavior in the deep-lnelas- 
tic scattering region. This latter statement is independent of the sign offl(^) in the renormalization- 
group equation. 


‘Work supports by the l f . S. Atomic Energy Commission. 
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New Experimental Limit on T Invariance in Polarized-Neutron 0 Decay* 
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(Received 9 May 1974) ' ' 

We report an Improved experimental upper limit for U, the triple-correlation coeffi¬ 
cient in polarized-neutron decay. A nonzero value for this coefficient implies a break¬ 
down of T Invariance. We find that 0 - - (1.1 * 1.7) *10' 5 , consistent with T Invariance. 


We are reporting a new measurement of D, the 
nple-correlatton coefficient* in the (3 decay of 
>e polarized free neutron. This coefficient 1 b re- 
ponslble for a term in the decay rate equal to 

OP ’(?,* Pv)/E.E V , (1) 

here P is the neutron polarization and p,, p^, £„, 
od En are the lepton momenta and energy, re- 
lectlvely. Since this quantity is odd under time 
sversal, a measurement of its coefficient 1) pro- 
Ides a test of T invariance, provided final-state 
iteractions and momentum-transfer-dependent 
Hects can be neglected. In neutron 0 decay the 
nly significant final-state interaction is the Cou- 
imb interaction, and the contribution to D from 
Us interaction vanishes in a pure V — A theory.* 


With present measured limits on possible scalar 
and tensor terms 3 in the effective weak Hamilto¬ 
nian, this contribution is at most 10"’. The prin¬ 
cipal momentum-transfer-dependent contribution 
to J) is due to weak magnetism and has been cal¬ 
culated 4 using the conserved-vector-current hy¬ 
pothesis to be 2xl0‘\ A measurement of D 
therefore provides a test of time-reversal invari¬ 
ance valid at least to the level of 10‘\ 

The precision of the best previous measure¬ 
ment 5 of D was severely limited by counting sta¬ 
tistics. A polarized-neutron beam intensity of 
3xl0 7 neutrons/sec yielded a counting rate of 
only 1/min, which allowed observation of 10 5 de¬ 
cay events. The resulting value of D was - 0.01 
± 0 . 01 . 
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In the present experiment, a beam intensity of 
10 s neutrons/sec was achieved. Furthermore, 
since the beam consisted of cold neutrons (mean 
velocity =1100 m/sec) rather than the previous¬ 
ly used thermal neutrons (2200 m/sec), a further 
twofold increase in the effective source strength 
was obtained. In addition, we have Improved the 
detection geometry, so that a counting rate of 
1.5 decays/sec was observed. Based upon obser¬ 
vation of more than 5 x 10" events, we report the 
value 

D = - (1.1±1.7)* 10' 3 , 

where the error quoted is 1 standard deviation 
and is dominated by counting statistics. This val¬ 
ue is consistent with T invariance and corre¬ 
sponds to a phase angle <p between the coupling 
constants g A and g v given by 

y-- 180. 14*0.22'. 

The experiment was performed at the high flux 
reactor (central flux - 1.5x10'" neutrons/cm 2 sec) 
of the Institut Laue-Langevin in Grenoble. Figure 
1 shows the arrangement of the experiment. The 
beam was obtained from H14 (A in the figure), 
one of the five curved guide tubes viewing the liq¬ 
uid-deuterium cold-neutron moderator. The cur¬ 
vature of this guide tube (A,= 2.8 A) allowed 
high transmission of cold neutrons but effectively 
removed nearly all fast neutrons and y rays orig¬ 
inating in the reactor core, which would other¬ 
wise have constituted an intense source of back¬ 
ground. The flux of the cold-neutron beam leav¬ 
ing H14 was 3x10® neutrons/cm 2 sec. The beam 
was then polarized by a magnetized curved guide 
tube (ft). This instrument has been described 

The mean polarization of the beam 


i' »J ,4 ■ \\ \S' 6 

/ 1 

-rc- ^ 

C 0! E ,F, 


FIG. 1. Vertical section of the experimental setup; 

A, curved neutron-guide, tube H14; B, polarizing guide 
tube; C. shielding; D, spin flipper; F., detection cham¬ 
ber; F, boam catcher; 1, A1 entrance window to vacu¬ 
um chamber; 2, beam collimators (Ii e F and Pb); 3, 
gate valves; 4, detectors; 5, LiF; G, li*P. 


previously." 


A" i B.i 

I 




was measured to be (70± 7)% using a second mag¬ 
netized guide tube as analyzer. The polarization 
measurement was performed both before and af¬ 
ter the experiment as well as at approximately 
2-week intervals during the 2j-month period of 
data collection. No variations in the polarization 
were observed. 

Upon leaving the polarizer, the beam had an in¬ 
tensity of 10 9 neutrons/sec and was roughly 5 cm 
high and 6 mm wide. The polarization direction, 
initially vertical, was adiabatically turned into 
the beam direction by means of the two coils of 
the spin flipper ( D). For simple spin transmis¬ 
sion, these two colls generated parallel magnetic 
fields, while spin flip was accomplished by re¬ 
versing the current in the first cotl, as suggested 
by Drabkin el al. and Hughes and Burgy. 7 With 
the two coils thus producing opposing magnetic 
fields, a region in which the combined magnetic 
field rapidly reversed direction was generated 
approximately midway between the coils. The 
neutron beam passed this region nonadiabatlcally 
and thereby underwent a spin flip. Depolarization 
of the beam in this low-field region was prevent¬ 
ed by surrounding the entire two-coil spin flipper 
with a three-layer magnetic shield to exclude 
Stray fields. The spin-flipping efficiency of this 
apparatus was 97%. During the experiment, the 
neutron polarization was reversed every second. 
The 3-G guide field in the decay region (ft) was, 
of course, constant both in direction and magni¬ 
tude to minimize gain shifts of the photomulti¬ 
plier tubes. This guide field was maintained par¬ 
allel to the beam direction within an error of l n . 
After the decay region, the beam passed through 
a drift tube into the beam catcher (F). 

A cross section of one section of the decay 
chamber is shown in Fig. 2. The beam direction 
was perpendicular to the plane of the paper. The 
decay chamber consisted of two such sections ln 
series, for a total of eight detectors. Since the 
momentum of the neutron may be neglected, con¬ 
servation of linear momentum allows the term (1) 
to be written 

£>P-(P,*P „)/£,£«, 

where p, is the momentum of the recoil proton. 

The experimental geometry maximized the triple 
product by arranging the three vectors to be mu¬ 
tually perpendicular. At the same time the sym¬ 
metrical arrangement greatly reduced systematic 
errors, as will be made clear below. Decay elec¬ 
trons originating from the beam (1) were detected 
by means of conventional plastic scintillation de- 
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FIG. 2. Cross section of one section of decay cham¬ 
ber: 1, polarized neutron beam; 2, high-voltage box 
(20 kV); 3, proton-acceleration gap; 4, vacuum-cham¬ 
ber wall; 5, plastic scintillation p detector; 6, vacuum- 
levaporated 4000-A layer of Nal(Tl) for proton detection; 
?, magnetic shielding for photomultiplier tubes. 


lectors (5) biased to accept electron energies be¬ 
tween 100 and 500 keV. The recoil protons, after 
drifting through the field-free region inside the 
high-voltage box (2), were accelerated to 20 keV 
n the gap (3) and were counted by scintillation 
letectors (6) consisting of a vacuum-evaporated 
1000-A layer of Nal(Tl). The extreme thinness of 
hese detectors allowed reduction of background 
vhile maintaining sensitivity to the protons. Spe- 
:ial handling of the detectors was necessary be- 
'ause of the extremely hygroscopic character of 
lal. 

The electronics was based upon a single, multi- 
lexed tlme-to-pulse-height converter which 
ias started by pulses from the P detectors and 
'topped by pulses from the proton detectors. The 
ilxteen resulting time spectra (four coincidence 
•airs for each sign of the neutron spin and for 
•ach of the two detector sections) were routed 
nto separate regions of the memory of a 4098- 
hannel analyzer. Figure 3 shows a time-delay 
pectrum for the coincidence pair p2pl. The 
eak at channel 31 corresponding to f = 0 is caused 
y background radiation being scattered from one 



04ay (/i-t) 

FIG, 3. Time-delay spectrum for coincidence pair 
P2pl for one of the two spin states. These data repre¬ 
sent about two weeks of running time. 


detector into another. The broad peak at 0.4 
psec is due to the recoil protons, while the flat 
background is caused by accidental coincidences. 
The 0.4-/isec decay corresponds quite well with 
calculation of the transit time of the recoil pro¬ 
tons from the decay volume through the field- 
free region and into the proton detector. The 
number of true coincidences was determined by 
simple subtraction of the flat background from 
the integrated recoil-proton peak. 

_The data are analyzed as follows. Let N etpj and 
N ilpJ be the numbers of true coincidences between 
0 detector « and proton detector j for the two di¬ 
rections of the polarization vector. Thus 

+KPD ), 

H&ipi ~ 1 — KPD), 

etc., where c is a constant proportional to the 
beam intensity, the Si’s are the solid angles sub¬ 
tended by counters /31 and pi, and the e's are the 
detection efficiencies, where the possibility of 
shifts in these efficiencies as a function of the po¬ 
larization direction has been allowed for. K Is an 
Instrumental coefficient, which for our apparatus 
has been calculated to be 0.45 ±0.05. 

Forming the combination 

d -Vs,.i *3..^... (1 +KPDY 

!h»i n nTZ ' 

it will be seen that variations in counter efficien¬ 
cies, solid angles, and beam intensity are can¬ 
celed. The symmetrical detector arrangement 
can also be shown to remove the effect of small 
misalignments of the polarization axis relative 
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to the beam direction. The value of D is then de¬ 
termined from 
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Hadron-Neutron Forward Elastic Scattering Amplitude and Hadron-Deuteron Collisions* 
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Coulomb-nuclear intcriorcnco In high-energy eharged-hadron—dcutcron collisions is 
treated exactly within the framework of Glauber theory. Charge-distribution effects are 
included. Applications are made to pd measurements bplow 70 GeV to extract p„,the ra¬ 
tio of real to Imaginary parts of the proton-neutron forward elastic scattering amplitude. 

An alternative and earler analysis is shown to yield comparable values for p„. Both re¬ 
sults for p„ differ significantly from an enrlicr analysis. 


Among the important quantities in particle phys¬ 
ics are the ratios of the real to imaginary parts 
of hadron-hadron forward elastic scattering am¬ 
plitudes. At high energies this raiio p„ for pro¬ 
ton-neutron collisions is generally obtained indi¬ 
rectly from proton-proton and proton-deuteron 
measurements. Extensive pd elastic-scattering 
measurements have recently been made between 
10 and 70 GeV at the Serpukhov accelerator 1 and 
between 50 and 400 GeV at the National Acceler¬ 
ator Laboratory. 2 The analysis of txl measure¬ 
ments can bo done by means of the Glauber ap¬ 
proximation. Within the framework of this ap¬ 
proximation, additional simplifications have pre¬ 
viously been made, such as approximating the 
Coulomb phase-shift functions appearing in the 
general expression by constants and treating the 


incident hadron as a point charge, 5 or treating the 
Coulomb phase-shift functions exactly but consid¬ 
ering both the incident hadron and the bound pro¬ 
ton as point charges. 4 

We present here an exact solution for xd elas¬ 
tic scattering in the Glauber approximation, with 
both the incident rharged hadron x and the bound 
proton having extended charge distributions. We 
then use the results to analyze recent pd mea¬ 
surements 1 in order to extract p„. The values 
obtained are compared with those from a previ¬ 
ous analysis of the pd data” and with values ob¬ 
tained from an analysis using a result derived In 
Ref. 3. The latter analysis involves a rather sin) 
pie expression and gives values which are com¬ 
parable to those obtained using the full theoreti¬ 
cal expression. 
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Hadron-deuteron (xd) cross sections may be 
obtained from the scattering amplitude operator*"' 

f'(5,S) = (ifc/2s)/e , 5* t r(b,S)d*6, (1) 

vhere Jlk Is the incident momentum, is the mo¬ 
mentum transfer, b Is the impact parameter, and 
• is the projection of the internal coordinate of 
he deuteron onto the plane perpendicular to it. 

The operator T is given by 

T(b, ff) = 1 - expUx., (5 - il) + + il)], ( 2 ) 

vhere x* and x, represent the phase-shift func- 
ions for xn and xp scattering, x* is written as 


a sum of strong-interaction and Coulomb phase- 
shift functions, 

X, = X„+Xc, (3) 

and the Coulomb phase-shift function Xc I s writ¬ 
ten as the sum of a point-charge phase-shift func¬ 
tion Xpt plus a remainder due to the extended 
charge distribution, 

Xc:=Xpt+X«. (4) 

If we write 

Tj (5) = 1 - expU'Xy®)], i = n,ps,pt,E, (5) 

Eq. (2) becomes 


r(b, ff) ^ rp,(b +15) + exp[i'Xp,(b+ IS)] 

x { 1 ^( 6 +iff)+ exp[ix a (b+ il)][r > ,(b+ iff) + r.(b-15)- r M (b+|S)r„(b- Js)]>. ( 8 ) 

7hen this is inserted into Eq. (1), we obtain for >’(<£, 5) (apart from an unimportant constant phase fac- 
or) the result 

/•'(q,S)=e- 1 *' r '*Jfe“"{/ pt (flr )*-*'%«■ kf“J 0 (qb)b* i ”"r lt (b)db 

+ (l/4 7r*)/e i ^-5'>- 1 r h*'"e ( *E <K )[4(5')+/„(?')e‘ 5 ' ,r WVd , ft 

+ (1/8***) (7) 

vhere n = Ze a /ttv and 

/pc (<7) = - 2n*</ '* exp { - 2i[ n In (q /2k ) - argT(l + in) J } . (8) 

iere Ze is the charge of the incident hadron and /„ and f t are the xn and xp strong-interaction elastic 
scattering amplitudes. The xd elastic scattering amplitude E r ,(<?) is obtained by taking the matrix ele¬ 
ment of F(<J, 5) in the deuteron ground state. 

If the basic hadron-nucleon elastic scattering amplitudes are taken to be of the form 

f j {q)^c l exc>(-la j q i ), (9) 

c j = ko j (,i+p j )/4TT, j - n,p , ( 10 ) 

d if the deuteron ground-state form factor S(q) is a Gaussian, 

S(q) = exp(-pq*), (11) 

?n can be reduced to single integrals, and becomes 

*’,i(<7) = e~ B * 2/4 {/„(?> + k 2in [ik f~J 0 (qb)b >in ' 1 T t (b)db 

+ (c,/a p ) [ o ~J 0 {qb)b 2,n * 1 exp(t'x*( 6 )] exp(- ft*/2a,)rfft 

+ (c„/A)exp(0‘q 2 2A) f o °J 0 {Gqb/A)b 3, '" : exp[ixs(ft)]exp(- b*/2A)db 

+ {ic„c p /kAa p )exp(pq 2 /2A) ( o “j 0 (Uqb/A)b tl '" 1 exp[ix* (ft)]exp(- Hb*/2Aa p ) c/i>]}, (12) 

iere G =a„ + /3, A=G + 0, and//- A + a,. 

For X*(6) we assume that the projectile and the bound proton have charge form factors given by 
P(- \c*q 2 ) and exp(- id*?*), respectively, and obtain 7 

X.(ft) = »Sjft , /(c*+ <**)], (13) 

iere S,(e) is the exponential integral. The xd elastic scattering intensity (do/dfl) rl may be computed 
am Eqs. (12) and (13). 
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normally only one quark in the projectile inter¬ 
cepts one quark in the target. This is required 
by the success of the additive quark model for 
total cross sections. 2 When the two quarks col¬ 
lide, they provide a source for a mesonic “spark," 
just as an electrical discharge acts as a source 
of light. Let us suppose for simplicity that the 
associated meson field is scalar, and self-inter¬ 
acting. If we look in any Lorentz frame in which 
the projectile is moving rapidly to the right, 
while the target moves rapidly to the left (“rapid¬ 
ly" means with high rapidity, i.e., speed imper¬ 
ceptibly infraluminal), then the colliding quarks 
will have negligible thickness in their direction 
of motion, and the mesonic source will be effec¬ 
tively a noncircular disk: a delta function in 
time and in the longitudinal direction, but spread 
by a typical quark-quark Interaction radius in the 
transverse direction. If the quarks are small 
and totally black, then that radius is about { fm 
for nonstrange quarks, less for strange. 

Clearly, from case to case, the source strength 
will vary, but I suppose that the self-interaction 
of the meson field will make the number of pro¬ 
duced mesons insensitive to the exact value of 
this strength, once it surpasses a certain thresh¬ 
old. Consequently, the inclusive rapidity distri¬ 
bution will be flat in the central region of rapidi¬ 
ty, with a multiplicity per unit rapidity interval, 
or rapidity density, independent of the nature of 
projectile and target. This is because in each 
Lorentz frame in the central region, the meson 
source will flash, fast hadronic matter will de¬ 
part rapidly to right and left, and slow mesons 
will materialize in a time of about 1 fm/c, know¬ 
ing nothing about the precise nature of their 
source. 

Diffraction can certainly be incorporated in the 
standard Good-Walker 5 way; it is simply a quan¬ 
tum-wave “leftover” of the dynamic interaction 
which produces sparks. 

The main formal distinctions between this 
scheme and one with multiperipheral pion ex¬ 
change are that the exchange line which radiates 
pions (or clusters of pions) carries a large mass, 
of the order of 1 GeV (to account for the small 
quark-quark interaction range), and that many 
exchange lines cross independently from projec¬ 
tile to target, each producing a single forward 
meson line. This contrasts with the multiperi¬ 
pheral case, where a single exchange line shakes 
off many mesons. Also, the associated diagram 
would be a “screened” graph, since the radiated 


mesons interact strongly with their near-rapidity 
neighbors. The result is a form similar to the 
“inside-outside” graph discussed by Bjorken, 
and Casher, Kogut, and Susskind> 5 
The main conclusions from the mesonic-spark 
picture of production processes are the same as 
from many other models,* and so we turn to the 
differences. If this picture Is right, then occa¬ 
sionally (perhaps 1% of the time) In a proton-pro¬ 
ton collision, two dlBtinct quark collisions will 
occur, separated in impact parameter by a suf¬ 
ficient distance to produce distinct sparks. (If 
the collisions were very close together, they 
would simply provide a single effective source 
for the meson spark, of twice the usual strength. 
Because of the assumed insensitivity of the spark 
to source strength, the resulting spark would be 
indistinguishable from that of a single quark- 
quark collision.) For these events the mean mul¬ 
tiplicity would be roughly twice that in the typical 
event. Such an effect might be detected as a cor¬ 
relation between multiplicities in the left and the 
right hemispheres for very high multiplicities In 
either hemisphere. 

Now let us apply the same assumptions to the 
collision of a proton with a nucleus. Using the 
known p-p inelastic cross section, we may de¬ 
duce v, the expected number of collisions with 
different nucleons of a proton passing through a 
given target nucleus on a straight-line trajectory 
(neglecting any effect of a particular collision on 
the probability of further collisions). The multi¬ 
plicity of slow mesons in the target rest frame 
will be v times as great as that for a hydrogen 
target. This Is simply because v different target 
nucleons are independently fragmented, and Is a 
result which follows in many different pictures. 
There is one qualification—secondary interac¬ 
tions of the fragments may somewhat increase 
their number while degrading their energy, but 
these should not be drastic effects. A 1-GeV 
(rapidity 2.7) incident on a proton yields only one 
charged relativistic particle, more than 90% of 
the time. Furthermore, as I have argued before, 
a produced particle with rapidity greater than 
this is not likely to develop Its full power of In¬ 
teraction with a target nucleon before leaving the 
nucleus. 

The spark picture provides a natural cutoff to 
the rapidity interval for which mean multiplicity 
is multiplied by v. Let L be the mean length In 
the lab frame between successive sparks pro¬ 
duced by a very high-rapidlty projectile. These 
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sparks are then separated by the Ughtllke inter¬ 
val 

Af = L, tu=L. (1) 

In a frame that moves In the projectile direction 
with a lab rapidity y, we have 

bt'^e-’L, A z' = e my L. (2) 

We have already discussed die assumption that 
two simultaneous sparks can develop independent¬ 
ly only if their sources are separated by a crlti- 
al distance, call it d. The existence of a d 
reater than the quark-quark interaction range 
1 fm) is necessary if the picture is to be com- 
atible with experiment. Otherwise the two ends 
f a single spark could both generate mesons 
iroughout the rapidity plateau, leading to strong, 
jng-range rapidity correlations In the two-parti- 
le inclusive distribution. Clearly, d cannot be 
luch greater than 1 fm, the maximum range of 
nown strong interactions. For definiteness, 1 
dopt the value d»f fm. We shall see later the 
onsequences of changing this value. 

What if two sources act at the same point, but 
ifferent times? Since the spark from the first 
ource cannot fly out faster than c, two indepen- 
ent sparks could not be generated unless the 
ime interval were greater than d/c. It is possi- 
ile that an even longer interval might be needed, 
ut for simplicity we take the same criterion in 
ime as in space. 

Combining the two cases, we arrive at a cri- 
erion that two sources separated by the Lorentz 
nterval (AT, AX) in a given inertial frame will 
ndependently generate slow mesons in that frame: 

(ATp + tAXyxi®. (3) 

lubstituting At', Az' from Eq. (2), and taking L 
*3 fm a we get a cutoff rapidity y e »2. Below Y e , 
he rapidity density is amplified by a factor v. 
tow sharp is the cutoff at l" c ? Two factors enter 
ere. First, collisions can occur with a larger 
e pa ration in the lab. This could give one more 
nit in rapidity. Secondly, the essence of our 
schnlque is to estimate the production of slow 
articles in a particular Lorentz frame. “Slow” 
wans with rapidity of order 1 in that frame, 
tence, the cutoff should become completely ef- 
Bctive at 4, and so this will be the applica- 
lon in what follows: 

The rapidity density is multiplied by v for 

JSK.M. (4) 

Above Y e , only those collisions in which inde¬ 


pendent sparks are separated transversely by a 
distance greater than d will exhibit a doubled ra¬ 
pidity density. This should be roughly 10% of all 
collisions, estimated as follows. The proton has 
a radius of about § fm. If two sparks are to be 
separated by 1 fm, then each must be in the out¬ 
er half of the proton cross section [probability 
“ (if], and they must be more or less on oppo¬ 
site hemldlsks (probability « i). This gives a 
probability of sufficient separation 

F»|xixixi»0.1, (5) 

where the first factor is the probability that two 
distinct projectile quarkB interact in the succes¬ 
sive collisions. Clearly, the order of magnitude 
is not changed if there are 3 or 4 collisions. Al¬ 
so, the estimate is not better than an order of 
magnitude. The main point is that upward fluc¬ 
tuations of rapidity density in the entire plateau 
would be an order of magnitude more likely with 
a nuclear target than with a nucleon target. 

While the cutoff Y c in Eq. (4) is only weakly 
sensitive to the value of d, the probability P in 
Eq. (5) is very sensitive: For d =J, P vanishes. 
Thus, the prediction of enhanced multiplicity at 
low laboratory rapidity is much less sensitive to 
detailed assumptions than is the prediction of a 
10% excess at higher rapidity. 

At present, there are not data of sufficient 
quality at sufficiently high energy to detect the 
proposed 10% increase in mean multiplicity in 
the plateau region. Gottfried* has proposed a dif¬ 
ferent model which leads to a 70% increase in 
multiplicity in emulsion, independent of energy, 
and associated entirely with the lower third of 
the rapidity plot. His result is in excellent agree¬ 
ment with data from 70 to 10 000 GeV, or an in¬ 
terval from 5 to 10 in projectile rapidity. 9 There 
are two observations to be made on Gottfried’s 
model, The first is aesthetic. An observer 
watching a very high-rapidity hadron collide with 
a very high-rapidity nucleus could tell whether 
the nucleus -to-hadron rapidity ratio in his frame 
was greater or less than |, simply by counting 
the number of slow produced particles he sees. 
This violates a "generalized Lorentz invariance 
principle”, that only absolute differences of rap¬ 
idity should have measurable consequences, and 
not fixed ratios of rapidities which become arbi¬ 
trarily large. The second comment is practical. 
The lower part of the energy range studied is 
clearly preasymptotlc, while Gottfried’s is an 
asymptotic formula. If only the 1- and 10-TeV 
data are taken as asymptotic, it becomes very 
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hard to distinguish between the multiplicity for¬ 
mula of Gottfried, 

n(emulaion) = n(hydrogen)(l +}), (6) 

and that suggested here, 

n(emulsion) ® l.ln(hydrogen) 

+ (*SK^-t), ^*3. (7) 

Unfortunately, the small samples of cosmic-ray 
data at these higher energies do not permit a suf¬ 
ficiently detailed study of rapidity distributions 
to help make the distinction. Even with more 
data, one Is hamstrung by the fact that the lower 
third of the rapidity plot is contained within Y c , 
even at 10 TeV. 

What about nucleus-nucleus collisions? At en¬ 
ergies like 1 TeV per nucleon, our picture 1m - 
plies 

n(nuc-nuc)- Jn(p-p), (8) 

where £ is the mean number of independent col¬ 
umns of projectile nucleons which pass through 
columns of target nucleons. This Is distinct from 
the multipherlpheral-model guess of Gribov. 10 
He takes a very different approach in which only 
surface nucleons can act as anchors of a multi¬ 
peripheral chain, Implying that, for fantastic en¬ 
ergies, nucleus-nucleus cross sections go like 
(where A Is mass number), but the {A-A)/ 
(/>-/>) multiplicity ratio goes to 1. 

It seems likely that multlperipheral-cnm-par- 
ton models would agree with the expectation of 
excess particles with finite rapidity In the lab¬ 
oratory following collision with a nuclear target 
of a hlgh-rapidlty hadron. However, these mod¬ 
els could hardly generate the asymptotic Gottfried 
rapidity distribution, nor the = 10% uniform ex¬ 
cess predicted here, A 500-GeV exposure of a 
variety of nuclear targets might at least settle 
this point, and could bury the spark picture. 

The essential feature of this, as well as many 
other schemes, is that no large transfers of mo¬ 
mentum or energy occur In short times, 11 This 
Immediately implies a great similarity of multl- 
partlcle production processes for collisions of 
particles with widely different baryon numbers. 

In particular, our strongest single prediction Is 
an asymptotically flat rapidity density in the cen¬ 
tral region of rapidity. The magnitude ol that 
density is less certain, but in our picture would 
be about 10% higher for hadron-nucleus than for 
hadron -hadron collisions, and much higher for 
nucleus-nucleus collisions. As usual, at either 


end of the rapidity plot will be fragmentation re¬ 
gions, with nuclear fragmentation having a sub¬ 
stantially higher multiplicity than hadron frag¬ 
mentation. 

Despite the difficulty of distinguishing experi¬ 
mentally between this and other models, even the 
present nuclear data enforce the view that high- 
energy strong processes are really rather slow 
and not so strong. 

I thank J. D. Bjorken, K. Gottfried, J. Kogut, 
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PHOTOELASTIC TENSOR OF SILICON AND THE 
VOLUME DEPENDENCE OF THE AVERAGE 
GAP. David K. Blegelsen [Phys. Rev. Lett. 32, 
1196 (1974)]. 

It should be noted that Cardona, Paul, and 
Brooks (Ref. 11) also measured the pressure de¬ 
pendence of the radio frequency dielectric con¬ 
stant of silicon. They obtained d In e/dP = (- 4 ± 1) 
xlO" 7 kg'* cm 1 . This implies a value of p = 

- 0.098 ± 0.025, in somewhat better agreement 
with our measurement of fi = -0.059 ±0.003 than 
their optical measurements. It is assumed that 
in their samples impurity and free-carrier ef¬ 
fects on the rf dielectric constant were negligi¬ 
ble. 
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Determination of the Singlet-Triplet Separation of H 2 by a “Level-Anticrossing” Technique* 
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38041 Grenoble Cedex, France 
(Received 13 May 1974) 

We show that the singlet-triplet separation of Hj must be lowered by 167.7 ±0.2 cm* 1 
compared to the hitherto accepted value of Dieke. We have used a new kind of “level 
| anticrossing" method In which the anticrossing Is due to the coupling of a singlet and 

a triplet state by spin-orblt or hyperflne Fermi contact Interaction. 

Hydrogen, H,, Is the simplest of the neutral and Jungen* have obtained by absorption In the 

molecules, and Is therefore a good test for funda- uv the ionization potential of singlet states of H, 

mental molecular calculations. Very refined cal- with better precision. 

uulations have been made by Kolos and Wolnie- To see if the anticrossing experiment was pos- 

*icz': They achieved an accuracy of a few in- sible we had to find pairs of singlet-triplet levels 

Yerse centimeters in the calculation of the loca- whose separation did not exceed 10 cm' 1 (because 

'ion and properties of singlet energy levels. When of magnetic-field limitation). Assuming, as is 

ipplied to triplet levels, these calculations, con- the feeling of most of the specialists we know, 

iirmlng older and less precise ones of Rothen- that the theoretical results are more reliable 

serg and Davidson,* have raised a problem*: The than Dieke’s experimental ones we have looked 

accepted experimental value of the separation of for another experimental determination of this 

singlet and triplet levels is apparently some 150 separation. The method is based upon compari- 
:m'‘ too great. However, the experimental situ- son of 3d and 4 d levels in H, and in He (there is 

itlon Is not clear: Separation within singlet and a singlet-triplet line in He) since He is the united- 

riplet levels is determined with the usual accu- atom limit of H,, and since in both cases there 
acy by optical spectroscopy but, since H, has a is a large hydrogenold outer 3d and 4 d orbit 
'cry good Russell-Saunders spin coupling scheme, around a small core. 

io transition between singlet and triplet levels The separation of 3 d l D and 3 d*D levels of He 

>as been identified and so the relative position of Is 3.32 cm" 1 and the separation of 4d*D and 4d 

hese two groups of levels is uncertain. The ex- *D is 1.88 cm' 1 . In H, we have selected 3dll', 

wrlmental separation of singlet and triplet lev- 4dn', 3d A' levels; 3d and 4 d E, n*, and A* 

:'s in H, is based on an uncertain determination levels are perturbed differently and the slnglet- 

>f ionization potentials by extrapolation of the triplet separation of a pair of levels with the 

tydberg series. There have been variations in same N and v is somewhat erratic. Within n' or 
Ms assignment: The now generally accepted re- A' levels, on the contrary, there is great regu- 

>ults of Dieke * which we shall use as a basis in larity and a weak and smooth dependence on v. 

his Letter, are 141 cm’ 1 higher than the older The singlet-triplet separation in Dieke’s basis, 

>nes of Beutler and Junger.* Recently, Herzberg extrapolated to rotational zero and v = - y, is re- 
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spectively -149, -153, -145, and-153 cm" 1 
(uncertain) lor 3dn', 4dIY, 3dA", and 4di‘, 
This raises immediately the following question: 
Why are all these separations of the order of 
-150 cm* 1 instead of plus a few inverse centi¬ 
meters as in He? If we suppose that the ratio of 
singlet-triplet separations between « = 3 and n = 

4 is the same in H, and He, it follows that trip¬ 
lets must be lowered by 158 cm" 1 for fl" and 162 
cm' 1 (uncertain) for A" levels. We then assume 
provisionally a lowering of 158 cm* 1 of the trip¬ 
let levels. In this hypothesis, therefore, we 
choose for our study three pairs of levels, 3d 
r = 0, N = 2 and 3, and the 3d*" s A, t> = l, 

N= 3 levels, which are less than 5 cm" 1 apart. 

The general form of “anticrossing” experi¬ 
ments has been described by Wieder and Eck. 7 
In the "pure anticrossing" case, two radiating 
levels are populated differently by various exci¬ 
tation mechanisms, and the mechanism of detec¬ 



tion can discriminate, at least partially, between 
light emitted by the two levels. These levels 
would cross for a particular value of an external 
(usually magnetic) field, unless a coupling be¬ 
tween these two levels by some repulsive inter¬ 
action V occurs. Roughly speaking, at the anti- 
crossing point, the population of one level oscil¬ 
lates back and forth between the two levels, pro¬ 
ducing an even distribution. The resultant reso¬ 
nancelike signal is centered on the anticrossing 
point. Its amplitude is proportional both to the 
population difference of the two levels and to the 
difference of detection efficiency of the same lev 
els. It has a width given by the field needed to 
separate the two levels by an amount of the or¬ 
der of V (or the mean value of their Inverse life 
time if V 1 b smaller than this quantity). In ear¬ 
lier experiments V is due either to an electric 
field 7 "* or to the hyperfine interaction within a 
fine or hyperfine multiplet. 7 In our experiment 
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FIG. 2. Anticrossing signal both on the 
triplet and on the 4932- A Hi aiiglet para line* > 
corresponding Zeeman energy level diagram- z 
field fine structure of triplet to not known. The 
Hob of Intensities of the various anticroaaing* 6 
lines ia different because they are tea pec lively 
HI lines. 
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TABLE I. Zero-field separations of levels. 


Levels 

Triplet minus singlet 
separation measured 
(cm' 1 ) 

Triplet levels must 
be lowered by (cm -1 ) 

3<f‘**S 



l>-0, JV-2 
3Jl-»E 

-1.24*0.1 

157.69 

#■»#■3 
3d 1M A 

+ 3.5 *0.2 

167.76 

V-l, A r -3 

+ 1.16*0.1 

157.64 


the coupling Is due either to spin-orbit Interac¬ 
tion (which, as Is well known, couples singlet 
and triplet levels, causing transition from LS to 
H coupling) or to hyperflne Fermi contact inter¬ 
action (the coupling of the analogous Zd-4d sing¬ 
let and triplet levels of He by this Hamiltonian 
has been calculated for other purposes by Bessis, 
jLefebvre-Brion, and Moser 10 ). 

We used a 150-kG Bitter coll. H, was excited 
it a pressure of 10" 1 Torr within a small Pyrex 
:ell by a capacitive discharge (with electric field 
larallel to the magnetic field) induced by a 30-W, 
150-MHz AMECO high-frequency generator. The 
Intensity of the light emitted parallel to the mag- 
letic field was detected by a EMI 9558 photomulti- 
jlier and stored on a DIDAC 800 multichannel 
malyzer. Between four and fifty scans of 100 
sec were used. Lines were separated by a Jobln- 
fvon H.R.S. monochromator whose slit width was 
ilways great enough not to separate the Zeeman 
Components. Figures 1 and 2 show the most char¬ 
acteristic results. 

H The position ot the antlcroBslng gives Lrst the 
^ro-fleld separations described in Table I. 

; results are in good agreement and we con- 
that triplet levels must by lowered by 157.7 
cm' 1 as compared to Dieke's data/ Second- 
le splitting of the various M » anticrossings 
the difference between orbital singlet and 
it Lande g factors. Using the singlet Lande 
:ors measured by Dieke, Cunningham, and 
s, 11 we found the following preliminary re- 

,(3 d 3 Z, v - 0. N = 2) -0.70i 0.02, 

*(3d s £, v 0, A'- 3) = 0.55+0.02. 

ally, the width of the curve can give a mea- 
pf the fine- and hyperfine-Btructure con- 
I. The complete analysis of these results 
i a more detailed calculation and further ex¬ 


periments are In progress which will be reported 
In the future. We notice that the ultimate accu¬ 
racy of our method is limited by the width of the 
curves which Is given by the fine- or hyperflne- 
structure constants. This is better than the Dop- 
pler-ltmlted accuracy with which the separations 
within the singlet and the triplet group of levels 
are known. Natural-lifetime accuracy could be 
achieved with an existing Momrle® apparatus, at 
least for the 3d x ' s A, o=l, N =3 levels for which 
the antlcrosslngs are at about 12 kG: One cannot 
induce resonance between pure singlet and trip¬ 
let levels except in the vicinity of an anticross¬ 
ing point where the two levels are mixed. 

We thank the Service National des Champs In¬ 
tenses of the Centre National de la Recherche 
Scientiflque at Grenoble which made available to 
us the 150-kG Bitter coIIb. We thank also the 
Max Planck Institute of Grenoble for the loan of 
optical apparatus. 
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Two-Center Thomas-Fermi Model for Adiabatic Ion-Atom Collisions 


J, Eichler and U. Wllle 

Hahn-Meitner -tnstitut /Vr Kemforschung Berlin GmbH, Bereich Kern- und StrahlenpkysiM, 

Berlin, West Germany, and Freie Untversitdt Berlin. Fuchbareich Pkysik, Berlin, West Germany 

(Received 14 May 1974) 

We propose a two-center model for the description of ion-atom collisions proceeding 
via a quaelmolecular (adiabatic) mechanism. The electronic potential of the model It 
givon by a superposition of modified atomic Thomas-Fermi potentials, each centered 
about one of tbe colliding nuclei. Molecular correlation diagrams calculated for the Ne- j 

No system show good agreement with results from molecular-orbital Hartree-Fook cal- J 


culations. 

In the past few years the electron-promotion 
model 1 has proven to be quite successful 3 in de¬ 
scribing the excitation of inner-shell electrons 
In adiabatic ion-atom collisions. Based on the 
Born-Oppenhelmer approximation, the model 
assumes the formation of a transient quastmole- 
cule whose electronic energy spectrum as a func¬ 
tion of the lnternuclear distance ("correlation 
diagram") is the starting point for any dynamical 
treatment of the process. While for a few cases 
quantitative adiabatic correlation diagrams have 
been calculated by the Hartree-Fock method, v * 
the evaluation of most of the experimental results 
has been based on rather qualitative "diabatlc” 
diagrams. They are obtained from the known 
electronic spectra in both the united-atom and the 
separated-atom limits using the correlation dia¬ 
grams for unscreened Coulomb centers as a 


guide to connect the limiting cases. 1,5 

It is quite clear that for a more quantitative 
discussion of experiments and a detailed dynam¬ 
ical theory a method Is needed which yields ac¬ 
curate adiabatic correlation diagrams like the 
Hartree-Fock method and yet is flexible and sim¬ 
ple enough to be easily applicable to any given 
combination of collision partners. 

hi the present note we propose a model which 
we believe to meet these requirements. We 
start from the observation that atomic energy 
levels may, to a good accuracy, be derived from 
a statistical Thomas-Fermi (TF) model with a 
universal spherical single-electron potential 
V 7F (r) (including corrections for seif-interaction 
and exchange effects). Latter” has calculated en¬ 
ergy levels for a large number of atomic states 
using potentials of the form (atomic units are 
used throughout) 


V Tt » = 


l-r~\ otherwise. 


(1) 


Here, x-r/p with p = Q.8853£'’ \ and the screening function 4>(x) is given by the analytic expression 
4>(0 = <1 0.02747 a j A+ 1,243.x -0,1488.v vl1 + 0.2302x 3 + 0.007 298x^ + 0.006 944x 3 )‘\ (2) 


The corrections for electronic self-interaction 
and exchange Included in the potential (1) have 
been discussed in detail by Coulson and Sharma. 7 
Although the TF approximation cannot compete 
in accuracy with elaborate atomic Hartree-Fock 
calculations available today, * It should be suf- 


r—-- 

fictently reliable for the treatment of Inner-shell 
electrons relevant to atomic collision processes. 

We here assume that the TF method not only 
gives a resonable description of the potential felt 
by a single electron in the united-atom and sep- 
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rated-atom limits, t»t Is also able to account 
or the mutual screening and polarization of the 
itoms at fintte lnternuclear distances 2R. The 
otentlal V acting on a single electron at the dis- 
ance r, from the screened nucleus 1 and at the 
jlstance r 2 from the screened nucleus 2 might be 
obtained by solving the TF equation with the ap¬ 
propriate boundary conditions.' While it has been 
shown by Teller 10 that the TF model cannot give 
rise to molecular binding it still should provide a 
reasonable approximation for Inner-shell elec¬ 
trons whose binding energy by far exceeds mol¬ 
ecular dissociation energies. 

Instead of attempting a complete numerical 
solution of the TF equation, we adopt an idea put 
orward by Hund 11 as early as 1932 which leads 
o a simple and transparent approximate form of 
he electronic potential. According to Hund 11 the . 


molecular potential V for a given lnternuclear 
distance 2R is represented by a sum of two effec¬ 
tive (R -dependent) atomic TF potentials V ( e,, (r,) 
plus a correction term W(r„ r,). Subsequently, 
the functions V t c,, (r t ) are chosen separately for 
each value of R in such a way that w(r„ r,) 1 b 
minimized. In the cases considered explicitly 
by Hund the quantity W has been shown to be neg¬ 
ligibly small 11 and thus 

V = V f, (r,)T V ff (r,). < 3 > 

We assume this representation of the molecular 
potential to be approximately valid for any com - 
blnation of atomic collision partners and all in- 
ternuclear separations. 

Generalizing Hund’s Ansatz to allow for non- 
symmetric systems {Z, * Z 2 ) and for the inclu¬ 
sion at exchange terms we may write 


V, c, Hr,) = 


^-^j$<x j (R))+~[r < /,(R)*(x i (R))] |, 
otherwise, 


if | V 4 e,, (ri) I >§*/,<«); 

r i 


(4) 


vhere * is the screening function defined in Eq. (2). With the abbreviations p, = r ( /R, y, = (Z, +Z 2 )/Z , 
ve have 


x,(R) 


0.8853 x'+p, 1 


nd 



* 3+ P i . 

* 3+ yVpi 


( 5 ) 

( 6 ) 


Tie functions (5) and (6) interpolate between the limiting cases and guarantee that the total potential V 
nproaches the correct values for r, — = 0,»° (R fixed) and R - 0, » (r, fixed). The “smoothing pa ram - 
er” X* has been determined by Hund to be X s = 3 for the ground states of the N, and F, molecules. In 
neral, one may expect a dependence of X s on the atomic numbers Z t and Z 2 . 

Having established the potentials (4) acting on the electron, the Hamiltonian of our two-center TF 
odel is expressed by 

H* -iv*+ V, c,f (r,)+ VV f V s ). (7) 

ie eigenenergies are obtained by diagonalizing the Hamiltonian (7) in a basis set which has originally 
en introduced by Hylleraas 10 and recently been used 10 for treating the unscreened relativistic two- 
nter, one-electron problem. It is given by 


*»."(«,»/)=- i)-*exp(- 
ere $ = (r, + r,)/2R and ?j = (r, - r 2 )/2R are pro- 


e spheroidal coordinates and L m m and P, m are 
• associated Laguerre polynomials and Legen- 
e functions, respectively. The quantum num- 
r »» is the (positive) projection of the electron - 
angular momentum on the lnternuclear axis, 
i» = 0,1, l = m,m +1.label 


( 8 ) 


the matrix elements In our truncated representa¬ 
tion. The scaling factor a is connected with the 
asymptotic behavior of the wave functions and 
may be adjusted for a given basis set so as to 
give optimal convergence. It should be mentioned 
that the set' (8) is nonorthogonal with respect to 
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the labels n and l. For obtaining the eigenvalues 
one has therefore, to predlagonallze the overlap 
matrix. In a second step the Hamiltonian (7) is 
diagonalized in the resulting orthogonal repre¬ 
sentation. It is clear that for large lnternuclear 
separations the basis (8) ceases to be suitable. 
Then one may use, for example, the combined 
space of two spherical representations associated 
with the two nuclei. 

As a test on our computer program we have 
recalculated the well-known energy spectrum of 
the H/ molecule" and achieved an accuracy gen¬ 
erally better than 10' J for a wide range of inter- 
nuclear distances and energies ( 2 /? * 20 , princi¬ 
pal quantum number n ■' 5 with n lrax =6, l nm ~ m 
H, a = l/R). 

By way of example we have calculated the adia¬ 
batic correlation diagram for the Ne-Ne system 
(Ne on Ne) shown in Fig. 1. We have chosen this 
case in order to compare with the Hartree-Fock 



FIG. 1. Correlation diagram for the No-Ne system, 
calculated from the Hamiltonian (7). Tho calculation 
has been restricted to o(m- 0) and ir (m- I) states; the 
levels are labelled according to thoir “gerade" (g) or 
“ungerade” (u) character. The parameter values used 
in the calculation are ^ : -3, a = l/lOH, « mK = 6, 
i 7. At R =0, the electronic energies have been deter¬ 
mined directly by solving the radial Schrodinger equa¬ 
tion with the united-atom TF potential. 


calculations of Larkins. 5 In fact. It turns out 
that we are able to reproduce the results of those 
detailed calculations with a remarkable degree of 
accuracy. An avoided crossing 3o g -4c g Is found 
at 2R = 0.31, E = - 0.40 with a closest separation 
of A£ = 0.01. 

It should be pointed out that in the absence of a 
screening potential the avoided crossings would 
turn into real crossings due to the existence of 
an additional symmetry for the two-center Cou¬ 
lomb problem. 19 The resulting correlation dia¬ 
grams are usually called diabatic diagrams. 

Since the closest separation of electronic energy 
levels near avoided crossings is a direct mea¬ 
sure of the deviation from a two-center Coulomb 
potential (screening), possible experimental in¬ 
formation on such separations may, conversely, 
be used to test and correct the theoretically as¬ 
sumed screening. 

In conclusion we wish to summarize what we 
believe are the main advantages of the proposed 
two-center TF model: (i) The model gives a con¬ 
ceptually very simple picture which might serve 
as a basis for the discussion of adiabatic ion- 
atom collisions. (11) Comparisons with existing 
Hartree-Fock calculations indicate that the model 
gives quantitatively reliable results, (ill) While 
for heavier systems complete two-center Har¬ 
tree-Fock calculations are hardly feasible, the 
numerical effort required by our model is in¬ 
dependent of the number of electrons in the sys¬ 
tem. We may therefore calculate adiabatic cor¬ 
relation diagrams for systems which hitherto 
have been inaccessible, (iv) Because of the sim¬ 
plicity of obtaining energy levels and one-elec- 
tron wave functions (which possibly may not have 
the same quality as the energies) our model may 
serve as a suitable starting point for calculations 
on the collision dynamics. As a first extension 
we intend to investigate, In the framework of a 
modified TF approximation, the effect on corre¬ 
lation diagrams caused by outer-shell ionization 
and by inner-shell vacancies. 

We wish to express our appreciation to Dr. J. 

S. Briggs and Dr. J. Macek for helpful comments 
on the manuscript and furthermore to Dr. Q. K. 

K. Liu for separate calculation of electronic en¬ 
ergies in the united-atom limit. Thanks are due 
to Mrs. B, Bohne for her help In computer pro¬ 
gramming. 
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Mechanisms for Electron Production in 30-MeV O n+ +0 2 Collisions* 

N. Stolterfoht and D. Schneider 

Hahn-Meitner-lnstilut fir Kemforschung Berlin GmbH, Berlin-West 39, Germany 

and 

D, Burch, H. Wleman, and J. S. Rlsley 
Department of Physics, University of Washington, Seattle, Washington 98195 
(Received 29 April 1974) 

Absolute cross sections for electron emission In the complete energy and angular 
ranges were measured for 30-MeV O'* + Oj collisions at Incident charge states of * “4 
to 8 . Rises In Inner- and outer-shell Ionization of the target are studied for Increasing 
a. Electrons ejected from the outer shell of the projectile are found to be very Intense 
at forward emission angles 0. Auger electrons from the projectile are observed at 8 
<42" for n as large as 6 . 

Most previous measurements of electron pro- from high-energy accelerators, 
duction In ion-atom collisions have been made We report absolute cross sections for electrons 

with projectile energies lower than a few MeV; ejected In 30-MeV O"* + 0, collisions with projec¬ 
tor recent progress In this field see current re- tile charge states of n from 4 to 8. Measurements 

views. 13 Only recently, Burch and co-workers'"' were made at forward observation angles of 25 to 

and Matthews and co-workerB* using Ions from 90°; the data do not substantially change In the 

tandem Van de Graaff accelerators reported on range of backward angles. The measured elec- 

ilectron production In experiments with projec- Iron spectra Indicate pronounced structures, each 
tiles having energies an order of magnitude high- of which can be attributed to certain excitation 
er than previously used. In these experiments, and de-excitation processes in the target or the 

however, electrons have been measured only at projectile atom. It Is found that most of the spee¬ 
ded backward angles with respect to the incident tral structures are strong only at forward elec- 

>eam, and only certain fractions of the electron tron-ejection angles. In particular, at small an- 

spectra (target Auger peak**' and projectile gles outer-shell electrons emitted from the pro- 

“electron-loes” peak 4 ) have been detected. Our jectile are found to dominate the electron spectra. 
Purpose In this work Is to study the overall angu- Furthermore, Auger electrons ejected from the 

ar and energy distributions of secondary elec- 30-MeV projectile can be observed only at angles 

rons produced by energetic heavy Ions with a va- smaller than 42°. At 25°, projectile Auger elec- 

'let^of incident charge states. This Is the first trons are found for projectile charge states as 

<uch comprehensive Investigation for high-energy high as 0, Indicating the presence of collision 

'olllslons and It Is made to obtain a general pic - processes such as simultaneous vacancy creation 

•ure of ionization mechanisms with Ions supplied In the Inner shell and transfer of two electrons to 


59 



KIG. 1. Cross section times electron energy for elec¬ 
tron production in 30-MaV 0 6+ +Oj collisions at differ¬ 
ent electron observation angles. 


FIG. 2, Cross soctlon times electron energy for elec¬ 
tron production In 30-MeV CF 7 +Oj collisions at an elec¬ 
tron observation angle of 25° for different projectile 
charge states ». 


outer shells of the projectile. 

The measurements were made using the crossed- 
beam apparatus of the Hahn-Meltner-Institut Ber¬ 
lin which was temporarily transported to the FN 
tandem accelerator laboratory of the University 
of Washington. The apparatus has been described 
In detail previously. 7 Electrons produced In lon- 
atom collisions were analyzed by a parallel-plate 
electrostatic spectrometer with an energy resolu¬ 
tion of 2.6% full width at half-maximum. The 
spectrometer efficiency and its energy dependence 
were known In the studied electron-energy range, 7 
so that absolute cross sections for electron pro- 
furtion could be determined. Low pressures 
were maintained in the system to provide single- 
collision conditions. Between the charge-state 
analyzing magnet and the gas target (of -3 mm 
thickness) the ion beam traversed a 10-m beam 
tube and a 30-cm section of the scattering cham- 
Der. The pressures in the beam tube, the cham- 
jer, and the target were 5 <10' 7 , 5*10"\ and 
-3 * 10 '■* Torr, respectively. Assuming an upper - 


limit value 8 of 10 ~' a cm 2 for the charge-exchange 
cross section, it was calculated that less than 1% 
of the Incident particles underwent charge-ex- 
change collisions. 

In Figs. 1 and 2 experimental results are giver 
for different observation angles and for several 
charge states of the incident ion, respectively. 
The electron spectra show several peaks which 
are discussed individually below. In Table I are 
given cross sections obtained by integration of 
the Auger peaks. Total cross sections for Auger 


TABLE I. Total cross section per atom (In units of 
10" 18 cm 2 ) for Auger-electron ejection from the target 
T and the projectile P In 30-MeV 0" + + Oj collisions as 
a function of tho projectile charge state n. 



4 

5 

6 7 

8 

T 

G.4 ±1.5 

7.4 a 1.8 

8.8 ±2.3 11.4 ±2.6 

17.6 ±3. 

P 

C.3 ±1,5 

2.7 i0.6 

0.72 ±0.18 

• ■ • 
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ectron ejection from the projectile and the tar- 
t were calculated assuming Isotropic electron 
lission in the rest frame of the corresponding 
rticles. 

Soft and binary collision peaks .—The peaks la- 
led “Soft Collisions (T) ” and “Binary Collisions 
)” are due to electrons produced by Coulomb 
teraction of the incident (screened) nucleus 
th, primarily, outer-shell electrons of the tar- 
t. Similar peaks have previously been studied 
low-energy collisions with light-ion impact; 
e for instance the spectra 7,B obtained by H + in¬ 
tent on He. In the theoretical description based 
the Born approximation, "soft” and "binary” 
collisions correspond, respectively, to the mini- 
Imum and maximum momentum transfer from 
projectile to the target atom. The soft-collision 
peak is nearly isotropic in intensity and position, 
whereas the binary-collision peak is strongly 
shifted to lower energies with increasing obser¬ 
vation angle and vanishes at angles larger than 
90’. Figure 2 shows the projectile-charge de¬ 
pendence of the peak Intensities. It is found that 
lor charge states of 4 to 8 the soft-collision peak 
(at 40 eV) and the binary-collision peak (at its 
maximum) increase by factors of 5.2 and 1.25, 
respectively. These numbers show that in the 
case of soft collisions the screening effect of the 
projectile electrons on the incident nucleus is 
considerably larger than in the case of hard or 
binary collisions. 

Electron loss peak. —The peak labeled “Elec- 
ron Loss (P)” represents electrons ejected from 
he projectile by elastic scattering from the 
screened Coulomb field of the target. Such elec- 
rons have recently been observed by Wilson and 
roburen 10 and Burch, Wieman, and Ingalls 4 who 
lave also given a binary-encounter description 
)f the electron-loss process. The centroid ener- 
!y of the peak corresponds to an electron velocity 
■qual to the projectile velocity. Using the formu- 
as In Ref. 4 it can be shown that the base width 
lf tho electron-loss peak is given in first order 
V 4(£ a £,) 1/, > where E B Is the binding energy of 
he lost” electron and E { is its mean ejection 
nergy. In high-energy (30-MeV) collisions the 
lectron-loss peak was previously observed 4 only 
| 90 where its intensity is relatively small (Fig. 

)• The present results, however, indicate that 
10 ( ‘ lec tron-lo8S peak is very Intense in the spec- 
" a measured at forward angles, 
from the base-width formula given above, it 
J Hows that the observed electron-loss peak is 
roduced only by outer-shell electrons of the pro¬ 


jectile. (Electrons originating from Hie projec¬ 
tile A shell are hardly seen as they are too much 
spread out over the spectrum.) Indeed, Integra¬ 
tion of the present electron spectra shows that 
the studied peak for 0 44 Impact is twice as large 
as the peak for 0 s4 . However, for O® 4 impact 
the intensity of the electron-loss peak 1 b Btill 
considerable, i.e., 0.12 of that for O 54 . This in¬ 
tensity is probably too large to be due to an O* 4 
contamination in the O* 4 beam. It is possible 
that a contamination of 0® 4 lone excited to meta¬ 
stable states partly produces the observed inten¬ 
sity. 

Target Auger peak .—The peak labeled "O-K 
Auger (T)” Is produced by Auger electrons fol¬ 
lowing vacancy creation in the A shell of the tar¬ 
get by the incident (screened) nucleus. Recently, 
Burch et al .* have shown for high-energy colli¬ 
sions that Auger-electron measurements are ap¬ 
propriate to study the incident charge-state de¬ 
pendence of inner-shell vacancy production. 

The numbers in Table X show that the Auger- 
electron production cross section for the target 
increases by a factor of 2.8 as the projectile 
charge state increases from 4 to 8. It should be 
noted that the projectile velocity is slightly lar¬ 
ger than the velocity of the oxygen A-shell elec¬ 
tron; hence, the inner-shell ionization of the tar¬ 
get is expected to take place primarily via a di¬ 
rect Coulomb excitation process. The factor- 
2.8 rise of the Auger-electron production cross 
section is Intermediate between the factor-1.28 
and -5.2 rise in the intensities of the binary-col¬ 
lision and soft-collision peaks, respectively. It 
appears reasonable, as in the case of outer-shell 
ionization, to explain the variation of the target 
A-shell ionization primarily by screening effects 
of the projectile nuclear charge.* 

I'rojectile Auger peak. —The peak labeled by 
“O-A Auger (P)” is produced by Auger electrons 
ejected from the moving projectile after the col¬ 
lision. Previously, projectile Auger electrons 
have been measured in gas-target experiments 
only at relatively small ion energies, below about 
1 MeV; see Refs. 1 and 2. For 30-MeV oxygen 
large shifts of the projectile Auger peak appear 
as a result of kinematic (Doppler) effects. Pro¬ 
jectile Auger electrons are visible only at angles 
smaller than 42" (Fig. 1). In this angular range 
the peak appears twice in the spectrum, i.e,, at 
180 and 2050 eV for 25' (note also the unlabeled 
arrow above the O 44 spectrum in Fig. 2). The 
appearance of two projectile Auger peaks in the 
spectrum ts well understood in terms of differ - 
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ent velocity vector diagrams. Furthermore, at 
the high-energy aide, the Auger peak shows a 
shoulder which might be attributed to double K- 
shell ionization or electron excitation to upper 
bound states. 

For 0 4i the centroid energy of the Auger elec¬ 
trons in the projectile rest frame was calculated 
to be 420 eV which is considerably smaller than 
the centroid energy (470 eV) of the target Auger 
electrons. Auger peaks are shifted to lower en¬ 
ergies as an increasing number of outer-shell 
electrons are missing. 1,2 This shows that the 
precollision difference in the charge states of the 
two collision partners is partly preserved in the 
/(-shell ionization collision. Despite this charge- 
state difference, the Auger-electron production 
cross sections are found to be equal for projec¬ 
tile and target in O 44 +0 2 collisions (Table I). 

For O'* 4 impact the production of projectile Au¬ 
ger electrons needs the simultaneous vacancy 
creation in the inner shell and the transfer of an 
electron to an outer shell of the projectile. (Au¬ 
ger transitions require at least two electrons in 
outer shells.) This transfer can take place by K- 
to /.-shell electron excitation in the projectile or 
by capture of an electron from the target. The 
relatively strong Auger-electron intensity for 
O 3 ' Indicates a rather large probability for this 
process. In the case of O" 1 Impact two electrons 
must be transferred to the projectile outer shells 
In addition to the inner-shell vacancy production. 
It is seen that this process is still present, as 
the Intensity of the projectile Auger peak for O 9 4 
is larger than expected from a possible O 54 con¬ 
tamination of the O 94 beam. The intensity ratio 
of the projectile Auger peaks for 0" 4 and O' 4 is 
0.27 (see Table I), whereas the same ratio for 


the electron-loss peaks Is 0.12 which gives an up 
per limit for possible beam contamination. 

In summary we have shown by using electron 
spectroscopy, primarily at forward observation 
angles, that a variety of identifiable mechanisms 
contribute to the Ionization process in energetic 
heavy-ion-atom collisions. Strong features were 
observed in the electron spectra and attempts 
were made to explain the spectral structures 
qualitatively In terms of simple ionization models. 
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Collision-Induced Optical Double Resonance* 

Richard G. Brewer, R. L. Shoemaker, t and S. Stenhom t 
IBM Research Laboratory, San Jose, California 95193 
(Received 9 May 1974) 

The double-resonance concept la extended to the situation of two coherently driven op¬ 
tical transitions that do not share a common level but are coupled by molecular collisions 
that tip the angular momentum vector while preserving the molecular velocity and the ro¬ 
tational energy. This collision-induced double resonance Is observed as sharp resonances, 
free of Doppler broadening, and can be explained In the same order of perturbation theory 
as the ordinary double-resonance experiment. They appear as satellite lines accompany¬ 
ing the usual double resonance or Lamb-dip spectra. 


In the double-resonance effect, which is well 
town at both radio and optical frequencies, 1 ' 9 a 
lolecule Interacts simultaneously with two radia- 
lon fields, causing a transition from an Initial to 
final state through an intermediate level [Fig. 
(a)]. This Letter reports observations and theo- 
y for a double-resonance phenomenon that in- 
olves a single molecular velocity group undergo- 
ng two optical transitions that do not share a 
ommon level [Fig. 1(b) 1. The two transitions, 
xcited by monochromatic laser radiation of fre- 
uencies Oj and 0,, are coupled by molecular col- 
isions that change the magnetic quantum state 
ut tend to preserve molecular velocity. Recent 
luantitative measurements 4 have revealed this 
lersistence in velocity for a molecular gas such 
s CHjF where the average velocity Jump for a 
ilnary collision is only 200 cm/sec. It has not 
ieen realized until now, however, that even if 
he velocity remains essentially unchanged by a 
ollision, the molecular angular momentum vec- 
or for a symmetric top may be readily tipped, 
ausing a transition from an initial M state to a 
leighboring one. This circumstance causes an 
inusual double-resonance effect, characterized 
>y a sharp resonant tuning behavior, free ol Dop- 


Swccp 



I«1 (bl (cl 

FIG. 1. (a) Traditional double-resonance level con¬ 
juration. (b) Collision-Induced double-resonance 
vel configuration; wavy lines Indicate oolllslon-ln- 
lcod transition, (c) Experimental arrangement for 
on! to ring optical double-resonance signals. 


pier broadening, and with an intensity comparable 
to the traditional double-resonance signal. In¬ 
deed, the new and the older double-resonance ef¬ 
fects appear, as we shall show, in the same or¬ 
der of perturbation theory. The effect thus pro¬ 
vides a new and simple way of studying molecular 
collisions that reorient the angular momentum 
vector. 

Collision-induced double resonance clearly is 
not restricted to angular momentum tipping alone 
but can Involve other degrees of freedom as well. 
Velocity preserving collisions involving molecu¬ 
lar inversion 9 or angular momentum transfer 8 
have been reported also in other double-reso¬ 
nance experiments. 7 

Collision-induced double resonance can be un¬ 
derstood easily in terms of the level structure of 
Fig. 1(b) and the optical geometry of Fig. 1(c). 
Consider first the coherent optical field F,exp[« 
x (R,( - 6,r)] (r Is the direction of the optical 
beam) which is in resonance with the transition 
ii-b for a narrow velocity group v„ where satura¬ 
tion takes place. The second transition c-d in¬ 
volving the resonant field ^exp^R,!-*^)] will 
communicate effectively with the first transition 
only (1) if it is tuned to the same velocity group 
and (2) if velocity-preserving collisions cause 
transitions of the type c—a and 6 —d, which in 
the present case represent LM * 0 transitions. In 
this way, population changes Induced by the first 
field can be monitored by the second. The two 
laser fields select resonant velocity groups ac¬ 
cording to fl, = An and (1, = w ct -hv’, and the 
two transitions communicate when the velocities 
coincide giving the double-resonance condition 

n,-n,-o» M -w aM (i) 

where <*>,, is the transition frequency. 

This tuning behavior, as well as other features, 
is contained in a more rigorous calculation, 9 de- 
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rived from the coupled Maxwell-Scrodlnger equations. The change In Intensity of both optical fields 
arising from collision-induced double resonance is thus of the form (after time and Doppler averaging) 


c 

8ir 


(AE*) = 16v7(ftfl) 


NLaSaSib p.° + &pj > (y'/y)expj-Af/Qiu)*] 
[(A, - A,)* + ty*]ku 


( 2 ) 


i 


if 

/ 


where we do not distinguish between fl, and O, in 
the prefactor fin. Equation (1) is now evident in 
the resonance denominator where A, = i2,-and 
A, = fl, - and the linewidth of 2y is Just twice 
the width predicted for the ordinary double reso¬ 
nance. Like the ordinary double resonance,* this 
new effect is proportional to the product of the 
two intensities a,*a/ where a,* n^E^/Vi and a, 
a p^Ej/2*. Here, ku is the Doppler width, L is 
the optical path length, and Ap Jy is the zeroth-or- 
der difference in occupation probability of levels 
i and j. It will be noticed that Eq. (2) is virtually 
the same as that for the usual double-resonance 
effect except that it is reduced by the factor (y'f 
y), where y' is the linewidth contribution for the 
specific collision channel which couples the two 
transitions and y represents the total linewidth 
arising from all sources. Since y is composed of 
a pressure-Independent contribution (molecular 
time of flight across the laser beam) and a pres¬ 
sure-dependent part, the new double-resonance 
signal will vary as the molecular density N at el¬ 
evated pressure and as Af* at low pressure. 

Other mechanisms, based on purely optical in¬ 
teractions, could also give double-resonance be¬ 
havior for Fig. 1(b). However, calculations show 
these effects to be too weak and with a line shape 
contradicting the experiments.* 

Collision-induced double resonance has been 


observed in our laboratory in two different types 
of experiments. Consider again the experimental 
arrangement ol Fig. 1(c). The two radiation fields | 
are derived from two fixed frequency, continuous-^ 
wave CO s lasers and propagate together through a ? 
U CH,F gas sample that can be tuned by sweeping f 
a dc Stark field. 10 In Fig. 2, a double-resonance ' 
spectrum Is shown for the “CH,F ^,-band line (</, 4 
K) = ( 4,3)- (5, 3) at 1035.474 cm" 1 . One laser is i 
frequency locked to the other with 0,-52, = 30.008 ;■ 
MHz by a servo loop that compares their beat fre-t 
quency with an rf reference. After being expanded L 
to 1 cm dlam, the two beams have power densl- I 
ties of ~ 1.2 and 0.4 W/cm*; they are polarized 9 
perpendicularly to the Stark field, imposing A M 1 
= ± 1 selection rules. I 

All of the lines of Fig. 2 satisfy the relation 0, I 
- 0,= (mA, - «A.)t, where e is the Stark field, m ( 
and n are integers, and A. and A, are the first- 
order Stark tuning rates of the upper and lower 
vibration-rotation states. 11 Thus, in Fig. 2 we J 
find that (O, - n,)/e equals 4A, - 2A„ (line a), 3A, j 
-A„ (ft), 2A, (c), 4,tA, (d), 2A„ (e), and 3A.-A, | 
(/) to an accuracy of one part in 1000 or better. * 
The Btrong lines c and e are the ordinary double j 
resonances [Fig. 1(a)) and correspond to AM = 2 ' 

intervals In the lower and upper vibrational states) 
The other lines are the coUiBlon-induced reso- 


-\v" 


J 




abed e' < 

1-I-U_I_I_I_I_I_I ■_1_i_I_I _ ■ . J_I 

70 80 90 100 110 120 130 140 1 50 1 60 170 1 80 190 200 210 220 

Stark Field (Volts/cm) 

FIG. 2. Optical double-resonance spectrum for ,S CH,F at ~ 3 mTorr pressure and Oj — 02=30.008 MHz. Lines i 
and e correspond to the level configuration of Fig. 1(a) and the others to Fig. 1(b). The Stark sweep is computer 
driven in steps and the output signal Is digitized (squares) and least-squares fitted to Lorentzian line shapes (soli' 
line). The Stark gap spacing is 0.602 56 cm and the sample path length la 10 cm. 
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nances; they all have the level configuration of 
Fig, 1(b) where the two transitions do not share 
a common level; they display linewldths (~ 800 
kHz) about twice as large as that of c and e, In 
agreement with Eq. (2), but considerably narrow - 
er than a 60 MHz Doppler width. If the plane of 
polarization of one or both beams is rotated by 
jir, to allow AM = 0 transitions, the spectrum is 
drastically altered but the fundamental behavior 
remains unchanged. From Fig. 2, both types of 
double-resonance signals are seen to be of the 
same order of magnitude and,.furthermore, de¬ 
pend on the product of the two field intensities, 
as predicted by Eq. (2). As expected, the colli¬ 
sion-induced signals vary linearly with pressure 
at high pressure and appear to approach a qua¬ 
dratic dependence at very low pressure. 

We have also observed analogous collision-in¬ 
duced resonances In Lamb-dip spectra for the 
same transition of “CH S F. For example, when 
the selection rule is AM = 0, Lamp dips are moni¬ 
tored for the Af = 3 — 3 and 4-4 transitions, but 
an additional line occurs midway between them 
due to the collision-induced resonance. Clearly 
it cannot be an ordinary double resonance ("cross¬ 
over” resonance) since there is no level common 
to both transitions. In this case, a double reso¬ 
nance occurs when the resonance conditions flj 
-*r 1 v, = <o at and Cl 1 + k 1 v/ = u et are simultaneously 
satisfied for the same velocity group, v l =v l '. 
Consequently, the double-resonance condition be¬ 
comes O t = w<*)/2. Here, the two oppositely 

propagating waves play the same role as the two 
unidirectional waves of different frequency in the 
above discussion, and the two transitions are sim¬ 
ilarly coupled by collisions. 

The mechanism which tips the angular momen¬ 
tum vectors of two colliding CH,F molecules is 
the long-range anisotropic interaction of their 
permanent electric dipoles. For this process, 
collision partners will retain their initial rota¬ 
tional energy but will exchange a small orienta¬ 
tional or Stark energy for translational energy, 
which is not detected in the linewldth. The colli- 
sional transition (J, K, M) - (J, K,M ±1) occurs for 
this interaction because symmetric tops like CH,F 
have a nonvanishing dipole matrix element. 11 To 
first order, the corresponding transition rate for 
one of the collision partners will be proportional 
to the matrix element squared K*(J±M ± 1)(<7+Af)/ 
[■!*(«/+1)*]. Hence, molecules with high rotational 
quantum number J or small K are not tipped easi¬ 
ly in agreement with the classical gyroscope de¬ 
scription. It is for this reason that collision-in¬ 


duced double resonance has been seen here in the 
**CH t F transition (J, K) = (4,3) - (5, 3) but not in 
our earlier studies 10 of the U CH,F ( J,K)= (12, 2) 
— (12,2) transition. From the intensity ratio of 
lines d to c or d to e, we obtain (y'/y) = 0.15, and 
a cross section of - 100 A* for AM = ± 1 reorient¬ 
ing collisions of the (J, K)= (4, 3) or (5, 3) state. 
Hence, for this case about 15% of the collisions 
change the-Af state while J remains fixed and the 
remaining 85% presumably involve changes in 
J and M. Microwave experiments 11 in OCS, on 
the other hand, failed to show any evidence for 
AM = ± 1 collisions, because the symmetry of a 
linear molecule prevents electric dipole transi¬ 
tions between magnetic sublevels of a given J. 

In future experiments, the colllBlonal selection 
rules might be tested. Multiple quantum jumps 
in M could occur either in a single step or se¬ 
quentially and might depend critically on the 
choice of a foreign buffer gas and its specific In¬ 
teraction with CH,F. 
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Light Scattering from Orientation Fluctuations in a Cholesteric Liquid Crystal. 
Angular and Field Dependences of the Light-Beating Spectrum 

Donald B. DuPr6 and Russell W. Duke 

Department of Chemistry, University cf Louisville, Louisville, Kentucky 40208 
(Received 26 February 1974) 

Examination of the Rayleigh line of a lyotropic oholesterlc polypeptide liquid crystal 
by the techniques of quasielastic—light-scattering spectroscopy reveals the presence of 
two new purely dissipative, low-frequency light-scattering modes of comparable inten¬ 
sity. Angular and electric field dependences of the deconvoluted spectra are consistent 
with the Identification of the mechanism as due to twist and viscous-splay normal modes 
recently predicted theoretically. Analysis of the twist mode on this basis yields a value 
of ri, the twist viscosity coefficient of the medium. 


Recent theoretical considerations 1 of orienta¬ 
tional fluctuations in an incompressible choles¬ 
teric liquid crystal demonstrate that there are 
two dominant, slowly relaxing hydrodynamic 
modes that should be observable by light scatter¬ 
ing. One mode corresponds to a twisting and un¬ 
twisting of the supramolecular spiral arrange¬ 
ment, whereas the other is a combination of vis¬ 
cous-splay motion about the molecular director. 
Both modes are overdamped and would lead there¬ 
fore to a broadening, but no overall displacement, 
in the frequency of scattered laser radiation. 
Theory suggests several possible means of iden¬ 
tifying and separating the modes, which in princi¬ 
ple should be easier to accomplish than in the 
case of nematic liquid crystals which also have 
been shown, both theoretically 2 and experimental¬ 
ly, 1 to exhibit two interesting, purely dissipative 
light-scattering modes. To our knowledge there 
has been no reported experimental observation of 
these modes in a cholesteric liquid crystal. This 
may be due to prohibitive experimental complica¬ 
tions in the more common thermotropic choles¬ 
terics. We present here the results of our study 
on a lyotropic cholesteric liquid crystal of poly¬ 
peptide origin. The Rayleigh line was examined 
by the techniques of laser light-beating spectros¬ 
copy and found to be resolvable into two Lorentz- 
ian components of comparable intensities, one 
broad and one sharp. The line shapes and angu¬ 
lar dependences of the spectral half-widths of the 
'wo components are in accordance with the iden¬ 
tification of one as a cholesteric twist normal 
mode and the other as a viscous-splay normal 
mode. Analysis of the sharp mode which we as¬ 
sociate with twist deformations leads to a value 
jt />i, the ratio of the twist elastic constant 
lo the twist viscosity coefficient of the medium. 

'Vn independent measurement' 1 of allows the 


determination of y l for this liquid crystal. Ex¬ 
perimental results and discussion will follow a 
brief resume of the theoretical predictions of 
Fan, Kramer, and Stephen. 1 

The twist normal mode involves a twisting os¬ 
cillation about the spiral axis of neighboring 
molecular planes with a restoring force given by 
the twist elastic constant Kj 2 , and a resistance in 
proportion to the dissipative coefficient The 
mode is overdamped and would result, therefore, 
in a broadening in the frequency of scattered la¬ 
ser radiation, with a contribution to the half- 
width of the Rayleigh line theoretically given by 

r,=K 2 /r,V, (1) 

where q is the magnitude of the scattering vector. 
The predicted line shape is Lorentzian and is 
most intense at momentum transfers correspond¬ 
ing to those required for Bragg scattering, i.e., 
q=i2q^, where t/q 0 is the pitch of the cholesteric 
helix. In the presence of an applied electric or 
magnetic field, Eq. (1) is modified, at least for 
small q, by a multiplicative function which de¬ 
presses the half-width for all scattering angles 
and predicts a band gap in the dispersion curve 
for the damping constant at 5=5,. 

The hydrodynamic equations also yield a set of 
independent relations which are identified with 
fluctuations about the molecular director in vis¬ 
cous splay. 3 These modes are also overdamped 
and one is dominant in the light scattering with a 
damping constant given by 

r s^K7o !+ *u7 2 ), (2) 

where k„ and are the splay and bend elastic 
moduli, respectively, and /i =(o s + or, + o 5 )/|>,(of 4 
f or,) - y 2 o 2 ] is a collection of viscosity coeffi¬ 
cients (the Leslie coefficients). The predicted 
line shape .of this normal mode is also Lorentz- 
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Ian but in this case is sharpest at half the Bragg 
condition: q = *v The effect of a weak magnetic 
field on this spectral half-width was also consid¬ 
ered. A band gap in the mode spectrum also oc¬ 
curs, but in the approximation the damping con¬ 
stant, Eq. (2), is unchanged. 

The theory was restricted to orientational fluc¬ 
tuations that propagate solely along the cholester¬ 
ic spiral axis, z. In the general case, which was 
not developed, where the direction of propagation 
is at an angle to this axis the hydrodynamics of 
the director field fluctuations becomes more 
complicated and the above relations for the spec - 
tral half-widths would be presumably modified. 

The influence of the two modes on the light¬ 
scattering spectrum could conceivably be sepa¬ 
rated in one of two ways: (a) One mode is shown 
to scatter light most strongly for momentum 
transfers exactly equal to the Bragg condition, 
whereas the other does so at intermediate angles. 

(b) The angular dependence of the half-widths of 
the two contributions though both quadratic in q 
are very different. Eq. (1) for the twist-mode 
half-width goes to zero at zero scattering angle, 
whereas Eq. (2) has a finite intercept. 

There are complications in either procedure. 

In case (a) one must examine the light-scattering 
spectrum at exceedingly small angles if the peri¬ 
odicity of the cholesteric structure is large 
(small q„). For more manageable scattering an¬ 
gles (q 0 large), the periodicity of the structure 
would have to be the order of the wavelength of 
the light. This is, of course, the condition for 
strong light scattering and the unique iridescent 
appearance of cholesteric liquid crystals in white 
light. Problems with multiple scattering may 
prevent spectral analysis in this case. On the 
other hand, if both modes contribute significantly 
to the light-scattering spectrum, a detailed an¬ 
gular-dependent study of the half-widths (case 
(b)l may be hampered by the unavailability of a 
number of viscoelastic constants that appear in 
equations for the spectral half-widths and inten¬ 
sities. In our study only procedure (b) was prac¬ 
tical. 

Liquid crystal solutions of poly -7 -benzyl-/-glu¬ 
tamate of molecular weight 310000 were pre¬ 
pared ( 0.2 g/ml) in Millipore-filtered chloroform 
which had been distilled from NaOH solution to 
remove traces of water that could result in elec¬ 
trolytic hydrolysis of the polypeptide. The poly¬ 
mer is known to form a lyotropic liquid crystal 
of the cholesteric structure in this solvent at this 
concentration.' After maturation, samples were 


observed to be of high optical clarity with a zero- 
field pitch corresponding to ?„ = 7.48 x 10* cm 
We could not, however, prepare uniformly orient¬ 
ed homogeneous or homeotroplc samples of this 
liquid crystal, the state of the art of such surface 
orientation in polypeptide liquid crystals being 
much less advanced than in the more extensively 
researched thermotropics. In these experiments 
we do not, therefore, meet the condition of the 
theoretical paper that q lie strictly along the 
cholesteric z axis. Using the techniques of laser 
light beating, or quasielastic spectroscopy, the 
Rayleigh line of scattered laser radiation was ex¬ 
amined as a function of scattering angle and ap¬ 
plied electric field. Our apparatus is essentially 
that described elsewhere 9,7 with a 3-mW He-Ne 
laser as a light source and a signal-averaging 
capability provided by a programmable calculator 
interfaced to the spectrum analyzer. Spectra 
were recorded at scattering angles ranging from 
20 to 90’ in 5° increments with the sample under 
the influence of an electric field of 0 to 300 V/ 
cm. Fields were applied perpendicular to the 
scattering plane and were well below the critical 
value for the electrotropic cholesteric-to-nema¬ 
tic phase transition as previously determined . 9 
Light-scattering spectra much below 20 ° were 
found to be unsuitable for analysis as they con¬ 
tained both homodyne and heterodyne components. 
Resultant spectra could not be described by a 
simple Lorentzian line-shape function. Broad 
wings of measurable intensity extending in some 
cases out to 5000 Hz were evident. In all cases, 
however, spectra could be separated by a decon¬ 
volution process into two overlapping Lorentzian 
components, one broad and one sharp. The half¬ 
width of the broader component is quadratic in q 
and has a nonzero intercept when extrapolated to 
zero scattering angle (Fig. 1). The half-width of 
this mode is depressed with increasing field j 

strength but the intercept is common to all fields. 
The angular dependence of the narrow component 
is also quadratic in q, but has a zero intercept. 
Application of an electric field also depresses 
the spectral half-width. Although the existence 
of randomly oriented microdoroains within the 
scattering volume precludes a definitive identifi¬ 
cation of the origin of the two light-scattering 
modes observed, the angular and field depen¬ 
dences of our results are suggestive that the 
scattering mechanism giving rise to the braod 
mode is the cholesteric viscous-splay mode and 
that of the sharp mode is the twist deformation. 
Given this, the analysis of the angular depen- 
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KfG. 1. Spectral half-widths X’ of the deconvoluted 
iectra versus the scattering vector q : for a cholester- 
polypeptlde liquid crystal. Crosses, scattering with 
e eloctrlc field £ “ 0; solid clroles, E "100 V/cm; 

«m circles, £”200 V/cm; triangles, £"300 v/cm. 
le broader component with a nonzero Intercept when 
trapolated to zero scattering angle may be Identified 
th the theoretically predicted vlsoous-splay normal 
ode. The narrow component Is In accordance with 
e angle dependence of the line shape for the choles- 
rlc twist normal mode. 


?nce of the sharp component yields a value of 

xlO' 8 cgs. Taking a„ = 12.1 xlO" 7 emu 
js from a previous experiment* we find that y, 
16.2 P. This value Is 2 orders of magnitude 
reater than y, reported for a smectic liquid 
'stal" and 3 orders of magnitude above that for 
natic systems. 10 The trend is understandable 
:erms of the greater response times to exter- 
disturbances noted for polypeptide liquid 
r stals (-10-20 min) as compared to thermo- 
pics (-milliseconds). 

. I though the value of y, derived from the data 
the low-frequency (sharp) mode is In line with 
t reported on other systems, viscoelastic con- 
nts obtained from the broad mode associated 
h viscous-splay deformations are anomalous, 
isidering Eq. (2), we see that 

tfdTjdjq*) k,i 

r,(? = o) «„■ V 

)rn the slope and intercept of the zero-field 
a of Fig. 1, we obtain a ratio of k u /k,, ~ 10 


In most liquid crystals all the * 4t are of the same 
order of magnitude. This anomaly does not nec¬ 
essarily constitute reason to reject the associa¬ 
tion of the broad mode with splay deformations. 

tor example, has been shown to diverge near 
the nematic-smectic-A phase transition in a 
thermotropic liquid crystal." Although this is 
certainly not the case here, recent work in our 
laboratory 12 and that elsewhere 11 have shown a 
wide variability of measured values of itj 2 for the 
polypeptide liquid crystal of this study, x^’s 
that are orders of magnitude greater than those 
of thermotropics have been observed and are ex¬ 
tremely sensitive to variation in solvent and poly¬ 
mer molecular weight. Although direct data on 
and a,, are not yet available, it may be these 
moduli are also anomalous in thiB liquid crystal. 

A search for the predicted band gaps of Ref. 1 
proved impractical in our system. The large 
pitch of this liquid crystal, which is fundamental¬ 
ly responsible for its optical clarity, would re¬ 
quire a scattering angle of less than 0.5°. 

We acknowledge support of this research from 
the donors of the Petroleum Research Fund, ad¬ 
ministered by the American Chemical Society, 
and from Research Corporation. 
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U wire samples under very high confining gas pressures are heated Ohmieally Into 
the liquid phase. The sample diameter la measured after achievement of thermody¬ 
namic equilibrium. Enthalpy-volume Isobars and resistivity-enthalpy ourvea are ob- 
talnod. The data are fitted with a soft-sphere theory of liquids, and the critical point 
0/ V Is estimated. 


One of the main problems in high-temperature 
physics is the containment of a hot solid or liquid 
sample so that thermodynamic equilibrium is ob¬ 
tained and contamination by container materia! is 
avoided. 1 For this reason, good experimental 
data above 3000 K are rare. fn the present Let¬ 
ter we describe equation- 0 /-state and resistivity 
data obtained by a new method, for uranium in 
thermodynamic equilibrium up to 9000 K. 

The apparatus consists of a pressure cell capa¬ 
ble of holding He gas to 0. 4 GPa (4 kbar) and a 
critically clamped 45-kJ capacitor bank for resis- 
tively heating the 1-mm-diam by 25-mm-long 
sample. A large ballast resistor is in series 
with the sample so that the current pulse is inde¬ 
pendent of the sample resistivity. The energy de¬ 
posited is controlled by timing the firing of a 
spark gap which short-circuits the sample, so 
lhat only a fraction of the capacitor charge pass¬ 
es through the sample. The current pulse Is long 
enough (15-30 psec) so that the skin effect is 
negligible and the sample is very near equilibri¬ 
um at all times during the pulse. Further details 
of this part of the apparatus have been described 
elsewhere. 2 Refinements to the apparatus de¬ 
scribed in Ref. 2 include (1) a new sample and 
voltage -probe assembly which reduces the mag¬ 
nitude of the inductive contribution to the voltage 
measurement, (2) the addition of sapphire win¬ 
dows which allow us to replace the flash x-ray 
shadowgraph picture of the sample with an optical 
shadowgraph, and (3) the addition of a streaking 
camera to record the complete djameter-versus- 
time history of the expanding sample. 

The equation-of-state data are the pressure, 
volume, and enthalpy of the hot liquid uranium. 

The pressure of the He gas surrounding the sam¬ 
ple is constant during the expansion since the 
cell volume is much greater than the sample vol¬ 
ume. This pressure is controlled and measured 
to within 1">'. The enthalpy is controlled by vary¬ 
ing the length of the current pulse and is comput¬ 


ed as the time integral of the product of the cur¬ 
rent through the sample times the voltage drop 
across a carefully measured length of the sam¬ 
ple. The inductive voltage is estimated and sub¬ 
tracted from the total voltage, although the over¬ 
all correction to the enthalpy Irom this proce¬ 
dure is negligible. The sample volume is mea¬ 
sured by streaking a slit image of the rod diame¬ 
ter. The sample is illuminated from behind with 
the 514.5-nm line from an argon-ion laser, while 
a narrow-band filter in front of the camera dis¬ 
criminates against the blackbody radiation. An 
actual streak record is shown in Fig. 1. Since 
the expansion is constrained to be only in the ra¬ 
dial direction, the volume is proportional to the 
square of the diameter. Uniformity of the sample 
expansion along the axis has been demonstrated 



FIG. 1. A streak record of the expansion of the sam¬ 
ple diameter. The Initial diameter (bottom of record) 
la 1.0 mm while the final diameter (middle of record) 
is 1.16 mm. The pressure Is 0.1 GPa (1 kbar); the 
final enthalpy is 0.59 MJ/kg; the streak duration is 
200 psoc, 


70 




Volumb 33, Numbm 2 


PHYSICAL REVIEW LETTERS 


8 July 1974 


with both flash x-ray shadowgraphs* and optical 
snapshots using a pulsed ruby laser. Based on 
^the accuracy of the diameter measurement in the 
streak record and the diameter uniformity in the 
snapshot, the estimated error in the volume mea¬ 
surement is ± 2%. 

The long duration of constant expanded volume 
in Fig. 1 indicates that thermodynamic equilibri¬ 
um has been achieved within a few microseconds 
of the end of the current pulse, and that the hy¬ 
drodynamic instabilities characteristic of a long 
liquid column do not set in for at least several 
hundred microseconds. The final volume mea¬ 
surement is made during this time interval. The 
highest enthalpy shots for both 0.1- and 0.2-GPa 
isobars showed short stagnations (10-20 psec) 
followed by rapid expansion. This could be due 
to the entry of all or part of the sample into the 
liquid-vapor two-phase region. Work is under¬ 
way to investigate the cause of this late-time ex- 
lansion. 

The enthalpy-versus-volume isobars along with 
static (P = 1 bar) experimental data 3 and theoreti¬ 
cal curves are shown in Fig. 2. The hard-sphere 
/an der Waals theory 3 (which has no adjustable 
parameters) shows poor agreement with the ex¬ 
perimental data. This is probably due to the un¬ 
realistic coefficient of thermal expansion predict¬ 
ed by the hard-sphere model. We use instead a 
“soft-sphere” theory based on Monte Carlo cal¬ 
culations with smooth inverse-power interparti¬ 
cle potentials. 5 This theory is used as an empir¬ 
ical fit to the data, since we do not have a relia¬ 
ble theory of liquid uranium at expanded volumes. 
The soft-sphere pressure and energy are given 
by 

NhT’ ' 2I 

P=Nir'/J2V. (3) 

Here N is the number of atoms, k is Boltzmann's 
constant, C„ is the lattice constant' correspond¬ 
ing to n, and E a is the cohesive energy. There 
are four adjustable parameters: w, m, (, and a. 
The parameters « and o are determined from the 
properties of uranium at the melting point The 



/ 
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ERHEB THEORY 


EXREEIMtNT 
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Fla. 2. Experimental enthalpy—relative-volume Iso¬ 
bars compared with static data and theory. The breaks 
in the hard-sphere curves represent entry Into the 11- 
quid-vapor region. The soft-sphere theory has been 
fitted to the experimental data. In both pairs of theore¬ 
tical curves the upper and lower curves correspond to 
0.2 and 0.1 GPa, respectively. The static data are 
available up to the melting point of uranium and the 
curve shows a change of curvature due to solid-solid 
phase transformations. In this plot the enthalpy at 
room temperature and normal volume (V,) is taken to 
be zero. The corrections to the experimental enthalpy 
points duo to the initial compression are negligible. 


parameters n and m are then adjusted to fit the 
experimental data. There are a number of (n, rn) 
sets that fit the data, so an additional condition 
is required to narrow the choices further. We 
choose this condition to be reasonable agreement 
with the critical temperature and pressure as 
predicted by the hard-sphere Van der Waals theo¬ 
ry. We have some confidence in these numbers, 
based on correlation of theory and experiment for 
the alkali metals and mercury. 3 

The best soft-sphere theory fit is obtained for 
n = 6 and m = 0.75. This fit predicts the tempera¬ 
tures for the highest experimental enthalpy points 
to be 6730 K (0.1 GPa) and 9260 K (0.2 GPa). The 
entry into the liquid-vapor region is predicted to 
take place at V/V 0 = 1.95 (0.1 GPa) and V'/V 0 = 2.30 
(0.2 GPa). The predicted critical constants are 
T c = 12 434 K, V c = 0.2662 m 5 /Mg, and p c = 0 .4950 
GPa. The critical temperature is in close agree¬ 
ment with Grosse’s estimate 7 of 12 500 K. 
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FIG. 3. Resistivity of uranium compared with Htatlc 
data. The solid-solid and solid-liquid transitions are 
Indicated by the horizontal bars, along with the transi¬ 
tion temperatures. 

Since the sample diameter, the current, and 
the voltage are all measured as a function of 
time, the resistivity of the sample can be mea¬ 
sured during the expansion. These data are pre¬ 
sented in Fig. 3, with a comparison with the mod¬ 
erate-temperature static data of Busch, Gunthe- 
rodt, and Kunzi." The quantitative agreement be¬ 
tween the dynamic and static data is another indi¬ 
cation that the sample Is close to thermodynamic 
equilibrium at all times during the heating pulse. 
We have not attempted to make a theroetical cal¬ 
culation of the resistivity. The resistivlty-ver- 
sus-volume curve is, however, similar to that 
reported for expanded copper by Ben-Yosef and 
Rubin. 0 

By overcoming the containment problem and 
achieving thermodynamic equilibrium we have 
been able to extend equation-of-state and resis¬ 
tivity measurements to much higher tempera¬ 


tures than were before possible. Also, by using 
an inert gas as the confining medium, we can 
subject the sample to accurately measured pres-f 
sures comparable to the sample critical pres¬ 
sure, thus covering a large portion of the liquid 
range. Experiments are now being continued with 
carbon, and will later be extended to other ma¬ 
terials. The experiment will be improved by ex¬ 
tension of the pressure range and by direct mea¬ 
surement of the temperature. 

We thank W. G. Hoover for the use of his un¬ 
published soft-sphere theory. 
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Probability distributions for Fourier components of the electric field, Including joint 
distributions for different Fourier components and multiple-time distributions for the 
same component, are determined using two assumptions within the spirit of weak-turbu¬ 
lence theory. This statistical framework is then applied to the special case where the 
turbulence is dominated by the wave-particle interaction (l.e., the quasllinear case). 

Weak-turbulence theory 1 determines the ensemble-average spectral density of the electric field [l.e., 
<l£ t (()l a )J, for turbulence arising from certain weak plasma instabilities. To have a complete theory 
one needs in addition probability distributions for the Fourier components of the electric field, includ¬ 
ing joint distributions for different components and multiple-time distributions for the same compo¬ 
nent. In this Letter, I show that all these distributions are approximately Gaussian. The basic rea¬ 
son for this is that the Fourier integral defining each component typically extends over a range much 
larger than the spatial autocorrelation length for the turbulence. Consequently, each component is the 
sum of many statistically independent terms, and the central-limit theorem of probability theory 1 im¬ 
plies that such a quantity has an approximately Gaussian distribution. This result would be known to 
electrical engineers as the statement that the output of a narrow-band filter is approximately Gaussian, 
for any stationary random input signal of sufficiently short autocorrelation time. Here I merely tran¬ 
scribe the previous demonstrations 2,3 of this fact into a language appropriate to weak-turbulence theory. 

As an application of this statistical framework, I consider the special case where the turbulence is 
dominated by the wave-particle interaction. For this case quantities appearing in the distributions as 
parameters, such as the standard deviation, are determined by quasilinear theory 1 and Dupree’s’ re¬ 
cent theory of phase-space granulation,® or "clumps.” 

First we establish the Gaussian nature of the distributions. Consider a one-dimensional plasma of 
length L with periodic boundary conditions at each end. 7 The Fourier components of the electric field 
are defined as 

E»(0 = {l/L)j 0 L dxE{x, l)exp{— ikx), 

where k = 2vti/L. It is convenient to introduce the real and imaginary part of each component [i.e., 

F,(/) = £, fJ,> (/) + i£„ f/ \/)]. We will need the following two assumptions: (1) The statistical properties 
of £(*,/) are spatially homogeneous [i.e., E{x, I) is stationary in .v); for example, (E(.v, /)) and 
(K(v, /)£(.v + 4, t)) are independent of x. (2) E(.v, t) and E{x+ 4, 0 are statistically independent for 4=* f, 
where / «L. The first assumption is simply a statement that there is nothing in the problem to single 
out a particular value of x. The end points do not do this, because we have assumed periodic boundary 
conditions. The second assumption certainly is true if L is much larger than the product of the larg¬ 
est velocity in the problem and the duration of the experiment. This is similar to the weak-turbulence 
(or quasllinear) assumption that the spectrum is dense, that is, that 2v/L<xy/v or L »t;(2it/y), where 

is the velocity of a resonant particle and y is the growth rate. 

As a first step in the derivation, we summarize the Implications of assumption (1). The x indepen¬ 
dence of (£(*,/)) Implies that (£* (R, (f)) = (£» (,, (0) =0 for k* 0. Likewise the x independence of ( E(x,t ) 
x E (-v + 4,0) implies that 

()> -(E^’COE^’tO) =(£» i (/ ’(0£* i (/> «)> =0, (1) 

for A, * k a . Since a change in the origin of (he x axis by bx = n/2k changes £* (R V) to £*”’(/) and E t ,n (t) 
to - ), spatial homogeneity also implies that 

<£,< R >(f )£,<«>(! + T)> >(f + r)> = a Re{E»(f )£**(/ + t)> , 

( 2 ) 

+ r)> = -<£»<'’(/)£,<*>(( + r)> = - \ Im<E*(OEV« + T)>. 
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Next we use assumption (2) to express £,(/) as the sum of many statistically independent terms. 
Choose a length s such that Z, ».<;»/ and rewrite E„(t) as 



where N-I./s. The terms in this sum are statistically independent, since s»l and E(x + $,t) and E(x, 
t) are statistically independent for t&l. 

The central-limit theorem of probability theory 2 states that if a vector X is the sum of many statis¬ 
tically independent vectors x, (i.e., X = £/Xj), then the components of X are distributed according to 
the Gaussian 

/'[.Y„.Y„... ,Xj = exp(- iX f • n' 1 • X)/[(2iry , |ir|] 1/ *. (4) 

where q,, = (X l X l ), "JI" 1 Is the inverse of JT, 17^1 Is the determinant of JT, ami X f is the transpose of X. 
Also, Eq. (4) has been written in a form that assumes (X> = 0. This condition will be satisfied for all 
our applications since we will choose the components of X to be various Fourier components of the 
field, and assumption (1) implies that these components have zero mean (i.e., (£'*) = 0). 

As a first application, we let X = [Ej K> (t),Ei, l,) (t)]. By setting r = 0 in Eq. (2), one can Bee that ji n 
- p al = i(l£*(f)l 2 > and p la = 0. Consequently, the distribution for X 1 =E t (J>) (t) and X , =E t (I \t) takes the 
simple form 

, AT, 1 = [jt([ A* (/)|“> 1 * 1 exp[- (.Y I a + .Y a !, )/<|£*(/)| 2 >3. (5) 

To determine the joint distribution for many different Fourier components, we let X = f£» j (Ji) , E k (, \ 
E» t lK) ,E i2 "\ ■. .]■ From Eq. (1) one can see that the elements of JTconnecting different Fourier com¬ 
ponents all vanish (i.e., p la =(E, t <,i, E lj <R> ) = 0, etc.). Consequently, the joint distribution for many 
Fourier components reduces to a product of distributions for the individual components [i.e., Eq. (5)]. 
This Implies that triple and higher-order correlations of different components all vanish. Note that 
spatial homogeneity alone does not force these correlations to vanish, provided the various wave num¬ 
bers sum to zero. The correlations are simply higher order in the small parameter l/L [e.g., (jB k 
x,i » a fe »j)/(l*:* 1 l !l )' /a ^0^(1 / Lf)/0((l / Lf n )]. By retaining corrections to the central-limit theorem, we 
would have found nonzero higher-order correlations. It is interesting to note that although the phases 
are random to lowest order in l/L, the corrections arise in such an order that the present theory can¬ 
not be used to justify the random phase approximation (RPA). The RPA assumes that the sum 
XE q E t . k E mp ) can be replaced by 2(lE„. J l 2 )(l£,l s ). The neglected terms are all of order {l/L) 3 [i.e., 

( L ' ki E kj /i k4 ) ~ 0((l / l.f) for *, *kp*k 3 * fcj, whereas the two terras retained are of order (l/L)*. How¬ 

ever, the sum over p introduces a factor L/l in the neglected terms, so the RPA cannot be justified 
by the present argument. 

By setting X ), E k (l) (t),E k *\t + t ),E k in (l i r)[ we can determine the two-time distribution for 

a single Fourier component, P[.Y,, Y 2 ,.Y 31 ,Y,1. However, more Interesting than the two-time distribu¬ 
tion Itself is the conditional two-time distribution P[.Y 3 ,X < I.Y l ,.Y 1 ] = P[.Y I ,.Y a ,.Y 1 ,X 4 l/P[.Y,,X f ], which 
gives the probability that E k will have the value X 3 n'.Y 4 at time t r t given that it had the value X 1 + iX 1 
at time t. Using Eqs. (2), (4), and (5), we can write this distribution as 

/“|V„Aj.Y 1 ,.Y,| (irO)' 1 exp[ -fc» ’I (Y, * iX q ) - (X, *iX 1 ){E k *(t)E i (t + T)>/(|fi t (f)| 2 )| a ], (6) 

where 

< T)b-1(/•;*• if}/■-„« *■ t)M 2 /(|£*(0I s >. 

Thus far we have developed a rather general statistical framework that must be satisfied by any tur¬ 
bulent field satisfying assumptions (1) and (2). We now apply this statistical framework to the special 
case where the turbulence is dominated by the wave-particle interaction (i.e., the quasilinear case). 

We choose this ease because it is central to weak-turbulence theory and because it is particularly sus¬ 
ceptible of confusion In the pxesent context. One of the conclusions of quasilinear theory is that 

E,(f * t) E,(f lexp[-!«;„ t+ / | , * T >,(/')d/' I, (7) 

where uc„ is the frequency and y k (t) the instantaneous growth rate. From this expression one can see 
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that 0 is Identically zero, so that the conditional distribution reduces to a delta function, (X, + iX t ) 

[i.e., E„(t + t)] being predicted exactly by (Y, +iX t ) [i.e., £*(/)]. If this were in fact true, the present 
statistical theory would be rather superfluous. However, recent computer simulations 8 designed to 
verify quasllinear theory show that E k (t + r) does not evolve according to Eq. (7), but rather follows a 
curve that varies stochastically about the r dependence predicted by Eq. (7). The point is that £»(f + r) 
is not predictable from knowledge of £’»(f) alone; £,(/ + t) depends as well on E t ,(t), for example. Quasl- 
linear theory neglects this dependence, at least the phase dependence, by averaging over the compli¬ 
cated nonlinear structure of the particle distribution in the resonant region. 

Dupree* has calculated corrections due to this structure in his recent theory of phase-space granu¬ 
lation or “clumps.” The “clumps" are produced by the turbulence and then free-stream like ballistic 
perturbations. As they stream they emit by Cherenkov radiation new waves uncorrelated with the orig¬ 
inal ones. In this way, randomness is Introduced during the evolution, and 6 takes a nonzero value.® 

A calculation 10 of this effect for the case of electron-wave turbulence yields the results 

0 = (|£»(f + r)| 8 )(l - exp{- //* T [12}), 

(I E„(f + r)|*> =<(£*(f)| 1 > exp {f‘* T [2y„(f') + 12y/(f')A» # ]df' }, (8) 

)E*(< + t))/(|£ 4 (/)|*> = exp[-too, r + J t ,tT y k (l')dl'], 

where we have assumed that r is larger than the autocorrelation time for the field as seen by a reso¬ 
nant electron. One can think of this calculation as carrying quasllinear theory to second order in the 
small parameter (yAo,) a , the relative importance of the Cherenkov-radiated waves being determined 
by the Integral /, ,,,r [l2y t a (f ')/u p ]dt'. When this Integral is Bmall, 0 is much smaller than (l£,(f + t)I 2 ), 
and the conditional distribution [i.e., Eq. (6)1 is strongly peaked about the quasllinear value X t + iX t 
= (Y, + iY,)exp[-ta),T + /, ,+ T y,(/')df'l. When the integral is large, 0 = (!£',(< + r)I 2 ) and (l£*(< + t)I*> 
■>(l£',(f)l ! ) exp[2//* r y,(f')rf/ '], so the conditional distribution [i.e., Eq. (8)] reduces to the uncondition¬ 
al distribution [i.e., Eq. (5)] evaluated at time t+r. 

The author has enjoyed useful discussions with S. Bodner, C. Driscoll, J. Malmberg, S. Rice, 

W. Thompson, and C. Van Atta. 
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The results can be extended easily to throe dimensions. 

! n. Blskamp and H. Welters, Nucl. Fusion 12 . 89 (1972); J. Byers, Bull. Amer. Phys. Soc. 26, 1420 (1970). 

'Note that also mode-coupling can produce a nonzero value of 0, and this may even dominate in the later stages 
of the evolution. The spirit of the proseni calculation is to focus on the randomness associated with the wave-par¬ 
ticle interaction alone. 

"’Details of the calculation will be prosented in a later paper. 


75 



Volume 33, Numbeb 2 


PHYSICAL REVIEW LETTERS 


8 July 1974 


Spatially Resolved Measurement of Impurities and the Effective 
Charge Z in a Tokanuik Plasma 

D. E. Evans 

United Kingdom Atomic Energy Authority Research Group, Culham Laboratory, 
Abingdon, Berkshire, United Kingdom 

and 

M. L. Yeoman 

Royal Holloway College (University of London), Egham, Surrey, United Kingdom 
(Received 1 April 1974) 

Laser-radiation scattering is proposed as a method for measuring impurities in tok&mak 
or toroidal pinch plasmas. A direct measurement of the effective charge for momentum 
transfer, 2, appears feasible by this technique. 


The importance of plasma Impurities to the out¬ 
come and interpretation of experiments on mag¬ 
netically confined plasmas of the tokamak or to¬ 
roidal pinch types is widely recognized. A large 
fraction of the energy input can be lost through 
radiation by Impurity ions, while the Increase in 
the plasma effective charge Z incurred by the ad¬ 
dition of hlgh-2 ions results in enhanced resistiv¬ 
ity, and the Impurity concentration affects the 
particle containment time. u Moreover, the pos¬ 
sibility that heavy impurities will tend to diffuse 
inwards and collect on the axis of the discharge* 
has a critical effect upon the steady-state reactor 
concept, and emphasized the exceptional signifi¬ 
cance of a detailed study of impurity behavior. 

In this Letter we draw attention to the feasibility 
of performing a sensitive, spatially resolved mea¬ 
surement of Impurity concentration which relies 
upon the influence of a small fraction of heavy, Z 
> 1 material on the frequency spectrum of laser 
radiation scattered by a plasma. 4 

Tokamak plasmas acquire heavy-ion impurities 
by evaporating limiter and wall material, giving 
rise to populations of, for example, molybdenum 
(Af = 96, Z=42) or tungsten (M = 184, ^T= 74). 

These appear in the plasma as highly charged or 
even, at temperatures of several keV, as fully 
stripped ions. 

The expression for the frequency distributions 
of collective fluctuations in a contaminated plas¬ 
ma, given in Ref. 4, has been evaluated for cases 
where the principal ion is deuterium and the im¬ 
purity is fully stripped molybdenum or tungsten. 
Results of this calculation are shown in Fig. 1, 
where the abscissa v is the frequency shift Aw 
normalized to the thermal spectrum width of the 
deuterium, and the parameter a is the 

usual ratio of scattering scale length to plasma 


Debye length. The heavy ions manifest them¬ 
selves at the center of the ion feature as a nar¬ 
row peak which remains detectable at levels of 
contamination as low as ten heavy ions per mil¬ 
lion deuterons. 

It appears to be impossible to Identify different 
species from their simultaneous contributions to 
a composite fluctuation spectrum. However, it 
turns out that the very important effective charge 
of the plasma for momentum transfer Z, where 

1 b susceptible to direct measurement in a scat¬ 
tering experiment. An examination of Eq. (3) of 



FIG. 1. Computed frequency distribution of collective 
electron fluctuations In deuterium plasmas containing 
fully stripped molybdenum or tungsten at concentra¬ 
tions 10* s , 10'*, and 10"* times the deuterium particle 
density. Curves labeled D l refer to pure deuterium. 
X=iW*V l fc u . 
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Ref. 4 modified to take account of electron drift 
and magnetic field reveals that, provided all Ions 
have the same temperature T„ the analytic ex¬ 
pression lor the scattering form factor of a plas¬ 
ma composed of a mlxture of Ionic species con¬ 
tains the effective charge Z explicitly when eval¬ 
uated at the spectrum center (x = 0 ); 

where a, is the ratio of thermal speeds of ions of 
the most abundant kind and the electrons, 

Z = exp[- (w pt /w ct )*\aln 2 6/a > , 

0 is the angle between the scattering vector £ and 
the magnetic field S, T t is the electron tempera¬ 
ture, and T Is Independent of a. Two scattering 
experiments performed at different values of a, 
i.e., at different scattering angles in the same 
plasma, eliminate r and allow the solution of the 
above equation for Z in terms of a u a„ S(a lt 0), 
and S(a„ 0). Figure 2 shows spectra calculated 
far the contaminants reported for the hydrogen 
plasma of the Princeton University ST tokamak® 
at scattering angles corresponding to a, = 1.0 and 
10. The field factor g/coeO was set equal to 
unity. The effective charge is calculated from 
these distributions to be Z=3.30, In good agree¬ 
ment with the Princeton value. 

The possibility that electron drift current may 
obscure the influence of impurity ions on the fre¬ 
quency spectrum has been Investigated, as far as 
is possible within the linear theory of plasma den¬ 
sity fluctuations, by introducing multiple ion spe¬ 
cies Into the equation given by Boyd, Evans, and 
Gardner® for the dynamic form factor incorporat¬ 
ing electron drift and magnetized electrons. Be¬ 
cause the electron drift velocity v D In a tokamak 
is not expected to exceed the Ion thermal velocity 
w ( , and because the electron gyro frequency u>„ 
is comparable with the plasma frequency the 
distortion of the spectrum by drift can be approx¬ 
imated, to first order In vjv, (the drift velocity 
normalized to the electron thermal speed), by 
the expression 

S(y) 

S(y = 0) 

ai + _ 2 UrDjVn/v.) 

(cos 9/g)[(A + l) , + D* + IJ*] + 2V?« # fl!x ’ 



FIG. 2. Computed frequency dietrlbutlone of collec¬ 
tive electron fluctuations In hydrogen plasma with con¬ 
taminants found in the Princeton University ST tokamak 
(Ref. 6). Concentrations given as fraction of hydrogen 
number density. Ions are assumed fully stripped. Z 
-3.30. Here * ^Au^h/hydro- 


where 

* T, 


R(a,x), 


D = ^j Lt I („ x) 

n, = t(M J /Af 1 )(r l /T J )] l/1 , x = u»/kv u 


and eZ t , M Jy N t , and T t are charge, mass, num¬ 
ber density, and temperature of Ions of the yth 
kind, respectively. R(a t x) and I(a } x) are real 
and Imaginary parts of the plasma dispersion 
function. 

This shows that, at least to first order in Vg/ 
v t , electron drift produces no distortion at the 
spectrum center (v = 0 ) since £>(arg = 0 ) ■ 0 , and 
also that drift distortion is asymmetric with re¬ 
spect to the center in contrast to the symmetric 
enhancement expected for Impurity ions. De¬ 
creasing the magnetic field, or making the angle 
between the scattering vector k and magnetic 
field 5 depart from perpendicular, increases the 
field factor cosfl Zg and diminishes the enhance- 
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men t produced by a fixed drift. Numerical exam¬ 
ples demonstrate that the comparatively weak 
drift current expected in a tokamak has almost no 
effect unless k and § are nearly perpendicular. 
Thus with »•„=>', and 0 = 0, S(y)/S(v =0)- 1= 10 
near the maximum (x = 0.18) of the spectrum of 
the deuterium plasma containing 10"’ Mo 41 ions 
per deuteron shown In Fig. 1. Enhancement as 
large as 1% is achieved only when 0 reaches 
89.7°. Similarly, the drift perturbation of the ST 
tokamak spectrum Illustrated in Fig. 2 was com¬ 
puted at v = 0.2 to be less than 2% if 9 was less 
than 60°. So, provided It and 5 are far enough 
from perpendicular, the influence of electron 
drift on the ion feature expected for a tokamak 
plasma appears to be negligible compared with 
impurity effects. 

Since the Debye length in a tokamak plasma is 
75 to 100 pm, the laser needed to reach the re¬ 
quired n values at scattering angles large enough 
to retain the spatial resolution inherent in scat¬ 
tered-light experiments might be either HCN, 
operating at 337 pm for which a pulsed power of 
1 kW has been reported, 7 or CO,-pumped methyl 
fluoride at 496 pm at a pulsed power of 30 kW.® 

In either case, heterodyne detection® would be 
obligatory. 

We conclude that contamination of a hydrogen 
plasma by heavy, high-Z ions can be measured 
by collective scattering of laser radiation down 
to about 10 ppm. In contrast to conventional 
spectroscopy, fully stripped ions are detectable. 
Moreover, a correctly designed scattering exper¬ 
iment could measure the effective charge Z of 
the plasma directly. Within the approximations 


of the linear theory of fluctuations, electron drift 
of the strength expected in a tokamak has negligi¬ 
ble effect on these conclusions, provided that the 
angle between the magnetic field and the scatter¬ 
ing vector is sufficiently far from perpendicular. 
Spatial resolution, without recourse to Abel in¬ 
version, is a feature Inherent in the scattering 
technique. 

We are Indebted to Dr. J. Sheffield for drawing 
our attention to this problem, and to Dr. A. Woot- 
ton for valuable comment. 
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Ion Heating at Twice the Ion-Cyclotron Frequency in Reactor-Oriented Machines 


H. U. Weynants* 
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Kiminklijke Militaire School, 10-tO Brussels, Belgium 
(Received 18 March 1974) 


A systematic stud\ N made of the efficiency of first-harmonic Ion-cyclotron heating 
in hot, dense, large plasmas. Promising heating times are derived when the Imposed 
axlnl wavelength satisfies the rather restrictive high-temperature, hlgh-denslty limita¬ 
tion h, ' w >( 'V 1 u) c( ~ *c* ? . 


Heating at the first harmonic of the ion-cyclo¬ 
tron frequency (a = 2w ci ) Is considered to be one 
of the more attractive supplementary heating 
schemes for reaching ignition In large tori. As 


is well known, 1 “* this heating method depends up¬ 
on the excitation of the fast hydromagnetic wave, 
whose electric field at u) = 2w c( has an appreci¬ 
able left-hand polarized component, l.e., in the 
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sense of the Ion rotation. Efficient excitation of 
the fast wave is, however, only possible above a 
threshold density, corresponding to the lowest 
radial magnetoacoustic resonance (see, e.g., 
Messiaen and Vandenplas 4 ). This limit proves 
to be quite severe for most small-scale machines 
and little experimental evidence for heating is 
available until now. Dollinger et al. s reported 
wave damping and plasma heating in the beach of 
a linear device. Hosea and Hooke studied the 
fast-wave propagation in toroidal geometry 6 and 
reported ion heating . 7 

In the present Letter, we summarize a sys¬ 
tematic study of the optimization of harmonic ion- 
cyclotron heating of large, dense, hot plasmas. 
The wave-particle interaction leading to such 
heating can be formulated by means of the colli¬ 
sionless dielectric tensor* expanded in powers of 
\ 0 = * J ,W o m t ,' 1 iu ro ' J , where k x is the component 
of the wave vector perpendicular to the magnetic 
field, a denotes the species, T a is the tempera¬ 
ture (assumed to be Isotropic), the mass, and 
0 )„ the cyclotron frequency. As usual 3 the ex¬ 
pansion parameter Is then assumed to be such 
that terms of order higher than 1 need not be re¬ 
tained. A bounded-geometry description was 
first sketched by Vasileev el at., 1 and a more 
thorough one given by Cato® with application to a 
particular experimental cold-plasma setup. The 
present treatment differs from the latter in its 
scope and in various amendments which will be 
systematically pointed out, but particularly 
through the boundary conditions which here apply 
to a magnetically confined plasma. First, we con¬ 
sider a homogeneous cylindrical plasma in a con¬ 
stant magnetic field, toroidal effects being dis¬ 
cussed afterwards. 

The infinite plasma column of radius a is sur¬ 
rounded by vacuum and excited from outside by 
a rf field periodic along the z axis, which can be 
expanded in a sum of transverse electric (TE) 
and transverse magnetic (TM) cylindrical waves, 
deiined by their axial magnetic (ff„) and electric 
(E,„) field components 4 : 



xexp(i(nfl + -<*>/)], ( 1 ) 

where r, 6, and * are the cylindrical coordi¬ 
nates, k u Is the axial wave number correspond¬ 
ing to the nth azimuthal component, k 0 = uc ml Is 
the vacuum wave number, and J n is the Bessel 
function of order n. The applied field Induces a 


rf field inside the plasma, given below, and a 
scattered field 

Xexpli(ng+k„z-cot)], (2) 

where Is a Hankel function. After imposing 
the boundary conditions, one can calculate the 
absorbed power P by applying Poynttng’s theorem 
over a surface 5 surrounding the plasma. The 
dielectric tensor elements K u , as given in Ref. 

8 , Eq. (9.9), are introduced in 

c*kx (kXE) + i*>* iT* E = 0, (3) 

giving a dispersion relation of third order in k x . 
By the inverse transformation from kj to - 
a factorable sixth-order differential equation de¬ 
scribing the perturbations inside the plasma is 
then found, the solution of which has the form 

H.= '£A J „Jjk Xi r)exAi{n8+k„2 -c*>f)J, (4) 

j-i 

where the k x f are the three roots of the disper¬ 
sion relation. All other field components can 
then be expressed in terms of the same constants 
A ln . For a given n, there must be five boundary 
conditions to determine the five unknowns: the 
A fn , O n , and L„. Via the relationship between 
kinetic A ordering and moment expansion of the 
Boltzmann equation (see also Ref. 10), we obtain 
the following constraints at the plasma (p)-vacuum 
(u) interface": 

E/ = tV, P, 8=0, (5) 

B r P B 0 V /Bq - B" = - , 

Aside from the familiar continuity of E, and 
fl 9 , these equations express the fact that like 
the equilibrium plasma pressure, the perturbed 
plasma-pressure components p rr , p re , and p rM 
must be balanced by a jump in magnetic field. 

The numerical evaluation was carried out for 
typical thermonuclear parameters. The applied 
field is purely TE ((,’„ = 0) and Is characterized 
by a of at the plasma boundary. We 

note the following: 

(i) A typical dependence of the absorbed power 
per unit axial length P' on density (N) is shown 
in Fig. 1 for fixed k, and o> = 2u> c( . The absorp¬ 
tion, which is low below the infinite-plasma cut¬ 
off ce >l a Jfe J ' J c' J = J, is very much enhanced by the 
first magnetoacoustic resonances which are su- 
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-- I ... * rouehlv proportionally to density. At higher densities. 

SZSS.™ overall behav.or can be and.r.lood oo«..l».l, o the W. « a. 
infinite-plasma formula 

( 6 ) 


p t ' r^VfoW^H'jEi’exp 


!»/K 


■ ««,*)■ 


the 


where o> p , is (he ion plasma frequency. e„ \ 
vacuum permittivity, and V, = (2KT,m i J ) J/S the 
Ion thermal velocity. It can be shown that 


1 iB, -Bo 1 

(i.R+UJ..,(k±r)f 

1 iB, *-Bgj 



where kj. is that of the fast wave. When to,, 2 
>k,‘c 2 , H can be approximated by ft - - i(j--S)/ 
(-y + S), with 

S = i(wV i u.', l , /c*k l w cl 2 )Z , 

where Z is the plasma dispersion function of 
argument (u -2u ci )k,~ i V t ' i . Forw = Oand cold 
plasmas, the left-hand component equals 5 of 
the right-hand one. However, £»„ drops signifi¬ 
cantly when to,, 2 !', »# p w ci c 2 . For instance, for 
the case T,= 10" of Fig. 1, <v„ decreases from 
0.39 at N- 10“ cm -3 to 0.05 at Af= 10 14 cm’ 3 . 
Physically, this very Important hot dense plasma 
effect results from wave confluence (see Fig. 2) 
of the fast wave with an ion Bernstein wave. The 
third wave present is of lesser importance. Over 
the range where the fast wave is ion Bernstein 
like, its heating properties are very much re¬ 
duced. 

In Fig. 1, not only the relative importance of 



N [cm' 3 ] 

FIO. i. P’ versus density for a cylindrical plasma 
vith parameters: deuterium, o = l.3 m, B, p «5 T, k, 

1 m 1 . T v ■ 10* K. The solid lines apply to an ion tem- 
x'rnturc T , 10* K and azimuthal mode numbers n - 0 
ind - 1. For the dashed curve, T, - 10 11 Tv and 11 - 0. 
fhe influenco of « Is seen to be quite significant. 


I the left-hand component decreases with density, 
but also the magnitude of the average field in¬ 
side the plasma. At fixed B,,", this can be due to 
two effects: a change of the surface Impedance 
(-EgH,’ 1 ) or a change of the field distribution 
inside the plasma which is characterized by an 
e -folding length proportional to Rek x /lmk x . As 
these are mainly bounded-plasma effects, gener¬ 
al considerations are difficult to formulate. 

(ii) A typical dependence of P’ on k, for fixed N 
(10 14 cm’*) and to = 2to ei is shown in Fig. 3, where 
the k, absorption band is strikingly clear. How¬ 
ever, k, values higher than 10 m ’ 1 are entirely 
unsatisfactory for the large plasmas under con¬ 
sideration due to the exponentiallike l„(k,r ) fall- 
off of the exciting field As a result, the 

k. bandwidth is even more reduced. 

(iii) The absorption around to = 2u cl is often 
very asymmetric. On the one hand, there Is 
the influence of the ion Bernstein wave which can 
propagate for u <2w c( (see Fig. 2). On the other 
hand, the magnetoacoustic resonances which are 
excluded from the immediate vicinity of 2to cl 
when <o„ 2 V,>k,w cl c 2 can be superposed anywhere 
on the (to - 2u.’ ct )* Gaussian of Eq. ( 6 ) when the In¬ 
equality is reversed. 

We now briefly turn to the Implications for to¬ 
roidal field geometry. Because of the magnetic 
inhomogenetty, absorption only occurs in a reso- 




100 102 


FIG. 2. Real and imaginary parts of the square of the 
perpendicular wave numbers of the first (F) and ion 
Bernstein (B) waves around The plasma parame¬ 

ters arc those of Fig. 1, with T,= 10* °K and \ = 10 14 
cm' 3 . The solid lines represent positive values, the 
dashed lines negative ones. The waves are complex 
conjugate from the confluence up to close to 2u> e( . 
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FIG. 3. P' versus axial wave number k, for a cylin¬ 
drical plasma whose parameters are those of Fig. 1, 
with T t ~ 10* °K and N- 10 14 cm'®. The arrows mark the 
position of the infinite-plasma cutoff and 

the hot-plasma limit 


nance zone of approximate width A =k, V t Ru) cl ' 1 
where H is the major radius. In Fig. 2, it can 
be seen that, when v ti 2 V, » k,u et c *, a fast wave 
approaching from the high-field side will encount¬ 
er a zone of mode conversion before getting to 
this resonance zone. However, this is in no way 
restrictive, since the easiest way to launch waves 
experimentally is from the outside or low-field 
area of the torus. As regards the absorbed pow¬ 
er, one can assume’ that the energy is distribut¬ 
ed over the whole plasma by means of the rota¬ 
tional transform, in which case the values found 
in the cylindrical approximation have to be mul¬ 
tiplied by 0 = (2/x)A a' 1 . This leads to an impor¬ 
tant reduction when A, i.e., k, is small. How¬ 
ever, the values thus found are too pessimistic. 
Indeed, in our cylindrical approximation reso¬ 
nance exists everywhere and a wave entering the 
plasma will gradually damp as it proceeds. The 
equivalent field in Eq. ( 6 ) is then averaged over 
the whole plasma. In toroidal geometry, the 
wave remains undamped until it hits the reso¬ 
nance zone. While it will then damp with about 
the same e-folding length as before, the average 
field will now be higher. 

On this basis, we attempt a final assessment 
of the heating efficiency for a deuterium plasma 
with a = 1.3 m, N= 10 14 cm*’, T, =10* K, and 
* n “ - 5 T and R/a = 5 under axisymmetric excita¬ 
tion. The normalization is now based on the as¬ 
sumption that for technological reasons the elec¬ 
tric field E 8 at the plasma boundary must be lim- 


TABLE I. Typical optimized heating times without 
(tj) and with (tj) field correction. 




"lm' 1 


10 m' 1 


T» 

7 1 

7) 

7 1 

(TO 

(sec) 

(sec) 

(boc) 

(Bee) 

10* 

15.5 

5.5 

1.5 

0.4 

10 T 

5.5 

0.6 

0.5 

0.2 

10 8 

1.4 

0.15 

0.18 

0.18 


lted to 3000 V/m. Table I shows typical optimal 
heating times r for various T, and k, combina¬ 
tions. t, is defined as NKT t ta x /pp', while r 2 is 
the average corrected value based on the com¬ 
puted e-folding lengths. As regards the *,=10- 
m ' 1 values, one should bear in mind that in or¬ 
der for a structure located at r = l,5 m to create 
the assumed field, the £ e value at that radius 
would have to be some 2xio* V/m. As r scales 
as E g" 1 , very promising heating times could be 
achieved when higher fields are permitted. 

The author acknowledges with pleasure discus¬ 
sions with A. M. Messiaen and P. E. Vandenplas. 
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Absence of Surface States in Cu 
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The linear combination of muffin-tin orbitals technique has been used to calculate the 
electronic energy levels of a five-layer Cu (001) film. We do not find any surface states 
in the s-d gap as had been predicted and calculated in other theoretloal studies. Instead 
we find the energy levels to be nearly Indistinguishable from those of the bulk crystal, 
which agrees with ion-neutralization-spectroscopy data on Cu crystals and with photo- 
emission data from thin overlayers of Cu on Ag substrates. 


The linear combination of muffin-tin orbitals 
(LCMTO) method 1 has been used to calculate the 
electronic states of a flve-layer-thlck Cu (001) 
film. We find that the energy levels correspond 
closely to those of bulk Cu and that there are no 
surface states even though the surface-charge re¬ 
gions are included. The absence of surface states 
for Cu is in agreement with the experimental pho¬ 
toemission data of Eastman and Cashion* and with 
the ion-neutralizatlon-spectroscopy (INS) data of 
Hagstrum. 3 More recently, Eastman and Grob- 
man 4 have found that photoemission from thin 
overlayers of Cu on Ag substrates Is character¬ 
istic of the bulk for overlayer thicknesses greater 
than four layers. Therefore, our results for a 
five-layer thin film should be representative of 
thick films and crystal surfaces. 

Absence of surface states in the s-d gap is con¬ 
trary to previous theoretical predictions 5 and cal¬ 
culations." We are able to find states in the s-d 
gap when we mix bulk and thln-film states. How¬ 
ever, we will show that these states are an arti¬ 
fact resulting from the interface between the thin 
film and bulk and that these gap states would have 
been mistaken for surface states if we had limit¬ 
ed the film thickness to one or two layers. 

Application of the LCMTO method to thin films 
proceeds exactly as in solids except that the lay¬ 
er structure constants of Kambe 7 are used in 
place of the bulk structure constants of Ham and 
Sogall. 6 

The Cu (001) thln-film model consists of a total 
of seven layers. The inner five layers contain 
Cu atoms with the outermost two layers being 
empty of Cu atoms. Potentials for the seven lay¬ 
ers were constructed by overlapping Herman- 
Skillman* atomic charge densities. The potential 
in the outer two layers will be referred to as sur¬ 
face charge because it results from the charge- 
density tails of the five inner layers. Potentials 


for the outer two occupied layers will be called 
surface potentials while the potentials for the in¬ 
nermost three layers (which were nearly identi¬ 
cal) will be called bulk potentials. Nonspherlcal 
corrections to the potential were included since 
the site symmetry is C 3B . 

The basis set for layers one to five consisted 
of thirteen muffin-tin orbitals (MTO) centered on 
each Cu site and all orthogonalized to the ls2s2/> 
core states. Four MTO’s represent the 3s, 3 p 
core states and nine MTO’s represent the va¬ 
lence bands. Four MTO’s were used for each 
surface-charge region. At a general h point, our 
matrix size is 73 x 73 . 

The reliability and adequacy of the basis set 
described above was tested by using this basis 
set along with the Cu Chodorow potential 10 to cal¬ 
culate the bulk energy bands with our crystal 
LCMTO energy-band procedure. We find differ¬ 
ences of at most 0.005 Ry with the Burdick aug- 
mented-plane-wave 11 (APW) values at the r, X, 
and L symmetry points. 

The accuracy of our method of constructing 
potentials was verified by recalculating the bulk 
energy bands at T, A, and L, using the potentials 
of the innermost three layers. We find, at most, 
0.01-Ry differences with the Burdick APW re¬ 
sults, thus indicating we have constructed a good 
potential and basis set. 

In Fig, 1(a) the energy states for the seven-lay¬ 
er film at the T point of the two-dimensional Bril- 
louln zone are arranged at intervals to empha¬ 
size their similarity with the bulk energy bands 
in Fig. 1(b). Investigation of the thln-film wave 
functions reveals approximate Bloch symmetry 
in that the sign of the coefficients of the MTO’s 
alternate as from layer to layer although 
the magnitudes of the coefficients from layer to 
layer are not equal as required for Bloch symme¬ 
try. This approximate Bloch symmetry serves 
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FIG. 1. Comparison of the eigenstates of (a) 5-layer 
Cu thin film with tho eigenstates of (b) 100 layers and 
(e) 5-layer thick films, respectively, where the wave 
functions nro constrained to Bloch form In (b) and (c). 


as further justification for arranging the thin- 
film energy states to correspond to bulk energy 
states. Furthermore, the wave functions are 
found to extend over the full five layers so that 
none of the states can be interpreted as a surface 
state. 

If the thln-film calculation is repeated without 
surface charge (the potential is discontinuous at 
surface), the top of the s-d band which corre¬ 
sponds to X,, is raised from - 0.403 to - 0.310 
Ry, and the state corresponding to X , is bent 
downwards by 0.003 Ry. Surface charge makes 
quantitative not qualitative differences. Further¬ 
more, the similarity between bulk and thln-film 
states holds for the Chodorow potential also. 

In Figs. 1(b) and 1(c), we graph the results of 
calculations on 100-layer and five-layer films, 
respectively, where the wave functions are con¬ 
strained to Bloch form in the 2 direction and the 
surface-charge regions are excluded. 

In Table I, we tabulate the band extrema of Fig. 
1 and compare to bulk. The 100-layer Bloch- 
funetton results are within about 0.02 Ry of the 
results of a bulk calculation. Thus, we can con¬ 
sider Fig. 1(b) to be representative of the bulk. 

It is also clear from Fig. 1 and Table I that the 


TABLE I. Comparison of thin-film and band states 
at the T point of the two-dimensional BriUouin sons. 


Symmetry 

Note a 

Note b 

Note 0 

Note d 

l's, 

-0.772 

-0.776 

-0.782 

-0.778 

A V*3> 

-0.777 

-0.777 

-0.780 

-0.778 

r i2 *y 

-0.721 

-0.724 

-0.716 

- 0.720 

r 12 s.i* 

— 0.725 

-0.726 

-0.731 

-0.720 

i’j s, t* 

-1.140 

-1.168 

-1.146 

-1.177 

x, 

-0.676 

-0.673 

-0.678 

- 0.670 

X, 

-0.867 

-0.864 

-0.860 

-0.868 

Xj 

-0.679 

-0.686 

-0.686 

-0.683 

x 4 ' 

-0.403 

-0.338 

-0.417 

-0.366 

X, 

-0.866 

-0.889 

-0.874 

-0.893 


‘Thln-film results of Fig. 1(a). 
b l00-layer results of Fig. 1(b). 

'5-layer results of Fig. 1(c). 

d Bulk calculation using potential of Innermost layers. 


energy states of the thin film in Fig. 1(a) more 
closely resemble the bulk stateB than do the flve- 
iayer Bloch-function results of Fig. 1(c). For ex¬ 
ample, the r 25 , states are nondegenerate by 0.018 
Ry (0.762-0.780) in Fig. 1(c) whereas the nonde¬ 
generacy is only 0.005 Ry (0.772-0.777) in Fig. 
1(a). Thus, relaxation of the Bloch condition al¬ 
lows the states to assume energy eigenvalues 
which more closely resemble the bulk values. 

In Table II we give the extrema of the thln-film 
bands as a function of layer thickness in order to 
show how rapidly the bandwldths approach the 
bulk values. The table leads one to expect closer 
correspondence with the bulk if we were to in¬ 
crease the number of layers. For example, the 
nondegeneracy of the rw -like states Is 0.02 Ry 
(0.779-0.759) for three layers, 0.012 Ry (0.766- 
0.778) for four layers, and only 0.005 Ry (0.772- 
0.777) for five layers. 

Comparison of thin-film states and bulk states 
have also been performed for theX (100) and M 
(j|0) symmetry points. No surface states appear 
and the difference between bulk and five-layer 
thin films is a little larger than at the r point but 
always less than 0.04 Ry. 

Previously, surface states had been predicted 
and calculated in the s-d gap 5 ’ 9 between - 0.75 
and - 0.88 Ry. These methods depend upon con¬ 
tinuing the bulk wave functions into the surface 
regions with the matching plane between bulk and 
surface being one layer or bo below the surface. 

We now show how states can be introduced into 
the s-d gap which, however, are not true surface 
states. The Cu crystal Is divided Into a 100-lay- 
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TABLE n. Band extrema at the I' point of the two-dimensional Brtl- 
louln zone as a function of number of layers. 


Number of layers 


Symmetry 

1 

2 

3 

4 

5 

**,yz 

- 0.701 

-0.686 

-0.680 

-0.678 

-0.676 



-0.742 

-0.769 

-0.766 

-0.772 

xy 

-0.793 

-0.782 

-0.779 

-0.778 

-0.777 



-0.832 

-0.847 

-0.863 

-0.857 

x'-y* 

-0.682 

-0.879 

-0.679 

-0.679 

-0.679 



-0.708 

-0.718 

-0.719 

-0.721 

*,** 

-0.709 

-0.671 

-0.482 

-0.433 




-0.734 

-0.72 2 

-0.727 

-0.726 


-0.861 

-0.863 

-0.866 

-0.806 

-0.866 



-1.033 

-1.098 

-1.126 

-1.140 


er-thick region and a thln-film region of thick¬ 
nesses between one and five layers. The film is 
represented by the usual MTO’s while the bulk 
region is represented by the five 100-layer Bloch 
functions of Fig. 1(b) with k vectors (0, 0, 0), (0, 

0,0.2), (0,0, 0.4), (0, 0, 0.8), and (0, 0,1). Re¬ 
gardless of film thickness, one state always re¬ 
sults In the s-d gap with energy depending on 
layer thickness but varying between -0.79 and 
-0.81 Ry. The remaining energy states corre¬ 
spond to those of the bulk states exactly as In the 
thin-fllm results of Fig. 1(a). The charge densi¬ 
ty of the gap state Is almost exclusively localized 
at the layer dividing the thin film from the bulk 
100 layers. This gap state can easily be mistak¬ 
en to be a surface state when a thln-film thick¬ 
ness of one or two layers Is used. However, If 
the thln-film thickness Is Increased to five lay¬ 
ers, this state resides totally within the crystal 
at the Interface region and appears to separate 
two crystals of Cu. We would expect this gap 
state to disappear If we include all the Bloch func¬ 
tions of the 100-layer film. 

In conclusion, we find no evidence of surface 
states in Cu. More generally, our results indi¬ 
cate that the relaxation of the Bloch condition on 
the wave functions may exist deeper into the crys¬ 


tal than the one or two layers now assumed in 
matching techniques. Relaxation of the Bloch con¬ 
dition near the surface Is essential to maintaining 
close correspondence with bulk states. 

We wish to thank Dr. K. Kambe for helpful com¬ 
ments concerning the structure constants. 
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Strong 4/ Resonance Effects in Rare-Earth Appearance-Potential Spectra 


W. E. Harte, P. S, Szczepanek, and A. J. Leyendecker 
laboratory for Physical Sciences, College Park, Maryland 20742 
(Received 6 May 1974) 

Soft-x-ray appearance-potential spectra of rare-earth elements are Interpreted in terms 
of strong resononco Interactions between the Incident electrons and atomic 4/ states. 
Thoso Interactions account for bath the large intensity and the threshold shifts of the mea¬ 
sured signal. This resonance porslsts in La, Ce, Pr, and Nd when present as only a few 
atomic percent in a NiCr alloy reflecting the local character of the interaction. 


Recently, attempts have been made to exploit 
the technique of soft-x-ray appearance-potential 
spectroscopy (SXAPS) to investigate the electron¬ 
ic structure and composition of solid surfaces. 

The spectral line shapes are thought to be deter¬ 
mined by a self-convolution of the density of emp¬ 
ty conduction-band states 1 while the positions of 
the excitation thresholds provide a measure of 
the core-level binding energies and serve to iden¬ 
tify the surface constituents. Our investigation 
of a NiCr alloy containing small amounts of the 
rare earths La, Ce, Pr, and Nd and a compari¬ 
son with a pure La sample show that the pres¬ 
ence of localized/ states disrupts the expected 
appearance-potential spectra. The unusually 
large intensities, the line shapes, and the posi¬ 
tions of the rare-earth spectra are determined 
by a strong resonance involving an interaction of 
the Incident electron with localized 4/ states. 

The occurrence of this resonant behavior has 
been recorded by Liefeld, Burr, and Chamber- 
lain (LBC) a and Chamberlain, Burr, and Liefeld 
(CBL) 9 using a series of continuous emission 
spectra to follow the resonance emission. In a 
recent paper evidence of the effect of the emis¬ 
sion resonance on the SXAPS line shape of Sm 
has been reported near the A/ s and Af 5 threshold 
energies only. 4 Our investigation demonstrates 
the resonance effect on SXAPS whenever there 
exist allowed transitions between a core slate 
and localized states near the Fermi energy. For 
elements In the beginning of the lanthanide scr¬ 
ies these effects occur near the threshold ener¬ 
gies of the <Vf, and transitions. Resonance phe¬ 
nomena may also affect the SXAPS of elements 
In both the transition and the actinide series. 

The spectrometer used in these experiments is 
basically the same as those reported on by other 
SXAPS experimenters. The NiCr alloy contained 
709ri nickel with the rare earths determined to 
constitute less than 1 at.^. The La sample was 
prepared in an argon atmosphere to prevent ox¬ 


idation. Both the La surface and the alloy sur¬ 
face were further processed by electron heating 
until evidence of surface contaminants could no 
longer be detected in the SXAPS spectra. 

There are three anomalous features which are 
evident in the SXAPS spectra of the NiCr alloy. 
The spectrum is reproduced tn Fig. 1, First, 
the features which are associated with the Af, 
core level of La and the and M t core levels 
of Ce, Pr, and Nd do not have the line shape 
characteristic of the L t core level transitions 
of Ni. Therefore, the line shapes either of the 
rare-earth or of the Ni core level transitions 
(or both) cannot represent the self-convolution of 
the empty density of states of the alloy. Second, 
the measured threshold energies, defined as the 
point of inflection of the leading edge of each 
spectral line, 9 deviate from the binding energies 
of the corresponding core levels as given by 
Bearden and Burr (BB).' The measured thresh¬ 
old energy for La is larger than published by BB; 
for the other rare-earth elements the measured 



FIG. 1. The SXAPS spectrum from a NiCr alloy con¬ 
taining small amounts of the rare-earth elements La, 
Ce, Pr, and Nd. The displayed region encompasses 
the .rf,, M t excitation lines of the rare-earth elements 
and the lines of Ni. 
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FIG. 2. The 8XAPS spectrum of La In the vicinity of 
the M t ,M t excitation energies. A comparison Is made 
between the measured solid curve and the points cal¬ 
culated on the basis of emission spectra recorded by 
I.BC. 



FIG. 3. A comparison between the SXAPS alloy spec¬ 
trum (solid curve) In the vicinity of the M t ,M t thresh¬ 
old of the Ce solute and computed values (dashed curve) 
of the energy derivative of the Ce resonance emission 
isolated by CBL. 


threshold is less than the BB results. Third, the 
SXAPS of rare-earth elements, when adjustment 
is made for the relative densities of the alloy con¬ 
stituents, is nearly 2 orders of magnitude larger 
than the N1 spectra. 

The SXAPS of pure La for energies from 800 
to 875 eV is shown in Fig. 2. Both the position 
and the shape of the structure near the M, thresh¬ 
old are essentially identical to the La emission 
measured from the alloy. Therefore, other pa¬ 
rameters unaffected by alloying must determine 
the SXAPS of La. The experiments on La show 
further that not all coro level transitions are as¬ 
sociated with large intensities in the SXAPS spec¬ 
tra. The M t ,M t and N t ,N 4 levels exhibit large 
peaks while the spectra of other levels such as 
the and A',, N 3 , and N t are more than 

an order of magnitude smaller 7 and indicate the 
absence of an associated resonance phenomenon. 

The details of the measured SXAPS line shapes 
are accounted for by the resonance emission as 
measured in La and Ce by CBL. The changes in 
the total x-ray emission per unit change in inci¬ 
dent electron energy comjxited from the series 
of spectra measured on La by LBC have been 
plotted in Fig. 2 aleng with the La SXAPS spec¬ 
trum. The SXAPS spectrum represents the de¬ 
rivative of the total x-ray yield and is nearly 
identical to the derivative of the x-ray emission 
identified by LBC as arising primarily from the 
resonance phenomena. Cerium, for which CBL 
have isolated the resonance contribution, shows 


more clearly the dominance of the resonance 
emission in determining SXAPS spectra. The en¬ 
ergy derivative calculated on the basis of the iso¬ 
lated resonance emission as determined by CBL 
is compared to the SXAPS line shape of Ce In Ftg. 
3. The two spectra agree in both position and 
shape when plotted as a function of incident elec¬ 
tron energy. The slight offset between the reso¬ 
nance contribution and the measured SXAPS may 
consist of emission attributable to band effects 
predicted in the Park and Houston theory. 1 

Intense structure occurs in the rare-earth spec¬ 
tra only for those core levels having proper sym¬ 
metry consistent with dipole transitions to final / 
states. The thresholds of these Intense lines are 
also consistent with transitions involving the 4/ 
states of the rare-earth elements. In Fig. 4(a) 
the discrepancies between the measured thresh¬ 
old energies and published binding energies for 
the M t (or Af 4 ) lines are plotted together with the 
energies of the N %7 levels for the four rare-earth 
elements present in the alloy.*’* It is apparent 
that the measured threshold energies reflect the 
separations between the M %4 and N^ 7 levels rath¬ 
er than the binding energies of the 3/f electrons. 

In La, in which the energy of the 4/ state is 
greater than the Fermi energy, the resonance 
does not begin until the incident electron has an 
additional energy beyond the binding energy to in¬ 
teract with the empty 4/ level. For the other 
rare-earth elements the interaction begins below 
the Af, (or A/ 4 ) binding energy by an amount cor- 
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FIG. 4. (a) The binding energies of the if levels for 
T.s, Ce, Pr, and Nd (dashed curve) are compared with 
the difference (solid curve) between the BB values of 
the binding onorgles of the M s (or Afj) levels and the 
SXAPS threshold energies, (h) A similar comparison 
of tho binding energies of the 3d levels of the transi¬ 
tions elements (dashed curve) and differences (solid 
curve) between tho SXAPS threshold energies as mea¬ 
sured by Park and Houston and the binding energies of 
theZ.,, L z core levels. 


responding to the energy. In Fig. 4(b), we 
have made a similar comparison for the transi¬ 
tion elements using the SXAPS thresholds of the 
and L 2 lines as measured by Park and Hous¬ 
ton. 1 The deviations between the BB binding en¬ 
ergies and the Z,^, thresholds track the reported 
A/^, values in a manner similar to that of the 
rare earths and suggest a similar threshold reso¬ 
nance phenomenon in the transition elements. In 
support of this conclusion, Hanzely and Lief eld 8 
have reported a moving peak below the electron- 
beam bombarding energy in the l., soft-x-ray 
emission spectrum of iron. This energy peak is 
found only on the high-energy side of the La line 
and decreases In intensity upon moving away 
from threshold. 

The existence of similar SXAPS line shapes for 
La in both its pure form and as a dilute solution 
in the NiCr alloy reflects the nature of the /states 


in the rare-earth elements. These states are lo¬ 
calized, have little overlap with adjacent atoms, 
and are not significantly affected by alloying. By 
recognizing the importance of the resonance in¬ 
teraction between the incident electron and the / 
states present in rare-earth atoms we have been 
able to explain the puzzling properties of their 
SXAPS spectra. Their Intense response is the 
consequence of an increase of over 2 orders of 
magnitude In x-ray emission due to the reso¬ 
nance. The existence of the resonance line shapes 
for dilute amounts of rare earths in the NiCr al¬ 
loy has shown that the localized / states are still 
present in the alloy and that SXAPS samples their 
local atomic environment. The enhancement by 
resonance of the SXAPS spectra also makes this 
technique a very sensitive means of detecting 
rare-earth elements. The ability to measure the 
behavior of the localized / states and to charac¬ 
terize their transition line shapes and positions 
relative to a sharp core level should make the 
SXAPS technique extremely important In provid¬ 
ing data for theoretical calculations. 
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New Interpretation of the Soft-X-Ray Absorption Spectra of Several Alkali Halides* 
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(Received 22 April 1974) 

New peeudopotentlal calculations ot the densities ot states of trigonal Se and Te (In ex¬ 
cellent agreement with recent photoemission measurements) are used to show that two 
easily resolved peaks In the photoe mission data are directly related to Interchain and in- 
trachaln bonding. This identification Is accomplished by calculating electronic charge den¬ 
sities as a Amotion of energy for different energy regions. Finally we Introduce a new 
method for determining bonding charges by extracting short-wavelength components of the 
electronic charge density. 


The electronic structure of trigonal Se and Te 
has been the subject of many experimental and 
theoretical studies. 1 Recently the advent of new 
ultraviolet (UPS)’ and x-ray (XPS)**’ photoemls- 
slon measurements has provided important Infor¬ 
mation about all the valence bands and has re¬ 
vealed some Inadequacies of present theoretical 
calculations. 4 * 8 In one of these calculations 4 a 
complete merging of s- and />-like bands was pro¬ 
posed which disagrees qualitatively with the re¬ 
cent photoemlsslon data. Other calculations 1,8 
show a separation of s- and p-like bands which 
is In qualitative agreement with these experi¬ 
ments; however, bandwldths and Important struc¬ 
ture in the p-like bonding states are not obtained 
correctly. The experimentally observed charac¬ 
teristic two-peak structure In the p-llke bonding 
states is, as we shall show, intimately related to 
hvo distinct types of bonding states so that pre¬ 
cise calculations are necessary before a detailed 
understanding of the electronic structure and 
bonding nature of Se and Te can be obtained. Fi¬ 
nally the Information gained by a careful examin¬ 
ation of the crystalline forms of Se and Te is a 
considerable aid in understanding the amorphous 
phases 5 ’ 7 of Se and Te as well. 

In this Letter we thus present new calculations 
of the electronic densities of states of trigonal 
Se and Te [using the empirical pseudopotential 
method (EPM)"] which for the first time agree 
quantitatively with all the observed structure In 
the experimental photoemlsslon spectra. A de¬ 
tailed discussion of "the calculations and the pa¬ 
rameters used will be given elsewhere.' 1 In Fig. 

1 we show the results of our EPM calculations 
for the density of Btates along with the recent 
photoemlsslon results of Shevchik et al. * for Se 
ind Joannopoulos et al. 3 for Te. The calculated 
spectra were convoluted with an energy-depen¬ 


dent broadening function in order to facilitate 
comparisons with experiment. The experiments 
on Se were obtained by using UPS and XPS mea¬ 
surements on sputtered and subsequently an¬ 
nealed films, while those on Te were obtained us¬ 
ing XPS on a single crystal. All observed struc¬ 
tures in the experimental spectra are reproduced 
to within 0.3 eV. As in earlier EPM calcula¬ 
tions, 8,6,9 the lowest band represents essentially 
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FIG. 1. Calculated densities of states (solid lines) 
for trigonal Se (a) and Te (b), which have been broad¬ 
ened by 1.2 eV for the s-like states and by 0.7 eV for 
the remaining states. Superimposed are the experi¬ 
mental photoemlsslon spectra (dashed lines). The 
scales for the XPS and UPS curves are arbitrary. 
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the atomic s-like states of Se and Te. The next 
band contains p-like bonding states which lie be¬ 
tween - 6.0 and - 2.2 eV for Se and for Te. Fi¬ 
nally the topmost valence states are predominate¬ 
ly nonbonding p-like In nature. These identifica¬ 
tions are reconfirmed on our present calcula¬ 
tions; moreover the widths, positions, and num¬ 
ber of peaks in the densities of states are now in 
good quantitative agreement with experiment. 

In order to understand the origin of the charac¬ 
teristic two-peak structure found in the p-like 
bonding states of both Se and Te we have calculat¬ 
ed the electronic charge distributions of states In 
each peak following standard procedures. 10 This 
entails summing over states whose energies (in 
eV) fall within 1-6.0, -3.6) and [-3.6, - 2.25j for 
Se and |- 6.0, - 3.5| and l- 3.5, - 2.2] for Te. 

Once we have calculated the total charge density 
of each energy interval, we can go one step furth¬ 
er and isolate the short-wavelength Fourier com¬ 
ponents from the long-wavelength Fourier com¬ 
ponents. This introduces a new method of defin¬ 
ing bonding charges and a way to separate out the 
effects of metalliclty. The cutoff or boundary 
wavelength a„ between short- and long-wavelength 
components was found to lie naturally at \ 0 -d, 
where d is the nearest-neighbor separation in Se 
and To. The results obtained for Se by retaining 
only Fourier components with i'X, are shown in 
Figs. 2(a) and 2(b) for the energy intervals l- 6.0, 
- 3.6| and l-3.6, - 2.25], respectively. This 
charge distribution reproduces Just the localized 
parts of the total charge density in this energy 
range. The results for Te are similar and will 
not be presented here. 1 We notice immediately 
that the lower energy peak in the p-like bonding 
states represents states involved in intrachnin 
bonding. The charge is well localized In the 
bonds between atoms belonging to the same chain. 
In the upper or higher energy peak of the p-like 
bonding states we find states which arise in part 
from hybridization and which contribute to the in¬ 
terchain bonding in the crystal. Now the charge 
is displaced out of the bonds and is concentrated 
in the region between neighboring chains (right 
half of Fig. 2(b)]. The charge found within the 
chains ]left half of Fig. 2(b) | Is a residual charge 
of the lower bonding p states. In fact both Figs. 
2(a) and 2(b) show some residual charge, indicat¬ 
ing that an absolute separation on the energy 
scale of the two typeB of states is impossible. 

The Intrachain bonding Btates lie lower in energy 
than the interchain bonding states since the poten¬ 
tial is strongest between neighboring atoms with- 
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FIG. 2. Bonding charge of trigonal Se for the (a) low¬ 
er and (b) upper p-Ilke bonding states, calculated as 
described in the text. Only positive contours are 
shown, with values in units of e/O. The contour sep¬ 
aration ia 0.84 units In (a) and 0.30 units In (b). 


in a chain. 

Some measure of intrachain versus Interchain 
bonding strengths is given by the magnitude of 
the respective bonding charges. For Se we have 
found 0.07c for the intrachain bond and 0.04e for 
the interchain bond. It Is instructive to compare 
these values with 0.05e and 0.04e for the intra- 
chain and interchain bonds of Te, respectively. 
The ratio ( of intrachain to interchain bonding 
charge decreases from 1.75 for Se to 1.25 for Te 
and thus reflects the more three-dimensional or 
more Isotropic character of Te. Furthermore, 
we believe that the smaller amount of total bond¬ 
ing charge in Te is indicative of its more metal¬ 
lic character. 

Finally we should emphasize that the accuracy 
of the bonding charges we have obtained should 
be considered mostly in a relative sense rather 
than individually. 

Part of this work was done under the auspices 
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Localized Enhancement Effects in Pd-Ag Alloys 

A. P. Murani 

Physics Department, Imperial College, London SW72BZ, England 
(Received 1 April 1974) 

Low-temperature electrical resistivities of Pd-Ag alloys show a positive T 1 temperature 
dependence in the concentration range above 60 st.'i Ag. This behavior supplements the 
well-known resistivity minima observed in alloys with lower concentrations of Ag, and 
strongly favors the model of scattering from localized exchange-enhanced Pd d states, as 
against s—d scattering in the rigid-, or collective-, band description of the alloys. 


Two conflicting models for (he electronic struc¬ 
ture of Pd-Ag alloys are currently being advanced 
as possible explanations of the electrical resis¬ 
tivity behavior of these alloys. The resistivity 
minima observed by Edwards, Chen, and Leg- 
vold 1 in Pd-Ag alloys in the concentration range 
between 25 and 55 at.% Ag have been explained by 
the authors in terms of scattering of conduction 
electrons from exchange-enhanced pockets of 
holes associated with statistical clusters of Pd 
atoms—a distinction being made between the lo¬ 
calized density of d states and the itinerant d 
band, also associated with Pd atoms. However, 
Rowlands and Greig 2 who observed similar mini¬ 
ma in the Pd-Rh system found the calculated val¬ 
ue of the coefficient A of the T* term in the resis¬ 
tivity of an alloy containing 4% Rh (obtained by 
using the rigid-band model 5 approximation as ap¬ 
plied to the Pd-Ag system by Coles and Taylor 4 ) 
to be very close to "the experimental value, and 
therefore they argued In favor of the rigid-, or 
collective-, band description of the alloys. This 
assertion is further supported, it is now claimed, 
by some recent resistivity measurements on the 
Pd-Ag system by Ahmad and Greig,’ who have ob¬ 
served two resistance minima in a Pdg^Ag^ al¬ 


loy, as also found in the Cu-Ni system.” These 
authors have put forward a qualitatively plausi¬ 
ble explanation of the anomaly as due to a com¬ 
bination of two terms in the resistivity—a term 
p 0 (l -AT 2 ) due to the reduction of s -d scattering 
cross section resulting from the broadening of 
the Fermi level within the d-band states, 4 ' 7 and 
an ideal resistivity term p ldc>1 ~B'l 1 + C7" 4 at 
low temperatures which changes to a term linear 
In T at higher temperatures, giving rise to the 
maximum in the resistivity which follows the 
first minimum at lower temperatures. The sec¬ 
ond minimum results since the low-temperature 
1 - AT 2 dependence is gradually modified and 
flattens off at high temperatures, as it must, 
leaving the linear term in the resistivity domi¬ 
nant. On the basis of this, the authors argue, 
the observed anomalies in the Pd-Ag and Cu-Ni 
systems may be regarded as caused by s —d scat¬ 
tering of conduction electrons into the diband 
states. 4 ’ 7 

As suggested by Edwards, Chen, and Legvold, 1 
of course, the 1 - AT 2 term In the resistivity dis¬ 
cussed above could equally well be obtained from 
the process of scattering of conduction electrons 
from exchange-enhanced localized pockets of 
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holes. Hence at first sight and on a qualitative 
basis it appears difficult to make a distinction be¬ 
tween the two models. It is, however, useful to 
remember that direct evidence of a separate 
“band” associated with Pd in Ag-rich Ag-Pd al¬ 
loys has been found tn the optical absorption stu¬ 
dies of the alloys by Myers, Wallden, and Karls- 
son.* Similar evidence is also seen In the photo¬ 
emission experiments of Norris and Nilsson® and 
Norris and Myers. 10 The results have been ex¬ 
plained by these authors in terms of a Friedel- 
Anderson virtual bound state 11 for Pd atoms in 
the Ag matrix, situated above the Ag d band and 
about 2 eV below the Fermi level. Formation of 
statistical near-neighbor clusters results in fur¬ 
ther broadening of the d states, but they remain 
localized on the Pd atoms, the authors suggest, 
until the concentration of Pd reaches 40 at.%. Al¬ 
so, KjollerstrSm 12 has shown that the dielectric- 



FIG. 1. Electrical resistivity of Pd-Ag alloys rb r 
function of temperature . The concentTRtlon of Ag in 
the binary matrix ts Indicated on the respective curves. 
Note the changes of vertical scale, particularly be¬ 
tween the alloys at the two ends and those In the middle 
of the series. 


constant, the residual-resistivity, and the speci¬ 
fic-heat data of dilute Ag-Pd alloys can be satis¬ 
factorily accounted for by the Anderson model us¬ 
ing a half-width of 0.6 eV for the impurity state, 
which lies 2.2 eV below the Fermi level. 

I wish to report here some preliminary mea¬ 
surements of the electrical resistivity of several 
Pd-Ag alloys which, I believe, lend strong sup¬ 
port to the model of localized rf-state formation 
in the alloy system. The low-temperature resis¬ 
tivity behavior in the concentration range above 
60 at.% has, apparently, remained unmeasured 
so far despite an active interest in this alloy sys¬ 
tem for a long time. 

The results are shown in Fig. 1 where the elec¬ 
trical resistivity is plotted as a function of tem¬ 
perature for a series of Pd-Ag alloys covering 
the whole concentration range. In the Pd-rlch re¬ 
gion with up to 50 at.% Ag, resistance minima 
are observed in good qualitative agreement with 
the results obtained by Edwards, Chen, and Leg- 
void. 1 However, In the next concentration alloy 
with about 62% Ag the resistivity behavior chang¬ 
es dramatically and shows the positive T"‘ tem¬ 
perature dependence (see Fig. 2). Further In- 



FIG. 2. Electrical resistivity plotted against T* for 
four Pd-Ag alloys containing Ag concentrations ss in¬ 
dicated. 
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crease in the Ag concentration results in a de¬ 
crease in the strength of the T 2 dependence, but 
It is possible that a maximum is reached at some 
concentration between 82 and 70 at.% Ag before 
this happens. 

I argue that the localized-d-states model can 
account for the observed behavior in a quite na¬ 
tural way. As mentioned earlier, there is ample 
evidence that In Ag-rich alloys the localized 
states associated with statistical clusters of Pd 
atoms are situated below the Fermi level. Hence, 
at T=0 their contribution, to the scattering of con¬ 
duction electrons should be small. Any addition¬ 
al scattering from localized enhancement effects, 
or spin fluctuations, therefore gives an increas¬ 
ing contribution to the resistivity in a straight¬ 
forward manner. ls-14 The appearance of holes in 
the d states when the concentration reaches above 
40 at.% is accompanied by a change of slope in 
the residual resistivity versus concentration 
curve, which has been ascribed to the appearance 
of s -d scattering channel. 4 The situation is sim¬ 
ilar in some ways to that of Pd U where above a 
concentration of 8 at.% U, a large increase in the 
residual resistivity per atomic percent of U is 
observed as the “Fermi level becomes pinned to 
the U virtual / level. If the s -d scattering in 

the present system gives rise to large phase 
shifts at T= 0, then additional scattering due to 
spin fluctuations will result in a J' 2 -like decrease 
in the resistivity 14-la as observed. In PdU a 
change of sign of the T 2 dependence in the resis¬ 
tivity with concentration is also observed, but 
this is in opposite sense to the present one if the 
reduced diagram of the electronic specific-heat 
coefficient y versus the electron/atom ratio is 
considered. 17 However, the mechanism for the 
anomaly is essentially the same for both systems. 
In PdU the observed behavior is due to / levels 
in relatively dilute alloys, whereas in Pd-Ag al¬ 
loys it is the localized d states on Pd atoms in al¬ 
loys containing substantial Ag concentrations 
which are thought to give rise to the observed 
anomalies. I should mention, however, that the 
idea of localized pockets of holes existing in Pd- 
rich alloys is at variance with the claim by Nor¬ 
ris and Myers 10 that Pd d states become itinerant 
above the concentration of 40 at.% Pd. It is nev¬ 
ertheless possible that d states on certain con¬ 
figurations of statistical clusters of Pd atoms re¬ 
main localized (in some spatial sense) while 
others form “fully” itinerant band states. 

The strong positive temperature dependence in 
[the resistivity of Ag-rich alloys is more difficult 


to Justify on band-model arguments than perhaps 
is the negative one (Le., resistance minima). It 
should be noted, however, that the results of Ed¬ 
wards, Chen, and Legvold 1 indicate that the co¬ 
efficient A of the T 2 term, which should roughly 
follow the depth of the minimum (even after due 
allowance for B), goes through a maximum value 
at around 40 at.% Ag in the binary matrix and be¬ 
comes negligibly small in alloys with Pd concen¬ 
trations above 80 at.%. This behavior would be 
impossible to obtain from the rigid-band formula 
of Coles and Taylor 4 taken together with the well- 
known specific-heat behavior of the Pd-Ag sys¬ 
tem. 1 " (For instance, the value of A for the Pd- 
19-at.%-Ag alloy, Fig. 1, is an order of magni¬ 
tude smaller than that expected from the formula 
of Coles and Taylor.) It also does not seem pos¬ 
sible that an appropriately shaped d band or a 
two-band structure as considered by Dugdale and 
Guenault 10 for die Pd-Ag system and earlier by 
Coles” for the Cu-Ni system could simultaneous¬ 
ly account for both the resistivity and the specific 
heat of the alloys. For the positive T a depen¬ 
dence the situation is even more clearcut, for 
band arguments require the Fermi level to be 
situated close to a minimum in the density of 
states. 7 It is difficult to imagine that any band 
model would indicate that it will remain fixed to 
a minimum over such a large concentration range 
of about 30-40 at.%. 

I conclude by saying that the observed positive 
temperature dependence in the resistivity enables 
us, for the first time, to make an unambiguous 
choice of the model to describe the electronic 
structure of Pd-Ag alloys, regarding which con¬ 
siderable controversy exists in the literature. 
Although rigid-, or collective-, band arguments 
seem qualitatively appealing in the case of the 
negative temperature dependence, they fail com¬ 
pletely when details such as the variation of the 
coefficient A of the T 2 term with concentration 
are considered. Even more important is the fact 
that the model is in direct conflict with the posi¬ 
tive T 2 temperature dependence observed over a 
wide concentration range in silver-rich alloys. 
Scattering of conduction electrons from localized 
exchange-enhanced states associated with Pd 
atoms, on the other hand, can satisfactorily ac¬ 
count for the T 2 resistivity behavior including the 
change in sign of the coefficient A. Hence this 
model seems to be the most appropriate descrip¬ 
tion of this and similar alloy systems. 

The author acknowledges discussions with Pro¬ 
fessor B. R. Coles concerning his collective- 
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Electronic Structure of the Tetracyanoquinodimethane (TCNQ) Molecule 

Frank Herman* and I. P. Batra 
’ IBM Research Laboratory, San Jose, California 95193 
(Received 21 January 1974; revised manuscript received 23 May 1974) 

The electronic structure of an Isolated TCNQ mulecule has been calculated by the aelf- 
consistont statistical-exchange multiplo-scattoring method. By using ovorlappti^ atomic 
spheres In place of nonovoriapplng atomic spheres, a significant Increase in physical 
realism has been achieved. The theoretical model provides a satisfactory account of the 
photocniisslon spectra of TCNQ vapor and solid TCNQ. The Binglet-trlplet splitting for 
the lowest optical transition la found to bo 0.84 oV. 


During the past few years, interest in the phys¬ 
ics of organic solids has grown rapidly. Of par¬ 
ticular interest are highly conducting charge- 
transfer salts' such as tetrathiofulvalinium- 
tetracyanoqulnodtmethanide (TTF-TCNQ). 4 '' 

Most current discussions of the physical proper¬ 
ties of these organic solids are based on ideal¬ 
ized one-dimensional models. 1 '' However, there 
are indications* that realistic three-dimensional 
models are required for a thorough understand¬ 
ing of these properties. Also, conclusive theoret¬ 
ical interpretations of the photoemission spectra 
of TCNQ vapor and solid TCNQ have not yet ap¬ 
peared. 

In this paper we describe a simple theoretical 
model which can be used to generate realistic en¬ 
ergy-level structures for large planar organic 
molecules such as TCNQ, Our calculations for 


the TCNQ molecule were carried out within the 
general framework of the self-consistent statisti¬ 
cal-exchange (Xa) multiple-scattering method. 7 '* 
In an initial effort," the calculations were carried 
out on the basis of the standard muffin-tin mod- 
el 7, “ by which we mean nonoverlapping atomic 
spheres embedded in an intersphere region, all 
surrounded by a bounding outer sphere (cf. Fig. 

1). This type of model had been used previously 
to study other large planar organic molecules. 10 
It was clear from the preliminary study of the 
TCNQ molecule*' 11 that the standard muffin-ttn 
model was not sufficiently accurate for our pur¬ 
poses, and that a significant improvement in 
physical realism was necessary if we hoped to 
deal successfully with the TCNQ molecule. 

It is possible to Improve upon the standard muf¬ 
fin-tin model by introducing nonspherlcal termB 
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FIG. 1. Nonoverlapping atomic-sphere model flashed 
circles) and overlapping atomic-sphere model (solid 
circles) for the TCNQ molecule. The outer sphere 
(OUT1) for the formor Is not shown In the Interest of 
clarity. The outer sphere is assigned serial number 1 
and the atomic spheres serial numbers 2 through 21. 
The ratio of the volumes of the overlapping and corre¬ 
sponding nonovorlapping atomic spheres is denoted by 
t*. 


in the atomic spheres as well as nonconstancy 
terms in the uniform inter sphere region. 1 *' 14 
However, these improvements require extensive 
modification of existing scattered-wave computer 
programs. 15,10 Fortunately, one can take a major 
step 9 " 15,17,1,1 in the direction of improved realism 
without making any significant changes in exist¬ 
ing computer programs. One simply replaces 
nonoverlapping atomic spheres by overlapping 
itomlc spheres (cf. Fig. 1), and retains the fol¬ 
lowing two simplifying assumptions: (a) Inside 
2 ach atomic sphere, and outside the bounding 
iphere, potentials and charge distributions are 
ipherically averaged, (b) In the intersphere re- 
lion, these quantities are volume averaged. A 
'leoretical justification for this overlapping 
■tomic-sphere model is presented elsewhere, 15 
ogether with additional information concerning 
'CNQ calculations based on overlapping atomic- 
phere models. 

From a practical point of view, the overlapping 
tomic-sphere model is incomplete until all the 
tomic-sphere radii (and the outer-sphere radius) 
re specified. At the present time, the choice of 


radii must be dealt with pragmatically. After ex¬ 
amining a number of possibilities it was found 
that substantially the same electronic energy-lev¬ 
el structure was predicted by various choices of 
atomic- and outer-sphere radii, provided these 
radii were chosen with the following two guide¬ 
lines in mind: (a) The calculated value of the vir- 
ial coefficient should be equal to - 2, thereby in¬ 
suring an optimum balance of potential and kinetic 
energy within the framework of the present ap- 
proxtmational scheme. 1 ® (b) The calculated value 
of the first ionization energy should agree with 
the experimental value. The second guideline is 
necessary for establishing an accurate absolute 
energy scale. If one wlsheB to avoid any appeal 
to experimental energy-level information, one 
must greatly refine the existing model and relat¬ 
ed computer programs. For our purposes, it is 
more expedient to adjust the radii so that the 
first ionization energy agrees with experiment. 

We will Illustrate our results for the Isolated 
TCNQ molecule by considering an overlapping 
atomic-sphere model having the following attri¬ 
butes: (a) The statistical-exchange parameter 
a is set equal to 0.75 for all regions of space. 

(b) The TCNQ molecule is assumed to be planar 
and to have symmetry. Internuclear distanc¬ 
es were obtained by averaging x-ray crystallo¬ 
graphic data for the TCNQ crystal 90 in accor¬ 
dance with these assumptions, both of which are 
justifiable in the present context, (c) The choice 
of nonoverlapping atomic spheres was dictated by 
the requirements that they touch wherever pos¬ 
sible and that (in the case of C5 and N6) they have 
chemically reasonable proportions. 91 (d) The out¬ 
ermost sphere was drawn externally tangent to 
the outermost atomic spheres, (e) The ratio of 
the volumes of the overlapping and corresponding 
nonoverlapping atomic spheres for C2, C3, C4, 
and H7 was 2.1, and for C5 and N6, 3.0. These 
ratios were chosen so that our two guidelines 
would be satisfied. 

The energy-level structure calculated for this 
model is shown in Fig. 2 by the long lines. These 
levels were obtained by the transition-state meth¬ 
od 7 ’ 8 so that relaxation effects are taken into ac¬ 
count. For purposes of comparison, the results 
of a recent ab initio minimal-basis-set molecu¬ 
lar-orbital self-consistent field (MO-SCF) calcu¬ 
lation 94 are shown by the short lines. In the lat¬ 
ter, the energy levels were obtained by taking 
the differences between the total energies of the 
ground and Ionic states, thereby allowing for re¬ 
laxation effects. The symmetry notation for the 
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FIG. 2. Comparison of theoretical energy-level struc¬ 
ture and experimental photoemlsalon spectra of TCNQ 
vapor (Kef. 22) and solid TCNQ (Kef. 23). Results of 
presont calculations are shown by the long lines. Re¬ 
sults of ab initio SCF MO calculation (Kef. 24) aro In¬ 
dicated by the short lines. Corresponding energy lev¬ 
els aro connected by vertical lines. Occupied levels 
aro denoted by solid lines, unoccupied levels by dashed 
lines. The symbols a and it at the bottom right refer to 
reflection with respect to the plane of the molecule. 

For each symmetry species, the levels are labeled by 
serial numbors In order of Increasing energy. Only a 
few of thcso serial numbers aro actually shown. 


I) 2k point group is that of Cotton. 25 

For all the overlapping atomic-sphere models 
for TCNQ that have been investigated so far, the 
two highest occupied levels are invariably 3 b xa 
and 2b 3g . These two levels usually lie very close 
together In energy. Accordingly, the present 
theoretical model was so chosen that the center 
of gravity ol these two levels would be equal to 
the experimental value of the first loniaatton en¬ 
ergy, which is given by photoemission measure¬ 
ments for TCNQ vapor as 9.6 eV.“ This spec¬ 
trum, as well as the photoemission spectrum for 
solid TCNQ,” are reproduced In Fig. 2. 

Let us first consider the vapor spectrum for 
TCNQ since this corresponds more closely to the 
energy-level spectrum of an Isolated molecule. 

By design, the highest experimental peak at - 9.6 
eV is attributed to transitions from the two high¬ 
est occupied levels, 3 b lu and 26 3g . The next peak 
at - 11.2 eV is due to transitions from 26 w . The 
small structure on the leading (upper) edge of the 
large peak at - 12.6 eV is due to 26 lu . The main 
structure between - 12.8 and - 14.0 eV Is due to 


transitions from six levels: 13a g , 9t> Ig , 16 sg , la„, 
I06j U , 126, u . The peak at -14.5 eV Is probably 
due to three levels: 86 lg , 16^, li 10 . The peak 
at - 15.8 eV Is due to six levels: 12a g , 7 b lg , 

8 b tu , 9 b ta , 106 3u , llb, u . Contour maps of the 
electronic charge distributions for representa¬ 
tive molecular orbitals of TCNQ are reported 
elsewhere. ls, “ 

The experimental spectrum for solid TCNQ has 
been superimposed on the vapor spectrum so that 
their highest peaks coincide. This was done to 
Illustrate the fact that the two spectra are quali¬ 
tatively similar, but not everywhere coincident. 
This lack of coincidence must arise from solid- 
state effects, i.e., shifts of various levels by 
slightly different amounts because of interaction 
with neighboring molecules. If we superimpose 
the two spectra so that the main peaks are in reg¬ 
istry, the vapor peaks at - 9.6 and - 11.2 eV He 
about 0.5 eV below their solid counterparts, and 
the vapor peak at - 15.8 eV lies about 0.5 eV 
above its solid counterpart. Making allowance 
for these solid-state shifts, one can Interpret the 
photoemisston spectrum for solid TCNQ In the 
same manner that we Interpreted the vapor spec¬ 
trum above. The magnitude of the solid-state 
shifts appears to depend on the method of sample 
preparation, since a comparison of the TCNQ- 
vapor spectrum with another solid-TCNQ spec¬ 
trum* 7 reveals smaller solid-state shifts. 

Turning to the excited states we find that the 
lowest unoccupied level Is 3*^. The next higher 
unoccupied levels lie about 2 eV above 36 tg . In 
TCNQ' and TCNQ'*, the 36^ level Is singly and 
doubly occupied. The lowest-energy orbitally al¬ 
lowed optical transition is from 3b tu to 3fi ag . A 
spin-restricted calculation for the present model 
leads to an excitation energy of 1.9 eV for this 
transition. A spin-unrestricted calculation leads 
to a singlet-triplet splitting of 0.84 eV. To ob¬ 
tain a reasonable estimate of the singlet-singlet 
and singlet-triplet transition energies, we set 
the center of gravity at 1,9 eV, and weigh the 3b, g 
triplet state three times as heavily as the 3 b, g 
singlet state. This leads to an excitation energy 
of 1.7 eV for the forbidden singlet-triplet transi¬ 
tion and 2.5 eV for the allowed singlet-singlet 
transition. The latter is undoubtedly responsible 
for the 3.1-eV optical peak observed for TCNQ In 
solution.” 

The present study of the TCNQ molecule thus 
provides a basis for Interpreting optical and pho¬ 
toemission spectra of TCNQ vapor, TCNQ mole¬ 
cules In solution, and solid TCNQ. The physical 
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realism achieved by adopting the overlapping 
atomic-sphere model is quite striking. Our work 
has demonstrated the feasibility of carrying out 
similar calculations for other large planar organ¬ 
ic molecules, and for arrays of such molecules. 

A companion study of the TTF molecule will be 
reported elsewhere.® 

The authors are pleased to acknowledge fruitful 
discussions with A. J. Epstein, W. D. Grobman, 

K. H. Johnson, D. A. Liberman, and W. E. Rudge. 
The authors are grateful to J. N. A. Rldyard for 
permission to reproduce his photoemission spec¬ 
trum for TCNQ vapor. F.' H. particularly wishes 
to thank M. Balkanskl for his hospitality at the 
University de Paris VI, where some of the re¬ 
search reported here was conducted. The au¬ 
thors are grateful to Professor K. H. Johnson for 
sending them a copy of the original Massachu¬ 
setts Institute of Technology scattered-wave com¬ 
puter program. A modified version of this pro¬ 
gram was used in the present study. 


‘Exchange Professor, University de Paris VI, Sep¬ 
tember 1973. 

'k. Foster, Organic Charge-Transfer Complexes 
(Academic, London, 1969). 

2 I. F. Shchegolev, Phys. Status Solldl (a) 12, 9 (1972). 
J H. R. Zeller, In FestkZrperprobleme, edited by H. J. 
Quelsser (Pergamon, New York, 1973), Vol. XIH, 
p. 31. 

*A. J. Epstein, S. Etemad, A. F. Garlto, and A. J. 
Hooger, Phys. Rev. B 6, 962 (1972); L. B. Coleman, 

J. J. Cohen, D. J. Sandman, F. G. Yamaglshl, A. F. 
Garlto, and A. J. Heeger, Solid State Commun. 12 , 

1125 (1973). 

S J. Ferrarls, D. O. Cowan, V. Walatka, Jr., and 
J. H. Perlsteln, J. Amor. Chem. Soc. 96, 948 (1873). 

*M, H. Cohen, J. A. Hertz, P. M. Horn, and V. K. S. 
Shante, to be published. 

’k. H. Johnson, J. Chem. Hive. 46. 3086 (1966); J. C. 
Slater and K. H. Johnson, Phys. Rev. B 6, 844 (1972); 

J. C. Slater, Advan. Quantum Chem. 6, 1 (1972); K. H. 
Johnson, Advan. Quantum Chem. 7, 143 (1973). 

"k. H. Johnson, J. G. Norman, Jr., and J. W. D. 
Connolly, In Computational Methods for Large Mole¬ 
cules and Localised States in Solids, edited by F. Her¬ 
man, A. D. McLean, and R. K. Nesbet (Plenum, New 
York, 1973), p. 16L 

9 F. Herman and I. P. Batra, In Proceedings of the 
Colloquium on Many-Electron Effects in Solids, Taor- 
mina, Sicily, Italy, September, 1973 (to be published). 

II. A. Liberman and I. P. Batra, J. Chem. Ffcys. 69, 
3723 (1973). 


’'The nonoverlapping atomic-sphere model for TCNQ 
yielded a vlrlal coefficient of — 1.868 (rather than the 
theoretical value of-2), a first Ionization energy of 
16.4 eV (experimental value: 9.6 eV), and a set of high- 
lying occupied energy levels that were much closer to¬ 
gether than would be suggested by experimental photo- 
emission spectra. 

’ 2 See for example A. R. Williams and J. van W. Mor¬ 
gan, J. Phys. C: Proc. Phys. Soc., London 7, 37(1974). 

IS F. Herman, A. R. Williams, and K. H. Johnson, to 
be published. 

U J. C. Slater, to be published. 

15 K. H. Johnson and F. C. Smith, Jr., Massachusetts 
Institute of Technology Scattered-Wave Computer Pro¬ 
gram, July, 1972. 

"D. A. Liberman and I. P. Batra, IBM Research Re¬ 
port No. RJ 1224, 1973 (unpublished). This report docu¬ 
ments a modified version of Ref. 16. Still another ver¬ 
sion of Ref. 16 Is documented: J. W. D. Connolly, Uni¬ 
versity of Florida, Gainesville, Report No. 282, 1972 
(unpublished). 

”D. A. Liberman, private communication. 

1S N. Roach, W. G. Klemperer, and K. H. Johnson, 

Chem. Phys. Lett. 23, 149 (1973); N. Rosch and K. H. 
Johnson, Chem. Phys. Lett. 24, 179 (1974). 

l9 It Is assumed that the TCNQ molecule 1 b In equili¬ 
brium for the assigned nuclear coordinates. For a dis¬ 
cussion of the vlrlal theorem and the vlrlal coefficient 
within the context of the statistical exchange approxi¬ 
mation, see J. C. Slater, J. Chem. Phys. 67, 2389 
(1972). 

2I) R. E. Long, R. A. Sparks, and K. N. Trueblood, 

Acta Crystallog. 18, 932 ( 1965 ) (TCNQ orystal). The 
C-H bond distance was taken as 1.09 A. 

2, J. B. Hendrlokson, D. J. Cram, and G. S. Hammond, 
Organic Chemistry (McGraw-Hill, New York, 1970), 

3rd ed., p. 68. 

22 J. N. A. Rldyard, private communication. The 
TCNQ-vapor spectrum was obtained with a Perkln- 
Elmer Model PS 18 spectrometer. 

2I W. D. Grobman, R. A. Poliak, D. E. Eastman, E. T. 
Maas, Jr., and B. A. Scott, Phye. Rev. Lett. 32, 634 
(1974). 

2< H. T. Jonkman, G. A. van der Velde, and W. C. 
Nleuwpoort, Chem. Phys. Lett. 26. 62 (1974). Dr. 
Jonkman has advised the authors In a private communi¬ 
cation that his calculation yields a value of 3.68 eV for 
the first singlet excited state and a value of 3.43 eV for 
the slnglet-trlplet splitting. Our slnglet-trlplet split¬ 
ting of 0.84 eV appears to be more realistic. 

!6 F. A. Cotton, Group Theory with Chemical Applica¬ 
tions (Wlley-Interscience, New York, 1971), 2nd ed. 

2, F. Herman, W. E. Rudge, and I. P. Batra, to be 
published. 

2, P. Nielsen, A. J. Epstein, and D. J. Sandman, to be 
published. 

28 H. T. Jonkman and J. Kommandeur, Chem. Phys. 

Lett. 16, 496 (1972). 

2 *B. I. Bennett and F. Herman, to be published. 


97 





Volume 33, Number 2 


PHYSICAL REVIEW LETTERS 


8 July 1974 


Time-Reversed Antiferromagnetic States in Dysprosium Aluminum Garnet 

J. F. Dillon, Jr., and E. Yt Chen 

Bril laboratories, Murray Hill, New Jersey 07974 

and 

N. Giordano and W. P. Wolf 

Becton Center, Yale University, New Haven, Connecticut 06520* 

(Received 16 April 1974) 

The field dependences of the magneto-optical rotation of the two time-reversed states 
of antiferromagnetic dysprosium aluminum garnet show significant differences. These 
are interpreted in terms of the spatial variation in the signs of the spin-spin interactions 
demanded by the crystal symmetry. The coexistence of the two time-reversed states has 
been studied by microscopy made possible by the rotation difference and also by a strik¬ 
ing "decoration” of the domain walls hy paramagnetic nuclei. 


Largely because it appeared to approximate 
closely a simple two-sublattice Islng system, the 
antiferromagnet dysprosium aluminum garnet 
(DyAIG), with fields along [111], has been much 
studied over the past decade. 1 Recently in the 
course of magneto-optical studies of this crystal, 
we encountered a number of new and puzzling phe¬ 
nomena. These Included (a) an unexpected depen¬ 
dence of the magnetization on past history 2 and 
(b) related microscope observations of magneti¬ 
cally active domains with curious properties 
seemingly unrelated to the accepted magnetic 
phase diagram. These phenomena can now be un¬ 
derstood in the light of a recent discussion by 
Blume el nl. 3 in which they pointed out that an ap¬ 
plied field may induce significant antiferromagne¬ 
tic order In DyAIG, so that the two time-re¬ 
versed (TR) antiferromagnetic states become dis¬ 
tinguishable in a field. In this paper we shall pre¬ 
sent magneto-optical observations of the TR 
states in DyAIG and a detailed interpretation in 
terms of the specific mechanism described in a 
separate publication. 4 

Following Blume el a!. , s we show in Fig. 1(a) the 
revised phase diagram for DyAIG in a field H , 
along 11111. Both positive and negative fields are 
included to emphasize the zero-field phase bound¬ 
ary separating the two TR antiferromagnetic 
states for T 7 v The two TH states, A 1 and A', 
are characterized by different values of the order 
parameter L, which is here the staggered magne¬ 
tization M t - M„, where a and b are the two in¬ 
equivalent types of sites discussed previously. 3 ’ 4 
The variation of L with H t for the two TR states 
at a temperature T «. T c is shown schematically in 
Fig. 1(b). In zero field time-reversal symmetry 
demands that L(A + ) - - L(A'). but in a nonzero 


field TR symmetry only requires L(A * t H) = -L(A", 
- H ). For a given field we can thuB have L(A *, H) 
v-LCorrespondingly, the total magne¬ 
tization M=M a + M t will show TR symmetry MCA 4 , 
H) = - M(A‘, -II), but for a given field we can 
have idfA 4 , fl)*M(.A",H) [Fig. 1(c) J. In the pres¬ 
ence of a field only one of the two states will be 
stable but, in common with other first-order 
transitions, we may expect the possibility of a 
metastable state as the phase boundary is crossed. 
The essential feature, first recognized by Blume 



FIG. 1. (a) Revised phase diagram (schematic) for 
DvAIG (after Ref. 2). For low positive H { the stable 
phase is A*, and a ' is metastable. (b) Variation of the 
order parameter L = M b - M. for T < T e . __(c)Corre¬ 
sponding variation of the magnetization M-M. + M t . 

(cO — (0 Similar plots in terms of the externally applied 
field H,°Hi *NM. 
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et al .Is that DyAIG Is unusual In that a field 
along [111] (and Indeed in almost all other direc¬ 
tions 9 ) will couple to the order parameter, re¬ 
moving the degeneracy and hence the ambiguity 
between the two states, thus making it possible 
to follow a given state from one side of the zero- 
field phase boundary to the other. 

DyAIG is not unique in this respect, but in the 
other systems which have been studied, 9 the field 
was always effective through an allowed weak fer¬ 
romagnetic moment, with the result that the two 
TR states became distinct in both L and M, even 
in zero field. 

Under actual experimental conditions, the situa¬ 
tion is complicated by demagnetizing effects and 
in Figs. l(d)-l(f) we show the corresponding be¬ 
havior as a function of the applied field H t =H, 

+ JVM, where N is the demagnetizing factor. The 
only essential difference is the fact that the two 
phase boundaries in nonzero U are spread over a 
region of H t , within which the antiferromagnetic 
and paramagnetic phases coexist In varying pro¬ 
portions. 1 This coexistence makes it possible to 
^ nucleate a small and controllable amount of one 
phase in the other and we have utilized this fact 
in our microscope observations. 

In the first experiments measurements were 
made of the magneto-optical rotation, which Is 
proportional to M under the conditions of our ex¬ 
periments. 1 The data were taken by an automatic 
technique described earlier. 1 The sample was 
690 pm thick and roughly elliptical in shape with 
major and minor diameters of 16 and 7 mm. The 
effective demagnetizing factor was close to 4 jt 
and all field measurements were recorded as the 
corresponding internal fields. The results are 
shown in Fig. 2 as solid lines. 

It can be seen that there are two distinct curves 
at each temperature, depending on the previous 
field history of the sample. The upper curve in 
each case was obtained by first exposing the sam¬ 
ple to a large positive field, and, provided the 
field was never allowed to go negative, it was 
completely reversible. In terms of our Fig. 1 we 
Interpret this as the magnetization of the state 
4 The lower set of curves were obtained by 
irst exposing the sample to a large negative field 
nd then making measurements in positive fields 
#hieh were not allowed to exceed the critical 
ield for the phase transition to the paramagnetic 

( 'tate. We interpret these curves as the behavior 
'f the A' state, which is metastable in low posi- 
lve fields. 

The difference in the response of the two TR 



FIG. 2. (a) Automatic data plots of reduced magneto¬ 
optical rotation (p/p tJ ) of two antiferromagnetic states 
of DyAIG versuB Internal field H, at several tempera¬ 
tures. The upper curves U 4 ) were obtained with a sam¬ 
ple previously exposed to large positive H t while the 
lower curves (A ) were obtained following exposure to 
large negative H(. The breaks In the 1.32-K curves In¬ 
dicated by arrows correspond to entry into the mixed 
phase; their nature must be discussed elsewhere. For 
negative fieldB the curves were entirely similar and 
consistent with the time-reversal requirement MU 4 . 

H) M(A', -H). (jo) Corresponding theoretical curves 
for a range of low magnetizations calculated according 
to the microscopic mechanism proposed in Ref. 4. 
Published Interaction parameters were used. 


states to an applied field may be understood quan¬ 
titatively in terms of two different mechanisms, 
both Involving a crystallographic inequivalence 
between two types of sites for the Dy 31 spins. 

The mechanism proposed by Blume et al .’ in¬ 
volves a difference in the effective magnetic mo¬ 
ments and this may be estimated from previously 
determined g values and Van Vleck susceptibili¬ 
ties. An estimate of the effect of these differenc¬ 
es on the behavior of the two TR states shows 7 
that it should be very small, suggesting that some 
other mechanism is in fact dominant under most 
conditions. Such a mechanism was proposed re¬ 
cently by Giordano et al. ,* and It Involves a dif¬ 
ference’in the geometrical arrangement of the 


i 
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spin-spin interactions. Values of the individual 
spin-spin interactions have been estimated from 
various thermodynamic measurements on DyAIG 8 
and we can use these results directly in a low- 
field, low-temperature series expansion to pre¬ 
dict M for both A 4 and A*. 

The calculation was made by including first-, 
second-, and third-nearest neighbors explicitly 
and the effect of all other neighbors in terms of 
a mean field, using the published values for the 
nondipolar interaction parameters and dipole 
sums calculated from the structure. Details of 
the calculation will be given elsewhere, 4,9 and we 
will note here only that it was necessary to In¬ 
clude terms involving the simultaneous excita¬ 
tions of three nearest-netghbor spins before there 
was any difference between A 4 and A". 

The results of the calculations are shown as the 
broken lines in Fig. 2. It can be seen that the 
agreement is quite satisfactory, especially at the 
lower temperatures where the approximation 
should be the best. It should also be noted that 
the calculated behavior is here based on a Hamil¬ 
tonian which only includes Ialng terms and that 
the difference between the two sublattices is an 
intrinsic property of this type of Ising model. 

The substantial difference between the magneto¬ 
optical rotations of A 4 and A' at elevated fields 
makes it possible to observe mixed antiferromag¬ 
netic states microscopically. As in Ref. 2, the 
apparatus consisted of a polarizing microscope 
whose optical axis lay along the axis of an elec¬ 
tromagnet. The sample was immersed in super¬ 
fluid helium in a Dewar with flat glass windows. 
Linearly polarized monochromatic light impinged 
on the sample. The analyzer was set to give the 
most revealing contrast. 

In Figs. 3(a)-3(c) we show a sample which had 
been prepared in A", subjected to various field 
changes indicated schematically on the right. 

The temperature throughout was maintained con¬ 
stant at 1.32 K, as indicated by the hatched shad¬ 
ing. 

In Fig. 3(a) the field has taken the sample just 
into the mixed phase region and bright P 4 nuclei 
can be seen against the dark A * background. If 
the field Is now reduced back into the region 
where only A ' is stable, the P* regions will 
transform into A 4 and in Fig. 3(b) we see the A 4 
regions in A', as expected. The rotation contrast 
is here not as great as that between A' and P 4 be¬ 
cause of the much smaller difference In the mag¬ 
netizations, but the coexisting domains are clear¬ 
ly visible. If the field is once again raised into 



d 


,4 IN A". A* 


ioo/j.m 

FIG. 3. Micrographs of the A*, A~, and P 4 magnetic 
phases obtained by various field and temperature treat¬ 
ments. All were taken at 1.32 K. For fa), (b), and (c) 
the sample was 690 pm thick; for (d), 190 jim. The 
field and temperature treatments used to obtain the 
four cases are Indicated schematically on the right and 
are discussed In the text. 

the mixed phase region, P 4 is again nucleated 
and we can observe all three phases simultaneoui 
ly [Fig. 3(c) |. It is interesting to note that P 4 is 
nucleated at the A 4 -A' boundary so that the anti¬ 
ferromagnetic domain wails have been effective!; 
•’decorated. ” That such nucleation would occur 
was noted by Jacobs and Lawrence, la and has re¬ 
cently been discussed by Mitsek and Gaidanskii.’ 
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Neither this situation nor that of Fig. 3(a) Is 
stable. In the course of minutes the P* slowly 
converts to a larger volume of A *, corresponding 
to the lowest free-energy state. At higher tem¬ 
peratures the conversion Is still more rapid, as 
one might expect. 

Figure 3(d) shows the result of an experiment 
in which we cooled from above T K In zero field 
(< 10Oe) and at 1.32 K gently entered the mixed- 
phase region. The result of this procedure is a 
dense array of small needles of the paramagnetic 
phase. From experiments such as (c) above, we 
know that In the presence of an A *-A' mixture P * 
will nucleate on the domain walls, and we there¬ 
fore Interpret the present result as indicating an 
extremely finely divided mixture of A 4 and A' in 
the initially cooled system. Cooling In larger 
fields produces various more complicated situa¬ 
tions and we shall discuss these elsewhere. 

These experiments have shown that it is pos¬ 
sible to prepare a DyAIG sample either predomi¬ 
nantly A 4 or predominantly A' or else as various 
mixtures of the two. The distinctive rotatlon- 
versus-field curves of the two antiferromagnetic 
states has enabled us to study their properties 
directly. We have seen that two microscope tech¬ 
niques are effective for visualizing the TR do¬ 
mains. The first relies on the rotation differ¬ 
ence at moderate fields, which provides a direct 
contrast when the sample is viewed between suit¬ 
ably set polarizers. This is applicable to all an- 
tiferromagnets in which the field couples to the 
antiferromagnetic order parameter.* The second 
technique makes use of the fact that the paramag¬ 
netic phase with its large rotation nucleates along 
A*-A' walls. We can thus "decorate” the antifer¬ 
romagnetic walls with readily visible paramagne¬ 


tic nuclei, an effect of still wider applicability. 
Further experiments are now in progress and 
will be reported elsewhere. 

We would like to thank R. Alben, M. Blume, 

L. M. Corliss, and J. M. Hastings for a number 
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Systematic Pseudomagnetic Measurements of the Spin-Dependent Scattering Length 
of Slow Neutrons with Atomic Nuclei 
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J. Piesvaux, and M. Pinot 
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The magnitude and the sign of spin-dependent scattering lengths of slow neutrons by 
nuclei of u', Al 22 , Sc 4 *, Zr sl , Nb 82 , La 1 * 1 , and Ta 1 *' have been determined by measur¬ 
ing the dependence of the precession angle of the neutron spins on the nuclear polarisa¬ 
tion of the scattering target. 


The scattering of slow neutrons by a fixed nu¬ 
cleus can be described by the scattering length 

-*n -a 0 + ' s, 

where I* and S are the spins of the nucleus and 
the neutron, respectively. The parameter a N 
= (a, -u.)/(l n + i) (a t and a. being the nuclear 
scattering lengths of the nucleus for the two spin 
channels f # + i and l M - j) Is unknown for most 
nuclei. The growing use of polarized neutron 
beams, and targets with sizable polarizations ob¬ 
tained either in static fields at very low temper¬ 
atures or by dynamic nuclear polarization, makes 
the knowledge of a„ of greater Interest. In this 
Letter, we report values of n N for a few nuclei. 

In analogy to neutron magnetic scattering, a 
new formalism has been introduced previously, 
and its physical validity experimentally demon¬ 
strated. 1 " 2 It defines, Inside a nuclear target, a 
pseudomagnetic field//* produced by the pseudo¬ 
magnetic moments p* of the target nuclei such 
that 

«* = 4itA/* - 4irAfp */’, 

where .V is the number of nuclei per unit volume, 

1‘ is their polarization, and p* is given by 

p*//ip - — GnIm/Hh~ l-855X 10 12 fffOjf 

1.855X10 12 [/*/(/* t i)]K-n_). 

with the Bohr magneton. r 0 e s /mr* the classi¬ 
cal radius of the electron, and^. 1‘JPk- - 1.913 
the neutron magnetic moment expressed In nucle¬ 
ar magnetons. In a static field//„, the neutron 
magnetic moment will precess with the Larmor 
frequency icj, = - y„H n , where y n ~ 2/x„/fc -- - 2ir 
X2 917 sec' 1 G' 1 is the gyromagnetic factor of 
the neutron. The effect of the pseudomagnetic 
field//* is to change the Larmor precession fre¬ 
quency u)| of the neutrons inside the target by an 
amount Acj; l - -y„//*, as first shown theoretical¬ 


ly by Barytchevskl and Podgoretzld. 4 A very sen¬ 
sitive method to measure small changes in pre¬ 
cession frequency Is through the change In the 
precession angle of the neutron polarization. 

Such a method has been described in a previous 
Letter. 8 The extra precession angle due to the 
pseudomagnetic Held Is a = - y„H*t = - y„H *l/v, 
l being the sample length and v the neutron veloc¬ 
ity. This extra precession angle Is measured 
from the ratio R = /*//" by the relation 

cos« = (1 -R)/Dp*(l ~eR), 

where /* and /* are the counting rates of the ana¬ 
lyzer for opposite incoming-neutron polarizations 
(corrected for background), p * 1b the product of 
the polarizing and analyzing efficiencies, and e 
is the efficiency of the flipping coil used to re¬ 
verse the incoming-neutron polarization. In our 
setup, p* - 0.990 and p*e = 0.981. The coefficient 
D takes into account any dephaslng process re¬ 
sulting in a decrease of the measured polariza¬ 
tion. It has been measured separately for each 
sample. 

The large pseudomagnetic moments of H 1 and 
V 51 give measurable precession angles even at 
IK. 5 But for many nuclei, p* is much smaller 
and, consequently, much higher polarizations 
are needed. Two somewhat complementary meth¬ 
ods can be used to achieve sizable nuclear polar¬ 
izations. The first consists in lowering the tem¬ 
perature of the sample down to the mtllikelvln 
region. The second uses microwave techniques 
to polarize the nuclei dynamically. 

In the first method, the main problem is to 
achieve equilibrium through thermal contact be¬ 
tween sample and coolant, and, inside the sample, 
between the lattice and the nuclear spins. The 
former is generally good down to, at least, 80 
mK, while the latter is satisfactory for metals 
down to very low temperatures (the spin-lattice 
relaxation time t~1/T) and almost nonexistent 
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at these temperatures for most Insulators (r~ 

e 4/r ). 

The second method is able to cool the nuclei 
far below the lattice temperature. Therefore, it 
calls for substances with weak spin-lattice cou¬ 
pling, l.e., insulators. It has the advantage that 
it may be possible to polarize selectively and 
thus to sort out the contribution of different iso¬ 
topes in samples with several nuclear-spin spe¬ 
cies. A disadvantage is the difficulty of measur¬ 
ing the polarization accurately. 

Whatever the polarization method, a plot of a 
against nuclear polarization Pis a straight line, 
whose slope gives /a*. For static nuclear polar¬ 
ization, P is generally small, and 



Idc 1 
A T’ 


( 1 ) 


where p is the magnetic moment ol the nucleus, 
p B and n„ are the electronic and the nuclear 
Bohr magneton, respectively, d is the density 
and A the atomic weight of the element, and c is 
the abundance of the Isotope with spin I. £ is de¬ 
fined by 


where N 0 is Avogadro’s number and R =N 0 k B is 
the gas constant per mole. 47.06 = 3.185 

cm 1 K in our case (JJ = 25 kG, v = 3.694X 10“ cm/ 
sec). 

We now state briefly some improvements made 
to the equipment described in Ref. 5. 

To obtain a good stability of amplitude and 
phase of the rf fields, capacitive dividers pick 
up the rf field close to each coll. The amplitudes 
of the pickup control voltages are used to drive 
the respective automatic gain control states which 
hold the amplitude constant to better than 0.1%. 

At the same time, the phase difference between 
the two signals is measured and used to stabilize 
the relative phase between the two rf coils to bet¬ 
ter than 0.1 deg. 

The dc magnetic field H 0 is stabilized through 
the NMR of a proton sample placed outside the 
cryostat. A long-term stability of the order of 
50 mG is achieved, corresponding to a phase 
shift of the order of 1 deg. 

The dynamic polarizations have been obtained 
in a conventional He 4 cryostat using a 70-GHz 
microwave source (the static field is about 25 
kG). For static polarizations, a dilution refrig¬ 
erator was used. It has been specially designed 
for simple operation, easy positioning and inter¬ 


change of samples, well-defined temperature of 
the samples, and a minimum amount of He 9 in 
the path of the neutron beam. A detailed descrip¬ 
tion of this cryostat will be given elsewhere. 9 
The lowest temperature reached inside the dilu¬ 
tion chamber was of the order of 20 mK. How¬ 
ever, for most samples, a higher limit was set 
by the very long cool-down times. This is due 
to the conjunction of the Kapitza boundary resis¬ 
tance and nuclear heat capacity which leads to a 
very steep temperature dependence of the cooling 
times. The temperature was measured by a car¬ 
bon resistor calibrated as follows: The value of 
(2.101 0.02)p B for p*(V“) was obtained between 
1 and 4,2 K using the He* vapor pressure as a 
temperature scale (a value in excellent agree¬ 
ment with the known spin-incoherent scattering 
cross-section value 7 ). Then a measurement of 
the precession in V &1 down to 40 mK provided, 
through formula (1), a value of the temperature 
against which the resistdr was calibrated. 

As an example, a plot of a against 1/T for Al* 7 
is given in Fig. 1. At temperatures below 50 mK, 
where the arrows indicate the time sequence of 
the measurements, there is clear evidence that 
the sample does not follow the temperature chang¬ 
es in the dilution chamber. 

Results obtained for seven nuclei are given in 
Table I. Two values of p * have also been ob¬ 
tained by dynamic polarization: for Li 7 in a LiF 
single crystal, and for Al 77 in a ruby single crys¬ 
tal. All other results have been obtained with 
static polarizations in the dilution refrigerator. 
The room-temperature densities used to calcu- 



F1G. 1. Observed variation of tho extra precession 
angle o with l/T for Al”. 
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TABLE I. Experimental values of M* and of a 4 — a. for seven nuclei, 
talned from cross-section measurements are also given. 

For comparison, 

values for a 4 — a. 

ob- 

Isotope 

Spin 

d 

(g cm' 8 ) 

aT/l 

(deg cm' 1 K) 

P*/p B 

a+ -a. 

CIO" 12 cm) 

Ia t -a.l 0 
(10'« cm) 

00 

U 1 

3/2 

0.540 

15.8 

-0.62 *0.03 
-0.66 ±0.03* 

-0.45 *0.02 
-0.47 *0.02 

0.62 

0.100 

At 27 

5/2 

2.70 

2 .39 

+ 0.077*0.004 
+ 0.088*0.010* 

+ 0.050*0.003 
+ 0.057*0.006 

• • • 

0.037 

Sc 4 * 

7/2 

2.99 

48.2 

+ 1.96 *0.04 

+ 1.20 *0.03 

1.45 

0.083 

Zr 91 

6/2 

6.51 

0.66 

1-0.74 *0.10 

+ 0.48 ±0.07 

• •• 

0.024 

Nb w 

9/2 

8.67 

2.0 

-0.046 *0.004 

-0.028*0.002 

0.44 

0.083 

La 159 

7/2 

6.14 

11.4 

+ 1.19 *0.04 

+ 0.73 *0.03 

0.44 

0.067 

Ta'* 1 

7/2 

16.6 

1.6 

-0.096 *0.010 

-0.059*0.006 

*" 

0.071 


‘Measurements with dynamical nuclear polarization. 
b Tx)wost temperature obtained In the experiment. 


late p* from the slope aT/l and values of a t -a. 
derived from p* are included in Table I. For 
comparison, la 4 -a_l obtained from the cross- 
section data, whenever possible, are also shown. 
No correction has been made for the change of 
density with temperature or for the contribution 
of the nuclear magnetization proper to the pre¬ 
cession angle, since both corrections are In all 
cases below the error limits of our measure¬ 
ments. 

It now appears that all neutron spin-dependent 
nuclear scattering lengths, with the possible ex¬ 
ception of nuclei with very large absorption cross 
sections, are accessible to this method and that 
the main obstacles would be lack of time, lack 
of money (for the rare isotopes), and/or lack of 
motivation. Some possible applications of nucle¬ 
ar pseudomagnetism to the study of bulk matter 
have been discussed elsewhere.* 

The authors (who are not nuclear physicists) 
would be grateful for suggestions of nuclei of 
particular interest. Is O 17 of sufficient special 
interest to be investigated in spite of Us very 
small isotopic abundance? Is an accurate mea¬ 
surement of p' for the deuteron of interest to 
specialists of the three-body problem? What 
about magic nuclei plus or minus a nucleon? For 
many isotopes differing by two neutrons, spins 
are identical and magnetic moments very near. 


Is the ratio of their pseudomagnetlc moments 
worth investigating, etc. ? We welcome sugges¬ 
tions. 

It is a pleasure to acknowledge our indebtness 
to Professor R. V. Pound for pointing to one of 
us the manifold advantages of using in our exper¬ 
iments phase-shift measurements rather than 
frequency shifts. 


'Permanent address: Institute of Physics, Bulgarian 
Academy of Sciences, Sofia, Bulgaria. 
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Negative-Parity Band in 
B. Haas* and P. Taras 

Latoratoire de Physique Nucltatre, University de Montrial. Montrial, Canada 
(Received 7 May 1974) 

The electromagnetic decays of levels In <8 V have been studied via the reaction 14 S( 1 *0, 
/oO^V at incident ion energies of 30-36 MeV. Spins, parities, and branching and mixing 
ratios were obtained from angular distribution, excitation function, y-y , and n-y coin¬ 
cidence measurements. Six, and possibly seven, members of a very pure rotational nega¬ 
tive-parity band were identified. This band is based on a 1" low-lyirg core excited state 
with probable configuration 


A systematic study of nuclei in the 1 / 7/ , shell 
populated in heavy-ion-induced reactions is cur¬ 
rently underway in this laboratory. The odd-odd 
cross-conjugate nucleus **V was the first to be 
studied since a knowledge of its properties is 
quite important for a proper understanding of the 
forces coming into play in this shell. In this Let¬ 
ter we report evidence for a negative-parity band 
built on a low-lying core excited state. This band 
has amazing regularity indicating the presence of 
a rigid structure with a rather large deformation. 

The levels in “V were populated via the reac¬ 
tion J, S( 1 "0,/>n) vl V. The la O beam from the Uni¬ 
versity de Montreal EN tandem Van de Graaff ac¬ 


celerator was typically 150 nA in the 5* charge 
state. Targets enriched to 85.6% in M S were 
made by evaporation of - 500 pg/cm* of CdS onto 
thick nickel backings. The beam energy was var¬ 
ied between 30 and 36 MeV in steps of 2 MeV. 
Several exit channels were open at these bom¬ 
barding energies, the most important being pn, 

2 pn, 2 p, ap, an, and 2n in roughly decreasing 
order of importance. The y rays emitted in the 
decay of “V were identified through high-reso- 
lutlon y-y and n-y coincidence measurements 
using two Ge(Li) and one NE213 detectors. The 
angular distributions of the decay y rays were 
measured at seven angles in the horizontal plane. 


TABLE I. Experimental results for the negative-parity band in <S V. 



E i 

y 

(k«V) 


*7 

Branching 

ratlosCl) 


a. 

l /a 0 

« 4 /a 

0 


W(0)/W(90) 

'jia.6 

98.0 

± 0.2 

r 


29 ± 2 

0.0 * 0.02 

.04 

± .01 

- 





2 10. A 

± 0.2 

i" 

2 + 

71 ± 2 

-0.09 s. S> s 0.02 

-.09 

± .02 

- 





226.3 

± 0.2 

2~ 

i! 

93 ± 2 

0.02 ± 0.04 

-.29 

± .01 

- 





324.2 

± 0.5 

2 


3 ± 1 

a 


a 






436.7 

± 0.5 

2 

2 

5 ± 2 

4 


a 





1055.7 

310.8 

± 0.2 

3“ 

2“ 

91 ± 3 

-0.02 i 5 =. 0.07 

-.32 

± .02 

_ 





537.2 

± 1.0 

3 

1 

9 ± 3 

-0.03 £ b s 0.15 

.45 

± .06 

-.38 

± 

.08 


15V.6 

501.9 

± 0.2 

4* 

3" 

71 ± 7 

0,12 ± 0.04 

-.51 

± .04 

.07 

± 

.04 



812.7 

± 1.0 

4 

2 

29 ± 7 

b 


b 




1.42 i 0.25 

t j 

504.9 

± 0.2 

5“ 

4" 

70 ± 7 

-0.07 ± 0.07 

-.17 

± .04 

. 





1006.3 

± 1.0 

5" 

3 

30 ± 7 

b 


b 




1.34 ± 0.21 

nm.u 

716.9 

± 1.0 

6“ 

5* 

69 ± 10 

c 


c 




0.46 ± 0.18 


1221.8 

± 1.3 

6 

4 

31 ± 10 

b 


b 




1.39 ± 0.18 

J58i,.0 

806.6 

± 1.0 

(7') 

6” 

68 ± 15 

c 


c 




0,42 ± 0.23 


1523.5 

±-1.6 

(7') 

5 

32 ± 15 

0 


c 


_ 


\ 


, ‘intensity of y rays too weak to yield meaningful data. 

Difficult to analyze because of Interference of other y rays and Doppler shift effect; however, the ratio W (0)/ 
r <90) la consistent with stretched quadrupole transitions. 

^Same as b, but with stretched dipole transitions. 

Mixing ratio defined as in Rose and Brink (Ref. 1). 

Masked by <2 Ca 2 + —0 + 1524.2-keV transition. Branching ratios obtained from y-y total projection spectrum. 
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(7') 


32 ±15 


3586.0 


6 ('» 


31 ±10 


69±I0 


68± 15 


2779.4 
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a 3 1_ A 
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'.7 — - L J -If J&. 420 6 

2* - -4-1- 308 2 


FIG. 1. Partial lavol schema of "V showing tho nega¬ 
tive-parity hand and Its niodos of decay. 


The energies of the coincident y rays and their 
time distribution were recorded event by event 
on magnetic tape by means of an on-line comput¬ 
er. The results of the analysis are summarized 
in Table I and Fig. 1. The levels at 2062.5, 

2779.4, and 3588.0 koV have not been reported 
previously. 

The members of the negative-parity band have 
been definitely established up to i/ = 6 on the basis 
of the following arguments: 

(1) Each one of the y rays proposed to be a mem¬ 
ber of the y -ray cascade is in coincidence with 
all the other members, Figure 2 shows, as an 
example, the resulting coincidence spectrum with 
the gate set on the (308.2 + 310.8)-keV transitions. 
Further evidence for the weaker 717- and 807- 
keV y-ray transitions is given in the inset of Fig. 

2 which shows part of the total y-y projection 
spectrum. These y rays are also quite promi¬ 
nent in the «-y spectrum. 

(ii) The relative intensities of the y-ray transi¬ 
tions in the singles spectra show a gradual de¬ 
crease with increasing spin. This feature is con- 



FIG. 2. y-y coincidence spectrum resulting from a 
gate placed on the (308.2 +310.8)-keV transitions. In 
the Inset we display part of the total y-y projection 
spectrum showing the weak transitions between the up¬ 
per members of the band. 

slstent with a statistical picture of the de-excita¬ 
tion process of the compound nucleus. 2 

(iii) In the coincidence spectra, the relative in¬ 
tensities of all the transitions following a gate 
transition are equal within statistics, while those 
of the transitions preceding the gate transition 
are in the same proportion as in the singles spec¬ 
tra. 

(iv) In addition, excitation functions have been 
measured for bombarding energies ranging from 
30 to 36 MeV. The results display the systematic 
variation with spin expected from a statistical de¬ 
excitation mechanism, 2 e.g., over the above ener¬ 
gy range the Intensity of the 505-keV 5” — 4" tran¬ 
sition increases by a factor of ~ 2.5 while that of 
the 226-keV 2" — 1' transition increases by only 
15 %. 

Prior to the beginning of our work only the 
ground and first two excited states had definite 
spin and parity assignments. The allowed values 
of J and i presented In Table I are based on a x 2 
analysis of the measured y-ray angular distribu¬ 
tions. All spin combinations yielding up to oc- 
tupole-hexadecapole y-ray admixtures and con¬ 
sistent with the excitation-function results have 
been considered. Further details 9 on this type of 
analysis will be given in the general context of 
spin assignments following heavy-ion-lnduced re¬ 
actions. It was difficult to obtain a complete an¬ 
gular distribution for the weaker dipole and quad- 
rupole transitions because of interference from 
other y rays and Doppler-shtft effect. However, 
the ratio of their intensities at 0° and 90° with 
respect to the beam axis was consistent with 
stretched (J-J- 1) dipole and (J-J- 2) quad- 
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upole transitions, respectively (see Table I). 

'he results for the first four states are in agree- 
nent with recent work by Samuelson et al* who 
ised the reaction “Ti(p,n) a V and analyzed their 
lata with the statistical compound-nuclear com- 
iuter code MANDY. 

The 518.6-keV state was assigned J w = 1' ac- 
•ording to the following arguments. Our results 
or this state rule out J =0 and J* 3, and in con- 
unctlon with the mean lifetime* of the level (r 
3 .92±0.09 nsec) <1* =2" could also be rejected 
,ince it would lead to unacceptable M2 strengths 
>190 Weisskopf units (W.u.)1. Dorenbusch et al* 
iave populated this level in the reaction 47 Ti(*He, 
')“V. Their deuteron angular distribution was 
itted with a pure l t = 3 component {J* = 5* or 6 + ). 
towever, their distribution could have also con¬ 
ceivably been fitted with l t = 2 (0* * J* * 5"), Thus 
he 518-keV state could be assigned = Fur- 
her support for this assignment comes from re¬ 
lent work on the reaction 46 Ti( s He,/>)'“V by Smith 
7 al. 7 These authors found a large number of 1 + 
ind 2* states but failed to observe the 518-keV 
evel. In addition, if this low-lying state were to 
iave positive parity one would expect it to have 
larticle configurations similar to the ground and 
irst two excited states thus giving rise to rapid 
ill decay. On the other hand, a negative parity 
with a particle configuration of (xd^j )' 1 (*/,/,)* 
<(v/ 7/ ,)“ would yield /-forbidden El decays in 
igreement with the observed long lifetime of the 
evel. The observed El strengths are (5.28 ±0.12) 
:10* W.u. and (1.45±0.05)xl0"* W.u. for the 98- 
ind 210-keV 7 -rays, respectively. The corre- 
iponding values for Ml transitions would have 
>een (2.46 ± 0.23)X 10'* W.u. and (0.61 ± 0.03)x 10'* 
V.u., respectively. 

The parity of the higher states shown in Fig. 1 
vas Inferred from the fact that the band follows 
ixtremely well the J(J + 1) rule expected of a rig- 
d rotor (Fig. 3). This behavior gives strong sup- 
«rt to the interpretation of the band as being a 
otational band built on a core excited Btate. The 
'arity of these states should eventually be mea- 
ured, for example, by ay-ray linear polariza- 
ion measurement. However, the complex 7 -ray 
ingles spectrum necessitates the use of an ex- 
'enslve Ge(Ll) polarimeter which is not at pres- 
nt available in our laboratory. The lifetime 
measurements of the higher lying states of this 
'and are currently in progress in our laboratory, 
'relimlnary results on the 744.9-keV state (t 
25 psec) and on the 1055.7-keV state (re 5 psec) 
ndicate that the £ 2 transition strengths of the 



ANGULAR MOMENTUM J 

FIG. 3. Excitation energies of the members of the 
negative-parity band versus J p +1). 


decay 7 rays of these levels could be as high as 
18and24W.u., respectively. Unfortunately, the 
values of 6 are close to zero and the errors, 
even though small, then lead to a rather large 
range of E2 strengths. It is interesting to note 
that the 537-keV 3* -1" transition strength Is of 
the order of 30 W.u. if £2 and 1337 W.u. if M2, 
clearly indicating that the 1055- and 518-keV 
states have the same parity. 

It should also be pointed out that all the y-ray 
transitions occurred within the negative-parity 
band; none was observed to a number of other 
neighboring states whose parity is believed to be 
positive. This is not surprising since the posi¬ 
tive-parity states appear to be fairly well ac¬ 
counted for on the assumption of a pure f 7/t nu¬ 
cleon configuration.* In addition, transitions 
from the members of the negative-parity band 
based on a (mf,/,)’ 1 configuration to the positive- 
parity states whose configurations are expected 
to be mainly (t'/ 7 /i) , (v/ T / 1 )'* would entail M2 tran¬ 
sitions which are expected to be retarded. 

The variation of the excitation energy E, of the 
members of the negative-parity band as a func¬ 
tion of J{J +1) is very well reproduced by the re- 
lation E x =E 0 + (¥/2e)J{J+ 1) withE 0 = 405 keV 
and ff/24 = 56.7 keV, the largest deviation being 
=<2% for the 5" state. This is rather surprising 
since one might have expected some band mixing. 
The purity of the band seems to indicate that the 
nucleus in its 518-keV state must have a rather 
rigid structure corresponding to a rather large 
deformation. Taking 6 = 0.06 for the 226-keV 
2* — 1* transition, we obtain for the intrinsic 
quadrupole moment Q 0 = 0.79 b, for the deforma- 
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tion 0 = 0.24, and a rather large value of 0.78 for 
the quantity ( g K -?«). 

No theoretical predictions on the negative-par¬ 
ity states of "V have yet been published. It might 
be interesting to undertake SU(3) calculations to 
try to understand the appearance of core excited 
states at such low excitation energies (also known 9 
to exist in other nuclei of the l/ 7/J shell) and In 
particular to try to find out why they appear to 
be so pure, as in < *V. 

The authors would like to thank Professor Jean 
LeTourneux for enlightening discussions. Finan¬ 
cial support for this project was provided by the 
National Research Council of Canada. 
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A/ =-y Rule for Nonleptonic Decays in Asymptotically Free Field Theories 


M. K. Galllard* and Benjamin W. Leet 
National Accelerator Laboratory, Batavia, Illinois 60510 
(Received 10 April 1974) 

The effective nonleptonic weak Interaction Is examined assuming the Welnberg-Salam 
theory of weak Interactions and an exactly-conserved-color gauge symmetry for strong 
Interactions. It Is shown that the octet part of the nonleptonic weak interaction Is more 
singular at short distances than the 27 part, The resulting enhancement of the octet term 
In the effective local weak Lagranglan, togethor with suggested mechanisms for the sup¬ 
pression of matrix elements of the 27 operator, may be sufficient to account for the ob¬ 
served | Aj|- i rule. 


The purpose of this paper Is to discuss the ef¬ 
fectively local form of nonleptonic weak interac¬ 
tions in models in which weak interactions are de¬ 
scribed by a Weinberg-Salam-type gauge theory 1 
and strong interactions by an exactly-conserved- 
color gauge-symmetry group, 2 and to comment on 
the origin of the A 1=1 (or octet) rule observed in 
strangeness-changing decays. 

Our discussion is based on the operator-prod¬ 
uct expansion of the product of two weak cur¬ 
rents. In an asymptotically free lield theory,’ it 
is possible to compute the short-distance behav¬ 
ior of coefficient functions in the operator-prod¬ 
uct expansion; we find that the Al= £ part ol the 
interaction is more singular at short distances. 
This is much as anticipated by Wilson.'* (See also 
Mathur and Yen 5 ; however, our conclusions dif¬ 
fer substantially from theirs.) 

In the following, we shall use the 't Hooft-Feyn¬ 
man gauge to describe both the weak bosons and 


the color gluons. In the’t Hooft-Feynman gauge, 
effects of (unphysical) Higgs scalar fields may be 
neglected, since they are of order (m/m w Y com¬ 
pared to the W exchange, where m is a charac¬ 
teristic mass scale of hadrons and tn w the mass 
of the charged vector meson W. 

It is useful to consider first the case ol free 
quarks. The effective nonleptonic weak interac¬ 
tion is of the form 

-f'fd'xD/x; m„ 2 )rlj^W/(0)]. (1) 

where j and j„ s are strangeness-conserving 
and -changing charged currents: 

jp# = (iP cos6-f 'sine)y^(l -y„)3» + ... (2) 

and 

J /iS = (^ 8ine+ ^' c o se ))'^ 1 -J' 5 )A + .,. . (3) 

In Eq. (2), <P' denotes the fourth quark field asso¬ 
ciated with the proposal of Glashow, Iliopoalos, 
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and Malani, 9 and 6 is the Cabibbo angle. The 
time-ordered product of two currents in (1) may 
be expanded in the form 

* (4) 

where the 7 are c-number functions of the sepa¬ 
ration distance and the 0 (l) are operators of (2t) 
quark fields. 

Let us consider the operators bilinear in quark 
fields (one-body operators). The operators fRA 
and 3ty8X will have coefficient functions which 
scale as v* 9 at short distances. Such terms will 
have divergent coefficients in Eq. (1), but contri¬ 
bute only to mass and wave-function renormaliza¬ 
tions of the quark fields. Operators of dimension 
six or higher, such as 3 ?y 88 2 A, can in principle 
contribute to Eq. (1) to order m w ' 2 , but these 
operators automatically give AJ=i, and are ex - 
pected to have coefficients proportional to (mp# 2 
- because the contractions of (9 and <P' 

quarks contribute to them with the opposite sign. 

Next we consider the operators quartic in quark 
fields. There are two of them: 

e 1 <s) = :Ry (1 (l-y s )4>5y' , (l-y s )A: 


and 

0a W = VU -7 5 )A:. 

The second is automatically Af = ^ and the first a 
mixture of £U= { and f. The associated c-num¬ 
ber functions 5, (2) and ff, <2) are constants, so that 
the operators 0, <2> and 0, C2> contribute to Eq. (1) 
with the coefficient 

- -f 2 fd'xDfiS; m v 2 ) =/ 2 /M w 2 = G r /S2. 

The quartic operators (or two-body operators) of 
higher dimensions such as :{8 2 [Sy l '(l -y,)<P]}<Py„ 
x(l - > 5 )A: will have coefficients of order G r m w ' 2 
and may be neglected in Eq. (1). Thus the effec¬ 
tive local form of the interaction (1) to leading 
order in nt w ' 2 is 

[£,J e „ = (G jr /v^:J (1 /(0)J s '‘(0): + H.c. (5) 

We shall now extend similar considerations to 
models in which atrong interactions are mediated 
by unbroken-color gluons. For definiteness we 
consider the model of color SU(3). We write the 
color quark fields as column matrices. Strong 
interactions are described by the Lagrangian 


•E s = £ ‘MViX 8 ’ 1 - atfA-G")?, + mass terms (6) 

i-e.a. x.<" 

where G“ are the octet of color gluon fields. The comments made for the free-quark model on the one- 
body operators 0„ (l) that appear on the right-hand side of Eq. (4) also apply to the color (or singlet) 
vector gluon scheme; in particular, as shown by Weinberg, 7 the terms containing the operators WA and 
W>-8A in Eq. (1) are “transformed away" by the mass and amplitude renormalizations of quark fields: 
The remaining operators are A/= |, but their coefficients are in general of order G,(mp» 2 - mt 2 )/m w 2 . 

We need only consider two-body operators of lowest dimensions which conserve charm and which are 
antisymmetric in & and IP'. There are two operators we must deal with: 

0,® = itfKwPX^A) 4(SAX?(P) - (»<f 'X3 5 'A) ±(WAX5 s ' 9 ')], (7) 


where we have dropped the reference to the spin¬ 
or structure; thus, (JbXCd)=^ 7,,(1 - y^BCy'Xl 
- >,)D. The symbol N stands for Zimmermann’s 
normal ordering, 8 except that the subtraction 
point should be chosen in the Euclidean region of 
the external momenta to avoid infrared difficul - 
ties. The combinations (7) are chosen so that 
each one transforms like the U z component of a V- 
3pin triplet. 8 That the two combinations form a 
complete set of operators is a consequence of the 
Fierz identity. Note further that the first opera¬ 
tor in (7) is pure A/= s, while the second is a 
mixture of Al= i and §■, The first operator 0 . <8) 
is antisymmetric with respect to color indices of 
5t, and <?, (or (P, and A j) while the second is sym¬ 
metric. To lowest order in g 1 , the two operators 


^ in Eq. (7) are renormalized multiplicatively. 

The associated functions Sg t5 > ia7 (8> may be evalu¬ 
ated for small x 2 , nfx 2 «1, by the method of 
Christ, Hasslacher, and Mueller,’ 0 using the 
Gell-Mann, Low, 11 Callan, Symanzik 12 equation. 
We consider the irreducible vertex 

<7'l;„ J( t U)7 s ' , (0)9(/>, MPMPM />♦)]>'" 

in the limit of vanishing quark mass, and choose 
pf -p 2 2 -p 2 =p 2 = - ii 2 , s-t = u = — 4p 2 /3 as the 
subtraction point The renormalized matrix ele¬ 
ment 

Me.aWrfJ)'" 

has the form, as far as the dependence on p is 
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concerned, 

{l + r„|lnfi +. 

where y m la a number which can be computed from one-gluos-exchange diagrams in perturbation theo¬ 
ry. As discussed explicitly by Palttzer and Georgi , 15 the functions 3 m <2) satisfy the Callan-Symanzlk 
equations 

[/*— (8) 

with the usual meanings for p and y. 12 

In asymptotically free theories, the asymptotic form of can be reliably estimated. Writing 

$(>!) = -{fnz**)[b‘rO(H 2 )], y m = (g 3 A6n 1 )[d m + 0(g-*)], (9) 

and recalling that y - (^ , /16ir , )(4/c)* we find that 

--T„ ,l, (l,0){l - (gVS^Jftln^/^P)]'"'*'', (10) 

»<*»*« i 

n 


where 

(cost? stnt»‘ l tf„ (a '(l, 0) -- (1 /f2 ,1 /JTo, 2//10), 
for »;/ = 8, 8', and 27, respectively. In the three-color quartet scheme, 

b - 25/3 (11) 

(Ref. 2). and 

d m =B for 8, - 4 for 8' and 27. (12) 

Ilf the color gauge group is SUM, we have b = (llV-8)/3, d, = B(Af+l)/W, d„, iJ7 = -B(JV-.l)/V.] Thus, 
we see that the short-distance behavior associated with t),* a) is more singular than those associated 
with The former is of the form (In I * l) 0 * - *", the latter (lnlrl)'°- M . 

This difference in the short-distance behavior is reflected in the coefficients of the operators Oj 2> 
in the effective local Lagrangtan for nonleptonic weak interactions. Substituting Eqs. (4) and (10) in 
Eq. (1), and performing the integration over v after the Wick contour rotation, we obtain 

KV =y£costfsin0 {e,G t (a> f c 2 0 # . (a ' + c,e 27 <a) + H.c.}, (13) 

where 

f i f l2) N [(WP) (<Pa ) - (Sa ) (ffe )]//2, 

- N{(X<P)(#\) * (SAK^fP) *2(f*A)(S30 + 2 (Sa)(aa)]/A‘0, 

© 27 (s ' = vf2(S<P)(« s A) + 2 (Sa)(<P<P) - (tcaX&j 1 ) - (Sa)<aa)]/ v / To, 


Taking m w “ 100 GeV, we have 

1 + (^*/ 47 r)(ft/ 2 w)ln(Af=“ 7 , (15) 

so that r,/c, “5. 

The relative enhancement of an octet piece in 
Eq. (13) is not by itself sufficient to account for 
the observed small violation of the A/= | rule of 
about 5% (in amplitude) in nonleptonic decays of 
hyperons and K mesons. (For a review of this 
and related subjects, see for Instance Ref. 9.) 


and 

- 1 T. /V\ b , m y T’- <,> 

72T + (trM ln -/J • 

(14) 

To get some idea of the magnitude of these con¬ 
stants, we choose 4 to be the onset of scaling of 
the form ( 10 ), which we assume optimistically to 
be 1 GeV . 14 The gluon-quark coupling at that 
subtraction point is assumed to be (g*/4w) ^ l. 
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;t has often been remarked that the effective 
strength of IASI = 1 nonleptonlc transitions Is of 
irder G r , rather than G^sinfl, and that some en- 
lancement of the A/= £ part by a dynamical mech- 
mism Is necessary. 1 ' Since we expect c l sin8=‘l 
n Eq. (13) we do have such a mechanism for en- 
lancing the A/= i part. However, if the typical 
ladronic matrix element of © t7 (,) Is comparable 
o that of 0, (,) , one expects only a 20% validity 
or the A/ = i rule, which is not sufficient to ex- 
slain the data. Thus to explain the observed A/ 
r i rule, it is further necessary that the matrix 
dements of are suppressed by a factor of 
-4 relative to those of Such a suppression 

nay come about in a number of ways; for exam- 
lie, the duality considerations of Nussinov and 
loaner 10 indicate the suppression of the 27 oper¬ 
ator. Pati and Woo 17 have shown in the context 
of free color quarks that the baryon-to-baryon 
matrix elements of the 27 operator vanish. This 
result, which is a consequence of the color sym¬ 
metry of B„ in Eq. (7), remains true for quarks 
oupled to color gauge gluons, provided the SU(6) 
;round-state wave function is assumed. It then 
ollows from the usual lore of current algebra 
hat the A/ = | amplitudes vanish in the soft-plon 
imit for both baryon and K decays. (Of course, 
he continuation in pion momenta is problematic 
is always I) Consequences of our results for AS 
■0 transitions, the decays of charmed particles, 
ind O' decay, and a detailed account of the re¬ 
mits discussed in this Letter will be presented 
■lsewhere. 

We have benefited from discussions with D. J. 
Iross, H. Georgi, H. D. Polltzer, S. B. Treiman, 
md S. Weinberg, and participants of the Wein- 
>erg seminar at Harvard University. 
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%sics, state University of New York, Stony Brook, 
l.Y. 11780. 

*S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967), and 


27, 1688 (1971); A. Salem, in Proceedings of the Eighth 
Nobel Symposium on Elementary Particle Theory, Rel¬ 
ativistic Groups, and Analyticily, Stockholm, Sweden, 
1968, edited by N. Svartholm (Almquist and Wiksel, 
Stockholm, 1968). 

J D. Gross and Wilczek, Phys. Rev. D 8, 3633 (1973); 

S. Weinberg, Phys. Rev. Lett. 31, 494 (1973); H. Frltsch, 
M. Gell-Mann, and H. Leutwyler, California Institute 
of Technology Report No. CALT-68-409, 1973 (to be 
published). 

>H. n. Polltzer, Phys. Rev. Lett. 30, 1346 (1973); 

D. Gross and F. Wilszek, Phys. Rev. Lett. 30, 1343 
(1973). 

4 K. Wilson, PhyB. Rev. 179 . 1499 (1969), especially 
Sect. E, and references cited therein. See also V. S. 
Mathur and P. Olesen, Phys. Rev. Lett. 20, 1527 (1968). 

S V. S. Mathur and H. C. Yen, Phys. Rev. D 8, 3569 
(1973). 

8 S. L. Glashow, J. Iliopoulos, and L. Maianl, Phys. 

Rev.D 2, 1285(1970). 

T S. Weinberg, Phys. Rev. D 8, 4482 (1973). 

®W. Zimmermann, in Lectures on Elementary Parti¬ 
cles and Quantum Field Theory, edited by S. Deser 
el of. (Massachusetts institute of Technology Press, 
Cambridge, Mass., 1970), Vol.I, p.397. 

*M. K. Gaillard, in “Text Book on Elementary Parti¬ 
cle Physics." edited by M. Nikolic (to be published). 

>0 N- Christ, B. Hasslacher, and A. H. Mueller, Phys. 
Rev. 0 6 , 3543 (1972). 

"M- Gell-Mann aad F. E. Low, Phys. Rev. 95, 1300 
(1954). 

,J C. B. Callan, Phys. Rev. D 2, 1541 (1970); K. Sy- 
manzlk, Commun. Math. Phys. IS, 227 (1970). 

>*H. D. Polltzer and H. Georgi, Phys. Rev. D 9, 416 
(1974). 

’'Although the products Cj6^ 2 \ are Invariant under the 
renormalization group, the c’s and G's in Eq. (13) are 
not separately invariant. The point Is that the opera¬ 
tors 6 ^ contain the Zimmermann N ordering, so that 
they depend oo the subtraction point; near the subtrac¬ 
tion point high-momentum gluon exchange becomes 
negligible. Since we are interested In matrix elements 
of 0^ between hadron states, the subtraction point 
should not be too far from the mean momentum squared 
of the confined quarks. 

,6 R. F. Dashen, S. C. Frautschi, M. Gell-Mann, and 
Y. Hara, In Proceedings of the Twelfth International 
Conference on High Energy Physics, Dubna, U.S.S.R., 
I9fri (Atomizdat., Moscow, U.S.S.R., 1966). 
ls S. NusbIoov and J. Rosner, Phys. Rev. Lett. 23, 

1264 (1969). • 

,T J. C. Pati and C, H. Woo, Phys. Rev. D 3, 2920 
(1971). 


Ill 



Volume 33, Numbee 2 


PHYSICAL REVIEW LETTERS 


8 July 1974 


Observation of Large-Transverse-Momentum Muons Directly Produced by 300-GeV Protons* 

J. P. Boymond, R. Mermod.f P. A. Plroufi, and R. L, Sumner 
Department of Physics, Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08540 

and 

J. W. Cronin, H. J. Frisch, and M. J. Shochet 
The Enrico Fermi institute. University of Chicago, Chicago, Illinois 6 0037 
(Received 8 May 1974) 

We have observed muons produced directly In Cu and W targets by 300-GeV Incident 
protons. We find a yield of muons which Is approximately a constant fraction (0.8xl0* 4 ) 
of the plon yield for both positive and negative charges and for transverse momenta be¬ 
tween 1.5 and 5.4 GeV/c. 


In this Letter we report on the observation of 
muons produced directly in nuclear targets by 
300-GeV incident protons. Study of muon produc¬ 
tion at high transverse momentum was originally 
motivated by the search for the Intermediate vec¬ 
tor boson. Early experiments were carried out at 
the Argonne zero-gradient synchrotron* and the 
Brookhaven alternating-gradient synchrotron 3 
with negative results. More recently, several 
experiments have shown evidence for the direct 
production either of single muons 3 *' 1 or of muon 
pairs’ in nucleon-nucleon collisions. Extensive 
theoretical work"*’ suggests that collisions of 
potntlike constituents of the nucleon would result 
In the direct production of muons. 

In this experiment, performed at the National 
Accelerator Laboratory (NAL), we have used an 
apparatus described in a previous publication." 

It consists of a single-arm focusing spectrometer 
equipped with two Cherenkov counters and a calo¬ 
rimeter to identify hadrons, and a 15-ft-long steel 
filter sampled each 2.5 ft with dE/dx counters to 
identify muons. The spectrometer viewed sec¬ 
ondaries produced in a heavy target at an angle 
of 77 mrad relative to the incident 300-GeV pro¬ 
ton beam. This angle corresponds to ~ 90' in the 
nucleon-nucleon c.m. system. Direct muons 
from the target were separated from muons com¬ 
ing from 7 t and K decays in flight with the aid of 
two absorbers which could be inserted into the 
spectrometer close to the target. The first ab¬ 
sorber was a 23-in.-long W block with its up¬ 
stream face 9.5 in. from the center of the target. 
The second absorber was a 42-in.-long Fe block 
with its upstream face 42 in. from the target. 

We used a 2-in.-long W target, primarily in runs 
with negative muons, and a 3 -in. -long Cu target 
primarily in runs with positive muons. 

Data were taken under three conditions: (1) no 


absorber, (2) W absorber Inserted only, and 
(3) Fe absorber Inserted only. Runs were made 
at 10-GeV/e intervals between 20 and 70 GeV/c 
corresponding to transverse momenta (P,) from 
1.5 to 5.4 GeV/c. At 20 and 30 GeV/c, data were 
also taken with both absorbers in the beam as a 
consistency check. To verify that the muons 
were associated with the target, we also took 
data with the target removed for the three prin¬ 
cipal conditions at 20, 30, and 40 GeV/c. 

For each absorber condition we measured the 
ratio of muons detected at the end of our appara¬ 
tus to pions of the same charge detected by the 
apparatus when the absorber was absent. Two 
counter telescopes which looked at the target at 
90° laboratory angle permitted normalization of 
different runs. The yield of pions with no ab¬ 
sorber was corrected for nuclear absorption In 
the remainder of the apparatus and for decay in 
Right. 

The hadrons were attenuated by factors of ~ 200 
and ~ 270 with the W and Fe absorbers, respec¬ 
tively. These rather small attenuations resulted 
in a significant hadron penetration. These had¬ 
rons were identified by the combination of the 
Cherenkov counters and the hadron calorimeter. 
Those decaying appeared as muons. Thus the ob¬ 
served muons with absorber in place consisted 
of three components: (1) muons produced direct¬ 
ly in the target, (2) muons produced by hadrons 
decaying upstream of the absorber, and (3) decay 
muons from hadrons which penetrated the ab¬ 
sorber. 

For process (3) the ratio of muons to pions’ 
was directly measured at each momentum and 
polarity in runs without the absorbers; the cor¬ 
responding muon yield in the absorber runs is 
calculated from the observed penetrating pions. 
The remaining muon yield coming from process- 
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TABU; 1. Reduction of raw data to direct muon yield at the target. Pro- 
ceases (1), (2), and (3) are referred to In the text. "Tungsten” and “Iron” 
refer to the particular absorber used. 


Tungsten 


Iron 


Observed muons 

795 ± 28 

623± 25 

Observed pious 

13 580 

4985 

Ratio fi/r without 

absorber 

(2.03± 0.10)x 10* z 

Muons from hadron 

276 ±13 


penetration of absorber, 

process (3) 

276 ±13 

101 ±5 

Muons from processes 

(1) and (2) 

519 ± 31 

522 ± 26 

Absorber loss factor 

0.71 ±0.04 

0.40± 0.02 

Corrected muons from 

processes (1) and (2) 

731 ±60 

1305±92 

Pions at target 

4.60x10* 

4.62x10* 

Muons/plons at target 

(1.59 ± 0.13) x 10" 4 

(2.8S±0.20)xlO‘ 

Effective distance to 

target (m) 

0.35 

1.25 

Extrapolated p/x 

at target 

(1.10±0.15)x 10"* 


s (1) and (2) is then corrected for the loss due 
a the absorber insertion (e.g., multiple scatter¬ 
ing). Finally, the direct muon yield Is obtained 
ly linear extrapolation to zero decay path. 

In Table I we present the reduction of the raw 
lata from a typical run at 40 GeV/c. The absor- 
>er loss factors, calculated by Monte Carlo tech- 
llques, are presented in Table n. These factors 
iccount for the multiple-scattering loss, as well 
is the Increased yield due to acceptance of small- 
ir T\ when the absorber Is in place. The depen- 
lence of yield on P x was taken from our previous 
neasurements of hadron production.* We thus 
isaume that the direct muon component has a 
similar dependence onP„ an assumption that 
:an be checked a posteriori. Figure 1 shows the 
:orrected results of a typical run along with the 
iredicted slope. The points are plotted at a dis - 


TABLE IX. Calculated absorber loss factors. 


Momentum 

(GeV/c) 

Tungsten 

Iron 

20 

0.42 ± 0,03 

0.182*0.016 

30 

0.56 ±0.03 

0.300*0.015 

40 

0.71 ±0.04 

0,40 *0.02 

50 

0.81 ±0.05 

0.47 ±0.02 

60 

0.87 ±0.04 

0.54 ±0.02 

70 

1.02 ±0.04 

0.62 ±0.03 


tance d +A, where d is the distance between the 
target and the upstream end of the absorber and 
X is the measured Interaction length in the ab¬ 
sorber. 

The predicted slope can be obtained from the 
rate of hadron decay between the target and the 
absorber. It was calculated by numerical inte¬ 
gration as a function of momentum. The yield of 
decay muons between the target and absorber de¬ 
pends on both K and a decays. Kaons are twice 


40 GeV/c f 




0 l_I_1_I 

u 0 0.5 1.0 1.5 

Distance from Target (meters) 

FIG. 1. Plot of data reduced In Table I. Dashed 
curve, linear extrapolation to the target; solid line, 
calculated slope. 
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FIG. 2. Plot of obaervod slope and calculated slope 
versus reciprocal of the muon momentum. Points, ex¬ 
perimentally measured slopes; solid line, calculated 
slope. The slope as a function of 1/P is expected to 
be a parabola. The decrease In the K/n ratio towards 
low momentum distorts the parabolic shape. 


as effective as plons In producing detected muons. 
Thus the slope Is sensitive to the K/n ratio at the 
target. Figure 2 shows for both charges the pre¬ 
dicted and observed slopes plotted against the in¬ 
verse of the muon momentum. 

The agreement between calculated and observed 
slopes Is a significant verification of the correc¬ 
tions which are quite different in nature for the 
two absorbers. The W absorber Is more sensi¬ 
tive to the broadening of the acceptance because 
of Its proximity to the target, but Is less sensi¬ 
tive to multiple scattering for the same reason. 
The Inverse is true for the Fe absorber. 

Table HI gives the ratio of direct muons to 
plons at the target for all conditions. The most 
striking aspect of these results Is the constancy 
of the ratio // /n. The constancy for different tar¬ 
get materials Is particularly Interesting. In a 
separate experiment, to be reported in a sub¬ 
sequent publication, we have found the yield of 
plons per Interacting proton at 3-GeV/c Pi to 
be 3.5 times larger from a W target than a Be 
target. This effect is believed to be due to sec¬ 
ondary scattering in the nucleus. Since the direct 
muons follow the same pattern, a strongly inter¬ 
acting, short-lifetime source Is suggested for the 
muons. 

One such source can be the known vector mes¬ 
ons. For example, If p and </’ were each produced 
with the same cross section as w, we would ex¬ 
pect a ratio (p 'r) xio* of 0.68, 0.46, and 0.33 at 
I\ of 1.5, 3.0, and 4.5 GeV/c, respectively. 

In Figure 3 we plot the invariant cross section 


TABLE HI. Ratio of directly produced muons to 
plons In the proton-nucleus collision. The number of 
observed plons emerging from the 0.4-Interaction- 
length target Is multiplied by a factor 1.25 to account 
for absorption in the target Itself. 


Pi 

10*Xfi/ir (target) 

(GeV/c) 

Positive 

Negative 

1.62 

0.66 ±0.25 (Cu) 

0.86±0.20 (W) 

2.38 

0.72 ±0.11 (Cu) 

0.67±0.12 <W) 

3.15 

0.88±0.18 (Be) 

... 

3.15 

0.94±0.16 (Cu) 

0.88±0.12 (Cu) 

3.15 

0.60± 0.15 <W) 

0.74±0.16 (W) 

3.91 

0.98±0.23 (Cu) 

0.88±0.26 (W) 

4.67 

0.87±0.30 (Cu) 

1.02±0.34 (W) 

5.44 

0.94±0.47 (Cu) 

1.20±0.46 (W) 


per nucleon for Inclusive muon production. Also 
plotted Is the Inclusive plon cross section multi¬ 
plied by 10' 4 and the Inclusive muon cross sec¬ 
tion expected from a model based on parton-antl- 
parton annihilation. 10 It Is clear that the yield of 
muons Is everywhere In excess of the parton- 
model prediction. 11 

We wish to thank the staff of the Proton Section 



Trontvsne momentum (GeV/c) 

FIG. 3. Plot of the invariant cross section for direct 
muon production versus P. Also shown Is the ptoa 
cross section multiplied by 10' 4 and the cross section 
predicted by a parton model. 
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'‘The yield of muons from the parton-antlparton an¬ 
nihilation process depends critically oo the asHUmed 
antlparton distributions in the nucleon. The constraints 
on these distributions from inelastic electron and neu¬ 
trino scattering make it unlikely that a parton model 
can account for the large observed muon yields. 


Anomalous Muon and Hadron Charge Ratios in Secondary Cosmic Rays 

Robert K. Adair 

Yale University, New Haven, Connecticut OS520 
(Received 18 March 1974) 

Secondary cosmic-ray muon and hadron fluxes are calculated for particle energies 
above 200 GeV using accelerator data on Inclusive hadron cross sections and the known 
primary flux. The grosB differences between the calculated and measured muon and 
hadron charge ratios require radical reexamination of conventional vlewB on hadron in¬ 
teractions or the neutron-proton ratio in the primary flux. 


It Is clearly possible to derive the characteris¬ 
es of secondary cosmic-ray fluxes knowing the 
imposition of the primary flux and the details of 
ladron-hadron interactions. In the energy region 
il 1000 GeV per nucleon, the primary flux inten- 
lity can be described by the relation 1 '' 

dN/dE =A(> -1)£" *, (t> 

rtiere A =1.5±0.25 cm"' sec" 1 sr" 1 , y- 2.72 
0.05, and£, the energy per nucleon, is mea- 
wred in GeV. Measurements of the charge spec- 
rum' of the primaries at energy extending up to 
■00 GeV per nucleon indicate that about 89% of 
he nucleon flux are protons and 11% neutrons as¬ 
suming that charge-1 particles are protons and 
harge-2 particles'are a particles. Only hadron- 
adron inclusive cross sections are necessary 
or an understanding of inclusive secondary flux¬ 
's; and proton-proton inclusive cross sections 
ave been measured 9 up to laboratory energies of 
500 GeV at the CERN intersecting storage ring 
ISR) facility, and meson interactions have been 


studied in accelerator experiments at lower en¬ 
ergies. From this knowledge of the primary flux 
and the hadron interaction Inclusive cross sec¬ 
tions and the use of conventional assumptions 
concerning charge independence and factorization 
in the hadron-hadron fragmentation region, one 
can calculate secondary cosmic-ray fluxes pre¬ 
cisely, in principle, if one neglects correlation 
effects or coherent effects in the projectile or 
target. Since these effects are not likely to be 
large, plausible estimates of these nuclear ef¬ 
fects allow reliable calculations of the secondary 
fluxes. Although there is a long history of such 
calculations," and the results presented here dif¬ 
fer from many, but not all, of the previous con¬ 
clusions, only now do we have sufficiently exten¬ 
sive and reliable data on the basic hadroAinter¬ 
actions so that complete calculations can be made 
which are sufficiently accurate so that differ¬ 
ences between the results of the calculations and 
measurements can confidently be ascribed to in¬ 
adequacies in the conventional assumptions used 
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in the calculations. 

Since the mean transverse momentum of sec¬ 
ondary particles is small, it is possible to as¬ 
sume that all secondary particles travel in the 
same direction as the primary particles. We can 
then adequately describe the hadron-hadron inter¬ 
actions in terms of the invariant Inclusive cross 
sections E,do,/dp L , where E, Is the energy and 
p L Is the longitudinal component of the momentum 
of the secondary particle s. In accord with the 
measurements, we assume that these invariant 
cross sections are approximately independent of 
the interaction energy or scale 5 but we use the 
scaling assumption only as a convenient way to 
interpolate and extrapolate the basic input cross 
sections taken from ISR data* and the results are 
neither sensitive to, nor do they test, scaling. 

Any parametrization of the accelerator data is 
constrained by conservation laws: The conserva¬ 
tion of energy requires 

^/o t )T,,i l E,(doJdx)dx-E t , (2) 

where L' t and E, are the primary and secondary 
particle energies, the summation is over all par¬ 
ticle states s emitted in the forward direction in 
inelastic processes, a, is the total nonelastic 
cross section, and the integration is taken over 
x in the forward direction in the center-of-mass 
system, where x~P L /p , and p ( is the center-of- 
mass momentum of an incident particle. We ne¬ 
glect processes in the backwards direction inas¬ 
much as their contribution to the secondary fluxes 
is negligible. 

The conservation of charge imposes the con¬ 
straint 

(t/o,)S,q ,J„'(doJdx)dx = q l , (3) 

where q, is the charge of the secondary particle 
s and q , is the charge of the beam particle. Here 
we assume that charge exchange is not important 
when the incident particle and the target particle 
have different charges—this follows from fac¬ 
torization, a more general assumption that parti¬ 
cle distributions in the forward direction depend 
only on the identity of the beam particle and the 
backwards distribution depends only on the tar¬ 
get particle. 

The conservation of baryon number can be ex¬ 
pressed as 

J„ l (da 1 /dx)dx = B it (4) 

where B i and B, are the baryon numbers of the 
incident and secondary particles. 

Another useful constraint derives from the pre¬ 


cise measurements of the multiplicity M, of 
charged particles produced in the interaction. We 
then require 

i\dajdx)dx= (5) 

where M, is the charged-particle multiplicity. 

The experimental measurements of Inclusive 
cross sections are made at specific angles and 
momenta and it is necessary to determine E, daj 
dp l by integrating over the transverse momenta. 
For this purpose we assume that the cross sec¬ 
tions take one of the following forms: 

(i) E<Po/dp 3 =Eda/dp i {c 2 /i)exp(.-c 3 p t 3 ) l 

( 8 ) 

(ii) E d*o/dp 3 = E da /dp L (b 3 /2t) exp( -bp,); 

and we calculate E da/dp L from the measured val¬ 
ues of EcPa/dp 3 as a function of x for p,*400 
MeV/c. With the cross section known at this 
transverse momentum, the value of E,daJdp L is 
determined almost independent of the choice of 
distribution or the value of a or b. 

Since we are interested in the best values of 
da/dp L rather than fits to the differential cross 
sections Ed?a/dp 3 , standard least-squares tech¬ 
niques were inadequate and I established a "best 
fit” to the data subjectively. The cross sections 
so defined for production of various secondaries 
are shown graphically In Fig. 1 together with 
measurements of differential cross sections 
measured at p, = 400 MeV multiplied by an appro¬ 
priate factor as suggested above. The uncertain¬ 
ties in the integrations over the transverse mo¬ 
menta are approximately equal to the measure¬ 
ment errors shown on the figure. While esti¬ 
mates of antiproton and antineutron cross sec¬ 
tions are included 5 and the choice of values for 
pion and A-meson cross sections reflect the re¬ 
sults of the production and decay of strange bar- 
yons, the effect on the secondary fluxes of these 
production modes is not important. 

Although the calculations reported here were 
made using Monte Carlo techniques where each 
particle and its tree of descendants were followed 
through their history, the numerical calculations 
were made in parallel with analytic calculations 
which depended upon appropriate weighted aver¬ 
ages W, of the inclusive cross sections for the 
production of the particles s: 

W,= (\/a,)Sjx y ' 1 {daJdx)dx. 

The flux of secondaries produced by the first in¬ 
teraction of the primary protons with protons 
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FIG. 1. The aolld curves present the Invariant pro¬ 
ton-proton Inclusive cross sections £ da/dp h used in 
the analysis while the points represent values of £ <Ar/ 
dp 1 measured at p t "0.4 GeV/c multiplied by 1.80 GeV 1 . 
A solid line shows the k*/ r“ ratio from the curves 
while the dashed line gives the ratio from the data at 
Pt^OA GeV/c. 

would have the form 

dNjdE 4 = W, dN/dE = IV t A(y - 1)£ , 

Values of W a corresponding to the cross sec¬ 
tions of Fig. 1 are given In Table I together with 
values of the total cross section for the produc¬ 
tion of the particles and the ratio of the mean mo¬ 
mentum given to the secondary particle to the 
momentum of the "primary in the center-of-mass 
system. Inasmuch as invariant cross sections 
scale, the production of secondaries near x=0, 
and then the multiplicity and total cross sections 
tor (he production of secondary particles, in¬ 
crease logarithmically with energy. The total 
cross sections are then listed for a specific ener- 


TABLE I. Quantities which derive from the Invariant 
cross sections used in the calculations. The cross sec¬ 
tions are taken at 200 GeV lab energy. 


Particle 

(nib) 

EjS t 


P 

23.83 

0.323 

0.2426 

n 

14.43 

0.120 

0.0662 


$0.07 

0.193 

0.0624 

v° 

88.18 

0.160 

0.0483 

r” 

50.28 

0.130 

0.0347 

K* 

8.66 

0.036 

0.0077 

KT 

8.91 

0.014 

0.0036 

V 

7.23 

0.020 

0.0056 

? 

1.96 

0.006 

0.0012 

n 

1.96 

0.006 

0.0012 


gy, 200 GeV. 

Neutron cross sections are taken as the same 
as proton cross sections modified by charge sym¬ 
metry, that Is with n and p and t* and *' reversed 
In Fig. 1, and with K* and K~ cross sections held 
equal to each other and to the mean of the K- 
meson cross sections from proton interactions. 
The production weights for pions produced by 
positive (or negative) mesons are taken to be the 
same as for protons (or neutrons) except that a 
value of 0.07 is added to the weight W t corre¬ 
sponding to the incident particle to account for 
the leading particle effect connected with diffrac¬ 
tion dissociation. The production of K mesons 
and nuclear pairs by mesons is neglected. 

Since the incident primary nucleons interact 
with light atmospheric nuclei, not free nucleons, 
one must consider the complications imposed by 
nuclear effects. From the steepness of the pri¬ 
mary spectrum and the large proportion of nu¬ 
cleons near the “edge” of light nuclei, we can 
be confident that single nucleon-nucleon interac¬ 
tions will be most important but multiple inter¬ 
actions cannot be disregarded. Almost indepen¬ 
dent of specific models, we can expect that multi¬ 
ple interactions will produce secondary particleB 
with lower mean momenta and less charge asym¬ 
metry than single Interactions. Since an inco¬ 
herent model of multiple interactions, though im¬ 
plausible physically, has these properties and 
is easily treated in calculations, I chose to con¬ 
sider the nuclear effects by using a one-dimen¬ 
sional incoherent-interaction model of tke nucle¬ 
us where we treat the nucleus as a slab of nucle¬ 
on gas with a thickness of h mean free paths for 
nucleons and 2A/3 paths for mesons and follow 
the particles and their collision products through 
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the slab. The mean free path for nucleon Inter* 
actions producing mesons in the atmosphere was 
taken* as 92 g/cm 2 at 200 GeV, decreasing slow¬ 
ly (as the nucleon cross section increases) to 80 
g/cm 2 at 2000 GeV. A best value of h = 1.0 was 
found to give a hadron attenuation length equal to 
the measured length of 120 g/cm J and a meson 
mean free path at 200 GeV of 119 g/cm 1 . In this 
model, 58% of the interactions are single nucle - 
on-nucleon Interactions which contribute about 
81% of the secondary flux. 

With this description of the nucleus, the hadron- 
hadron interactions, and the primary flux, the 
vertical flux of protons, neutrons, charged me¬ 
sons, and K* mesons was calculated as a func¬ 
tion of atmospheric depth, and the sea-level 
muon intensity and charge ratio was calculated 
for Intrgral fluxes over 200 GeV. No approxima¬ 
tions of any significance were required in the 
course of the numerical calculations. The energy 
range was chosen so that the spectra could be 
calculated using cross sections measured at the 
ISR with a minimal burden of extrapolation; the 
increases in total nucleon-nucleon cross sections 
which have been noted were not too important as 
they might be at higher energies, and nuclear ef¬ 
fects and n-p charge exchange effects would not 
be expected to be important as they might be at 
lower energies. 

While the hadron intensities and attenuation 
lengths and the muon intensities which are cal¬ 
culated are found to be in agreement with obser¬ 
vations within experimental error, the calculated 
muon charge ratio of 1.53 is far larger than the 
measured value 7 of t.30±0.03. The calculated 
value is determined primarily by the ratio of the 
charged-pion weight functions of Table I where 
H'(ir + )/1 V(it")= 1.80, as K-meaon decays contri¬ 
bute only about 11^ of the muon flux. We note 
from Fig, 1 that the pion charge ratio used in the 
calculations from the fitted data is appreciably 
smaller than the ratios derived from the unfitted 
data and we then regard our calculated value of 
the muon charge ratio of 1.53 as a conservative 
minimum; using the unfitted pion data, we get a 
muon charge ratio of about 1.64. 

The calculated neutron-proton ratio at atmos¬ 
pheric depths from 600 to 800 g/cm 2 is 0.41, The 
measured neutral-to-charged hadron ratio in 
this range of energy and altitude 1 is about 0.70 
*0.05 where there should be little contribution 
to the neutral flux besides neutrons but mesons 
should contribute substantially to the charged 
flux. The measured ratio is then a minimum 


while the calculated ratio is taken, conservative¬ 
ly, from fitted neutron cross sections which tend 
to be larger than the reported measurements as 
shown in Fig. 1. 

It then seems impossible to reconcile the mea¬ 
sured and calculated charge ratios for either the 
muon flux or the hadron flux; in each case there 
are more positive particles predicted than are 
measured. The experiments are straightforward 
and seem unimpeachable and the calculated re¬ 
sults derive from the input data and well-defined, 
conservative, assumptions in a straight-forward 
way. I then conclude that the origin of the dif¬ 
ferences must be found in a breakdown of the 
basic assumptions used in the calculation. I 
list what seem to me to be the least unattractive 
possibilities: (a) The cosmic-ray neutron-proton 
ratio at energies near 1000 GeV per nucleon 
must be near 25:75 rather than 11:89 and hence a 
large fraction, about 20%, of the charge one flux 
must be deuterons. (b) At energies near 1000 
GeV, there is very extensive charge exchange in 
p -h interactions so that the average total charge 
in the forward hemisphere in the center-of-mass 
system is much less than 1 and this effect extends 
into the fragmentation region, (c) Effects such 
as described in (b) might follow from coherent 
three-body effects (nuclear effects) which we can¬ 
not now anticipate. 
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Energy Dependence of the Double -Charge-Exchange Reactions 
*p->K*E~, K'p~*ir*2~, and K'p^K *S f 

C. W. Akerlof, P. K. Caldwell,* J. Koschik, R. Kotthaua.J D. I. Meyer, and B. Springett# 
Physics Department, The University of Michigan. Am i Arbor, Michigan 48104 
(Received 25 March 1974) 

In an experiment at the Axgoone National Laboratory zero-gradient synchrotron we 
have determined the forward differential cross sections for the double-charge-exchange 
reactions r‘p-~K*Z' , K>-* 4 X" , and iTp^K+Z' tor incident beam momenta up to 5 
GeV/c. The production angle and momentum of the forward-going positive particle (i 4 
or K 4 ) were measured with a high-resolution focusing wire-spark-chamber spectrom¬ 
eter and the two-body final states were selected by the misslng-masB technique. 


Our current understanding of high-energy had¬ 
ron collisions Is based on the idea that particle 
exchange provides the dominant force for Inter¬ 
actions above a few GeV/c Incident momentum. 

In time, the theoretical or phenomenological mod¬ 
els which have embodied this primitive notion 
have grown steadily more ornate to allow greater 
freedom In fitting the expanding experimental 
data. Consequently, these models have become 
leas testable by direct experiment and there have 
been no new guides to lead our physical Intuition. 

As a partial solution to this problem we have 
continued an earlier study 1 of the double-charge- 
exchange (DCX) reactions — K*Y,', K )>-fl 4 £ , 
and K'p -X 4 5\ The significance of these three 
reactions Is that none of them can take place by 
the single exchange of any singly charged parti¬ 
cle. Thua In the absence of normally large ex¬ 
change forces we have a sensitive test for the ex¬ 
istence of any of the three possible competing 
processes; (1) double particle exchange, (2) ex¬ 
otic single particle exchange, (3) Intermediate s- 
channel resonance formation. In addition, by ex¬ 
amining the energy behavior of the DCX cross 
lections we can hope to identify the dominant con¬ 
tribution in the asymptotically high-energy re¬ 
time. This has been expected to be the double- 
article-exchange diagrams which would yield 
inferential cross sections with-an s’*"* to s' 5 he¬ 
avier.’ 

The three reactions listed above also have some 
oramon properties which should set further Um- 
ts on viable theoretical descriptions. For ex¬ 


ample, rr"p — K 4 £" andK>-» 4 £' are related by 
line crossing, so that these cross sections should 
be Identical if induced by single exotic exchange 
and at least Bimilar if induced by double particle 
exchange. K’p - and K’p -/f *H* have the 
same quantum numbers In the s channel, so that 
energy-dependent structure due to Y * resonances 
should be expected In both reactions for the same 
incident momenta. 

From our previous work we had experience 
with the experimental difficulties which beset 
measurements of the DCX reactions. Since the 
cross sections are all very small, an Intense 
beam of incident particles is required on the hy¬ 
drogen target. With available n/K ratios of the 
order of 200, the largest number of events could 
be obtained for the reaction *'p-X 4 £”, so that 
the experimental design concentrated on the de¬ 
tection of this particular channel. This required 
that a final-state A 4 be identified against an over¬ 
whelming background of pions and protons. At 
5 GeV/c, for every K* from the reaction s~p 
— there were 1000 * + and 200 protons within 
the missing-mass resolution of the experimental 
apparatus. To obtain sufficient rejection ratios 
against competing particle species, four Cheren¬ 
kov counters were constructed to Identify the pos¬ 
itive particle In the final state. An unavoidable 
consequence was that the mass of the Chkrenkov 
radiator to count kaons also produced substantial 
Coulomb scattering of the detected particle. Fi¬ 
nally, since the cross section for the reaction 
s~p—K*A°n‘ rises steeply at the A°s" threshold. 
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high resolution was required to separate the £' 
missing-mass peak from the onset of the A°jt' 
continuum which is 58 MeV higher. 

A high-intensity negative beam was created in 
an Internal target inside the vacuum chamber of 
the Argonne zero-gradient synchrotron. This 
beam was momentum dispersed through a 20° 
bend, focused onto a momentum-defining hodo- 
scope of ten scintillation counters, and then 
transported through a second stage to a final fo¬ 
cus on a 24-tn.-long hydrogen target. The mass 
of the beam particle was tagged with four Cheren¬ 
kov counters: one to count kaons and three to 
count plons. Two hodoscopes of five counters 
each tagged the horizontal and vertical diver¬ 
gence of the beam 5 m upstream from the hydro¬ 
gen target. 

The positive particles emitted in the forward 
direction were detected in a focusing quadrupole 
spectrometer consisting of five magnetic ele¬ 
ments. The first of these following the hydrogen 
target was a 36-in.-long bending magnet to steer 
the positive particles created in the target away 
from the negative beam. Three quadrupoles were 
arranged to bring the particles from within a 2.5- 
msr solid angle into an approximately parallel 
bundle at the final quadrupole exit. This allowed 
a 2-m~long drift space on each side of a 72-in.- 
long momentum-analyzing magnet without further 
reduction of the subtended solid angle. 

Four sets of wire spark chambers determined 
the bend angle through the analyzing magnet; the 
drift region between chambers was kept low in 
mass to reduce multiple Coulomb scattering. In 
particular this dictated the placement of the spec¬ 
trometer Cherenkov counters upstream of the 
first wire spark chamber. The electronic trig¬ 
ger was arranged to fire on either a v ' in the in¬ 
cident beam yielding a A* or a A", or a p yield¬ 
ing any positive particle in the spectrometer. Af¬ 
ter every five beam spills the trigger was altered 
under computer control to Include incident s * 
yielding final-state protons. This permitted the 
simultaneous acquisition of n~p backward-scatter¬ 
ing data which continuously monitored the experi¬ 
mental apparatus. 

Data were taken for eleven different values of 
tncident momentum from 1.90 to 5.00 GeV/c. At 
each momentum the s~p backward elastic miss¬ 
ing-mass peak checked the spectrometer disper¬ 
sion and resolution. Analysis for every reaction 
channel was performed Identically. First, the 
three beam hodoscopes were checked for unique¬ 
ness. If more than one counter in any of the three 


arrays fired the event was ignored. Data from 
the wire spark chambers were used to construct 
a trajectory through the analysing magnet and to 
determine the particle momentum. This trajec¬ 
tory was then traced back through the three quad¬ 
rupoles and steering magnet to find the original 
momentum three-vector. With the tagged Cheren¬ 
kov-counter data to identify the beam and spec¬ 
trometer particle masses, the missing mass was 
computed. Even at the highest momentum of 5 
GeV/c the £* peak was clearly resolved from the 
A°v' threshold. The inelastic background behaved 
like a step function at threshold with the observed 
shape dominated by the experimental missing- 
mass resolution. The number of events within 
the E * peak was determined by fitting the shape 
of the missing-mass distribution with the sum of 
a Gaussian signal and a background function con¬ 
sisting of a constant plus an error-function inte¬ 
gral centered at the A°ir" threshold. All of the 
nonlinear parameters for these distributions were 
independently determined from the s' mass peak 
from n~p backward elastic scattering so that the 
fits to the DCX data required a minimal number 
of free parameters. With this procedure the fit¬ 
ted number of events In the S~ peak was quite 
stable under a variety of modifications of the 
background function. 

The differential cross sections were corrected 
for beam muon contamination, hodoscope losses, 
wire-spark-chamber Inefficiencies, and particle 
absorption and decay. The results are plotted in 
Figs. 1 and 2. Because the systematic errors 
vary slowly, the uncertainty In the energy depen¬ 
dence should be dominated by statistical errors 
only. Furthermore, the data for different mo¬ 
menta were interlaced In time so that no long¬ 
term experimental drifts could seriously affect 
the energy behavior. 

For reasons Indicated earlier, the best statis¬ 
tics were obtained for the v~p-K*z~ channel. 
From Fig. 1(a) it Is apparent that the energy de¬ 
pendence of this differential cross section change: 
markedly for incident momenta above 3 GeV/c. 
Below this point the cross section drops very rap¬ 
idly with a power-law behavior of s'®' 8 . In the re 
glon above 3 GeV/c the magnitude of the slope 
sharply decreases so that between 4 and 5 GeV/c 
the cross section behaves like s'** 1 with a statis¬ 
tical error of ±0.8 in the exponent. This remark 
able change in energy dependence Is inconsistent 
with the Regge-cut descriptions which asymptoti¬ 
cally expect a more rapid decrease, like s'®, at 
high energy.® Equally significant la the magni- 
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FIO. 1. (a) Energy dependence of the r~p — K*Z‘ differential cross section at zero degrees averaged over the an¬ 
gular acceptance of the spectrometer. This corresponds to an average t' value of 0.02 (QeV/c) 2 at 5.0 GeV/c and 
proportionally smaller at lower momenta. Other data from Ref. 3. (b)-(d) Angular distributions for —K*Z' at 
3.0, 4.0, and 8.0 GeV/c, respectively, (e) Energy dependence of the K~p — x* Z~ differential cross section at zero 
degrees. Other data from Ref. 4. 


tude of the DCX cross section which is some 5000 
times smaller than the comparable single-ex- 
change reaction v*p-K*Z* at 5 GeV/c. Regge- 
cut models which require large cut amplitudes to 
fit the single-exchange processes find difficulty 
in reconciling these small DCX results. 

Some Information about the angular distribution 
of the n~p-~K*X~ channel was obtained at 3 and 4 
GeV/c by increasing the current in the spectrom¬ 
eter steering magnet. Geometry restricted the 
maximum momentum transfer to 0.15 (GeV/c)’; 
the differential cross sections are plotted In Figs, 
o)—1(d) for 3, 4, and 5 GeV/c, respectively, 
lere Is a forward dip structure at 4 GeV/c which 
probably also present at 5 GeV/c. Unfortunate- 
, we do not cover large enough momentum 
ansfers to make any definitive comparisons 
th the cut models. 

The precipitous decrease of the *'p -K*Z' 

•oss section from 1.5 to 3.0 GeV/c la matched 
’ similar behavior In the line-crossed reaction 
7>-v*2* [see Fig. 1(e)]. This s‘“ character- 
tic dependence has been noted previously for 
:otic exchange reactions such a a K'p-pK'* and 
'-Ap, 7 as well as for the lower-energy data for 
actions such as - (pn* The prevalence of 
is effect In so many different channels suggests 
»t the low-energy cross sections are dominated 
’ s-channel resonances which decouple above a 
w GeV/c. This is corroborated by the compari- 
w of the K'p — n*Z~ and v'p -X + E* reactions 
3 GeV/c, where the K'p — ir* S' cross section 
43 times larger, which Is difficult to reconcile 
•th any single- or double-exchange mechanism. 
ie evidence of structure In the /(‘-induced re¬ 


action at 3 GeV/c also confirms the idea that this 
channel maintains resonant forces to somewhat 
higher energies than the v~p system. 

After a suggestion of Frautschl, 8 we have ex¬ 
amined the possibility of fitting the energy behav¬ 
ior of the DCX data with the statistical model. 

This model Is consistent with the rapid decrease 
of the cross sections at low energy but cannot ac¬ 
count for the large difference in magnitude be¬ 
tween v~p—K*E’ and K~p-~ n*£~, Moreover, the 
apparent onset of exchange forceB above 3 GeV/c 
restricts the testability of this theory to a narrow 
range In energy. 

Cross sections for K~p~K* 2‘ are shown tn 
Fig. 2. Although the data are much poorer statis¬ 
tically, they show that the cross sections for K'p 
—fC + H* and t'p-K^Z' are similar In magnitude 



FIG. 2. Energy dependence of the K'p-~K*2~ differ¬ 
ential crops section at zero degrees. Other data from 
Ref. 6. 
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out to 4 GeV/c or so. Note also that at around 5 
GeV/c the n'p-K*Z' and K'p - »*£* cross sec¬ 
tions are approximately equal, suggesting that 
exchange forces dominate at this energy. If the 
s ' 1,1 behavior of the n'p-/C*S~ channel remains 
true above 5 GeV/c, we may be required to con¬ 
sider the exchange of four or more quarks as a 
force not intrinsically different from the exchange 
of a p or K*. only considerably weaker In ampli¬ 
tude. 
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ERRATUM 


NEW MEASUREMENT OF THE S' MAGNETIC 
MOMENT. B. L. Roberts, C. R. Cox, M. Eck- 
hause, J. R. Kane, R. E. Welsh, D, A. Jenkins, 

W. C. Lam, P. D. Barnes, R. A. Etsenstein, 

J. Miller, R. B. Sutton, A. R. Kunselman, R. J. 
Powers, and J. D. Fox [Phys. Rev. Lett. 32, 1265 
(1974)]. 

The last named author was inadvertently left 
off. The byline should include J. D. Fox, Brook- 
haven National Laboratory, Upton, New York 
11973 (Present address: Centre d’Etudes Nu¬ 
cleates de Saclay, Gif-sur-Yvette, Paris, 
France). 
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Quantum-Defect Theory of Excited 1 I1 U ~ Levels of H 2 

0. Atabek 

Laboratoire dt Photophysique MolSculaire, Universiti Paris Sud, 91405 Orsay, France 

and 

Dan Dill 

Department of Chemistry, Boston University, Boston, Massachusetts 02215 

and 

Ch. Jungen* 

Centre de Micaniqus Ondulatoire AppllquSe, Paris 19e, France 
(Received 18 April 1874) 

Quantum-defect methods are used to calculate, by a single unified procedure, the full 
spectrum at J-l *n," Rydberg levels of H 2 , extending from the lowest levels of the 2pr~ 
C'lV state to the high members of the npr~ series between the and H 2 ' , (e»l) 

ionization thresholds. Results for the C state are substantially Improved over previous 
calculations based on direct integration of the vibrational SchrOdlnger equation, while 
results at higher energies reproduce with high accuracy the recently observed spectrum, 
including local perturbations. 

We have carried out, by a single unified proce- 
lure, a calculation of the full spectrum of J = 1 
tydberg levels In H, of *11 symmetry, corre- 
pondlng to an excited tips' electron, from the 
owest levels of the 2 ps' C*II U ' state to the higher 
members of the npir~ series between the H, t (p = 0) 
wd H,*(o= 1) ionization thresholds. The calcula- 
:lon is the first application of the channel-inter- 
ictlon methods of quantum-defect theory 1 to elec- 
:ron-vibration interactions.*•* 

The calculation is based on an A-dependent 
lu an turn defect jj. jw (A) (A Is the internuclear dis- 
ance) derived from the accurate ab initio (flxed- 
luclel) potential-energy curve for the C state. 4 
This single function p n (R), together with the vi- 
5 rational wave functions of the H, + {e) Isa X*E g + 
tale, serves to characterize completely the vi- 
1 ration-electron interaction throughout the full 
Q j Rydberg levels: The deviation from 


experiment of the calculated levels of the C state 
is reduced by as much as 2 orders of magnitude 
compared to values obtained by direct Integration 
of the vibrational Schrbdlnger equation with the C- 
state potential 9 ; at the same time the predicted 
positions of the higher members of the itpi' se¬ 
ries (J = 1) correspond closely to the spectrum of 
Q(l) lines of the tips “Ilu'-X'Sg 4 bands, based on 
accurate measurements which have Just recently 
become available.*? 9 

Most previous work on vibration-electron cou¬ 
pling was based on the Born-Oppenhelmer ap¬ 
proximation. Effects of the breakdown of this ap¬ 
proximation were accounted for at best by suc¬ 
cessively Introducing diagonal correction terms 
(adiabatic approximation) and nondiagonal inter¬ 
action between electronic states (nonadiabatic ef¬ 
fects). The power of the quantum-defect method 
is that It builds the interaction between electron- 
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ic and molecular rotational and vibrational mo¬ 
tions into the theory from the start by referring 
to the two extreme situations (A and B) 1 of com¬ 
pletely coupled nuclear and electronic motion and 
completely Independent nuclear and electronic 
motion. Situation A prevails when the electron Is 
a short distance from the molecular core; the 
difference Ac between electronic levels (« = - A/ 
a* 1 for discrete states, where A is the Rydberg 
constant and n* the effective quantum number) by 
far exceeds the vibrational spacings, lAt |» w 
(it* small), and the electronic motion is fast com¬ 
pared to that of the nuclei. Situation B pertains 
to large electron-molecular-core separation; A« 
is then small compared to the vibrational spac¬ 
ings, |Ael«u> (it* large), and the electronic mo¬ 
tion can no longer effectively follow that of the nu¬ 
clei. 

Thus, in situation A the Born-Oppenhelmer ap¬ 
proximation is valid. Here one can average over 
the fast electronic motion at each internuclear 
distance R, and use a quantum-defect expression 
of the total electronic energy, t.e., a sum of core 
and Rydberg electron energies, 1 ' 3,7 

tT**(R) = £/*(«)-A/Is-m^H)]*, (1) 

as the potential for the vibrational motion. The 
fixed-nuclei potential-energy curve U*(,R) of the 
core consists of the energies of the core electron 
plus nuclear repulsion. The contribution of the 
Rydberg electron to the bonding of the molecule 
determines the quantum-defect function n tw (R). 

A key feature is that n t ,(R) is independent of the 
degree of electronic excitation. 

In situation B the slow motion of the electron 
relative to the nuclear motion means, on the 
other hand, that the positions of the Rydberg lev¬ 
els are now characterized by the vibrational quan¬ 
tum number v of the core. Thus these levels are 
obtained by averaging over the vibrational 

motion of the core, 1 i.e., 

T(ti)(«/= 1) = T*(v)(N = 1) - A/ln - p„(«i)l a , (2) 

where 

ir = arctanAf vv , (3) 

and 

M„‘ = Jx/fB) tanlu ti p ,(R) | x v '*(R) dR. (4) 

The T*(v){N = 1) are the (exact) vibrational levels 
of the ion with rotational quantum number N = 1 
and the x P *(H) are the corresponding vibrational 
wave functions. Note that Eq. (2) describes the 
situation opposite to that implied by the Born- 


Oppenhelmer approximation. 

As n increases along the Rydberg series, the 
Rydberg electron roams farther and farther from 
the molecular core and a transition from situa¬ 
tion A to situation B occurs. This transition cor¬ 
responds to an uncoupling of the electronic mo¬ 
tion from the vibrations of the core, and is the 
vibrational analog of the rotational l uncoupling 
well known to spectroscopists. Thus adiabatic 
and nonadiabatlc effects in electronic states of 
low excitation are early stages of the uncoupling 
towards situation B. At the other extreme, local 
perturbations between high members of series 
converging to different limits T*(v)[N = 1) are 
precursors of the departure toward situation A. 
The quantum-defect theory unifies these alterna¬ 
tive extremes by means of the unitary transform¬ 
ation connecting the eigenfunctions of electronic 
motion in situation A, characterized by the (fixed) 
internuclear distance R, and the eigenfunctions 
of electronic motion in situation B, character¬ 
ized by the vibrational quantum number v at the 
reBldual ion. The matrix elements of this unitary 
transformation are (Hit;), i.e.. Just the vibration¬ 
al wave functions x„*(B). 1,s 

This analysis 1 expresses the level positions 

T = T*(t;)(JV=l)-A/ts*(t')] 1 (5) 

in terms of an eigenvalue problem of a type intro¬ 
duced by Seaton, 1 i.e., 

det |tan[xs*(v')]0„,» +| = 0. (fl) 

The solution of Eq. (6) has been carried out in 
two steps. First, the quantum-defect function 
p, w (H) was calculated using Eq. (1) with n = 2 and 
the (fixed-nuclei) curves U t (R) at Wind 10 and 
t/* 0 * (B) of Kotos and WOlnlewlcz. 4 This function 
was then used to calculate the matrix elements 
M„. tor 0 *> (v, v') * 6. In a second step Eq. (6) 
was solved using the following additional theo¬ 
retical input data: (i) the H, 7 vibrational levels 
r’(u)(N = 1) - T 7 (0)(N = 0) obtained by Beckel, Han¬ 
sen, and Peek, 11 and (li) the ionization potential 
T 7 (0)(H = 0) = 124417.3 cm' 1 of Hunter and Pritch¬ 
ard (see Ref. 2). 

Some of the results obtained in this way are 
listed in Tables I and n. Table I concerns a case 
close to situation B, namely the energy region 
between the v = 0 and v * 1 (N - 1) ionization limits. 
Theoretical and experimental levels agree within 
less than 1 cm * l for almost all cases. Figure 1 
shows a quantum-defect plot of the same data. 

For each level n the quantum defect * - »* with 
respect to the t> = 1, S = 1 limit is plotted against 
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TABUS I. Experimental and theoretical eoergiea of 
-pi', J~1 levels of Hj between the t>« 0 and v «1 (W« 1) 
onlaation limits (in units of cm**). 


Approximate 

description* 

Observed be 

Theoretical' 

tips' v = lJ* 1 

126 240.1 

128 239 8 

Spi~ v * 1 J * 1 

126182.6 

126 161.8 

4 pr~ v« IJ* 1 

126111.2 

126 111.0 

v =* 1 J * 1 

126 023.6 

126 023.3 

2 pt~ *«U‘l 

126913.2 

125 913.0 

lpf~ 11*14*1 

126 774.9 

125 775.3 

dpi' v ■ 2 J = 1 

125763.1 

125 7648 

0pv" f*l 4=1 

125586-6 

125 586.4 

9pv' v = lJ= l 1 

126335.1 

125 335.3 

8p1~ 11 = 14*1 

124986.8 

124 986.7 

5 pt' V = 2 J = 1 

124 501.5 

124 503.8 

7 pt' v-lJ-l 

124471.4 

124 473.0 


‘Assuming situation B. 

f ’From Herrberg and Jungan, Hef. 2. 

'Above » = 0, J = 0ofX 4 £ g 4 . 


he energy measured from this limit. The theo- 
etical values (circles) lie on the curve repre- 
entlng n - «*(1) as a function of T- T*( 1) accord- 
ng to Eq. (6). Obviously all levels except n* 7 
nd 11 are close to situation B, having a constant 
[uantum defect n-n*(l) - n pf (v = 1) = (lA)arctanA4 u 
-0.087. The levels a = 7 and 11 are perturbed 
y the members of n » 5 and 6, respectively, of 
he series converging to the next higher limit, 
r*(r = 2 ){N = 1). These perturbations had been ob- 
lerved by Herzberg and Jungen,* who Interpreted 
hem as due to vibration-electron coupling and 
letermlned the element M lt by perturbation theo- 
y. The present ab initio calculation predicts 
correctly both the unperturbed levels and the per¬ 
il rbat tons. (Note that, e.g., the perturbation at 
i=ll corresponds to an energy-level dlsplace- 
nent of 3.5 cm" 1 .) 

Table n refers to a case close to situation A, 
amely to the C‘n u " state which is the lowest 
nember of the npt' series. The first column 
Ists the values observed by Dabrowski and Herz- 
erg for J = l a ; the second and third columns give 
he results of our calculations and of the Born- 
ippenheimer calculation of Kotos and Wolnie- 
rtcz , 5 respectively. Both theoretical calculations 
re based on the same potential-energy curve, 
ut the agreement between theory and experiment 
s greatly Improved in our calculation. Kotos and 
Volnlewicz® assumed situation A to hold strictly 
md determined the level positions by solving the 


TABLE H. Experimental and theoretical energies of 
J m 1 levels of the C'n,,' state in H, (in units of om*'). 


Approximate 

description* 

Observed 1 ** 

Tbeoretloal 0 

This work Ref. 5 d 

2 pt" r * 3 •/ = 1 

106667.64 

105671.4 

106609.1 

2pr~ i><24 = l 

103627.74 

103630.0 

103 667.1 

2 pt' v=\J=\ 

10145683 

101467.7 

101 394.2 

2pw~ 11*04=1 

99 1 60.72 

99151.2 

99086.7 


* Assuming situation A. 

b From Dabrowski and Berxberg, Ref. 6. 

'Above v = 0, 0 of X'S.*. 

d Koios and Wolniewlcz, Ref. 5. These values have 
been obtained by subtracting from the tbeoretloal n-2 
dissociation limit in the Born-Oppenheimer approxima¬ 
tion (= 118 302.3 on’ 1 above the theoretical v *0, J*>0 
level of . corrected for adiabatic and nonadlabatlc 
effects) the values In the column ‘V = 1, A = ff‘ of Ref. 6. 


vibrational SchrSdlnger equation for the potential 
(1). Since the difference between their results 
and the observed energies must correspond to 
the sum of adiabatic and nonadlabatlc corrections, 
we can say that they are built into the quantum- 
defect treatment. 

The calculations reported here are limited to a 
small range of law v values. Similar calcula¬ 
tions Involving higher v quantum numbers, or the 
vibrational continuum (predissociation), would 
require two Improvements of the theory. First, 
at intermediate R values (“ 2R} strong configura¬ 
tion mixing occurs,’ necessitating the inclusion 
of states with an excited H,* core. Second, at 
still larger R values, the quantum number 1 = 1 
of the Rydberg electron ceases to be well defined, 
and mixing with / = 3, 5,... states becomes pos¬ 
sible. 

A detailed account of this work will be given 
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FIG. 1. Quantum-defect plot of the npt ', v‘1,4‘1 
Rydberg series of H,. 
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elsewhere. 1 * A similar study of the np ex* 
cited states of H, Is in progress, as well as an 
extension to the effect of predissociation and pre- 
ionization on the profile of lines lying above the 
dissociation and ionisation limits. 

We are greatly indebted to Dr. G. Herzberg and 
Miss I. Dabrowskl for communicating their un¬ 
published experimental results and we thank Pro¬ 
fessor 17. FVuio for his critical reading of the 
manuscript. One of us (O.A.) thanks Professor 
R. Lefebvre for stimulating discussions, and an¬ 
other of us (D.D.) is grateful to Dr. J. B. Telling- 
huisen for advice on some of the calculations. 


* Mailing address: Laboratolre de Photophysique 
Mol6culalre, University Parls-Sud, 91405 Orsay, 
France. 
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Intensity Variations of K~ -Mesonic X Rays* 


G. T. Condo 

Department of Physics and Astronomy, University cf Tennessee, Knoxville, Tennessee 37916 

(Received 29 April 1974) 


We show that there exists a strong correlation between the atomic diameter of target 
metals and their x* mesonic x-ray intensity. The smaller x-ray Intensities observed 
from smaller atoms suggests that the Initial capture into large angular momentum states 
is inhibited In smaller atoms which could be understood If the meson Is not localized 
about a single atom until Its kinetic energy is somewhat less than has been presumed. 
This tendency for mesons to avoid higher angular momentum states when captured by 
small atomH also explains some previous muonic-atom results. 


Recently Wiegand and Godfrey* have performed 
an encyclopedic experiment where the intensities 
of 346 K’-mesonic x-ray lines were measured for 
a variety of targets spanning the periodic table. 
These authors observed unexpected variations In 
Intensities of many of the lines not expected to 
be Influenced by nuclear absorption, even in near¬ 
by elements. For example, the intensity of the 
s* 11 to « = 10 transition In Au 1T# was found to be 
0.16±0.05 x rays per K~ Btop, whereas this 
same transition in Bi“* had an intensity of 0.36 
±0.07. Similar sharp variations In x-ray inten¬ 
sities for muonic atoms have been reported by 
Kessler et al. 3 and by Quitmann et al. 3 On the 
basis of available theoretical models, such in¬ 
tensity variations must be considered anomalous. 
Leon and Sekt/ who have recently calculated the 
expected K‘ x-ray intensities from a seen Idas - 
sical model, suggest that these fluctuations de¬ 


rive from variations in atomic structure. While 
we cannot exclude this possibility, we wish to 
point out, that, for the metallic targets used by 
Wiegand and Godfrey, 1 there Is a close correla¬ 
tion between the observed intensities and the in- 
ternuclear spacing (atomic diameter) of the tar¬ 
get material. I only consider metallic targets to 
avoid any effects on the kaons, cascade due to 
electron depletion in the mesonic atom. 

In Fig. 1, 1 plot the observed x-ray Intensities 
versus Z of the target element for the Group IV, 
V, VI metals studied by Wiegand and Godfrey.* 
For the Group IV metals the transition Intensities 
plotted are an average of the n= 7- 6 and 6-5 
intensities, while for the Group V metals, I plot 
an average of the n a 8-7 and « = 7-6 intensities, 
and tor Group VI, I use an average of the n m 11 
- 10 and n 3 10- 9 transitions. The use of aver¬ 
age values should tend to smooth out any Individ- 
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FIG. 1. Average circular orbit K~ masonic x-ray 
intensities versus atomic number for metallic sub¬ 
stances. 


ual fluctuations In the data. I have excluded po¬ 
tassium from the plot since only the n = 5 - 4 in¬ 
tensity was measured and this line could be af¬ 
fected by nuclear absorption. I have also omitted 
the data from the various metallic oxides ob¬ 
tained In Ref. 1 as these could be affected by elec¬ 
tron depletion as well as from differing percen¬ 
tages of oxygen captures In the various com¬ 
pounds. In Fig. 2, for comparison, I plot the 
atomic diameters (lnternuclear spacing) listed In 
American Institute of Physics Handbook. 5 It is 
clear that there Is a strong correlation between 
the magnitudes of the x-ray Intensities and the 
atomic diameters. The correlation is especially 
sharp for the metals with Z ■ 22 - 30 and Z = 73 
-83. Aside from a possible deviation at Z 
- 42 (Mo), the Group V metals follow a similar 
trend. 

The general equations for Auger and radiative 
de-excitation of mesonlc atoms* 7 imply that the 
vast majority of the x - « -1 x rays derive from 
circular orbit transitions, (*,/■*- 1)- (s - 1, l 
= x - 2). Thus, the *-* -1 transitions measured 
by Wlegand and Godfrey 1 can, to high accuracy, 
be considered to reflect the population of the cir¬ 
cular orbit states (n, I = * -1). Previous calcula- 
lions 4 - 5 '’ suggest that this circular orbit popula¬ 
tion should be a fairly smooth function of Z (In¬ 
creasing as Z increases), whereas the K' data 
exhibit sharp fluctuations. The correlation noted 
above then suggist that the circular orbits (max¬ 
imum l states) are populated more heavily as the 
size of the target atom Increases. 

It Is conventional to consider the distribution In 
angular momentum states at (the 

region of the electronic K shell) or at n «15 as 
the starting points of cascade calculations to pre- 
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FIG. 2. Atomic diameter versus atomlo number for 
Group IV—VI metals. 


diet the various x-ray Intensities. Rook* and 
Leon and Seki* both show that the kaons, angular 
momentum distribution at the electronic K shell 
has the Bame shape as It doeB at the Initial cap¬ 
ture. Thus the data of Wlegand and Godfrey 1 Im¬ 
ply that a truncation of the angular momentum 
distribution occurs at large l for elements of 
small lnternuclear spacing. For example, the 
Initial l distribution for kaons captured in B1 [R 
= 1.82 A) must have a far greater population of 
high-f states than that for Au (R - 1.44 A). 

These considerations can also explain some 
previously peregrine phenomena In muonic atom 
spectra. Tbus, in an early muonic atom experi¬ 
ment, Qultmann et al. s measured the K series 
x-ray Intensities for a variety of elements with 
Z < 30. It was observed that the higher K x rays 
(ff g , K v „ 0 ) suffered a sharp decline In Intensity 
at potassium, and that these higher x-ray Inten¬ 
sities Increased monotonlcally through Ca and T1 
and remained more or less constant for Z *= 24 
to Z * 29. This Is precisely the behavior expected 
if the higher l states are preferentially populated 
upon capture by larger atoms. 

Another arcane aspect of muonic atom spectra 
occurred In the hlgh-statlstlcs experiment of 
Kessler et cd. 1 using T1 and Mn targets. These 
authors found that their data for titanium re¬ 
quired a statistical (2 1 + 1) distribution In l at the 
h * 14 level for Tl, while for Mn, an l dlstribu- 
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tlon ol the form (21 + l)e' ,/10 was necessary. No 
reason for this behavior was proffered and, sub¬ 
sequently, Ponomarev* has suggested that such a 
violent change In the Initial l distribution, for 
nearby elements, seems unnatural. From the 
point of view of atomic dimensions, however, 
this is precisely the expectation, since the atomic 
diameters of Ti and Mn are 2.93 and 2.5 A, re¬ 
spectively. Thus, we would expect a truncation 
in / for the initial angular distribution in Mn 
which would be reflected later in the cascade by 
a diminished circular orbit population for Mn as 
compared to Tl. 

It may be possible to understand the reluctance 
of mesons to be captured Into large angular mo¬ 
mentum states In metals with small internuclear 
spacings on purely classical grounds. For a 
kaon to be captured Into a state of l = 100H by an 
atom of radius 1 A requires the kaon to have a 
minimum kinetic energy of ~ 50 eV. Thus, if the 
kaon succeeds in escaping localization upon a 
single atom until It has a lower energy than this, 
capture Into large-1 states would be quite unlike¬ 
ly. It should be pointed out that, even though 
there are many uncertainties In the calculations, 
several studies of the capture of slow negative 
mesons 8,10 have found that capture by a single 
atom occurs at energies somewhat In excess of 
this value. 

It would certainly be beneficial to extend meson- 
1 c atom x-ray intensity measurements to other 


targets and other Incident projectiles (p, XT, etc.). 
However, on the basts of the observations pre¬ 
sented here, a study of the low-lying meeonlc x- 
ray intensities in manganese or zinc In several 
of their crystalline forms should prove most In¬ 
teresting. 

It Is a pleasure to thank Professor Wlegand for 
a copy of his work before publication. 
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Resonant Enhancement of Two-Photon Absorption in Sodium Vapor 

J. E. Bjorkholm and P. F. Liao 
Bell Telephone Laboratories, Holmdel, New Jersey 07733 
(Received 23 May 1974) 


Resonant enhancement of over 7 orders ol magnitude of the two-photon absorption 
cross section Is observed in sodium vapor. Two cw dye-laser beams of different fre¬ 
quencies and propagating in opposite directions are utilized to generate high-resolution 
spectra which allow the enhancement as well as destructive-interference effects of near¬ 
ly resonant intermediate states to be clearly demonstrated. 


Recently there have appeared a number of pa¬ 
pers demonstrating high-resolution two-photon 
spectroscopy In atomic vapors. ’■* Especially In¬ 
teresting are the techniques which eliminate Dop¬ 
pler broadening by causing the atoms to absorb 
one photon from each of two beams of equal fre¬ 
quency propagating in opposite directions. 3 We 
have utilized a generalization of the opposing- 


beam technique to demonstrate resonant enhance- . 
ment of the two-photon absorption cross section 
in sodium vapor. Our experiments were carried 
out using two single-mode, cw dye lasers oper¬ 
ating at different frequencies. Large enhance¬ 
ments of more than 7 orders of magnitude and 
destructive-interference effects due to nearly 
resonant intermediate states are clearly demon- 
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strated. 

The basic theory of two-photon absorption was given by Gfippert-Mayer in 1931,' and since that time 
there has been considerable work on the theory of two-photon absorption in both solids and gases. 4 In 
the latter case calculations of two-photon photoionization 5 predicted strong enhancement of the photo¬ 
ionization cross section whenever a single photon energy approaches that of an allowed atomic transi¬ 
tion. Destructive interference between the contributions from different intermediate states was aleo 
predicted. From second-order perturbation theory one can calculate the absorption cross section of 
an atom for light at frequency v l induced by light at v v The atomic transitions correspond to the atom 
absorbing one photon from each of the radiation fields. For linearly polarized light this induced-ab¬ 
sorption cross section for transitions from the ground state g to the excited state / is given by 

c(v 1 ) = 1.15xlO* ,4 |S B </U|nXnis|g>[(A’ B -*v 1 )' l + (£,-hi/ 1 )‘ l ]|*i/ 1 p(i; I + l ;,)/ J cm*, (1) 


where l, is the intensity in W/cm* of the radia¬ 
tion field at v t , p(vj + i>,) is the normalized line- 
shape function for the transition, the matrix ele¬ 
ments are expressed in Bohr radii, and the sum¬ 
mation is carried out over all Intermediate states 
of energy , expressed in rydbergs. In our ex¬ 
periments we observe the 3S-4D transitions in 
sodium and the dominant intermediate states are 
the 3 P levels. The induced cross section for this 
transition is approximately (5xl0' 14 )/ t cm’ when 
-hv t = 0.1 cm' 1 . This can easily be made 
comparable to the single-photon absorption cross 
section per atom (x’/4v) of the strongly allowed 
3S-3P resonance transition which is about 3x lO' 10 
cm*. Consequently it is not surprising that fluo¬ 
rescence caused by two-photon absorption was 
brightly visible in our experiments. 

The basic experimental setup was straightfor¬ 
ward. The light from two slngle-axial-mode, 
cw dye lasers propagated in opposite directions 
through a Pyrex cell containing sodium vapor. 

The beams were focused to a minimum beam ra¬ 
dius in the vapor of about 40 pm and typical laser 
powers were 50 mW, so that maximum light in¬ 
tensities were about 10* W/cm*. The vapor pres¬ 
sure was on the order of 10' 5 Torr. Two-photon 
transitions to the 4 D levels were monitored by 
using a 1P28 photomultiplier to detect the 330- 
nm fluorescence (4/ 1 -3S transition) resulting 
from the decay from the 4D levels. 

In making an experimental run, one laser was 
operated at a fixed frequency v, while the other 
laser was operated at the frequency v, which was 
electronically tuned across the two-photon tran¬ 
sition. Because the frequencies of the two ab¬ 
sorbed photons are not exactly equal, Doppler 
effects are not totally eliminated and the absorp¬ 
tion linewidths contain residual Doppler broaden¬ 
ing- Nonetheless, for the conditions of our ex¬ 
periments the observed linewidths (-80 MHz) are 
m «ch smaller than the Doppler width 3.4 GHz) 


I and high-resolution spectra such as that shown 
in Fig. 1 were obtained. Calculations show” that 
the Unewldth predicted for the conditions of Fig. 

1 is 30 MHz; the experimentally observed line- 
width (full width at half-maximum, FWHM) Is 60 
MHz. The Increased Unewldth Is due to frequen¬ 
cy jitter of the two lasers. The stablUty of the 
fixed-frequency laser was ±35 MHz and that of 
the scanned laser 7 was about * 10 MHz. (Note 
that for purposes of spectroscopy the 60-MHz 
llnewidth of our experiment corresponds to a 30- 
MHz Unewldth In the previous experiments 1 ’* In 
which both photons were of the same frequency.) 
Averaging over seventeen curves like that of Fig. 
1 we have measured the fine-structure splitting 
of the 4D state to be 1027 ± 16 MHz. This is In 
good agreement with previous measurements. 1 

The residual Doppler effects make It Impossi¬ 
ble to be resonant simultaneously with all veloc¬ 
ity groups of the Maxwellian thermal distribu¬ 
tion. Consequently the use of two photons of un¬ 
equal frequencies results in a decrease of exci¬ 
tation efficiency. For the peaks of the lines, it 



FIG. 1. The excitation spectrum for two-photon ex¬ 
citation of the 40 level with X 2 -5835 A. Proceeding In 
the direction of higher frequency, the peaks correspond 
to the following transitions: 3S(F-2) — 4D s ^, 3S1F=2) 
3S(F= 1)— 4Dyj, 3S(F=1)-4D V2 . The split¬ 
tings 1.772 and 1.027 GHz correspond to the ground- 
state hyperflne splitting and our measurement of the 
4D fine-structure splitting, respectively. 
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PIG. 2. Normalised two-photon transition rates for the 35(F = 2) — 4T> W2 and 3S(F=2) — transitions as a 
function of the wavelength of the fixed-frequency laser, Aj. (Note that v, = v, for Aj = 5787 A.) The points are ex¬ 
perimental and the curves are theoretical. The Inset shows the behavior In the region from 5835 to 5900 A with an 
expanded horizontal axis. 


can be shown that the fraction tj of atoms which 
can make two-photon transitions is given by* 

t; =ye* s erfc(y). (2) 

In the above, y = (ln2) 1/a v 0 /[!rTAp [) (v l - v,)], where 
hv 0 Is the energy of the 3S-4D transition (v 0 = 1.036 
xlO 1 ' Hz), r is the natural lifetime of the excited 
state (52 nsec)," and Ap d is the Doppler width of 
the two-photon transition (~ 3.4 GHz). Over the 
tuning range used in our work ij varied from 0.38 
to 0.08. (The calculated llnewldth varied from 
30 to 100 MHz.) 

To demonstrate resonant enhancement, a ser¬ 
ies of runs giving curves like that of Fig. 1 were 
carried out, each with a different A,, the wave¬ 
length of the fixed-frequency laser. In Fig. 2 we 
plot the normalized strengths of the 3S(F = 2) 
-4D WJ and 3S(P = 2) - 4D VJ transitions as a func¬ 
tion of A,. These normalized strengths were ob¬ 
tained by dividing the peak line strengths of each 
transition by the product of the incident laser 
powers. [The strengths of the transitions from 
the 3S(F = 1) level to the two 4 D levels are relat¬ 
ed to the respective transitions from the 3S(F = 2) 
level by 0.6 and display the same behavior.] Re¬ 
call that these lines are separated by much less 
than the Doppler width and that they could not be 


resolved without the uBe of the opposed-beam 
technique. For the point at the 3resonance 
care was taken to attenuate the laser powers so 
that saturation effects such as line broadening 
were not present. Attenuation of about 10* was 
required. Saturation effects were not observed 
at all other points. Both transitions show strong 
dispersion as the laser frequency v t approaches 
the frequency of the relevant 3P intermediate 
states. For the 3S(P*2)- 4D W , transition only 
the 3 P ln state can act as an intermediate state 
since the SP U ,~ 4D^ t single-photon transition is 
forbidden, while for the 3S(P = 2) — 4D„, transi¬ 
tion both the 3P S/1 and 3P 1/S levels are Intermedi¬ 
ate states. The wavelength dependence of the two- 
photon absorption cross section of the latter tran¬ 
sition contains a sharp feature due to destructive 
Interference between the contributions of the two 
Intermediate levels for wavelengths lying be¬ 
tween them. The cross section drops rapidly on 
the long-wavelength side of the 3P t/s level and 
has a minimum only 1.00 A from its maximum 
at the 3P V1 level. The curves in Fig. 2 are the¬ 
oretical curves calculated using Eqs. (1) and (2) 
where the sum In Eq. (1) has been restricted 
to the 3P levels. Except for an overall normal- ■ 
ization factor, there are no adjustable par am- I 
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eters In this calculation. The relative amplitudes 
0 1 all matrix elements were determined using an¬ 
gular momentum relations. The fit between ex¬ 
periment and theory is very satisfying. The slight 
discrepancy for the shortest wavelengths Is due 
to the frequency Jitter of the lasers. In this wave¬ 
length range the calculated absorption llnewldth 
is comparable to or smaller than the total jitter. 

In addition to the sharp two-photon signals, 
another feature was observed when the fixed-fre¬ 
quency laser was tuned close to one of the inter¬ 
mediate states. As the laser frequency v, was 
scanned, this feature appeared at the frequency 
corresponding to 3P — 40 transitions and was a 
broad resonance line with a width of about 1.9 
GHz, the Doppler width for such transitions. Be¬ 
cause the sum of the laser photon energies, h v t 
+hv 2 , is not equal to the 3S—40 energy separa¬ 
tion, we believe this signal is due to a two-step 
absorption process in which the first Btep in¬ 
volves direct excitation of 35- 3P transitions. 

This excitation requires a phase-interrupting col¬ 
lision simultaneous with the absorption of a pho¬ 
ton, hv t , to satisfy energy conservation. The 
second step consists of 3P — 40 transitions. We 
are investigating this feature in more detail. 

The large enhancements we have demonstrated 
clearly have Important implications for potential 
applications of two-photon transitions. Such ap¬ 
plications Include selective two-photon excita¬ 
tion for isotope separation and the generation of 
sum and difference frequencies via three-wave 
mixing.* 
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Advantages of a Nonharmonic-Osciilator Analysis of Molecular Vibrations* 
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(Received 20 May 1974) 

It la suggested that the theory of molecular vibrations, currently based on the harmonic 
oscillator potential, should be reformulated In terms of the potential V m Klix-xj/x]*. 

The proposed potential Is shown to possess numerous advantages. Including an Improved 
physical form, superior eigenfunctions and eigenvalues, the ability to Include rotation 
analytically, and a set of continuum wave functions. The standard classical vibrational 

librium value of x,, Is widely used In the study 
of vibrations; indeed, this potential is so firmly 
entrenched that alternative analyses are rarely 
employed. Thus we find that the theory of molec 




analyses are retained. 

The harmonic-oscillator potential, 

^ho = tff/2)[ {x - x,)/x t ]*, (1) 

where x is a generalized coordinate with an equi- 
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ular vibrations of diatomic and polyatomic mol¬ 
ecules is based upon V H o> even though this func¬ 
tion is known to be inaccurate. In the following 
we demonstrate that K„ 0 could be profitably re¬ 
placed as the standard simple description of most 
molecular vibrations by the function 

V = (A'/2)[(x - x,)/x] 2 . (2) 

As described by Nielsen, 1 the theory of internal 
molecular motions is based upon the solution of 
an appropriate nuclear SchrSdinger equation. 

Since this eigenvalue equation cannot be solved 
exactly, both the kinetic term and the Bom-Op- 
penhelmer potential are expanded in a series, 
and the problem is treated via perturbation theo¬ 
ry. Conventionally, the potential is expanded as 
a power series in normal coordinates and the 
zeroth-order problem reduces to a combination 
of rigid rotors and harmonic oscillators. The 
zeroth-order wave functions and energies ob¬ 
tained in this manner may be sufficient for some 
purposes; however, higher-order corrections 
can be calculated and are often Important . 1,2 The 
value of this perturbation treatment is, of course, 
largely determined by the accuracy of the zeroth- 
order Hamiltonian H n . The closer It 0 is to the 
actual Hamiltonian H the more useful the results 
of the perturbation development should be. Un¬ 
fortunately, the harmonic-oscillator potential is 
usually accurate only for values of x near 
Away from equilibrium V MO behaves "unphysical- 
ly" and is a poor approximation to the actual 
Born-Oppenheimer potential. As previously not¬ 
ed, 3 " 5 for example, V H0 does not possess the 
asymmetry expected for bond-stretch modes and 
becomes infinite as X- Consequently, the 
eigenfunctions obtained using V m) are not accu¬ 
rate for large values of v, the eigenvalues of 
high vibrational levels are Inaccurate, and it is 
not surprising that one must often employ high 
orders of perturbation theory. As an alternative, 
based on results given previously 5 " 1 ’ and the fol¬ 
lowing discussion, we suggest that an improved 
H° and a correspondingly better description of 
vibrations can be achieved by employing the po¬ 
tential of Eq. (2) for those vibrational modes 
which do not require a symmetric potential. 

One reason for the widespread use of V HO is 
that in a power-series expansion of the potential 
in terms of (x -x,)/x, no linear term appears be¬ 
cause of the nature of the equilibrium, and terms 
cubic and higher are small for x near x „. These 
same properties are possessed by an expansion 
in powers of (x - x,)/x. In addition, V [Eq. (2)j 


qualitatively describes the asymmetry of bond 
stretches and the dissociation process,*" 3 and 
may be decomposed by a virial-theorem analysis 
which attributes the x" 1 term to potential energy 
and the x" s term to kinetic energy. 7 Thus Eq. (2) 
possesses at least as much physical content as 
Eq. (1). 

A second reason for the application of the har¬ 
monic-oscillator approximation is that It is sus¬ 
ceptible to classical analysis. The classical so¬ 
lution is sinusoidal and leads to the well-known 
and highly successful normal-coordinate and EG 
matrix methods. 3 These techniques are formu¬ 
lated In the limit of infinitesimal vibrations, how 
ever, and since 



for infinitesimal vibrations the harmonic-oscilla¬ 
tor potential and the suggested alternative poten¬ 
tial are equivalent. Therefore one can retain the 
same classical concepts and methods for Eq. (2) 
that have proved so useful for Eq. (1). 

The third major reason for the adoption of the 
harmonic-oscillator potential is that it possesses 
closed-form quantum-mechanical solutions. In 
the one-dimensional case its eigenvalues are giv¬ 
en by 

E.= (A/x,)(K/m)‘'*{« + 1), « = 0,1,2. (4) 


and Ub eigenfunctions are 

i/i„-iV 0 exp[-o(x-x,) 5 /2]Hja ,/3 (x -*,)], (5) 

where .V„ is a normalization constant, a = (Kp) ut / 
hx 2 , (i is the mass, and H v is the appropriate 
Hermite polynomial. Equation (4) is attractive 
in that it displays the even vibrational spacing 
actually observed for the lower levels, while the 
simple form of Eq. (5) allows a straightforward 
evaluation of the integrals necessary In investi¬ 
gations of various vibrational properties or in 
perturbation treatments of higher-order potential 
terms. The Schrodlnger equation for V [Eq. (2)] 
plus a rotational term may be solved just as sim¬ 
ply; its eigenvalues are 

E^=A/2-{A/2)r(t' + i + ^)-*, (0) 

and its eigenfunctions are 

Kj= N ».J lxt ' 112 exp(- fcr/2 x,)L, 2 \lx/x.), (7) 

where is a normalization constant, y=Kpx, t l 
It 2 , = W + + 1)] I/S , «=y/2 (v + i + 0), and L 2t 

is the appropriate generalized Laguerre polyno¬ 
mial. 3 In contrast to the harmonic oscillator. 
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the inclusion of rotation in Eq. (2) by the addi¬ 
tion of a potential term &J(J+1 )/2/tv* still per¬ 
mits an exact analytical solution of the Schro- 
dinger equation, thus avoiding the rigid-rotor 
approximation I Equation (6) may be expanded 
for small values of the vibrational quantum num¬ 
ber v, and one obtains the same formula as for 
the harmonic oscillator. But for larger values 
of v, Eq. (6) correctly predicts that the spacing 
should decrease and the excited vibrational lev¬ 
els will be closer together. The eigenfunctions 
of Eq. (7) provide a sound basis for further com¬ 
putations, as one can exploit the properties of 
the Laguerre polynomials to evaluate the neces¬ 
sary integrals. These wave functions lack the 
rigid parity displayed by the harmonic-oscilla¬ 
tor eigenfunctions, and should, therefore, yield 
more realistic values for vibrational transition 
probabilities. There are also a well-defined set 
of continuum wave functions for this potential, 
so that bound-state-continuum transitions can 
be described. Moreover, we note that the La¬ 
guerre polynomials are normalized over the phys¬ 
ically realistic range 0«x <f <», while Hermite 
polynomials are normalized for - +«, 

which includes negative bond lengths I 

We emphasize that the determination of the 
eigenfunctions and eigenvalues of Eqs. (8) and 
(7) does not require sophisticated mathematics; 
this analysis is no more complicated than the 
traditional harmonic-oscillator-rigid-rotor 
treatment. Although potentials of the form C,/x 
+ C,/r* have been previously studied, 10 ' 18 the con¬ 
siderable pedagogical, conceptual, and computa¬ 
tional advantages of this alternative analysis 
seem to have been largely unappreciated. For 
diatomic molecules, at least, these appear to be 
compelling reasons for discarding the harmonic- 
oscillator approach in favor of the one proposed 
here. 

Current results’ -0 suggest that many of the 
quantum-mechanical aspects of the theory of 
molecular vibrations, e.g., the work of Nielsen, 1 
could be profitably reformulated in terms of Eq. 
(2). This could be done at the zeroth-order lev¬ 


el, where one would have a simple analytic solu¬ 
tion which includes some of the effects of vibra¬ 
tional anharmonicity and vibration-rotation inter¬ 
action, or it could be done at a higher level of 
perturbation theory, where we anticipate that the 
use of Eqs. (2), (6), and (7), along with perturba¬ 
tions in powers of (x-x,)/x, as opposed to (x 
-*«)/■*,, will improve the convergence proper¬ 
ties of the perturbation method. Investigations 
of various aspects of this problem are now under¬ 
way. 
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Electron Impact near the a 3 II State of CO: Dipole-Dominated Resonances* 
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Sharp structures have been observed in the elastic and vibrational (t> = 1 and v-2) cross 
sections oi the ground electronic state of CO at energies coincident with the o » 0, 1, and 
2 levels of the a hi state of CO. The large electric dipole moment of the a hi state of CO 
(1.38 D) appears to be sufficient to bind temporarily the Incoming electron at or near the 
top of the potential well. The potential energy curve for this "dipole-dominated reso¬ 
nance" coincides with that of the a hi state. 


The behavior of elastic and Inelastic cross sec¬ 
tions by electron Impact near the threshold of an 
electronic state Is still poorly understood, for 
either atoms or molecules. 1 In our search for 
relevant experiments which could shed light 
on this problem, we have studied effects near 
the thresholds of several states In molecules 
and we report here our results for the elastic 
and the vibrational cross sections in the vicinity 
of the o*II state* in CO (6.01 eV) and its isoelec- 
tronic counterpart, the B’n g state* in N s (7.35 
eV). Both these states are valence states and the 
transition involved in the Inealstic process is a 
- n (n = 2). However the a *11 state of CO has a 
large electric dipole moment* of 1.38 D, whereas 
the equivalent state in N a (B’n g ) has no perma¬ 
nent dipole moment. Thus toe shall be able to at¬ 
tribute the major differences between the *11 
states in CO and N t , which we observe experi¬ 
mentally, to the difference in dipole moments. 

We should also note that the lowest 5 n states of 
CO and N s , being valence states, have no reso¬ 
nances associated with them which are bound by 
an appreciable amount (-200-500 meV) to these 
states. Various attempts to find such "Feshbach” 
resonances at energies below these valence states 
led to negative results and it is now believed that 
only Rydberg states of molecules exhibit reso¬ 
nances which lie below their parent states. 1 

The experimental arrangement consists of a 
hemispherical electrostatic monochromator, a 
collision region in which a molecular beam cross¬ 
es the path of the electron beam, and a hemi¬ 
spherical energy analyzer. The instrument has 
been described in detail previously 5 '* and for the 
present study we use a resolution of about 35 
meV for vibrational excitation and 55 meV for 
elastic scattering. The energy scale for each 
gas is established with respect to its own lowest 
Feshbach resonance, 1 namely, the 10.04-eV reso¬ 


nance in CO and 11.48-eV resonance in N,. The 
accuracy of the energy scale is estimated to be 
within 30 meV. 

Figure 1 shows the cross section for elastic 
scattering and for vibrational excitation to the v 
= 2 levels of die X'Z* ground state of CO. The 
energy scale spans the region of the first few vi¬ 
brational levels of the a*n state and these levels 
are Indicated by vertical arrows in Fig. 1. Of in¬ 
terest is the sharp structure existing in all the 
cross sections at energies coincident with the low 
vibrational levels (v =0,1, 2) of the a’n state. 

The data shown for vibrational excitation are tak- 



FIG. 1. Energy dependence of the differential elastic 
and vibrational excitation crOBS sections In CO. Sharp 
structures In each of the curves coincide In energy 
with the vibrational levels (ti “0,1,2) of the flrst-ex- 
etted electronic valence state, U. Experimental er¬ 
rors in the absolute magnitude of the vibrational cross 
sections are about 30%. The 1% mark represents the 
change in the elastic cross section and is used to show 
the relative size of the elastic structure only. 
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en at an angle of observation of 50 deg; at 90 deg, 
the sharp structures retain the same absolute 
values and the smooth "background" cross sec¬ 
tion at 90 deg is comparable to the cross section 
at 50 deg. 

Structures in the elastic cross section which 
are coincident in energy with the levels of an ex¬ 
cited state are often interpreted by invoking Wig- 
ner cusps. In the present case, such a Wigner 
cusp 7 ’’ would arise from the opening of the a *n 
channel (5o-2»r transition) and thus it would ex¬ 
ist in the p wave, both for elastic scattering and 
for vibrational excitation. 'We would therefore 
expect that the structures associated with such 
a cusp would decrease strongly at 90 deg. Since 
we do not observe this expected decrease, we 
must reject an interpretation based solely on 
Wigner cusps. Rather, we attribute the struc¬ 
tures visible in the elastic cross section and In 
the vibrational cross sections to a resonance 
dominated by the dipole moment of the a ’ll state. 

When we study elastic or vibrational excitation 
in the energy range of the B 3 n g state of N a , we 
observe none of the sharp features of Fig. 1. The 
fl 3 n g state in N, is analogous to the a 3 n state in 
CO, but it does not have a permanent dipole mo¬ 
ment. Figure 2 shows the present results on the 
vibrational excitation for u = 1 and v = 2 in N, at 
50 deg. At 90 deg, the shape of fee curves is 
similar. 

We postulate that the resonant structures shown 
n Fig. 1 can best be explained in terms of a CO" 
itate whose potential energy curve is coincident 
ir nearly coincident with the potential energy 
urve for the a 3 ll state of the neutral molecule. 
>no tests can be made to substantiate the above 



FIG. 2. Energy dependence of the differential vibra¬ 
tional cross section* in Hj. While the trend of the ex¬ 
citation curves la similar to the corresponding curves 
In CO, no structures are evident at the positions of the 
vibrational levels of the B*Ug state. Experimental er¬ 
rors In the absolute magnitude of the cross sections 
are about 30%. The Inset Bhowe the 11.48-eV Feshbsch 
resonance, as observed in the v»0 — 1 vibrational ex¬ 
citation, at a scattering angle of 50 deg. 

postulate: 

(I) The resonant structure must be coincident 
in energy with the levels of the a 3 n state. Ab 
shown in connection with Fig. 1, this is the case. 

(II) The excursion in the resonant structure 
must be consistent with the Franck-Condon fac¬ 
tors for the a’ll state. To establish this, con¬ 
sider a single resonance at an energy £ r with 
autoionization decay width r. In the neighbor¬ 
hood of E r , the vibrational cross section from 
the initial Btate lv 4 > to the final state \v f ) Is given 
as 


o[E)= U+ {v f \v r ){v r \v t )B/[(E -£ r ) + £ »T]| 3 , (1) 

'here A and 2B/r are, respectively, the background and the resonant amplitudes; (vjlv,) and <v r lv 4 ) 
re the Franck-Condon overlap Integrals involving an intermediate lv r ) state. If we now assume that 
A i , »l2B/rl*. which seems to conform to the experimental results of Fig. 1, we obtain 


o(£) <* UI* + 2<u / |«; r )<o r |u J )Rei4B/l(£ - £.) + (2) 


'ence, the resonant excursion should be linearly 
roportlonal to the Franck-Condon overlap inte- 
ral (v, lv r )(v r It*,). Figure 3 shows, by vertical 
ars, calculated Franck-Condon overlap inte- 
rals, starting from the ground vibrational state 
f CO (Jf 1 £ + ), via the CO (a 3 n) state and terml- 
ating on the v y = 0, 1, and 2 levels of CO (Jf‘E + ). 
'he absolute magnitudes of the Franck-Condon 


integrals were obtained from the compilation of 
Krupenie’ and the sign was obtained by inspection 
of die potential energy curves. Also shown In 
Fig. 3 are the experimentally measured excur¬ 
sions from a smooth background, obtained from 
Fig. 1. The agreement between experiment and 
the calculation lends support to our model. 
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FIG. 3. Comparison of measured and calculated reso¬ 
nant excursions In the energy range of the a s n state of 
CO. The vertical bars Indicate the magnitude and the 
sign of the calculated Franck-Condon overlap Integrals 
using the a 9 n state as an Intermediate state. The open 
circles show the measured resonant excursions which 
were obtained from Fig. 1 by taking the difference be¬ 
tween the measured curve and a smooth background. 

The atze of the circles brackets the experimental er¬ 
ror. The theory and experiment have been normalized 
at the largest excursion for each final vibrational chan¬ 
nel, t'y. 


Resonant structures which are coincident or 
nearly coincident in energy with an electronic 
state have cropped up in atomic systems before: 
in the case of the alkali atoms** 0 near the 1 P 
states); in the case of atomic hydrogen 1 (near the 
« = 2 states); and in the case of the 2‘S state of he¬ 
lium. 11 Until now these have been viewed as acci¬ 
dental occurrences, but the multiplicity of cases 
makes It probable that we are dealing with a 
more general phenomenon. It appears that these 
types of states in molecules can be supported by 
a large enough dipole moment and, In the case of 
atoms, the polarizability of the target atom prob¬ 
ably plays a large role. When the energy of an 
observed peak coincides exactly with the energy 
of the parent excited state, we may designate 
such objects as “virtual states." Although from 


an experimental viewpoint such virtual states 
are not easily distinguishable from Feshbach 
resonances, the theoretical nature of these two 
objects differ in principle. 

Finally, we wish to point out that structure 
which is coincident in energy with the a ’II state 
of CO has been previously observed in a trans¬ 
mission experiment, 11 which measures the total 
scattering cross sections. However, this struc¬ 
ture has been attributed 12 to the sharpness of the 
inelastic cross section near threshold. As a re¬ 
sult of the present work we would say that the 
dipole-dominated resonance plays a key role in 
the total croBS section in the energy range 6-7 
eV, by causing structure in the elastic and vibra¬ 
tional cross sections and by enhancing the cross 
section to the o’ll state near threshold. 

We acknowledge many Illuminating conversa¬ 
tions with A. Herzenberg, .1. Comer, and P. D. 
Burrow. 
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Variational Bounds on the Is—Charge-Exchange Amplitude 
in Proton-Hydrogen-Atom Scattering* 

David Storm and Donald Rapp 
The University of Texas at Dallas, Richardson, Texas 75230 
(Recetved 3 April 1974) 

With a relatively simple trial wave function, nontrivial variational bounds are obtained 
on some transition amplitudes for the Ls-charge-exchange reaction in the impact-param¬ 
eter model for H + -H scattering. Preliminary results Imply that the two-state traveling 
molecular expansion is superior to the two-state traveling atomic expansion below 25 
keV, that the Euler-Lagrange variational method 1 b cot necessarily superior to the static 
method, and that neither is the “best variational method.” 


Proton-hydrogen-atom scattering in the keV 
energy range Is customarily described by the Im¬ 
pact-parameter model for ion-atom collisions, 1 
Within the framework of the impact-parameter 
model. It has been possible to derive upper and 
lower variational bounds which bracket the exact 
transition amplitudes for the excitation and charge- 
exchange processes, 3 ' 4 and therefore It is pos¬ 
sible, in principle, to calculate exact amplitudes 
n a variational calculation. In addition, it has 
3een proposed that the error function 

Ai<Xs>-JT|WxJI<« (1) 

x used as a measure of the error In the calcula- 
:lon In which x„ is the approximate or trial wave 
Function corresponding to the Initial state a. 3 ' 4 
rhe quantity IID(x J II Is the norm of the deviation 
rector In the SchrOdlnger equation: 

D(x J = (H - i8 /6t)(x, ~ t J - (H - i 8 /8 0x n , (2) 

where if., Is the exact solution, and II is the Ham¬ 
iltonian for the impact-parameter-model sys¬ 
tem. 1 The quantity x„ - = AVli 1® the variation 

lb out the exact solution represented by the ap- 

iroxlmate wave function x„; therefore ll£>(xJl Is 
he error (per unit time) In the Schrbdlnger equa¬ 
tion, and so A, la a natural measure of the error 
in the calculation. 3 ' 4 Variational bounds on the 
-xact ls-charge-exchange amplitude can be 
written as follows 3 " 4 : 

|Cul~^<[Aj<|C„M*, (3) 

where c„ Is a second-order accurate approxi- 
natlon to the exact amplitude A lg obtained with 
he trial wave function x u , 3 and A„ is either the 
Irst-order bound A, (the error function defined 
‘hove), or the second-order bound, 

* a = iV, (4) 

)n the second-order error term In the variation - 
d principle previously given. 3 ' 4 As previously 


discussed, 3 trial wave functions are customarily 
generated by expressing the approximate wave 
function as a time-dependent linear combination 
o! a suitable finite set of basis functions, and the 
linear expansion coefficients, wblch are ultimate¬ 
ly interpreted as approximate transition ampli¬ 
tudes, are determined by solving the usual set of 
coupled equations. In this preliminary study of 
the is-charge-exchange reaction, we have been 
concerned with three questions: (1) What are the 
magnitudes at the bounds A, and a 2 for some 
common trial functions, and does It appear to be 
practical to use the variational bounds In Eq. (3) 
to calculate exact amplitudes? (2) In what energy 
range Is the traveling-molecular-type expansion 
superior to the traveling-atomic-type expansion? 
Aspects of this question have been discussed by 
Ferguson,* McCarroll, Placentlnl, and Satin,* 
and McCarroll and Placentlnl, 7 (3) Is the Euler- 
Lagrange dynamic variational method used by 
Cheshire* and by McCarroll, Placentlnl, and 
Salln* superior to the static variational method 
in which the variable parameters In the basis 
functions are determined by minimizing the well- 
known energy functional? A simple “two-state” 
trial wave function was used In all of our calcula¬ 
tions. The orbitals in the basis functions were 
atomlclike functions with variable parameters. 
The most sophisticated orbital utilized was a ls- 
hydrogen-like orbital containing a variable nu¬ 
clear-charge parameter, plus a polarization 
parameter multiplying a 2p„-hydrogen-like orbit¬ 
al containing another variable nuclear-charge 
parameter. 

In our first series of calculations we were only 
concerned with the effect of a variable nuclear 
charge In the Is orbital, and so the orbitals were 
simply Is-hydrogen-like functions with variable 
nuclear-charge parameters. Some of the values 
obtained for the error function a, In these calcu¬ 
lations are shown In Fig. 1. The charge-exchange 
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FIG. 1. Abnoluto value of cbarge-exchange amplitude 
IC^I (corresponding to no-parameter case) and error 
function At for various two-state trial wave functions 
(see text) versus Impact parameter B. 



FIG. 2. Absolute value of charge-exchange a m pli t ude 
ICfjl (corresponding to no-parameter case) and error 
function A| for various two-state trial wave functions 
(see text) versus impact parameter B. 


amplitude <C la l (corresponding to the no-param¬ 
eter case, see below) Is shown in Figs. 1-3 for 
orientation. The charge-exchange cross section 
is largely determined by the outer oscillation in 
the amplitude curve, and so it Is these ampli¬ 
tudes that we wish to calculate most accurately. 
The a, curve marked NP (no parameters) cor¬ 
responds to an atomic-type expansion, a two- 
state traveling hydrogenlc expansion. The A, 
curve marked DP (Dalgarno and Pools) corre¬ 
sponds to a molecular-type expansion, a two- 
state traveling molecular expansion where the 
approximate molecular orbitals are linear com¬ 
binations of atomiclike functions with nuclear- 
charge parameters determined by minimizing the 
energy functional." The point marked MPS cor¬ 
responds to a calculation in which the variable 
charge parameters previously given by McCar- 
roll, Placentlnl, and Salin" were used, and the 
fact that this point is above the DP curve indic¬ 
ates that within the framework of the two-state 
approximation the static variational method Is 
superior to the dynamic Euler-Lagrange pro¬ 
cedure for this parameter at an energy of 2 keV. 
The A, curve marked AF (arbitrary functions) 
corresponds to a calculation in which arbitrary 
functions were used for the variable nuclear- 
charge parameters, and the fact that this curve 
lies below the DP curve and the MPS point in¬ 
dicates that neither the static nor the dynamic 
variational methods is best for this problem. 

In the second series of calculations we were 
only concerned with the effect of a polarization 
parameter; in this case, the orbitals were ls- 
hydrogen-llke functions plus a polarization param - 


eter multiplying a 2p 0 -hydrogen-like function. 
The nuclear scale factors were taken as con¬ 
stants. Some of the results of this calculation 
are shown in Fig. 2. The A, curves marked NP 
and DP again correspond to the same atomic and 
molecular expansions discussed above. The A, 
curve marked S (static) also corresponds to a 
molecular-type calculation: In this case the ap¬ 
proximate molecular orbitals contained only 
polarization parameters. The A, curve marked 
EL (Euler-Lagrange) corresponds to an atomic- 
type expansion with a dynamically determined 
polarization parameter. The molecular-type ex¬ 
pansions again appear superior to the atomic- 
type expansions, and the static variational meth- 



FIG. 3. Absolute value of charge-exchange amplitude 
|C U | (corresponding to no-parameter case) and error 
function At for various two-state trial wave funotloos 
(see text) versus impact parameter B. Values of the 
second-order bound A } are also shown on the same 
right-hand vertical scale as Aj. 
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od a gain appears superior to the dynamic Euler - 
Lagrange procedure. 

The most sophisticated orbitals were used In 
the last series of calculations: The orbitals were 
Is-hydrogen-like functions with a variable nu¬ 
clear-charge parameter plus a polarization pa¬ 
rameter multiplying 2p 0 -hydrogen-like functions 
with a variable nuclear-charge parameter. The 
parameters In the orbitals were determined by 
minimizing the energy functional, 10 and we be¬ 
lieve these orbitals are adequate representations 
of the Iso. and 2po a molecular states. Values of 
the error function A, obtained in these calcula¬ 
tions are shown in fig. 3. The A, curve marked 
NP again corresponds to the atomic-type expan¬ 
sion discussed above; the A t curve marked D 
corresponds to the molecular-type expansion in 
which the lso g and 3po u orbitals 10 were used; 
and the A, curve marked AF again corresponds 
to a calculation in which an arbitrary set of pa¬ 
rameters were used. The fact that the D curve 
is lower than the NP curve is good evidence that 
the two-state traveling molecular trial wave func¬ 
tion Is superior to the two-state traveling atomic 
trial wave function. We also show values of the 
second-order bound A a . It is interesting to note 
that the second-order bound is slightly smaller 
than the amplitudes in the range of impact pa¬ 
rameters 3.5-5. We are extremely encouraged 
by this result, considering the simplicity of the 
trial wave function. 

In conclusion, our results tend to indicate that 
the traveling-molecular-type expansion is supe¬ 
rior to the traveling-atomic-type expansion in the 
energy range 0.1-25 keV, and that the dynamic 


Euler-Lagrange variational method is not neces¬ 
sarily superior to the static method in this ener¬ 
gy range. Finally, it is encouraging that a bound 
A, which is the same order of magnitude as a 
transition amplitude can be calculated with such 
a simple trial wave function. It is well known 
that the simple two-state approximation is in¬ 
adequate even for the lower energies. 11 * 1 ’ With 
the addition of more states, there is a likelihood 
that A a can be reduced to the point where non¬ 
trivial bounds on the Is-charge-exchange ampli¬ 
tude can be obtained. 
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Homogeneous Nucleation in a Critical Binary Fluid Mixture 

4 

John S. Huang 

Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 15260 

and 

S. Vernon and N. C. Wong 

Department of Physics, Rutgers University, New Brunswick, New Jersey 08903 
(Received 22 April 1974) 

We have studied homogeneous nucleation in a binary Quid mixture near the critical 
point for a temperature range 2x 10" < 2x 10' ! , where e »(T c -T)/T e . We find that 

the measured degree of critical supercooling Is In good agreement with the predictions 
of a nucleation theory with a neoclassical free energy proposed by Sarkles Frankel. 

A slight difference between the temperature dependence of the nucleation curve and that 


of the coexistence curve Is also observed. 

The degree of critical supercooling of a binary 
mixture of methylcyclohexane and perfluoro- 
methylcyclohexane observed by Sundquist and 
Oriani 1,2 and more recently by Heady and Cahn s 
was shown to have grossly exceeded the limit pre¬ 
dicted by classical theories 4 '" of homogeneous nu - 
cleation. These results are quite surprising, for 
the observed maximum degree of supercooling 
(critical supercooling 6T c ) is expected to deviate 
from the theories only by falling short of the pre¬ 
dicted values, since ionic impurities, dust, vi¬ 
brations, etc. are likely to induce nucleation be¬ 
fore the theoretical limit can be reached. 

On the other hand, one may expect that the 
classical theories, featuring the formation of a 
critical nucleus as the principal mechanism for 
phase separation, could work better as the criti¬ 
cal point is approached. The reason is that the 
radius of the critical droplet increases as the 
correlation length is increased, so that the drop¬ 
let is large enough for the bulk properties to be 
properly assigned to it However, the classical 
theories fail to take into account the fact that the 
classical equations of state are no longer very 
good approximations in the critical region. Sar- 
kies and Frankel (SF) 7,B made an effort to modify 
the classical nucleation theory of Cahn and Hil¬ 
liard' by incorporating a generalized form of the 
equation of state similar to that proposed by Fisk 
andWidom.’ An expression for the work of for¬ 
mation of a critical nucleus was derived by SF, 
and from it one can calculate the critical super¬ 
cooling 67 c (fi7 c is defined as the maximum su¬ 
percooling measured below the normal phase- 
separation temperature in units of degrees centi¬ 
grade). 

In this work we report an observation of cloud 


points (temperatures at which homogeneous nu¬ 
cleation begins) in a binary mixture of cyclo¬ 
hexane-methanol near the critical point. Two 
samples of critical composition were separately I 
prepared; special care was taken to avoid exces 
sive dust contamination. The preparation steps 
included filtration, distillation through a 6-ft 
column, and several slow vacuum distillations 
before sealing in glass cells containing magnetic 
stirrers. The critical temperature of the two 
cells agreed within 3 mK (the reported value for 
T c is 45.14°C). Critical supercooling values 6T, 
were measured with the samples immersed in a 
water bath which was temperature controlled to 
within 1 mK over several hours. At the start of 
the run, the samples were allowed to come to 
equilibrium at about AT = T 0 - T * 5 mK below T c 
when each sample separated into two, clear, CO' 
existing phases. Then the temperature was 
dropped slowly, at a rate of 1 mK/mln, until th€ 
cloud point of the upper phase was reached. At 
this temperature a uniform cloudiness suddenly 
set in, and the temperature difference 6T C (AT) 
was noted. A typical run took from several min 
utes to one and a half hours depending on AT. 

Then the systems were both allowed to come to 
equilibrium again at a temperature slightly lowe 
than the last cloud point before the next run took 
place. The equilibration time in the two-phase 
region was typically 1 to 2 days. However, It 
should be noted that even the time for the systen 
to separate out into two, clear, coexisting phase 
under the influence of gravity was on the order c 
1 day, but the time constant for the temperature 
of the system to follow a change in the water-bat 
temperature was on the order of 1 min. We trlei 
to lower the temperature in steps of a few milli- 
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degrees, and waited a few minutes before lower¬ 
ing the temperature by another step. This pro¬ 
cedure could change the time to reach the cloud 
point, but it evidently had no effect on the cloud- 
point temperature. We also monitored the laser 
scattering intensity and the llnewidth at several 
scattering angles during the supercooling stages. 
As a rule, the scattered intensity increased 
slightly (“10%) as the temperature was lowered 
near the cloud point, and exhibited an angular 
distribution similar to that of the equilibrium 
states. There was no indication of the formation 
of invisible droplets before the cloud point. 10 The 
llnewidth of the scattered light, on the other 
hand, narrowed slightly (~ 10%) and always showed 
a Lorentzian line shape. Both the intensity and 
the llnewidth of the scattered light measured in 
the supercooled states were found to be quite sta¬ 
ble for several hours if the bath temperature was 
allowed to stablize before the cloud point was 
reached. This is indicative of the fact that con¬ 
centration flux through the interface during a 1 -h 
run was negligibly small, and the two phases of 
each cell were effectively acting independently. 

So what we had was essentially two continuous 
variable-concentration samples; by choosing dif¬ 
ferent temperatures at which the system could 
be brought to equilibrium in the two-phase re¬ 
gion, we were able to study the degree of super¬ 
cooling from any point on the coexistence curve. 
However, at AT "(PC, it was difficult to produce 
a homogeneous nucleatlon in our system, so no 
■tasurement is reported below this temperature. 
)ur results are shown in Fig. 1, where the 
jree of critical supercooling 6 T c is plotted 
linst 7 C - Ton a log-log scale. The straight- 
e fit to the data has a slope very close to 1.0, , 



FIG. 1. A log-log plot of the degree of critical super¬ 
cooling 6T c versus AT-T c — T, where T Is the equilib¬ 
rium temperature of the system from which 6T e Is mea¬ 
sured. The two curves a and b represent measure¬ 
ments from two critical samples. 


indicating that the temperature dependence of the 
nucleatlon curve (which is the locus of the cloud 
points on the temperature-concentration plane) is 
very similar to that of the coexistence curve. The 
ratio S7 C /AT«0.2 for both samples. 

Sarkies and Frankel extended the theory of 
Cahn and Hilliard® by incorporating a generalized 
equation of state similar to that proposed by Fisk 
and Widom"; 


Hip) - p(p c ) = (p -p e )[7'- T(p)J( T c - T) r ~'j {[ T c - T(p)]/( T c - 1% ( 1) 

ere p is the chemical potential, p Q is the critical concentration, T- r(p) represents the coexistence 
rve, as chosen by SF, and 

>M=j( 1X1 -w 46 )/40(1-«). (21 

the above expression, they have used the scaling relation > = (6-l)/3, and have taken 6 = 5. Then 
sy proceeded to calculate the difference H' between the total free energy of a homogeneous system 
d an inhomogenedhs one containing a critical nucleus. The parameter W, called the work of forma- 
n for a critical nucleus, is given by 

w m "/^ fMP - s(P - P 0 X P + Poll r ‘ dr > (3) 

:h p and p depending on the position r in the sample. Substituting Eqs. (1) and (2) into (3) they ob- 
ned 

H'=W"/ c (T ( ,- T)(4) 
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where 

5V'=(4/2 )G in , (5) 


and 


(ay/8 p 1 ) r =o(7 e -r)7 

Is the compressibility, with a = [7 C - tip)]/(p -p e ) l,t and /3 the critical exponent for the coexistence 
curve. The parameter A is a measure of the surface energy of the system, and is expected to depend 
only weakly on temperature 11 ; 

4= X”f 2 X* *(*'* -!)**-(*-* 0 )U(* 4 -1) - z a W ~ !)]} V dr o- (6) 


The new variable z(r 0 ) is a reduced density which 
must satisfy the Euler equation (from the mini¬ 
mization of the total free energy) for the shape 
of the critical droplet profile with 

z = \a/(T c -T)\ 6 (p-p c ), (7) 


8V 

»r7 




( 8 ) 


and the reduced background density 


z 0 = lim z(r). 

The pertinent parameters for this binary mix¬ 
ture can be obtained as follows. From the turbid¬ 
ity measurement of Huang, 12 and the index-of-re- 
fractlon measurement of Gilmer et al., 13 we can 
determine the value (8 I //8p 1 ) r =9.07 xlO 5 ergs/ 
cm 3 at AT= 1“C from the following relation 14 : 


4 2We»£\* ftuT 
T_ 3 V'Sc^r W/ a ^V 


( 9 ) 


where r is the turbidity, A 0 the wavelength of 
light, and n the Index of refraction. From the 
light-scattering measurements of Wong and 
Huang/ 5 as well as from Ref. 11, we have ^=1.22 
for T < 7' e . Also from Ref. 12 we have o fl = 6.89 
(°C) B . From the interface-thickness measure¬ 
ment of Huang and Webb, 1 ® we can determine K 
= 3.89xl0" 7 erg/cm, so that from Eq. (5) we get 
W" = 1.31xl0' 13 erg. The cloud point was deter¬ 
mined by" W - 60fe „T. Combining this with Eq. (4), 
we get / c = 19.95. Substituting this value into Eq. 
(6), we get z 0 1/S = [7 C - T(p)]/(7' e - T) = 0.82 which 
in turn gives us 8 T C /&T = [t(p) - T]/\T C - t(p)] 

= 0.22. This value agrees extremely well with 
the measured value of 6r c /AT£0.20 at AT=1°C. 
It might be added that the homogeneous nuclea- 
tion in the metastable region studied in this work 
is caused by intense concentration fluctuations 
of size exceeding the critical radius and subse¬ 
quent growth of these critical nuclei. However, 
the system is stable against infinitesimal fluctua¬ 
tions extended over long distances. A second 


mechanism for phase separation, spinodal de¬ 
composition, 17,18 is expected to occur if the sys¬ 
tem is quenched along the critical-concentration 
line into the “spinodal region” where the Bystem 
is unstable Instead of metastable. The process 
of spinodal decomposition has been studied by 
Huang, Goldburg, and B]erkaas. u 

Finally, we plot 0T o /AT versus t where e = (T c 
- T)/T e , as shown In Fig. 2, and we fit a func¬ 
tion o/(l + b lne) 1/a to the ratio 6T„/e, as suggest¬ 
ed by Langer and Turski.* 0 We find a “48 and 6 
“6.1 xlO‘ a over a temperature range 10 " 5 < t 
< 10 “ a . We note that the value of a is very close 
to the values evaluated for CO a by all the nuclea- 
tlon theories, 4,a ® but the value of 6 represents a 
much better agreement with the prediction of 
Langer and Turski than with the Becker-Doring 
theory. 4 

One of us (J.S.H.) wishes to thank Professor 
Walter I. Goldburg, Professor David Jasnow, 
and Professor J. S. Langer for helpful dlscus- 



FIG. 2 . A log-log plot of CT t /A T versus e = (T e ~T)/ 
T e . The solid lines represent a two-parameter fit ct 
the function a/(l+ilne) 1/1 for olO’ 4 . Curves a and i 
b represent measurements from two oritlcal sample*. 
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Velocity of Fourth Sound 

M. Revzen, B. Shapiro, C. G. Kuper, and J. Rudnlck 
Department of Physics, Tecknlon-Israel Institute of Technology, Haifa, Israel 
(Received 4 February 1974) 

We reconsider the flow of a superfluid through the interstices of a porous medium, 
taking account of the finite volume of the grains and the resulting hydrodynamic drag. A 
correction footer to the velocity of fourth sound is found, which reconciles a long-stand¬ 
ing discrepancy between theory and experiment. 


Fourth sound has proved useful as a probe 11 * 
for studying the properties of superfluid <He, and 
Is currently being sought’ as a confirmation of 
the possible superfluidity of the low-temperature 
phases of ’He. However, the measured velocity* 
differs systematically from Atkins’s 1 * prediction. 
In Atkins’s theory, the finite volume of the pow¬ 
der grains la neglected; their only role Is to lock 
the normal component: v„ = 0. But when an Ideal 
fluid accelerates around obstacles of finite vol¬ 
ume, the obstacles exert a drag force, 5 which we 
denote F t (per unit mass). This drag has been 
measured by Kojlma et al. 1 

We reformulate the Euler-like equation of Lan¬ 
dau’s two-fluid hydrodynamics 5 to include the 
drag. We call the„drag correction a ’’dynamic” 
one, since F t is proportional to the relative ac¬ 
celeration of the superfluid to the grains. We 
shall also Include a “static” correction for the 
finite volume of the powder. This static correc¬ 
tion can be interpreted 7 as arising from the fact 
that Landau’s driving force Is not the pressure p 
hut rather the chemical potential |i. 


These two corrections appear In the form of a 
factor modifying the density p In the Landau equa¬ 
tion, and hence modifying the velocity c 4 of fourth 
sound. Using Atkins’s* value c° as a reference 
standard, we define an “index of refraction” h: 

* = c 4 °/c 4 . (1) 

We are interested in the long-wavelength limit 
(long compared to grain size; cf. the way in 
which dielectric polarization determines the low- 
frequency refractive index for electromagnetic 
waves). However, in a typical porous medium 
the size of the grains Is comparable with that of 
the interstices, and the direct calculation of flow 
patterns is Intractable. We bypass the difficulty 
by using experimental values 1 of the drag. 

For simplicity we neglect the temperature fluc¬ 
tuations In a fourth-sound wave.* Atkins’s ex¬ 
pression for the fourth-sound velocity then re¬ 
duces to 

c 4 0 = (p» , '*c l , (2) 

where -pjp la the superfluid fraction and Cj is the 
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where 


velocity of first sound. 

In the Kojima et al. drag experiments 1 the po¬ 
rous medium is contained In an annular region, 
and rotated at an angular velocity u>„ (typically 
~1 Hz; c.f. typical fourth-sound frequencies w lv 
-10 kHz). The observed superfluid current Is 
found to be proportional to the angular velocity 
to, of the powder (and hence of the normal fluid). 
We believe that the rotational aspects of the mo¬ 
tion are Irrelevant, and write an empirical rela¬ 
tion for the average linear velocity of the super- 
fluid 

(3) 

The coefficient A (0 * A *> 1) depends mainly on the 
“porosity" 0 (l 1 , which is defined to be the ratio of 
fluid volume SI, to total volume ft. The measured 
value for <P = 0.65, 7’= 1.35 K, and grain size 
-200 A Is A = 0.48. 

We assume that the equality (3) le attained very 
rapidly (on the time scale of l/u> IV ), so that we 
can write 

i),=AU„. (3') 

Hence the drag force per unit mass is F d = A i>„. 
We wish to express F d In terms of the relative ac¬ 
celeration 10 v r ~v,~ ti„. Subtracting i)„ from both 
sides of Eq. (3'), we obtain v, In terms of il n so 
that 

F d --v r a/O-a). (4) 

If F rtl is the external force’ 

F„ t - -ftVp, (5) 

the equation of motion of the fluid is 
pftyh d = , 

In fourth-sound experiments t'„ - v„ - 0 (hence v T 
d 4 ), and hence 

- Vp = fJU,tfV(l-A), (6) 

where v means the “hydrodynamic” derivative 
Sv/di 11 > • Vv. For acoustic propagation we ne¬ 
glect the v- Vv terms as usual. Since v n = 0, the 
equation of continuity takes the form 

p+p.V-v,. (7) 

Equations (6) and (7) give the fourth-sound veloc¬ 
ity; the only new feature is the factor <P/(1 - a) In 
(6), and hence, by Atkin's analysis, 4 

c 4 - c 4 /n( A, <P), (8) 


n t = <P/(l - x). (9) 

In Eq. (10) the factors <P and 1/(1 - A) are, re¬ 
spectively, the “static” and “dynamic” correc¬ 
tions. For the measured 1 A, we predict ***= 1.2; 
the observed value* is n * “ 1.3. 

Over a wide range of porosities, Rudnick and 
co-workers find* 

»*=2- <P. (11) 

Substituting (11) in (10), we predict 

A = 2(1 -«-*), (12) 

which agrees well with preliminary measure¬ 
ments. 11 

To summarize we have shown that the velocity 
of fourth sound is modified by the finite size of 
the powder grains—both directly through the 
“static” porosity factor and fndfrectfy via the 
drag. Our correction reconciles a long-standing 
discrepancy between theory and experiment. 


’H. Kojima, W. Velth, 3. J. Putterman, E. Guyon, 
and 1. Rudnick, Phys. Rev. Lett. 27, 714 (1971). 

*K. A. Shapiro and I. Rudnick, Phys. Rev. 137 , A1383 
(1965); M. Krias and I. Rudnick, J. Low Temp. PhyB. 

3, 339 (1970). 

*We are aware of work along these lines by J. C. 
Wheatley and oo-workers, and by Y. Eckstein and 
J. Landau at our own Institute. 

4 K. R, Atkins, Phys. Rev. 113, 962 (1959); I. M. Kha- 
latnikov, Introduction to the Theory of Superfluidity 
(Benjamin, New York, 1965). 

*Soe, e.g., H. Lamb, Hydrodynamics (Cambridge 
Unlv. Press, Cambridge, England, 1932) 6th ed., Sect. 
92; L. U. Landau and E. M. Ltfshltz, Fluid Mechanics 
(Pergamon, New York, 1959), p. 31. 

*L. I). Landau and E. M. Ltfshltz, Fluid Mechanics 
(Pergamon, New York, 1959), p. 516. 

T For a deeper understanding of the factor <P In Eq. (8) 
we may derive this “static” correction from the Glbbs- 
Duhom relation n,dp, + n t dp f =dp. Here n, and n, are 
the mass densities and \i, and p, the chemical poten¬ 
tials of the fluid and the powder grains, respectively. 

If M t Is the mass of the fluid, n, =M,/Sl~ (M,/S),) (SI ,/SI 
~ <Pp. When we assume that the change in the ohemioal 
potential of the powder is negligible, we have Vp =<P pVi 
We owe this observation to S. G. Eckstein and Y. Eok- 
steln. Both this derivation and the one In the text im¬ 
plicitly assume homogeneity and Isotropy on the aver¬ 
age. 

*71118 approximation is good for all temperatures be¬ 
cause C|p,is large compared with c;(p— p,)'^ 7 when 
ci and cj are the speeds of first and second sound, 

*The drag coefficient A should not be sensitive to tern' 
perature or to grain size, except close to the translttoc 
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temperature. Near Ty, the healing length becomes 
large, and the apparent porosity will be reduced. For 
'He In 200-A powders below 1.6 K, the effect la negli¬ 
gible. But In *He the correlation length is believed to 
x at least 10* A and possibly even 10* A. With grain 
sixes -30 pm, this can lead to a correction of from 1 
o 10%. 

'"Although we have derived Eq. (4) from Eq. (3), It is 


obvious that (4) is really the more general relation 
—It expresses the proportionality of F t to i r and in 
particular the obvious requirement that there shall be 
no drag if 4 r =0 (even if *0). 

"We wish to thank Professor 1. Rudnlok for providing 
us with preliminary data for a range of porosities In 
the region d*-0,7, These results strongly suggest a 
form olose to Eq, (12). 


Experiments on Dynamic Parallel Magnetism in Superfluid ^ef 

R. A. Webb, R. L. Klelnberg, and J. C. Wheatley 
Department of Physics, University of California, San Diego, La Jolla, California 92037 

(Received 28 May 1974) 

Observations are reported of the ringing of parallel magnetisation In superfluid ’He 
when an Incremental magnetic field parallel to a steady field Is suddenly turned off. 


We report novel experiments on the dynamic re¬ 
sponse of the nuclear magnetization of superfluid 
’He A and ’He B parallel to the axis of a magnetic 
field which is suddenly changed by an Incremental 
amount parallel to itself. These experiments, 
motivated by the theoretical work of Leggett 1 and 
the experimental static magnetization measure¬ 
ments of Paulson, Johnson, and Wheatley,’ both 
illuminate the theoretical concepts and provide 
new insists into the nature of the superfluid 
state. The present experiments, performed over 
wide ranges of temperature, pressure, and mag¬ 
netic field, reflect and support the remarkable 
parallel-resonance experiments on liquid ’He at 
melting pressure of Osheroff and Brinkman 3 and 
of Bozler el al.* which were reported while our 
measurements were In progress. Our experi¬ 
ments also allow important nonlinear phenomena 
to be studied. Moreover, they may be interpret¬ 
ed, at least in the case of ’He A and following 
both Leggett 1 and Maki and T sure to, 5 as a mani¬ 
festation of an internal Josephson effect in the 
spin-triplet superfluid. 

The ’He measured was contained in a 3-mm- 
i.d. tower above a main cell nearly filled with 
powdered cerium magnesium nitrate (CMN). A 
steady field JH 0 parallel to the axis of the cylinder 
was trapped in a <L5-mm-i.d. Nb tube. An incre¬ 
mental field AH parallel to H a was provided by a 
single-layer Nb solenoid of 3.25-mm i.d. The 
’He magnetization was sensed by a 4-mm-i.d. by 
4-mm-long Nb pickup coil with one end 3.5 mm 
from the end of the solenoid. The pickup coil 
was connected with Nb leads to an rf-biased su¬ 
perconducting quantum interference device oper¬ 


ated as a nonoverloading, wide-band flux sensor 
of low dynamic range. Temperatures were sensed 
both in CMN in a second magnetically shielded 
tower above the cell and in the main CMN, al¬ 
though the latter could not be used while small 
fieldB in the magnetizing solenoid were control¬ 
ling the temperature. Liquid ’He provided ther¬ 
mal contact between all parts of the cell. Provi¬ 
sional Kelvin temperatures based on noise ther¬ 
mometry and the attenuation of zero sound were 
assigned to magnetic temperatures by compari¬ 
son with the line of second-order transitions (P, 
T c ) as In our earlier work." 

Concepts regarding the nature of superfluid 
’He which we used to design our experiments are 
illustrated in Fig. 1. The superfluid is assumed 
to be characterized by a vector order parameter 
3 in spin space which is a function of orbital 
variables described by the direction n of BCS- 
Uke triplet pairs. 8 ' 1 To be specific, consider the 
case of ’He A where, following Anderson and 
Brinkman 1 and in the absence of boundary or 
other orienting effects, the vector 3 is thought to 
lie in a plane perpendicular to H 0 , as in Fig. 1(a). 
For a fixed orbital configuration the temperature- 
dependent average nuclear dipolar interaction en¬ 
ergy E 0 varies periodically with angle 8 as shown 
in Fig. 1(b) leading to a torque R D on the nuclear 
spins [Fig. 1(c)] which is also periodic in 8. At 
equilibrium, in this example, 8 is either 0 or ». 

In our experiment a steady field (ff 0 + &H)2 is ap¬ 
plied for a sufficiently long time, and then at 
time t 0 it is suddenly reduced to B 0 t as in Fig. 
1(d). Following Leggett 1 and neglecting relaxa¬ 
tion, tte equation for the change of the z compo- 
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FIG. 1. (a) Configuration of field AT, and order param¬ 
eter d for the nonequlllbrlum ABM state (Ref. 7). <b) Di¬ 
polar energy versus 6 for fixed orbital variables. 

(c) Dipolar torque versus 9 for fixed orbital variables. 

(d) Schematic dependence of magnetic field H and paral¬ 
lel magnetization m on time for the conditions of our 
experiment. The ringing frequency of in depends on 
temperature. 


nent of spin angular momentum per unit volume 
is 

d hSjdl = R 0 ~*\b, (1) 

where in approximating R L we assume that 0 is 
small. Leggett showed that d precesses in the 
field H-y§/x, where y is the gyromagnetic ratio 
and \ is the susceptibility, so in the present case 
we have 

0--y(Aff->AS,/xl. (2) 

It is assumed that the orbital variables do not 
change during this precession. Combining the 
above two equations, we find that 

cPAS./dt^y 3 *, AS,/x = yAhtf. (3) 

The magnetization >S, thus rings at the tempera¬ 
ture-dependent frequency (>/2x)(>/x) l/a with am¬ 
plitude xAtf as shown in Fig. 1(d). A similar re¬ 
sult has recently been derived for ’He A by Maki 
and Tsuneto' 1 who observe that the angle 2 6 is the 
phase difference between the order parameters 
d )t and d () of the two equal-spin-pairing states 
which are coupled by the phase-dependent cou- 



FIG. 2. Ringing frequency In s He A versus reduced 
temperature difference for 29.4 bar and 60 and 310 
G (closed and open circles, respectively). The plus 
symbols denote response to a nonlinear effect; see text. 

pling energy E 0 of Fig. 1(b) in an internal Joseph- 
son effect 

The ringing phenomenon has been observed In 
’He A over a pressure range from 8.5 to 33 bar 
and an tt a range from 1 to 310 G, consistent with 
the effect of field on the phase diagram.* Typical 
ringing-frequency results as a function of 1 - T/ 
T c are shown in Fig. 2 for two values of H 0 at a 
pressure of 29.4 bar. The ringing frequency f A 
is field Independent. However, f A can depend on 
Cdi, as shown in Fig. 2 by the plus symbols, for 
which yAff/2* = 25 kHz. If AH is too large the 
angle 0 can become too large and the response is 
nonlinear. We will discuss this interesting effect 
elsewhere; for the present results we maintained 
yAH/2* i f/ A ( T), where f A ( T) is the £Ji -Indepen¬ 
dent ringing frequency. A plot of f A (T) versus 
T was linear near T c although the extrapolation 
to zero did not give perfect agreement either with 
the center of the second-order specific-heat 
transition* in the main cell or with the center of 
the A -N magnetic feature. 10 The data In Fig. 2 
use T c from the specific-heat transition. The 
ringing frequency at 1 - T/T 0 = 0.01 varied from 
about 24.5 kHz at 33 bar to about 19 kHz at 21 
bar. At 33 bar our values of f A agreed within 1 
or 2% over the full range of comparison possible 
with the resonance frequencies and shifts given 
by Osheroff and Brinkman* at melting pressure, 
but were lower by 5 to 10% than those of Bozler 
et al* At very low values of H e the signal was 
degraded: For // o = 0, degradation was observed 
for 1 - T/T t < 0.01 with the region of degradation 
progressively narrowing for 0.3 and 1 G. In all 
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T*(mK) 


FIG. 3. Comparison of ringing frequencies f B and f A 
■ ’He B and ’He A at 21.3 bar and 30 G. The slope of 
,e line through the / 1 data points la 1.0 times the slope 
the line through the f A points. Note that f B can be ob- 
jrved at higher temperature than f A . T* Is a magnetlo 
;mperature scale. 


elds decay of signals In ’He A was not reproduc- 
)le and was characterized more by a "beating” 
henomenon than by exponential decay. Good 
uallty ringing was observed typically for 0.5 - 1 

isec. 

Ringing has been observed in ’He B in the prea- 
ure range from 8.5 to 21.5 bar in H 0 from 0 to 
10 G, consistent with the phase diagram and the 
bservation that for H 0 >1 to 5 G no persistently 
ood quality ringing is observed unless 1- T/T 0 
3 less than 0.1 to 0.2%. Within this temperature 
ange and for fields from 5 to 310 G we observed 
■equencles like those shown in Fig. 3 for 21.2 
ar and 30 G. The A -phase frequencies f A were 
bserved as functions of magnetic temperature 
* on cooling below T a , while the B -phase fre- 
uencies f B were observed on warming. The 
irtunate temperature overlap Is a consequence 
f supercooling-superheating effects. Except be- 
iw ca. 10 G, we found f B ( T)/f A ( 7) «1.9 ± 0.1, in- 
ependent of magnetic field to 310 G. The region 
r good £-phase signals did increase somewhat 
s H 0 increased up to about 30 G, but observa- 
ons at 100 and 300 G showed no further change. 

’ this region the signal had acceptable quality 
3r 0.3-0.5 msec. 

At fields of 0, 0.3, and 1 G we observed an en- 
reiy different behavior in *He B. Very near T e 


some typical 5-phase ringing might be observed. 

Then for 1 - T/T e <t 0.01 we observed a ringing 
phenomenon in which the frequency depended only 
weakly, if at all, on temperature and pressure. 

(Signal quality did decrease at lower tempera¬ 
tures, but this may have reflected only the de¬ 
creasing susceptibility.) Rather the frequency 
depended both on AH and time. For Atf= 2 G the 
frequency damping was not perceptible, but for 
AH a lo G the frequency could be observed to 
drop to 1/e of its Initial value in about 2 msec. 

The initial ringing frequency/ depended approxi¬ 
mately linearly on AH, for AH in the range 2 to 
10 G, with 1%f “o(yAH). The coefficient a is 
about y at H 0 = 0 and somewhat larger at H 0 * 1 G. 

Owing to the presence of a significant magnetic 
background it was not possible to study the non- 
osclllatory decay of the ’He magnetization to its 
new equilibrium value following an incremental 
field change. 

The existence of ringing in ’He B suggests that 
it, like ’He A, may be a spin-triplet superfluid. 1 
Observation of ringing would also agree with the 
parallel absorption reported by Osheroff and 
Brinkman.’ The ratio of 1.9 ±0.1 for fJf A is 
greater than the (f J 1 " expected near T„ and the (' 

polycritical point from Leggett’s calculations' If J 
’He A were the Anderson-Brinkman-Morel (ABM) 
state 7 and ’He B the Balian-Werthamer (BW) 
state.’’ 1 However, Maki 11 has suggested a variety 
of nearly degenerate BW-llke states, each giving 
a different possible J B lf A ratio. Osheroff and 
Brinkman’ and Brinkman et al.' 2 have interpret¬ 
ed perpendicular NMR In ’He B at melting pres¬ 
sure and for T/T e % 0.8 in a 8-mm-diam contain¬ 
er as being profoundly affected by boundaries in 
the entire field range of our experiments. Our 
parallel-ringing measurements, carried out at 
lower pressures, in a 3-mm-diam tube and at 
temperatures down to about 0.8T C , show low- 
and high-field regions with a transition between 
them in the range 1 to 5 G for both ’He A and ’He 
B. We presently suspect that all these different 
measurements represent truth and that ’He B is 
more complex than currently believed. Experi¬ 
ments have been performed under sufficiently 
different conditions as to make intercomparison 
questionable, particularly regarding magnetic 
properties. We cite in this connection Ahonen, 

Haikala, and Kruslus” who find in ’He B mixed 
with platinum powder a profoundly altered mag¬ 
netic state but little change in thermal properties 
such as T c and 7 AB . 

We suspect that the easily observed ringing in 


147 




Volumi 33, Numibi 3 


PHYSICAL REVIEW LETTERS 


1}July 1974 


’Hie A and the rather sudden appearance of good 
quality ringing in ’He B only very near to T c re¬ 
flect the known flow properties of the two phas¬ 
es. 14 The chemical potential differences In space 
produced by AH in our rather inhomogeneous 
geometry are comparable to those due to A T in 
heat-flow experiments which drive ’He A super¬ 
critical over a wide temperature range in ’He A, 
and ’He B supercritical only very near T e . The 
tendency to “stir” the system by the flow of mag¬ 
netization supercurrents 1 ’'’ is thus inhibited in 
’He A but not inhibited in *He B except very near 
T e . Experiments to test this possibility are now 
being considered. 

We wish to acknowledge discussions with Dr. D. 
R. Fredkin, Dr. Bruce Patton, Dr. John Bardeen, 
and Dr. K. Maki, and helpful correspondence 
with Dr. A. J. Leggett and Dr. W. F. Brinkman. 
We are also grateful for conversations with 
Dr. D. M. Lee and Dr. D. D. Osheroff regarding 
their experiments. 
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Coupled Nonlinear Electron-Plasma and Ion-Acoustic Waves 


Kyoji Nishikawa, H. Hojo, and K. Mima 
Faculty of Science, Hiroshima University, Hiroshima, Japan 

and 

H. Ikezi 

Institute of Plasma Physics, Nagoya University, Nagoya, Japan 
(Received 11 February 1974) 

We obtain solutions describing stationary one-dimensional propagation of a couplod 
nonlinear electron-plaBma wave and a nonlinear lon-acoustic wave. These waves have 
amplitudes linearly proportional to one another, and propagate with approximately the 
lon-acoustic velocity in the form of periodic wave trains. Including solitary waves as 
a special case. 


Nonlinear stationary propagation of plasma 
waves has been Investigated extensively in re¬ 
cent years. 1 * 4 One-dimensional propagation of 
small- but finite-amplitude lon-acoustic waves in 
a colUslonless cold-ton plasma is described by 
a Korteweg-deVries equation, 5 and the theoreti¬ 
cal prediction of steepening and soliton formation 
has been confirmed by experiments.’ A long- 
wavelength electron-plasma wave obeys a non¬ 
linear Schrbdlnger equation.' 1 Its stationary solu¬ 


tions in the one-dimensional case include em 
lope soliton, periodic wave train, and finite- 
plltude plane wave. The latter is subject to s 
modulations! instability under certain condlt: 

In this paper, we present some special so) 
tlons which describe coupled, stationary, or 
dimensional propagation of a nonlinear elect 
wave and a nonlinear ion wave. The basic e 
tlons axe the Schr&dinger equation for the e! 
tron wave, with a potential proportional to t 
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ion-density perturbation, and the cold-ion fluid 
equations for the ion wave, supplemented by the 
Lectron-pressure-balance equation. Our solu- 
ons hare the form of periodic wave trains, in- 
[uding solitary waves as a special case, and 
j.ve the following properties: (1) Both electron 
id ion waves move with a group velocity very 
lose to the ion-acoustic velocity C,, and (11) the 
nplitudes of the two waves are proportional to 
icb other. 

Our solution appears to be of particular im- 
irtance in the nonlinear stage of parametric in¬ 
abilities due to an electron-plasma wave acting 
; the pump. The basic physical mechanism ln- 
ilved is the same as for the oscillating two- 
.ream and modulatlonal Instabilities. 7 Namely, 
te ponderomotive force associated with the elec- 
•on wave Induces an ion-density perturbation 
hich in turn traps the electron wave. The dif- 
rence lies in the consideration of the dynamical 
id resonantly enhanced ion response to the 
inderomotlve force. In the usual linear stability 
leorles, the ion response is assumed to be sta- 
c and hence is very small, being of second 
rder in the pump amplitude. In our case, the 
>n perturbation moves with the ion-acoustic 
seed while trapping the electron wave, and 
lereby the ion response to the ponderomotive 
irce is resonantly enhanced, becoming of first 
rder in the pump amplitude and hence nonlinear, 
he Importance of such a resonance effect in the 
odulatlonal instability has been pointed out by 
asegawa” and our solution can be regarded as 
‘scribing a final nonlinear stage of his stlmulat- 
1 modulatlonal instability. 

The following equation gives an adequate de - 
rlption of one-dimensional propagation of a 
nail- but finite-amplitude, long-wavelength 
ectron-plasma wave 10 : 



here u,, v,, n„ and bn, are, respectively,/ 
e fluid velocity, thermal velocity, plasma fre- ■ 
lency, average density, and low-frequency den- 
ty perturbation of the electron. We write 

t) = u,(x, t)e ' *"o* + «,*(*, f)e‘V, 

id assume that w 0 “ u>„ and 5, is slowly varying 
time. We then neglect s’S./ef 3 and approb¬ 
ate w 0 3 - by 2<*>*A, where A = - w*. 

ram now on, we use u^' 1 and x D =o,/w N as 
>Us of time and length and denote the dimension- 
saver tables 5,/e,, a/w m , and bnj ^ simply 


by S„ A, and 3Equation (1) then becomes 

f82,/8< + j8 3 5,/8x > +(A - |fi«,)B, = 0. (2) 

As will be shown later, bn, depends only on the 
amplitude of u, and not on its phase. Then, If 
u, = w{x, f) is a solution of (2), any function pro¬ 
duced by the following transformation is also a 
solution: 

*o(x-x 0 -Vt,t)exp(liVx-±iV a t + iO), (3) 

where V, x 0 , ani 6 are arbitrary parameters. 
Keeping this in mind, we look for a stationary 
solution, w(4), which satisfies 

i8V«)/8« i +[h-iv(OMO = 0, (4) 

where 4 =x-x 0 - Vf and we put 6», = t>(4) which is 
also assumed to be stationary. 

For a low-frequency perturbation, we can ne¬ 
glect the electron inertia, obtaining from the 
electron equation of motion 

8 |«,| Vb* = (8 /8x)[<f) - ln(l + 6n,)J, (5) 

where <(, is the low-frequency potential measured 
in units of T/e, T being the electron temperature 
and - e the electron charge. The left-hand side 
describes the ponderomotive force. We combine 
this equation with the ion equations of continuity 
and motion, 

e'*8 6n,/8/+ (8/8x)[(l + 6»,)u j ]”0, (6) 

e J/l 8u l /dt + u i Bu l /Bx + 8ip/8x = 0, (7) 

and the Poisson equation, 

/8 a <p/8x 3 = (6n,-6n l ), (8) 

where c 3 is the electron-to-lon mass ratio. On, 
t(ie ion-density perturbation normalized by n„ 

?nd u, the ion fluid velocity normalized by C, 

,= ev,. The ion temperature is neglected in (7). 

/ Since we are interested in the stationary solution 
moving with velocity V, we can replace a/8< by 
-P8/84 and 8/8* by 8/84. 

If we make the linear approximation, we obtain 
from (0) and (7), 

bn, = eu,/V= e 2 <i>/V a . (9) 

If in addition we assume local charge neutrality, 
bn,=bn l , we get from (5) and (9) 

8«.= IS.| , (V7€ , -1)- 1 . (10) 

Substitution of (10) Into (2) yields the usual non¬ 
linear Schr Winger equation for the long-wave¬ 
length electron wave. It is modulattonally un¬ 
stable when the group velocity is subsonic (i.e., 
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The linear approximation breaks down if V is very close to c. In order to derive an appropriate 
nonlinear equation, we differentiate (8) with respect to 4 and add the result to the sum of (7) and c/y 
times (8). Using (5) and keeping the terms up to second order in Cm., one obtains 


(8/8$){(e/V)l(l- ^/c*)a < + an i a ( ]+ia i , + I#,! 1 - s(8*,)*+9 WN*} = 0- 


( 11 ) 


This equation contains only small terms, either nonlinear or linear with higher derivative or small 
coefficient 1 - I'Ve*. One can therefore use the linear relations (9) as well as the local charge neutral¬ 
ity, 6n, = 6n i =v((). Also, v/e may be replaced by unity except tor the term V-e. Equation (11) can 
then be reduced to the form 


~y-2Av + t> a +lu/1 2 +&=•(), (12) 

where we replaced Ik. I 3 by Iwf, A is the excess Mach number, A =(P- t)/e, and W la the integration 
constant. Equations (4) and (12) are our basic equations. 

We expect a solution for which licl and ltd are of comparable order. It is then natural to assume the 
form 

\w\* = a + bv+cv 2 . (13) 

Equations (12) with (13) have a general solution expressible in terms of Jacobi’s elliptic function 
cnfaS;*) 11 : 

i^fa+Acn^aS;*), (14) 

where u 0 is determined by the condition that the spatial average of v should vanish, 

u 0 =-U/2aA(*)J/“dxcn a (x;Jt), (15) 

0 

with K(k) being the complete elliptic integral of the first kind. The other constants are to be deter¬ 
mined such that the coefficient of each power of cn*(o(; k) vanishes in (12). There are three such re¬ 
lations. 

Our next procedure is to separate w into amplitude and phase by writing w^ft^e**; since v, as a 
solution of (13), is a function of R only, one can easily find two integrals of (4) as 

Rd*/dl =M = const, (16) 

ft "{(dR/dt, ) a +J(A + 6/4e)ft a - (ft/9c J )(6 + 2cv) 3 + 4Af a J = E = const. (17) 

Substituting (14) into (13) and then into (17) gives an algebraic equation tor cn*(a£;*) in fifth power. 
Setttng the coefficient of each power equal to zero, we get six relations, of which only five are found 
to be independent. For a given value of A, there are twelve independent parameters: a, b, c. A, a, 
k. A, W’, M, E, * 0 , and 0 or +(£ = 0). Of these, we can determine only eight parameters, four being 
left free to be chosen. 

Particularly simple solutions are obtained in the case M = 0, i.e., d*/d? = 0. In this case, we find a 
solution in the form 

«> = Bcn(oC;*)sn(oi;fe) (18) 

with 

A - - 18fc 3 « a , B = (432) 1 Vo 3 , a J = }(5* 3 -4)- 1 (iu 0 -A), 

k* - 1 = l(t»„ - 2A)v 0 + W^iAcr 1 , -A +v 0 ~ 2^(1 + 4* a ). 

Clearly, Ml and Iftl are of the same order, so are Iwl and luL The general form of (14) and (18) de¬ 
scribes a periodic wave train with three parameters, W, x„ and 0, being left free to be chosen. In tl 
special case In which fr a ~ 1, the period of the wave train becomes Infinite and the solution Is reduced 
to a solitary wave. In this case, and hence v e - 0, so that W must be zero. The explicit form o 
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the solution Is V 

v q ) = 12A sech*[(-2 a/3) 1/1 £ ], ^ "1 

«,(£) = (lM)*Asechl(- 2A/3)^]Unh[(- 2 a/3) 1/, {1. ^ 


since a has to be negative, this solution can ex¬ 
ist only In the ovetdense region (w 0 < u>„). The 
density perturbation v(0 la negative, Implying a 
density depletion, but la of the same order as 
i*,(£)L Since Jv(0)l Is 12 times as large as I Al, 
the plasma Is locally underdense and the electron 
wave Is trapped in that region. The excess Mach 
number X Is negative, l.e., subsonic, and is giv¬ 
en by 20A/3. Whereas the lon-density perturba¬ 
tion Is symmetric around | = 0, the electron wave 
is antisymmetric and shows a phase jump at | 

=0. For given A, the only free parameters are 
the initial position x 0 and the Initial phase 6, all 
the other parameters being uniquely determined 
by A. 

Let us finally discuss the effect of Landau 
damping. First, the Ion Landau damping due to 
a finite Ion temperature prevents a sharp reso¬ 
nance at V = C,/v t =e, Ixl (= IV -cl) becoming at 
least of order v,/ai,, where p 4 and w, are the 
damping rate and the frequency of the ion-acous¬ 
tic wave. On the other hand, a large ion-density 
perturbation (of order lul ~ Iwl) predicted by the 
present theory assumes Ixl to be of order lie I or 
less; otherwise, lei becomes much smaller, be¬ 
ing of order lie P. This Implies that In the case 
when lie I acts as a pump the Ion Landau damping 
brings In a threshold (liel>i/ 4 /(*)J for the occur¬ 
rence of a large ion-density perturbation. Sec¬ 
ondly, the Landau damping of the electron wave 
will cut down the large-wave-number components 
and thereby will tend to smooth the perturbation. 
Finally, a large ton-density perturbation will 
benefit the ion heating as compared with the usual 


parametric instabilities where only electrons are 
selectively heated. 18 However, this ion heating 
will eventually destroy the present solution by 
increasing the threshold. 
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Presence of an Incipient Wigner Electron Lattice in Solid-State Electron Gases 

P. M. Piatzman and P. Eisenberger 
Bell Telephone Labonttorlet, Murray Ml, New Jersey 07974 
(Received 83 April 1974) 

In x-ray studies of the dynamic structure factor S(k, w) in Be, graphite, and A1 a new 
type of excitation spectrum la observed for momentum transfers h between h T and 2Sp. 

The similarity of the observed spectra in these systems, when soaled aooordU* to elec¬ 
tron-gas parameters, strongly indicates that the new excitation is a property of a solkf- 
artate electron gas and not a one-electron band-structure effect. 


(n previous Inelastic x-ray 1 '* and electron 3 scat¬ 
ring experiments it has been observed that the 
asm on dispersion In solid-state systems de- 
.ates from mean-field theoretical predictions in 
tat the dispersion Is much less than predicted 
jr momentum transfers ft In the region of the 
'ertnl momentum k r . Various unsuccessful theo- 
etical attempts have been made to explain these 
jbservatlons by modifying existing mean-field 
.heorleB for the electron gas by including lifetime 
•fleets for the excited electron-hole pair* or by 
ncluding band-structure effects.*■" 

In this work we extend, for the first time, the 
-eglon of experimental investigation to the mo¬ 
mentum transfer region between k f and 2k f . We 
llscover In Be, graphite, and A1 that the observed 
ipectrum deviates qualitatively from mean-fleld- 
heory predictions. More precisely we find that, 
:ontrary to theoretical predictions, a plasmon- 
ike excitation exists in this region. It is pri- 
narlly the presence of this excitation which is 
‘esponsible for the deviation of the observed 
pectra from mean-field theoretical predictions. 

’o distinguish this rather broad excitation from 
he well-defined long-wavelength plasmon It will 
tenceforth be refered to as a plasmon band. 

The similarity of the observed spectra, when 
caled to electron-gas parameters, In the dls- 
arate systems Be, graphite, and A1 strongly 
mggests that the observed plasmon band Is a 
;enerai property of the solid-state electron gas 
jid not a property of the one-electron band struc- 
ure. We will propose that the plasmon band Is 
. manifestation of the spatial inhomogeneity in 
olid-state electron gases which In turn Is a re- 
ult of the combined effect of the electrons’ inter- 
.ction with other electrons and with the positive 
ackground. Such a model can qualitatively be 
dewed as a soft Wigner electron lattice. 7 In fact, 
uch properties (as we shall see) of the electron 
attic e as negative dispersion of the elementary 
sccltatlons are Indeed observable In our experi¬ 


mental results. 

The measured scattered Intensity I{k, to) for 
weak scattering of nonrelaiivlstlc x rays Is quite 
generally related to the Inverse dielectric func¬ 
tion [«(*, w)]’\ i.e., 

I(k, u) = (do/dlilaSik, to) (1) 

with * 

S(k, to) = (fe a /4xe*)Im[l/€(fe, w)). (2) 

Here k, to are the momentum and energy trans¬ 
fers involved in the scattering process, and (do/ 
dSl) 0 is the Thomson cross section. 

The experimental apparatus and procedure is 
as described previously* except that in this study 
the samples were In a vacuum at nitrogen tem¬ 
peratures and Ge(lll), rather than Ge(220), re¬ 
flections were used In the double-crystal disper¬ 
sive spectrometer. The low temperature was 
used to reduce quasielastic scattering [or ther¬ 
mal diffuse scattering (TDS)] and the Ge(lll) 
spectrometer gave 29% worse resolution but 
three times the scattered intensity. The experi¬ 
ments are performed by fixing k and analyzing 
the energy distribution of the scattered x rays. 

In Fig. 1(a) are displayed the spectra obtained In 
studying Be In the region lnk/h f *2. Each spec¬ 
trum Is taken at a fixed momentum transfer, hi 
Fig. 1(b) we show a series of theoretical curves 
at corresponding k/k e values calculated using the 
conventional random-phase approximation (RPA), 
i.e., Llndhard dielectric function with no band- 
structure effects included. The theoretical re¬ 
sults have been smeared by the experimental 
resolution function, a Lorentzian with a full width 
at half-maximum of 5.0 eV. The experimental 
data are uncorrected for finite-resolution effects. 

Calculations within a mean-field picture have 
shown that the characteristic loss function (ener¬ 
gy transfers of the order of 50 eV) of a metal 
such as Be is only weakly effected by band-struc¬ 
ture effects.* The essential validity of this as- 
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FIG. 1. Plots of S(k,u>) for fixed *. (a) Experimen¬ 
tal results In Be. (b) Theoretical results obtained In 
HPA. 


sumption Is strongly supported by the results 
presented In Fig. 2. Here representative results 
'or A1 and graphite as well as Be are displayed. 
The similarity of the three spectra In these dis- 
larate systems Is a strong experimental indlca- 
ion that the observed spectra are not a result of 
iimple one-electron properties of those systems, 
dnce the one-electron band structure of these 
naterlals Is so different. For other orientations 
md for other momentum transfers the basic sim- 
larity of the spectra is maintained. Indeed In 
itudies of Ll, Mg, and Si similar observations 
iave also been made. The results for all sys- 



FIG. 2. Hot of S(*,oj) (Aoi l.Sfrp) for Al, Bo, and 
graphite. 


terns will be more completely described in a Bub- 
sequent work. The major thrust of this work Is 
that the observed phenomenon Is a general prop¬ 
erty of solid-state electron gases. 

A comparison of Figs. 1(a) and 1(b) for k/k f 
= 1.13 together with the plasmon-dispersion stud¬ 
ies in Be in the region 0^k/k r -1 would lead to 
the conclusion made by ourselves* and others* 
that the experimentally observed dispersion is 
simply smaller than theoretically predicted. In 
Ref. 8 we attempted to explain this lagging be¬ 
hind by use of the so-called /-sum rule to relate 
the position of the peak [w(£)J in the spectrum to 
the Fourier transform of the pair correlation 
function [S(*)J, i.e„ 


w(ft) 


feV2 m 

S(k) ■ 


(3) 


The slowing down of the dispersion was attrib¬ 
uted to the enhancement of S(k) at values of k 
corresponding to periodicities arising from the 
short-range order present In the electron liquid. 
This kind of argument works well in liquid He 
where the collective phonon-roton peak does In¬ 
deed dominate the spectrum.* In this case, how¬ 
ever, the sequence of spectra taken at higher mo¬ 
mentum transfers tells us that the situation is 
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somewhat more complicated. The data [see Fig. 
1(a) j at k/kf = 1.4, 1.76, and 2.10 lead to the con¬ 
clusion that the spectra are more accurately de¬ 
scribed as being comprised of two portions, one 
broad RPA-like component and another sharper, 
relatively local excitation, the plasmon band 
superimposed upon it. As k Increases the rela¬ 
tive intensity in the plasmon band decreases un¬ 
til it is swallowed by the broad single-particle- 
like piece at ( k/k f )»2. 

The presence of negative dispersion for the 
plasm on-band peak in the region w/E f = 1.5 is 
also observable from Fig. 1(a). That figure to¬ 
gether with Fig. 2 of a previous work 2 give a 
rather complete picture of the “plasmon” disper¬ 
sion in Be. Starting at = 0 with a sharp plasmon 
peak at a >/E r = 1.3, the plasmon originally has a 
positive nearly * a dispersion. In the region 0.5 
« k/kf 1, the plasmon is broad; the dispersion 
has slowed but is still positive with peak reach¬ 
ing a value w/E f = 1.7. In the region 1 <-k/k t < 2 
the plasmon-band central frequency decreases 
with increasing k possibly reaching a value as 
low as w/E f = 1.2 before it becomes very weak 
in intensity and poorly defined. 

It seems clear to us that qualitatively the be¬ 
havior of the spectrum in this intermediate-mo¬ 
mentum-transfer regime is roughly character¬ 
istic of an ordered electron (Wigner) solid. 7 Of 
course this ordering is only Incipient, i.e., pres¬ 
ent on a very short time scale, and probably 
arises from a combination of electron-electron 
correlations and the coupling of the electron to 
the periodically distributed ion cores. 

To see qualitatively how such a spectrum aris¬ 
es we must think of an electron as localized and 
the scattering (for these momentum transfers) 
as roughly coming from one electron at a time. 
The electron doing the scattering finds Itself In 
a potential well created seU-consistently by the 
other electrons and ion cores. The scattering 
from a single electron in such a well roughly con¬ 
sists of two parts, so-called Raman and Compton 
scattering. 

(1) Raman scattering is discrete. It consists of 
the excitation of the electron to the next excited 
state in the well. It is, we believe, the analog of 
the plasmon band. In this simple picture, of 
course, this feature of the spectrum has no dis¬ 
persion, i.e., it is strictly a local excitation. 
Dispersion arises from coupling between wells; 
in fact, it is well known that the dispersion of 


such a longitudinal mode in a real Wigner crystal 
is negative. As k increases the mode decreases 
in energy. 

(2) Compton scattering consists of excitation 
of the electron to the continuum. The spectrum 
in this case is a broad smear whose exact shape 
and width is characterized by the Doppler shift 
associated with the motion of the electron in its 
ground state. This type of spectrum is roughly 
characteristic of the broad RPA-like portion of 
the spectrum. 

The relative intensities in these two types of 
scattering qualitatively behave in the observed 
manner. As the momentum transfer increases 
it becomes more probable to excite transitions 
to the continuum. The Compton part, as in the 
experiment, soaks up the Intensity. The charac¬ 
teristic crossover occurs when the recoil ener¬ 
gy k 2 /2m exceeds the local-mode frequency 
As in Fig. 1 (a), this is roughly what is observed. 

While this picture gives us a rather physically 
reasonable and qualitatively accurate picture of 
the experimental results, no real quantitative 
theory exists. The importance of these experi¬ 
mental results lieB in the fact that they graphical¬ 
ly point up the inadequacies of an RPA type of 
calculation. They clearly focus on features of 
the electron liquid which we knew must be pres¬ 
ent but which had not been probed before. 

We would like to thank W. A. Marra for tech¬ 
nical assistance and H. Fukuyama and W. A. 
Brinkman for Informative discussions. 
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Dislocation-Dragging Effects in Quenched and Electron-Irradiated Copper*t 

H, M. Simpson and S. J. Kerkhoff 
Departm e nt of Physics, Wright Stats University, Dayton, Ohio 45431 
(Received 18 March 1974) 

Damping and modulus measurements were made on hlgh-purlty copper subjected to 
both quenching and 1.0-MeV electron Irradiation. During Isothermal annealing at room 
temperature, following quenching from 700'C, we observe a monotonic decrease In the 
logarithmic decrement with a concurrent increase in the modulus. However, both alow 
cooling and quenching of the sample followed by 1.0-MeV electron Irradiation give rise 
to a substantial Increase in the decrement; is., the Simpson-Sostn “peaking effect” is 
clearly evident. 


One of the remaining problems In the field ol 
radiation damage is the identification of the point 
defect or defects that cause dislocation pinning 
in copper near room temperature. There are 
three distinct and viable possibilities; (1) The 
normal "fast” interstitial that is observed in the 
stage-I (60°K) recovery region of irradiated cop¬ 
per with a migration energy E x *0.12 eV; (2) the 
single vacancy with migration energy £.'«1.0 eV; 
and (3) the thermally converted stage-I intersti¬ 
tial with E u » 0.64 eV, sometimes called the 
“slow interstitial.” For an excellent review of 
the status of the various defect models see the 
recent article by Schilling and Sonnenberg. 1 

In an attempt to determine the nature of the de¬ 
fects causing pinning (or dragging) at room tem¬ 
perature, we have performed a series of both 
quenching and electron-irradiation experiments 
on high-purity polycrystalline copper. The inter¬ 
nal friction and modulus defect were used as 
monitors of the state of the dislocation pinning. 

Most dislocation-pinning studies have involved 
the use of radiation-produced Frenkel pairs, 
which results in the creation of equal numbers of 
interstitials and vacancies in the lattice. This 
obviously complicates pinning experiments since 
it is never absolutely clear which defect one is 
detecting at the dislocation. This is particularly 
true at high temperatures where the vacancy be¬ 
comes mobile. Recent work by Thompson and co- 
workers has indicated the presence of the slow 
Interstitial for irradiations performed between 
333 and 393®K.*'* Simpson and co-workers were 
also able to account for their observations follow¬ 
ing electron irradiation in terms of the slow in¬ 
terstitial.*' 7 However earlier work by Keefer 
and co-workers on quenched copper and gold has 
shown that vacancies migrate to and pin disloca¬ 
tions at about 300°K. a ' 10 Similar observations 
have also been made by Roswell and Nowick on 


quenched gold. 11 

Simpson and Sosih 1 *' 1 * have shown that the usu¬ 
al interpretation of dislocation-pinning experi¬ 
ments in terms of the Koehler-Granato-Lucke 1 *' 17 
theory is questionable in the subkilohertz fre¬ 
quency range. Instead of dislocation pinning, 
Simpson and Sosin propose that dislocation drag 
of point defects 1 b a more likely mechaniBm at 
low frequencies. The model predicts, and exper¬ 
iments confirm, the striking result that the log¬ 
arithmic decrement can Increase as a result of p 
the addition of point defects to the dislocation 
line. For continuous irradiation experiments 
this gives rise to a peak in the decrement as a 
function of irradiation time. Such a phenomenon 
will be referred to as a dislocation “peaking ef¬ 
fect." It seems reasonable that the drag (or pin¬ 
ning) of vacancies should be considerably differ¬ 
ent from the drag of interstitials. If this is so, 
then the presence or absence of a peaking effect 
could serve as a monitor of the existence of va¬ 
cancies or Interstitials on the dislocation. 

All of our internal-friction experiments were 
performed on the same high-purity (99.999%) 
copper sample. The sample material was ob¬ 
tained from the American Smelting and Refining 
Company and machined into the form of a canti¬ 
levered beam, which could be driven electrostat¬ 
ically, with a flexural resonant frequency of 600 
Hz. The specimen was then mounted in a special 
sample chamber which allowed both electron ir¬ 
radiation and quenching experiments to be per¬ 
formed. Quenches could be made from 700°C to 
about 15°C, with an initial quench rate of approx¬ 
imately 200“C/sec, For the irradiation runs, 

1.0-MeV electrons were used with a flux of 6.5 
x 10 10 e'/cm’ sec resulting in a Frenkel-pair pro¬ 
duction rate of 2.7X10 10 defects/cm* sec (close 
pair and correlated recovery are excluded). 

Young’s modulus and the logarithmic decrement 
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FIG. 1. The decrement normalized with respect to 
Its Initial value and plotted as a function of time. The 
time scale for the ppsn-squares quench data Is In units 
of 10 min. 


were monitored continuously. All decrement 
measurements were made at constant strain In 
the amplitude-independent region. A complete 
descrlbtlon of the automatic data logging system 
and the method of quenching will be presented 
elsewhere. 

Experimental results lor the logarithmic dec¬ 
rement, as affected by quenching only, quench¬ 
ing followed by irradiation, and slow cooling, are 
presented in Fig. 1. Note the large peaking ef¬ 
fect for the slow-cool data. This is typical of re¬ 
sults obtained for samples with this treatment. 
For the quench and irradiation data, the sample 
was quenched from 700 to 37°C and irradiation 
began immediately. A substantial peaking effect 
exists although it Is somewhat subdued in com¬ 
parison to the slow-cool data. Finally, a quench 
from 700 to 4TC with isothermal annealing at 
41°C is presented. Both the early-time (solid 
squares) and extended-time (open squares) data 
give no evidence for a peaking effect, even though 
the possibility for such exists, since peaking oc¬ 
curred for the quench-lrradlation run. Of course 
the pinning proceeds slowly for the Isothermal- 
quench data since the lattice is being continually 
depleted of vacancies. These data show in a 
most convincing manner that the defects arriving 
at dislocations following quenching are entirely 



FIG. 2. The modulus normalized to Its value Immedi¬ 
ately following a quench plotted as a function of Irradi¬ 
ation time, and the decrement normalized to Its value 
at the beginning of the Irradiation and plotted as a func¬ 
tion of time. The sample was quenched and annealed 
for 40 days prior to Irradiation. The temperature was 
26'C. 


different from those caused by the irradiation. 

A long-time (40 days) isothermal anneal was 
performed at room temperature following a 
quench from 700°C. After this extended anneal 
the decrement was reduced by about a factor of 
4 and the modulus increased by about 3%. The 
sample was then subjected to the standard irra¬ 
diation treatment. Results for the room-temper¬ 
ature Irradiation are presented in Ftg. 2. Even 
though the decrement was reduced by a factor of 
4 by the post-quench annealing, the addition of 
radiation defects causes the peaking effect to oc¬ 
cur. At the same time the modulus continues to 
Increase. This indicates most convincingly that 
the peaking effect ts not due to deptnning or the 
modulus would decrease. It seems clear that the 
effect of radiation-induced defects is strikingly 
different from that of the quench-produced de¬ 
lects. 

In Fig. 3 we present the results of a quench fol¬ 
lowed by an Isothermal anneal at 41°C for 80 min 
whereupon the standard Irradiation was com¬ 
menced. Again, even though the Isothermal an¬ 
nealing leads to a reduction In the decrement by 
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FIG. 3. The modulus and decrement normalized to 
their poat-quenoh, pre-lrradlatlon values and platted 
as a function of annealing time for 80 min. Irradiation 
began at 80 min. The temperature was 41*C. 


a factor of 2, at the onset of irradiation the peak¬ 
ing effect occurs. At the same time the modulus 
continues to increase, which rules out depinnlng 
of dislocation lines. 

Additional data are presented in Table I. The 
subscript zero refers to the values measured at 
the stated temperature immediately (20-30 sec) 
following a quench. 

The quench and Irradiation data indicate most 
convincingly that two different defects are respon¬ 
sible for the dislocation-dragging (or pinning) 
effects in the two cases. The simplest possible 
' nterpretation of the data would be as follows, 
luring the Irradiation, the highly mobile inter- 
titials are collected on dislocations and the re¬ 
using dragging effects give rise to the peaking 
ffects. Following a quench, vacancies and di- 
acancles diffuse rather slowly to the dislocation 
'here they act more like pinning points than drag- 
lng points; Le., the drag of a vacancy is suffi- 
iently limited bo that the peaking effect can not 
'ccur. Although the results presented here point 
irmly to the conclusion that interstitials arrive 


TABLE I. Data for quench and Irradiation runs. 


Run 

Condition 

«• 

(10"*) 

(AAVff), 

W 

Temp. 

ro 

C-23 

Slow cool 

5.78 

3.90 

37 

C-24 

Quench +irr. 

10.4 

4.16 

37 

C-26 

Quench +irr. 

11.1 

4.40 

37 

C-38 

Quench 

14.7 

4.47 

40 

C-40 

Quench+lrr. 

14.7 

4.73 

26 

C-41 

Quench +Irr. 

14.9 

4.55 

41 


at dislocation lines during irradiation near room 
temperature, they do not distinguish directly be¬ 
tween the fast and slow interstitials. 

A somewhat speculative explanation of the dif¬ 
ferences in dislocation-pinning experiments at 
room temperature using electron and y Irradia¬ 
tion would be as follows. During the high defect- 
production-rate (2.7XI0 10 defects/sec cm 1 ) elec¬ 
tron-irradiation experiments presented here and 
elsewhere by Simpson and co-workers,** T the fast 
Interstitial Is detected on the dislocation line and 
since It Is highly mobile gives rise to the peaking ; 
effect. In the y-irradlatlon (0.25X10 7 defects/ 
sec cm’) experiments of Thompson and co-work¬ 
ers the long periods of time Involved allow the 
fast Interstitial to disappear to sinks. 2 "' Thus 
Thompson and co-workers measure the effects 
of vacancies on the dislocation. 

The authors are very grateful for the help re¬ 
ceived from the radiation damage group at the 
Aerospace Research Laboratory with special 
thanks to Dr. Jon Meese. 


•Work supported in part by the Research Corporation. 
TElectron irradiations were performed at the Aero¬ 
space Research Laboratory located at Wright Patterson 
Air Force Base, Ohio. 
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Effect of Structure in the Electronic Density of States on the Temperature 
Dependence of the Electrical Resistivity* 

F. Y. Fradln 

Argorme National Laboratory, Argome, Illinois 60439 
(Received 16 May 1974) 

I discuss the effect of sharp structure In the electronic density of states on the tempera¬ 
ture dependence of the interband-a-d-phonon-scattering resistivity. The a priori density 
of states of Pd Is used to calculate the resistivity, which is found to be In excellent agree¬ 
ment with experimental high-temperature results. 


The temperature dependence of the electrical 
resistivities of the pure transition metals 1 palla¬ 
dium and platinum, as well as the actinide met¬ 
als* uranium, neptunium, and plutonium, exhib¬ 
its high-temperature behavior that departs dras¬ 
tically from the classical linear T dependence. 

The low-temperature behavior has been found to 
obey a T * law that has led to descriptions In terms 
of spin fluctuations. Similarly many lntermetal- 
lic compounds, especially those exhibiting finite 
superconducting transition temperatures , 5 ’ 4 ex¬ 
hibit high-temperature resistivities that tend to 
bend away from linear T behavior toward the tem¬ 
perature axis. These compounds are usually 
found to obey a T 5 law Indicative of s-d phonon 
scattering at low temperature. 

The present paper Involves a generalization of 
the model"’'* of interband s-d (or s-f ) phonon scat¬ 
tering for cases In which there is sharp structure 
tn the electronic density of states N(f) in the vi¬ 
cinity of the Fermi level A’ F . it is suggested that 
this interband-phonon-scattering mechanism is 
responsible for the high-temperature resistivity 
behavior. Because the model does not involve 
the exchange-enhanced spin susceptibility as does 
the spin-fluctuation model of the resistivity, sim¬ 
ple model densities of states can be used to un¬ 
derstand the temperature dependence of both the 
resistivity p and the spin susceptibility x- 

The density of states N(e) of palladium Is well 


known from relativistic augmented-plane-wave 
calculations, 7 ’ 8 and I will demonstrate the resis¬ 
tivity calculation using the a priori calculation of 
N{(). The valence electrons in the transition met¬ 
als are normally divided into two groups. The 
first forms an s band with a spherical Fermi sur¬ 
face; the second, a d band with a complex Fermi 
surface, but with a Fermi velocity much less 
than that in the s band. The lattice resistivity is 
then divided into three parts. The first, p,-„ de¬ 
scribes scattering of electrons within the s band; 
the second, p ,. t , Is due to scattering of s elec¬ 
trons into the d band; and the third is due to d-d 
scattering. Since most of the current is carried 
by the s electrons, only the first two processes 
will contribute to the resistivity due to electron- 
phonon scattering. The contribution p,., can be 
estimated from the resistivity of Ag, which is 
well behaved. We use an Indirect model for the 
calculation of p ,. t . That is, we assume the mo¬ 
mentum selection rule is always satisfied such 
that there are always phonons of sufficient size 
to cause interband scattering. This assumption 
will be Invalid at very low temperatures where 
no phonons exist that can cause interband transi¬ 
tions. A Debye model for the phonon spectrum 
ts then employed, and the resistivity Is calculat¬ 
ed following Ziman" except that the Integral over 
N{e ) is treated generally; i.e., N(<) Is not as¬ 
sumed to be a slowly varying function of energy. 
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The resistivity due to phonon absorption Is given by 


Pi-4 


= *fr S °°757 “ d€ ^ !i NW Lf{eti - /(£ + w)] ’ 


where p 0 is a constant, k s is Boltzmann’s con¬ 
stant, T is the absolute temperature, 6 D is the 
Debye temperature, n(w) Is the Bose (unction, 
N t (e) is the d (or /) fraction of the total density 
of states, and /(e) is the Fermi function. Prange 
and Kadanoff® have demonstrated that the unre- 
normallzed density of states enters the resistiv¬ 
ity expression. To calculate the resistivity due 
to phonon emission, is replaced by n(«) +1 
and e + w goes over to e - w in the integral. The 
Fermi function depends on the value of the chem¬ 
ical potential M, which is iteratively calculated 
at each temperature to hold the number of occu¬ 
pied states constant to within 5 parts in 10 7 : 

P, T)N(e)de =r const. (2) 

Equation (1) reduces to the functional form giv¬ 
en by Wilson* either when N t (f) is a constant 
equal to 1V 4 (0), the density of d states at the Fer¬ 
mi level, or at sufficiently low temperatures, 
i.e., whenp,.* is proportional to T* as T-0. 

For sufficiently high temperatures and a suffi¬ 
ciently narrow peak in p,. t approaches a 

constant value. 

In contrast to recent calculations 10 of the spin- 
fluctuation contribution to the resistivity, the on¬ 
ly adjustable parameter in the present calcula¬ 
tion is the coefficient p 0 . Figure 1 illustrates 
the calculation of p,. t for palladium. N t (e) is 
taken as N(e) of Mueller et al ., 7 0 D = 275°K, U and 
P a is set equal to 3.1 pfi cm in order to fit the da- 



FIG. 1. Electrical resistivity of Pd, Solid line, ex. 
purimental results (Ref. 1) for p Pd ; dashed line, p Pti 
~PAgi circles, calculated values of p,. t normalized 
too Pd-PAg at 298*K. 


( 1 ) 

I ta 1 at 298°K. We assume the s density of states 
is a small free-electron-like contribution to N(e). 
The contribution due to scattering within the s 
band, p,.„ is estimated to be equal to the resis¬ 
tivity of Ag. Thus, comparison between theory 
and experiment is made between p,. t and p w 
-P/Kg in Fig. 1. The temperature dependence of 
p,. t is insensitive to the features of the phonon 
spectrum above about 100°K, i.e., once the re¬ 
sistivity is above the low-temperature T* regime. 
However, varying © D does alter the magnitude 
of p,. t at high temperatures. The resolution, 

1 mRy, in the palladium N(e) calculation limits 
the accuracy of the calculated quantities below 
about 20°K. However, a remarkable fit to the 
resistivity data is obtained. 

The coefficient p„ due to normal processes can 
be estimated from 1 * 

Pon a 3m M Xw D /e’r , k D I (6tT*n,) U5 , (3) 

where m, and n, are the mass and number per 
unit volume of the current carriers, u> D and k D 
are the Debye frequency and wave vector, and A 
is the mass enhancement. The contribution due 
to umklapp processes, p oU , is usually considered 
to be about a factor of 10 larger than p 0N .“ An 
order-of-magnitude estimate of P 0 =Pon + Pou based 
on a mass enhancement A of 0.5 and 0.5 s elec¬ 
trons per palladium yields p 0 of order 1 pSl cm. 
Thus, we find that the simple calculation of the 
resistivity due to s-d interband scattering gives 
a good accounting of the temperature dependence 
of the resistivity of Pd at high temperatures. The 
resistivity at very low temperatures, which fol¬ 
lows a T* law, 1 is undoubtedly due to spin-fluctua¬ 
tion scattering. However, any treatment of the 
high-temperature resistivity must take full ac¬ 
count of the effect of structure in JV(e) on the pho¬ 
non-induced interband scattering. 

Although p,. t is not sensitive to shifts in the 
Fermi level E Y m p(T =0) of a few millirydbergs, 
the temperature dependence of the susceptibility 
is quite sensitive. The susceptibility is calculat¬ 
ed from the Indirect model ignoring matrix ele¬ 
ments, 

Xo (T) = (2p B 7* B r)/ o “N(e)/(«)[l - /(«)]<*£. (4) 

The value p(T =0) = 0.518 Ry is used in both the 
p,_g and Xo^) calculations. Comparison is made 
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FIO. 2. Magnetic susceptibility of Pd. Dashed line, 
experimental results (Ref. 13); solid line, calculated 
values of y with S-7.6; dot-dashed line, calculated 
values of y with 5 -8.4. 


TEUkEMTUK I'm 



FIG. 3. Calculated temperature dependence of the 
electronic specific-heat coefficient y and the shift In 
the chemical potential p(T) -p(0) for Pd. 


with the experimental 13 results In Fig. 2. The 
molecular-field approximation, which assumes 
a temperature-independent exchange interaction 
/, is used; l.e., x(T) = Xb (T)/[ 1 - /* 0 (T)]. En¬ 
hancement factors Szy(T-0)/x o (T =0) of 7.6 and 
8.4 are used in the calculated curves in Fig. 2. 

The departure of the experimental from the theo¬ 
retical susceptibility below 40°K is due In part to 
the inaccuracies of the present calculation and to 
the assumptions made in subtracting the Impurity 
contribution from the experimental data. 1 ’ 

The temperature dependence of the bare elec¬ 
tronic Bpecific-heat coefficient y and the chemi¬ 
cal potential are shown in Fig. 3. y is calculated 
from 

y = U/r)(8/8T)/ 0 "eW(€)/(<)rf<r. (5) 

It is Interesting to note that the electronic specif¬ 
ic-heat coefficient y changes by about 17% be¬ 
tween 0 and 400°K. This is a considerably larger 
change than the unenhanced spin susceptibility x 0 
suffers. Also, the chemical potential Increases 
by over 10(fK for a temperature increase from 
0 to 400 n K. The breakdown of the lowest-order 
T* correction to y and x 0 Is evident by 40°K. 

The a priori band calculations for Pd have a 
number of inaccuracies of importance for the 
present calculation. Detailed comparisons be¬ 
tween theoretical and experimental Fermi sur¬ 
faces Indicate that the relative position of the s 
and d bands is only known to within 1000°K.* How¬ 
ever, near E ? nearly 90% of N (<) is contributed 
by the purely d-llke fifth band. The energies 
within this band are accurate to order 10°K. Ther¬ 
mal expansion 14 can give rise to a temperature- 


dependent N(t) and possibly a temperature-de¬ 
pendent exchange interaction, which are not ac¬ 
counted for in the present calculation. Our cal¬ 
culated results use a Fermi level 2 mRy lower 
In energy than that of the a priori calculation of 
Mueller et al. 7 A similar calculation of y 0 (T) by 
van Dam and Anderson 1 ’ based on the band struc¬ 
ture calculation by Anderson’ requires a shift erf 
-0.03 electrons or about 1 mRy to lower energy. 

In conclusion, we find that interband s-d pho¬ 
non scattering can explain the high-temperature 
electrical resistivity of Pd. This scattering 
mechaniBm is also capable of explaining the anom¬ 
alous resistivity of other metals and intermetal- 
lic compounds that show curvature of the hlgh- 
temperature resistivity toward the temperature 
axts, yet have weakly temperature-dependent 
susceptibilities with small enhancement factors. 
Examples are uranium, neptunium, and pluto¬ 
nium* and many intermetallic compounds. 4 


‘Work performed under the auspice* of the U. S. 
Atomic Energy Commission. 
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Spectroscopically Observed Valence Mixing in SmS and Related Compounds* 

J. L. Freeouf, D. E. Eastman, W. D. Grobman, F. Holtz berg, and J. B. Torrance 
IBM Watson Research Center, Yorktown Heights, New York 10598 
(Received 18 March 1974) 

Fhotoemission spectra for semiconducting SmS and metallic Smg. B Yo.[S give evldenoe 
of strong configuration Interaction of localised states near the Fermi level Involved In 
semlconductor-to-metal phase transitions and In unusual trasport and magnetic proper¬ 
ties. An analysis of the observed multi plot structure in phctoemlsslon spectra for semi¬ 
conducting SmS shows a localized state of a mined /' +/ t d character. 


Recently the samarium monochalcogenides have 
been widely studied because of their intriguing 
optical, 1 * 3 electrical,'* and magnetic’ properties. 
For example, SmS undergoes a pressure-induced 
semlconductor-to-metal phase transition at the 
remarkably low pressure of 6.5 kbar, * while cer¬ 
tain mixed Sm^Gd^S crystals undergo an explo¬ 
sive transition upon cooling at atmospheric pres¬ 
sure.’ Also, certain Sm,.,Y,S and Smj.jLajS 
i crystals show an expansion upon cooling. 7 The 
unusual properties of these materials are associ¬ 
ated with the presence of a highly correlated 
atomlclike six-electron configuration as the high¬ 
est occupied electronic state. 1,4,s,s The metal-to- 
semiconductor transition occurs when it becomes 
energetically favorable to delocalize one of these 
electrons 1 "* 1 ’ (l.e., the “valence” of the Sm ion 
changes). 

We report photoemission energy-level meaBure- 
, nents for semiconducting SmS and SmSe as well 
as for metallic Sm 0-8 Y 0 , 5 S (actual composition 
Sm O M Y 0 48 S)."Both semiconducting SmS and SmSe 
show a valence-orbital binding-energy edge of 
-0.3 eV below the Fermi energy E f , while Sm^,- 
Y 0- „S is metallic. An analysis of the photoemis- 
Blon binding energies and spectral shapes of the 
emission from these localized states demon¬ 
strates that both semiconducting SmS and metal¬ 
lic Sia^Y^S are in a “mixed-valence” state 


even at atmospheric pressure. 

Photoemission energy distributions were taken 
with a previously described system 9 using syn¬ 
chrotron radiation from the 2.5-GeV storage ring 
at the Cambridge Electron Accelerator. Oriented 
(100) single-crystal specimens of 2 mmx2 mm 
cross section were cleaved and measured in situ 
at about 2x10* 10 Torr. 

In a previous paper’ we studied the valence 
electronic states of s, p, d, and / character as 
seen in photoelectron-energy-dlstribution curves. 
We identified the uppermost energy levels (for 
semiconducting SmS) at binding energies - 0.3 to 
2.7 eV below E t as being of primarily 4/ charac¬ 
ter. These levels lie in the gap between the sul¬ 
fur 3p -derived valence bands (extending from 
-3.4 to 7.5 eV below E F ) and the empty conduc¬ 
tion bands.’ 

In this paper we concentrate upon the emission 
features associated with these localized states. 
The observed spectral shape of the emission 
from these localized electrons near E f is com¬ 
plicated by the existence of final-state multlplet 
structures. As we shall describe, these struc¬ 
tures can be used to identify the electronic con¬ 
figuration of the ground state. We need first to 
understand the expected spectral shape (l.e., fi¬ 
nal-state multlplet structure) for the limit of 
pur.e divalent Sm (six “/” electrons in the 7 F„ con- 
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guration). A fractional-parentage method for 
■eating these atomiclike localized excitations in- 
olving /-electron configurations has been devel- 
ped by Racah, 10 Applying this technique to the 
/ , ( 7 F n ) configuration, we expand the six-elec- 
ron wave function In terms of products of flve- 
(lectron and one-electron wave functions. 10 Us- 
ng tabulated coefficients of fractional parentage, 11 
one may prove that only six five-electron wave 
functions are contained in this expansion. These 


states are 

flp 

tr •*/*. 






and 


For photoionization and optical excitations, we 
are interested in dipole matrix elements. The di¬ 
pole operator is a one-electron operator, so the 
remaining five electrons are constrained to the 
above-mentioned six states. As these six states 
have different energies, 10 and energy is con¬ 
served, the kinetic energy of the excited electron 
(in photoemission) will reflect these differences. 
The dipole matrix element may readily be calcu¬ 
lated in terms of this fractional-parentage expan¬ 
sion 10 if we know the final excited single-electron 
state. We have treated this state as a free elec¬ 
tron In our calculations of photoemission line 
shape for the 7 F 0 state, which is summarized in 
Fig. 1(a). The vertical lines in Fig. 1 have heights 
proportional to the square of the dipole matrix 
element, are separated by the energy spaclngs 
reported for atomic Sm° V a and are placed to line 
up with the observed peaks. 

As shown In Fig. 1(a), four multiplet lines con¬ 
tribute to the photoemission-spectroscopy struc¬ 
ture within -2 eV of E f , while two other lines 
(not shown) are -3 eV below E F and hence are ob¬ 
scured by valence-band emission. We compare 
the four uppermost multiplet lines (Gaussian 
broadened) with experimental results at Av = 30 
eV for SmSe, SmS, and Sm 0 .,Y 0 . $ S. We note good 
agreement in spectral shape for SmSe (and for 
SmTe, not shown but similar to SmSe), and con¬ 
clude that, In these materials, Sm is essentially 
divalent. 


However, the spectrum for SmS Is ~0.3 eV 
broader than that of SmSe and contains an extra 
shoulder on Its leading edge [Fig. 1(b) ]. For pho¬ 
ton energies In the range 10 +hv * 40 eV, as well 
as at 1500 eV, 10 the strength of this shoulder rel¬ 
ative to the rest of the “localized emission” de¬ 
creases as the photon energy Increases, imply¬ 
ing a lower-angular-momentum character and/or 
less localization (in fact, at hv ~ 1500 eV we find 
that this shoulder is Imperceptible, a result which 
has recently been reported by Campagna, Wert- 
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FIG. 1. (a) Photoe mission energy distribution (PED) 
for SmSe (solid ourve) and Gaussian-broadenod theoret¬ 
ical /*—/ 6 multiplet intensity spectrum (dashed ourve). 
Photon energies are *v = 30 eV and experimental reso¬ 
lutions are 0.35, 0.4, and 0,4 eV for (a), (b), and (o>, 
respectively, (b) PED for SmS (solid ourve). The total 
spectrum has been decomposed Into an/ 1 spectrum 
(dashed ourve is that of SmSe) and an f i d spectrum 
(dash-dotted curve is difference curve between solid 
and dashed curves, (c) PED of Smo^Yo.jS (solid ourve). 
Dash-dotted ourve is estimated rf-band contribution 
(shape that was observed in Y8) to total emission. 
Dashed ourve is difference ourve between total emis¬ 
sion and d- band ourves. (d) Solid curve is measured 
opttoal absorption of SmS (Hof. 3). Dashed ourve is 
Gaussian-broadened calculated (see text). 


helm, and Bucher 10 ), We Interpret this extra 
shoulder near E t as indicating a significant ad¬ 
mixture of a localized ffd character 14 in the 
ground state of Sm in semiconducting SmS, as is 
shown schematically In Fig. 1(b). Furthermore, 
as shown in Ftg. 1(c), upon substituting Y for Sm 
(effectively removing "/” electrons and adding 
“d" electrons) a metallic phase Is formed, 7 the 
shoulder increases in strength, and the entire 
localized emission shiftB toward £ F . Note that 
there is still significant emission due to/* level! 
and the energy difference fi s between the “/*" 
peak and the “pd" peak Is, within experimental 
error, the same as for SmS. Relaxation process 
es reflecting the different screening of “/*" and 
“fid" sure responsible for B M . The shoulder on 
the leading edge of our photoe mission data occur! 
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because the // final state Is more relaxed (by Hf) 
than are any // final states. 14 

The ratio of the integrated Intensity of this “d- 
derived” structure relative to that of the sulfur- 
derived valence “/>” bands (ratio -0.07 at hv = 30 
eV) is about 30% that of corresponding “d"/“p” 
ratios for NdS (0.21), GdS (0.18), DyS(0.17), and 
ErS (0.22) at hv = 30 eV, all of which are metallic 
with one “d-llke" conduction electron. 8 This com¬ 
parison implies that there might be as much as 
30 % d admixture in the ground state of semicon¬ 
ducting SmS. This value is an upper limit since 
we believe the d-electron wave function in SmS 
to be more localized than for metallic trivalent 
rare-earth sulfides, which would enhance its 
emission intensity at this photon energy. Based 
on (1) the above comparison, (2) lattice-constant 
measurements, 7 and (3) x-ray photoemission 
spectroscopy measurements, 13 we estimate ~(15 
± 5)% d admixture in SmS. 13 
i This u ffd" admixture implies that the ground 
state of semiconducting SmS has a “mixed va¬ 
lence". We attribute the origin of this mixed va¬ 
lence to a ground-state Coulombic configuration 
interaction V between the two six-electron wave 
functions f'CFj and “//5d”. Since the Coulomb 
interaction commutes with space inversion, 13 it 
i cannot mix / and d electrons from the same site 
and therefore it is intrinsically a nearest-neigh¬ 
bor-samarium effect and strongly dependent upon 
lattice constant. 

Additional information on these localized stateB 
Is given by an analysis of their optical-absorp¬ 
tion spectrum (again using a fractional-parentage 
method). In low-energy optical absorption, the 
excited electron state is 1, g . 3 The relevant pa¬ 
rameter for comparison with experiment is the 
oscillator strength, which is proportional to the 
; square of the dipole matrix element times hv (the 
! energy associated with this transition). 

In Fig. 1(d) we show a Gaussian-broadened 
1 curve of our calculated optical spectrum and a 
: previously reported 3 experimental absorption 
■ curve for /* - f a t^ excitations for SmS. The 
! agreement in spectral shape (spacing) is excel- 
; lent. The relative magnitudes of the two peaks 
[ agree to ~± 10%, quite satisfactory since the the- 
! °retlcal curve assumes a constant index of re- 
[ fraction n and neglects the band character of the 
i < 2 * final state. It is interesting to note that the 
admixture of f*d character is not observed in low- 
energy optical absorption, i.e., the spectra for 
SmS . SmSe, and SmTe are similar. This occurs 
because the lowest conduction band is the d-de- 
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FIG. 2. Schematic diagram of our proposed energy- 
level scheme for SmS. All energy levels are peak po¬ 
sitions of six-electron eigenstates. 


rived 1^, and d-to-d transitions are forbidden. 

Combining the results of photoemission and op¬ 
tical-absorption measurements, we present a 
schematic diagram of our proposed energy-level 
model for SmS in Fig. 2. The lines on the right- 
hand side of the figure represent the ionization 
energies of the existing six-electron states of the 
system (peak positions). The 0.8-eV gap follows 
from the optical data, 3 and the position of the 
Fermi level is derived from our photoemission 
data. To the left we reconstruct states that would 
exist without the interatomic Coulomb interaction 
V; the second lowest state is the ffd, which lies 
£j,~0.65 eV (the relaxation energy observed in 
our photoemission spectra) below the optical fi¬ 
nal state ffd. Note that thiB state must have odd 
parity to be the final state of an optical transi¬ 
tion. However, the parity operator commutes 
with the Hamiltonian at only a few points of the 
Brlllouin zone (e.g., T, X), and therefore there 
are even components of this state at similar en¬ 
ergies (slightly higher if the optical transition is 
at X 3 ). Perturbation theory then implies that 
0,85 - 0.65 = 0.2 eV = A + V, where A is the energy 
difference between the unperturbed ffd (even) 
and /’, and V is the Interatomic configuration in¬ 
teraction between these two levels. The amount 
of admixture (~15%) Implies that A ~ 0.14 eV and 
V-0.07 eV, a reasonable magnitude for this in¬ 
teraction. 17 

From photoemission and optical data alone, one 
may not distinguish between a mixed-configura¬ 
tion ground state and a pure /“(TJ ground state 
(i.e., negligible configuration interaction V) with 
a thermally populated //5d excited state. How- 
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ever tor the latter model, the amount of admixed 
d character (at room temperature) would Imply 
that the //W is within -40 meV ol the ground 
state It appears unreasonable to assume a con¬ 
figuration interaction V such that V«40 meV, as 
would be necessary to get a pure configuration 
with only thermal population. To test this con¬ 
tusion, we have measured the dependence of the 
attice constant of semiconducting SmS for 85 <T 
c 300°K. Our results indicate that the lattice con¬ 
stant continuously decreases upon cooling from 
300 to 85°K by -0.013 A. This change Is much 
smaller than and of opposite sign to the -0.05-A 
Increase expected from a thermal-population 
model, thus supporting our mixed-configuration 
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model. 

To summarize, we have established that semi¬ 
conducting SmS is a “mixed-valence" material. 
This implies that the semlconductor-to-metal 
phase transition of SmS is between two states of 
nontntegral valence. We have also noted (Fig. 1) 
that the metallic mixed crystal Sm n ,Y a .,S, In 
which the lattice constant and resistivity ascribe 
a primarily trtvalent character to the samarium 
ions, is also a “mixed-valence” material with ap¬ 
preciable admixed /* character. Finally, we 
have proposed an electron-energy model for SmS 
with an Interaction of sufficient magnitude to ex¬ 
plain this effect. 
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Valence Mixing and Semiconductor-Metal Transition in the Sm Monochalcogenides 


M. Campagna, E. Bucher, G. K. Wertheim, and L. D. Longinotti 

Bell laboratories, Murray HOI, N»«e Jars ay 07974 
(Received 18 April 1974) 

Sm lone In "chemically collapsed” phases of SmS, e.g., Sm,. 8 ,Th 4 . t ,S atd Sm 0 . K Gd 04 ^5, 
are found to be In the state of lnterconflguration fluctuations, m contrast, valence fluctua¬ 
tions In jure SmS are shown to be not larger than St). Conduction-electron screening does 
not drastically affect either the location or the effective Intra-atomic Coulomb interaction 
U t ff of 4/ levels In photoemlsslon spectra. 


In this Letter we present x-ray photoemlsslon 
spectra (XPS) of the Sm monochalcogenides, 
which all exhibit semlconductor-to-metal tran¬ 
sitions under pressure, of SmSb, and of “col¬ 
lapsed" phases of SmS. From these data we con¬ 
clude that the degree of configuration mixing 
in pure SmS at atmospheric pressure and room 
temperature is less than 3%. In contrast, 

Sm„,jjTho, 15 S and Sm 0-u Gd 0 _, B S show unambigu¬ 
ously the coexistence of divalent and trivalent 
Sm ions, as is demonstrated both by the observed 
4/-multiplet structures and chemical shifts of 
core levels. The data give strong evidence for 
the existence of a unique mechanism underlying 
the semiconductor-metal transition in the Sm 
monochalcogenides and exclude the possibility of 
a valence-conduction band-gap closing as origin 
for the transition In SmSe and SmTe. 1 

Electronic semlconductor-to-metal phase tran¬ 
sitions without any structural changes have been 
reported for divalent rare earth (RE) compounds.’ 
The transition Is thought to Involve the delocali¬ 
zation of a 4/ electron to the 5 d, 0s conduction- 
band states with the consequent valence change 
of the RE ion. The peculiar magnetic properties 
of the collapsed phase of SmS (magnetic suscep¬ 
tibility intermediate between those of 4 f s and 4/* 
configurations and absence of magnetic ordering 
down to 1°K) lead Maple and Wohlleben 5 to the 
conclusion that SmS above 0 kbar, like SmB, at 
atmospheric pressure, could be described by a 
system of ions showing the phenomenon of inter¬ 
configuration fluctuations (ICF) first described 
by Hirst. 4 TlMt characteristic feature of a sys¬ 
tem in the state of ICF is that it contains ions 
fluctuating between divalent and trivalent states, 
with 4/ shells emitting and absorbing “conduc¬ 
tion electrons."' 4,8 

Single crystals of semiconducting SmS, SmSe, 
SmTe, and metallic SmSb, Sm 0> , t Th 0-15 S, and 
K. jjGdo. lg S with ~ 20-mm* area were prepared 
for this XPS study as described in Ref. 0. A 


Hewlett-Packard 5950-A spectrometer was used. 

In Fig. 1 we show the valence-band and 4/- 
multlplet structure of semiconducting divalent 
Sm monochalcogenides and of metallic trivalent 
SmSb in the binding energy range 0-9 eV. A 
smooth background has been subtracted from the 
data for SmSe, SmTe, and SmSb. In each case 
the structure corresponds to the final-state mul- 
tiplets of the photolonized 4/" shell; thus the 1 F 0 
Initial state of Sm 2 * 4/ 8 produces the ’H , *F, and 
*P states of 4/ 5 whose separations are known 
from the optical spectroscopy of Sm 8 *. 7 * 8 The 
location of this sextet structure relative to 
was adjusted for optimum fit to the data. The ex¬ 
pected intensities of the 4/-multlplet structure 
have been discussed recently by Cox, Baer, and 
Jorgensen 9 within the approximation of a Russell- 
Saunders coupling scheme. In the case of SmSb 
we have plotted the term separation labeled by a 
and b, increased by about 10%, in order to take 
into account the fact that the final state produced 
by photoexcitation of Sm 3 * has an ionic charge 
larger by 1 than the corresponding lsoelectronic 
Pm 5 * ion. We conclude from Fig. 1 that the over¬ 
all agreement between theory and experiment is 
quite good and that for SmSb and SmTe the initial 
configurations of the Sm ions are strictly 4/* 
and 4/ 8 , respectively. We assign the structure 
observed in the region 0-5 eV in SmSb and be¬ 
tween 3 and 0 eV in SmTe to the largely anion- 
derived valence bands and the bump near 8 eV, 
present in each case of chalcogenides, to an en¬ 
ergy loss. 10 

We now examine the data for SmSe and SmS in 
Fig. 1, especially in order to establish an upper 
bound for the ratio of configuration mixing r=/ 8 / 
/ s d‘. The absence of the strong 5 f peak expected 
at a binding energy - 0 eV is the first evidence 
against a relevant admixture of the f’d 1 config¬ 
uration in the ground state of SmS. From the da¬ 
ta in Fig. 1 we estimate r to be less than 3%, i.e., 
much smaller than has been proposed. 11 This 


105 




Volume 33 , Numbee 3 


PHYSICAL REVIEW LETTERS 


UJuurlPM 


enoes cited therein. 

' 3 M. B. Maple and D. K. Wohlleben, Phya. Rev. Lett. 

< 27, 511 (1971). 

I L. Hirst, Phys. Kondens. Mater. 11. 255 (1970), 

and to be published, 

5 X-ray absorption studies by E, E, Vainshtein, 8. M. 
Blokhin, and Yu. B. Paderno, Fix. Tverd. Tela 6, 2 009 
(1954) (Sov. Phys. Solid State 6, 2318 (1965)1, showed 
the ooexlstence of divalent and trivalent Sra ions in 
SmB ( . In analogy to the conclusion reached by W. Klemm 
and H. Bommor, Z. Anorg. Allg. Cbem. 231 . 138 (1937), 
in their magnetochemical Investigation on Sm metal, 
Vainshtein, Blokhin, and Paderno interpret the x-ray 
absorption data as evidence for a static spatial distribu¬ 
tion of ambivalent Sm ions in SmB s . 

«M. Campagna, E. Bucher, G. K. Wertheim, D. N. E. 
Buohanan, and L. D. Longinottl, Phys. Rev. Lett. 32, 


885 (1974). 

J G. H. Dieke and H. M. Crosswhite, Appl. opt, 2, 
675 (1963. 

•W. T. Carnall, P. R. Fields, and K. Hajnak, J. 

Cbem. Phys. 49, 4412 (196®. 

*P. A. Cox, Y. Baer, and C. K. Jorgensen, Chem. 
Phys. Lett. 22 , 433 (1973). 

!4 The relation between these parts of the spectra and 
band-structure calculations for cubic RE compounds, 
form, and binding energies of oore levels, will be dis¬ 
cussed in a more extended publication. 

"j. L. Freeouf, D. E. Eastman, W, D. Grobman, 

F, Holzberg, and J. B. Torrance, Bull. Amer. Phys. 
Soc. 19, 233 (1974), and private communication, and 
Phys. Rev. Lett. 33, 161 (1974) (this Issue). 

“J. F, Herbst, D. N. Lowy, and R. E. Watson, Phys. 
Rev. B 6, 1913 (197®. 


Atomic Ordering and Superconductivity in High-7' c A -15 Compounds* 

A. R. Sweedler and D. G. Schweitzer 

Brookhaven National Laboratory, Upton, New York 11973 

and 

G. W. Webbt 

David Sarnoff Research Center, RCA, Princeton, New Jersey 08540 
(Received 18 April 1974) 

Large, reversible changes In the superconducting transition temperature T e of the Nb- 
based A-15 compounds NbjAl, NbjSn, NbjGa, Nbj(Al.Ge), and NbjGe are observed when 
irradiated with high-energy (E >1 MeV) neutrons at 60 - C. The transition widths of the 
irradiated Bamples are of the same order as the urdrradlaled samples and the original 
T e ’s are recovered by annealing. The results are discussed In terms of atomic ordering 
In the A-15 structure. 


The effect of high-energy (E > 1 MeV) neutron 
Irradiations on the superconducting transition 
temperature T c of several A-15 (0-W) compounds 
was first reported by Swartz, Hart, and Fleisch¬ 
er 1 who observed small depressions, 0.10-0.22°K, 
for several A-15 compounds when Irradiated to a 
fluence of 1.5xl0 18 neutrons /cm 1 . Cooper* also 
observed a slight reduction, 0.18-0.20°K, In T c 
for NbjSn for a fluence of 2.7 x 10’* neutrons /cm*. 
Recently, Bett 3 has observed large depressions, 
1-13'K, of T e for commercially prepared Nb,Sn 
tapes for fluences up to 5 > 10 la neutrons /cm*. 

We report here the effect of high-energy (E > 1 
MeV) neutrons on T c for the Nb-based A-15 com¬ 
pounds NbjAl, NbjSn, NbjGa, Nb,Ge, and Nb,(Al, 
Ge). We observe large depressions, up to 17°K, 
of T c for a fluence of 5.0 * 10 18 neutrons/cm*. 

The transition widths of the Irradiated samples 
are of the same order as the unirradiated sam - 


pies, and the effect Is reversible in that T e is 
restored to its unirradiated value by annealing. 
To the best of our knowledge, these are the larg¬ 
est depressions of T 0 reported for the hlgh-7’ e 
A-15 compounds. The results are discussed In 
terms of atomic ordering in the A-15 structure 
and a model is developed which relates T c to the 
long-range order parameter S. 

The samples were prepared in a variety of 
ways. The preparation of Nb,Ga, 4 Nb,Sn, M and 
Nb 3 (Al, Ge) 0 have previously been described. 

The compositions of the A-15 phase of Nb,Sn, 
NbjGa, Nb,Al, and Nb,Ge were 75.0, 75.0, 75.5, 
and 81 at,9L Nb, respectively, as deduced from 
their measured lattice parameters. w '° Details 
of sample preparation will be presented in a 
later publication. The Irradiations were carried 
out in the Brookhaven National Laboratory high 
flux beam reactor (HFBR) where tbe samples 
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FIG. 1. Superconducting transition curves of (a) NbjSn 
and (b) NbjAl for different fluenoe values. 90% of the 
measured transitions are shown. Primed numbers re¬ 
fer to unannealed sample. 


were exposed to the whole spectrum of the reac¬ 
tor. 10 In the following only the fast flux (E > 1 
MeV) will be considered. The calculated temper¬ 
ature of the samples during Irradiation was 60 
* 5°C. Superconductivity was detected by a stan¬ 
dard mutual-Inductance technique operating at 
37 Hz, the temperature being determined by a 
calibrated carbon or Ge thermometer. 

The results for Nb,Sn and Nb,Al are presented 
in Fig. 1 where the transitions for different 
fluence values are shown. It is seen that as T c 
is progressively depressed, the transition widths 
remain constant. In Fig. 2, we have plotted 7' e 
against fluence for all the systems studied. The 
TV s are the highest value measured for the par¬ 
ticular sample and the error bars for the fluence 
represent the uncertainty In the flux. It is seen 
that below a fluence of 1.0 x 10** neutrons/cm’, 
the depression of T c is quite small, 3.9, 4.9, 

*“1 5.8% of the unirradiated value for NbjSn, 

NhjAl, and Nbj(Al, Ge), respectively. Above 1.0 
xio 11 neutrons/cm’, T c Is rapidly depressed and 



FIG. 2. Superconducting transition temperature T c 
against fluenoe, nvi (E >1 MeV). Curve Is drawn as a 
visual aide. Fluence values quoted In text and Fig. 1 
are the highest values shown In the above figure. 


for a fluence of 5.0 xlO 10 neutrons/cm’, the high¬ 
est used In these experiments, T c Is reduced by 
84.5, 80.8, and 83.3% for Nb,Sn, NbjAl, and 
Nb,Ga, respectively. This apparent threshold at 
-1.0 x 10” neutrons/cm’ Is explained below. The 
T e of arc cast Nb,Ge was reduced from 6.5 to 
4.9°K for a fluence of 7.8 xlO 111 neutrons/cm’, a 
24.6% reduction. No evidence of saturation In 
the depression of T c Is observed, to the highest 
fluence used, 5.0x10*’ neutrons/cm*. 

The width of the superconducting transition, 

AT C , defined as the temperature range over 
which 90%” of the sample Is superconducting, 
was the same for the irradiated and unirradiated 
samples, ~0.2-2°K. This strongly suggests that 
neutrons uniformly disorder the samples through¬ 
out their entire volume. We have been able to 
recover the untrradlated value of T c for Nb,Sn, 
NbjGa, and Nb 3 Ge by annealing at 750°C. Thus, 
after a 0.5-h anneal, Nb,Sn that had been irradiat¬ 
ed to 5.0 xlO 19 neutrons/cm* increased its T c 
from 2.8 to 14.3°K. A 5-h anneal yielded a T e of 
18.0°K and a 20.5-h anneal restored T c to 18.1°K. 
For NbjGa, Irradiated to the same fluence, a 
5-mln anneal Increased T e from 3.4 to 11.4°K 
and after 20 min T c was 19.5TC. 1 ’ Nb,Ge, irra¬ 
diated to 7.8 x 10** neutrons/cm’, Increased Its 
T e from 4.9 to 6.5°K after a 2-h anneal at 750°C 
The upper critical field, H^T), was also mea¬ 
sured for samples irradiated to 5.0x10*’ neu¬ 
trons/cm’ In a manner previously described. 13 
H^T) was 200 ±100 G at 2.3% 4700± 50 G at 
1.64% and 7700 ±50 G at 1.49°Kfor Nb,Sn, 

NbjAl and Nb,Ga, respectively. For purposes 
of comparison H a at 4.2TC for unirradiated 
NbjSn, NbjAl, and Nb,G& is 235, 295, and 340 
kG; respectively.* 41 * 5 
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There are at least three effects of neutron Ir¬ 
radiation: (1) Interchange of atoms between sites, 

(2) creation of Interstitial-vacancy pairs, and 

(3) creation of new elements. 1 ' The creation of 
new elements is not important here, as T e is 
recovered by annealing and the levels of any new 
elements would be in the ppm range. As the 
temperature for migration of interstitials Is con¬ 
siderably less than the temperature of the Irrad¬ 
iation, 60°C, there should be no free interstitials. 
The remaining vacancies are estimated to be 
<1% of the atom replaced, 17 Moreover, the effect 
of neutron irradiation on the T e of those super¬ 
conducting elements and compounds that are not 
sensitive to atomic order is small. 11 

Thus, In this case, the principal result of neu¬ 
tron irradiation is the exchange of atoms between 
sites. We can describe the positions of the atoms 
in the unit cell by the Bragg-Willlams long-range- 
order parameter S*(P-r)/( 1 -r), where 1, 

P is the probability of an A site being occupied 
by an A atom, and r Is the fraction of A atoms in 
the binary alloy. Aronin'” derived a relationship 
between S and the fluence «, which he has suc¬ 
cessfully used to describe results of neutron-in¬ 
duced order-disorder transformations in Ni,Mn 
and Cu,Au. His expression Is S^S 0 e' > ", where 
S a is the value of S before Irradiation, n the 
fluence, and a is a proportionality constant. 

Aronin assumed k to be the same for both A and 
B atoms, a procedure criticized by Damask, 10 
but we feel that Is justified In the case of Nb,5n 
as the elastic cross section for neutrons, <j, lor 
Nb and Sn at 1 MeV are equal and the masses are 
not too dissimilar. If a value of k could be ob¬ 
tained, it would be possible to relate S to T c via 
the fluence n. 

Aronin also noted that the number of atoms ex¬ 
changed dQ per primary knock-on dc in a fast 
flux dn Is given by k/a. We have used the model 
of Kinchin and Pease'' 1,11 to calculate dQ/dc, and 
hence k, tor the case of Nb,Sn. The model ne¬ 
glects all irradiation effects except replacement 
collisions and, as the masses of Nb and Sn are 
relatively heavy, we assume both atoms lose en¬ 
ergy to the lattice by atomic collisions and ne¬ 
glect any energy loss due to ionization effects. 
Assuming a monoenergetlc beam of 1 -MeV neu¬ 
trons we obtain a value of 1501 ±450 atoms re¬ 
placed per primary knock-on, the error, lndi 
lng the accuracy of the calculation, being abou 
30%.“ The value of o for Nb and Sn is 8.1 xlO" 14 
cm 1 , 0 yielding a value of fe = (0.9±0.3) xl0'“ cmV 
neutron. We can now compare T e directly with 
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FIG. 3. Ileduood transition temperature, TjT^, 
against reduced long-range-order parameter, S/S 0 , 
for neutron irradiated NbjSn. Also shown is the per¬ 
centage of Nb site* oooupied by Sn. 


5 through the fluence n. The results are shown 
in Fig. 3 where we have plotted the reduced tran 
sitton temperature, TjT ^ against the reduced 
order parameter, S/S 0 . We find that T c depends 
exponentially on S and is given by T c = T^expf-a 
x(l-S/S 0 )J, where a =5.0±1.5, T** 18,1% and 
we have used S 0 = 1, complete order, at T a = T m . 
The exponential dependence of T c on S, and of S 
on the fluence n, explains the apparent threshold 
in the depression of T e at n~ 1.0 x 10 1 " neutrons/ 
cm 1 . At this fluence 5 has changed by only 1% 
and T c by 5.5%. However, by a fluence of 5x10“ 
S has changed by 4.5% and T c by 20%, and for it 
= 5*10'*, S has changed by 37% and T„ by 85%, 

In good agreement with the observed T’ s. 

Depressions of T e tor sintered and chemically- 
vapor-deposited Nb,Sn have previously been ob¬ 
served. 14 ' 17 These authors could not unambigu¬ 
ously ascribe the changes in T c as due to dlsorde: 
since the composition of the samples had to be 
varied in order to vary T c . In our experiment, 
however, the depression of T t Is clearly due to 
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disorder aa the composition of the alloy Is un¬ 
affected by Irradiation and T c Is recovered by 
„ annealing. Splat-cooled NbJSn displays a broad 
superconducting transition from 16.7 to 4°K In¬ 
dicating an inhomogenous disordering process 
due to the nonuniform cooling rate. 9 The mea¬ 
sured average long-range-order parameter of 
0.2*0.15 in that case and our deduced values are 
not in good agreement, a fact which we hope to 
resolve by measuring the order parameters for 
our samples. 

It is not possible to determine whether A- or 
B -site disorder is more important in the depres¬ 
sion of T c from an experiment of the type de¬ 
scribed here. However, available models" 
used to describe the properties of A-15 com¬ 
pounds have invoked the concept of “A chain in¬ 
tegrity," i.e., A sites occupied by A atoms, as 
being important in determining the properties of 
these materials. Assuming this to be the case 
we can relate the depression of T e to the replace¬ 
ment of Nb (A) atoms by Sn (B) atoms in Nb,Sn. 

In Fig. 3 the percentage of Nb sites occupied by 
Sn for stoichiometric Nb,Sn is also shown. At 
T c =T ca si replacement of 1% Nb by Sn results in 
a T c depression of 3.3°K and, when 9% of the Nb 
has been replaced by Sn, T c has fallen to 2.8°K. 

The results reported here indicate that high- 
energy neutron irradiation of superconductors 
can be a useful technique In the study of order- 
disorder effects, especially in the case where 
homogeneous disorder Is difficult or Impossible 
to induce by conventional means. Experiments 
are underway to measure S directly by x-ray and 
neutron diffraction techniques in the irradiated 
samples and to see the effect of disorder on the 
martensitic phase transition. 

The authors would like to thank R. Jones for ex¬ 
pert experimental assistance. We also wish to 
thank D. Parkin, G. Dienes, D. Welsch, and L. J. 
Vieland for helpful and informative discussions. 
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Magnetic Interference Function of Amorphous Cobalt-Phosphorus Alloys 
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A magnetic Interference function has been observed for an amorphous ferromagnetic 
cobalt-phosphorus alloy by unpolarlzed-neutron diffraction. The distribution of the mag¬ 
netic moments of cobalt Is analyzed In terms of a partial pair-correlation function. Com¬ 
parison with x-ray results gives good agreement. 


The measurements of Rhyne, Pickart, and Al- 
perin 1 on Tb-Fe alloys showed that the magnetic 
structure of amorphous alloys can be elucidated 
In the same way as magnetic structures of crys¬ 
tallized substances by unpolarlzed-neutron exper¬ 
iments. In such a study one has to make two es¬ 
sential choices: the nature of the alloy and the 
experimental method. We chose the cobalt-phos¬ 
phorus system because In this alloy there Is only 
one kind of magnetic atom, namely cobalt. There¬ 
fore, one can give an interpretation of the mea¬ 
surements in terms of a single pair-correlation 
function G Co _ r „. As pointed out by Rhyne, Pick- 
art, and Alperin 1 such an Interpretation is Impos¬ 
sible if both constituents carry moments, as in 
Tb-Fe alloys, since In that case three pair-cor¬ 
relation functions have to be Introduced, 

In order to separate the magnetic scattering, 
one of two experimental methods can be used. 
Rhyne, Pickart, and Alperin obtained the magnet¬ 
ic contribution by subtracting two scattering pat¬ 
terns, one taken at a temperature above and one 
below the Curie temperature T c of the sample. 

In Co-P alloys, however, complete crystalliza¬ 
tion has been reported to take place in the sam¬ 
ple when heated to about 100°C* above T c , the 
necessary temperature to obtain a perfectly dis¬ 
ordered paramagnetic state. Therefore we chose 
to extract the magnetic signal by making differ¬ 
ence measurements with a magnetic field applied 
successively parallel and perpendicular to the 
scattering vector and keeping the sample well be¬ 
low T c (at room temperature). 

Amorphous platelets of Co-P of five different 


concentrations around the eutectic composition 
(19 at.%) were prepared by electrodeposition fror 
baths analogous to those described by Brenner, 
Couch, and Williams.® The platelets were 50 mn 
x 10 mm large and about 0.5 mtn thick. Their 
amorphous structure was carefully checked by 
x ray. 

Neutron experiments were performed on the D2 
diffractometer at the Institut Laue-Langevin. Th« 
neutron flux on the sample was 3 x 10 7 neutrons/ 
cm* sec with horizontal collimations of 60' in the 
pile, 60' between the monochromator and the sair 
pie, and 20' in front of the counter. The instru¬ 
mental resolution over the whole x range, Ax/x, 
was better than 5% < and no resolution corrections 
were necessary. 

Two wavelengths X were used: 0.94 A reflected 
from a copper monochromator (x/2 contamina¬ 
tion less than 0.5%), and 1.92 A reflected from a 
germanium monochromator (x/3 contamination 
less than 0.8%). This permitted the recording of 
diffraction patterns between x 1 = l A ' 1 and x, = 7 
A' 1 , where x = (4jt/x )stnff. Measurements below 
Xj have to be performed on a small-angle-scat¬ 
tering apparatus. Beyond x„ measurements are 
practically impossible since the magnetic signal 
is roughly proportional to the square of the form 
factor of crystalline cobalt, which drops down to 
1% of its initial value near x = 7.5 A " 1 . 5 

A magnetic field of 15000 G was UBed to mag¬ 
netize the sample up to saturation. During the 
experiments the sample platelet was oriented so 
that its normal was always perpendicular to the 
scattering vector (Fig. 1). 
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The observed experimental intensity / exp must 
be corrected for background, scattering geom¬ 
etry, and absorption before the cross section can 
be derived. The background intensity l B mea¬ 
sured without the sample was subtracted from 
the experimental Intensity after reduction by the 
absorption factor. The geometry correction fac¬ 
tor arising from the variation of the volume of 
scattering material in the beam is, in the case 
of H perpendicular to ?, 

<J a = 1/co80, 

and in the case of H parallel to 

f;" = (k/f)[l-(c/26)tan0], 

with A, l, c, and b as defined in Fig. 1. The ab¬ 
sorption correction factor In the simple (9,28) 
arrangement is, for a platelet, 

^ _ 'pi./ CO*0 

where T is the transmission factor of the sample. 
So, finally, the corrected intensity, which in turn 
is proportional to the cross section, is 

'‘ = (/„ p ‘-VA)/AG‘, (1) 

where the index i stands for parallel or perpen¬ 
dicular (see Fig. 2). 

We checked^these three corrections with an an¬ 
gled Co-P platelet geometrically and chemical- 
; y analogous to our samples. The ratio of the two 
^coherently scattered Intensities I V/ fl was con¬ 
stant within 2% precision, confirming Eq. (1). 

The total cross section Is the sum of two con¬ 
tributions, namely, nuclear and magnetic. The 
jwciear contribution is independent of the mag- 
® rt izatlon direction. Hence, neglecting Inelastic 
Knetlc effects, the difference f 1 -/" Is pro¬ 


portional to the elastic magnetic cross section. 

If we assume that all the magnetic moments 
are centered on cobalt atoms, with a spin S, a 
gyromagnetic ratio g, and a normalized form fac¬ 
tor F(k), the coherent magnetic cross section 
per atom is, in the static approximation, 

(da/dil)^ 

= (2) 

where r e = 2.8xl0' 1 ’ cm is the classical electron 
radius, y = - 1.91 is the neutron gyromagnetic 
ratio, (zgS,F(x)> 1 b the mean value of \gS,F(<), 
and a is the angle between the magnetization di¬ 
rection * and the scattering vector. The partial 
interference function for cobalt atoms can be ex- 



FIQ. 2. Corrected Intensities 1 1 and /* versus 26. 
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pressed as 

9ca-c. 0 («)=Cco +C Co *(4*/v)K->f 0 'rlP Co . c Jr)-l]8ln(Kr)dr, (3) 

where C Co is the cobalt atomic concentration, v is the mean atomic volume In the alloy, and P Co . Ca ( r ) 
is the probability per unit volume of finding a cobalt atom at a distance r from another cobalt atom, 
normalized in such a way that P Co -co( r ) goes to unity for large r.* 

Local variations in the cobalt neighborhood would give rise to magnetic-moment fluctuations. The 
magnetic moment may fluctuate in “magnitude” or in "direction” and it is Impossible to separate these 
two kinds of fluctuations by unpolarized-neutron measurements. However, polarized-neutron experi¬ 
ments 7 have shown that fluctuations of the magnetic-moment direction are negligible. The remaining 
fluctuations in magnitude are very analogous to critical magnetic fluctuations in a ferromagnetic crys¬ 
tal. The difference is that magnetic fluctuations In an amorphous ferromagnet well below its Curie 
temperature should appear almost static to the Incident neutrons since they are mainly due to static 
fluctuations in the cobalt neighborhood and not to thermal fluctuations as in critical phenomena. Thus, 
these fluctuations can be fairly well treated in a quasistatic or quasielastic approximation. 8 Within 
this approximation the Incoherent magnetic cross section per atom for k = 0 is directly proportional to 
the mean square fluctuation of the magnetic moment: 


= 0) = (r&f sin'a C c *((igS, ~ (igSjY) = A sln'o, 


and with Increasing a it decreases roughly like 

(do/d(l)„„* c (K)= A Bln*a ( F(x)> 8 x(k)/x 0 , (5) 

where x 0 Is the static susceptibility and x(“) is 
the wave-vector-dependent susceptibility which 
describes the response of the amorphous ferro¬ 
magnet to an external magnetic field with a spa¬ 
tial dependence cos (kz). 

Neglecting this incoherent magnetic scattering 
we obtain, in arbitrary units, 

Im.*=I A -l’ =<*’(*)>’* Co-co (*)• (6) 

For (F(k)> we used the cobalt spherical form fac¬ 
tor as measured by Moon 5 which is well fitted by 
the analytical formula of Llsher and Forsyth." 
This is questionable since In Co-P alloys the 



FIG. 3. Neutron magnetic and x-ray Interference 
functions versus k. 


phosphorus valence electrons filling the half d 
band of cobalt reduce Its magnetic moment 10 and 
may modify the shape of the d-electron cloud. 
Nevertheless, the Interference function Sr.o-coM 
obtained from this assumption is very similar to 
the x-ray interference function $(k) which is dom 
inated by a Co-Co pair contribution. 11 * 18 Dis¬ 
crepancies lie within experimental accuracy 
(Fig. 3). 

These results prove, as assumed earlier, that 
the cobalt magnetic moments and the cobalt nu¬ 
clei have the same distribution. Furthermore, 
if there were large magnetic fluctuations, an in¬ 
coherent background of the order of A would be 
added to the coherent Interference function. Since 
we do not observe such a phenomenon, the mag¬ 
netic fluctuations must be weak. All these re¬ 
sults may be related to the fact that the magnetic 
moments in these alloys are large (of the order 
of 1 pg/etom). Indeed, If fluctuations in the neigh¬ 
borhood of a cobalt atom produced local antifer¬ 
romagnetism by changing the sign of the exchange 
integral, the magnetic moment would be strongly 
reduced, the interference function distorted and 
a strong incoherent magnetic scattering added. 

To summarize, the magnetic structure of a 
highly absorbing Co-P alloy has been studied with 
satisfactory precision using a high-flux neutron 
beam. An interpretation in terms of a partial in¬ 
terference function has been proposed which al¬ 
lows comparison with x-ray results. The agree¬ 
ment is good. 

We are indebted to Dr. P. Burlet and Mr. Con¬ 
vert for helpful cooperation in performing the 
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The deoay *P was studied uelng a hyperon beam at the Brookhaven alter¬ 

nating-gradient synchrotron. The £' and •' momenta were measured by magnetic 
spectrometers with magnetogtrictive wire spark chambers. A threshold Cherenkov 
counter and a total-absorption calorimeter identified the electron and neutron, re¬ 
spectively. From a sample of 3507 reconstructed events we have found Ifj/gyi 
-0.436*0.035. 


We report a measurement of the magnitude of 
the ratio of the axial vector to vector form fac¬ 
tors, \ge/gr\, from the observation of 3507 de¬ 
cays of the type S' -xe'P. These events were 
produced using the Yale University-National Ac¬ 
celerator Laboratory-Brookhaven National Labo¬ 
ratory high-energy negative hyperon beam at the 
Brookhaven National Laboratory alternating-gra¬ 
dient synchrotron.* The hyperon beam delivers 
a flux of approximately 200 2* per machine pulse, 
produced in the forward direction, at a central 
momentum of 23 GeV/c at the exit of the magnet¬ 
ic channeL Figure 1 depicts the beam and the as¬ 
sociated electronic detection apparatus which are 
iescribed in more detail elsewhere. 1 Beam par¬ 
ticles of mass less than that of a proton are ve¬ 
toed by a threshold Cherenkov counter (Cj) which 
forms part of the beam channel, and are also ve- 
toed by a scintillation counter located at the down¬ 


stream end of the apparatus. A cluster of high- 
pressure, high-resolution magnetostrictive spark 
chambers* determine the momentum of the emerg¬ 
ing hyperons to 1%. A set of small counters on 
either side of these chambers (B) and a hole veto 
counter (V u ) define the beam and discriminate 
against upstream hyperon decays. 

Located downstream of the 115-in. decay re¬ 
gion is a magnetic spectrometer with convention¬ 
al magnetostrictive wire spark chambers which 
determines the momentum of the electron from 
the decay 2" — ne~V to about 5%. Situated after 
the spectrometer is a Cherenkov counter (C) 
filled with hydrogen at atmospheric pressure. 

This counter, which has a large phase-space ac¬ 
ceptance, identifies electrons from the desired 
leptonic decay among the more copious pions pro¬ 
duced In the major decay mode, 2* — sir*. This 
counter suppresses the trigger rate for the major 
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FIG. 1. Schematic diagram of the high-energy hyperon beam. 
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decay mode by a factor of approximately 80. Fol¬ 
lowing the Cherenkov counter is a hodoscope of 
scintillation counters (5), each of which shadows 
one of the five optical cells of the electron Cher¬ 
enkov counter. In addition, the counter nearest 
to the beam line is backed by a lead and scintilla¬ 
tor shower counter to give extra discrimination 
against nonleptonic backgrounds. 

A multiplate, proportional-chamber, scintilla¬ 
tor neutron detector 5 is situated downstream of 
the second spectrometer magnet and provides a 
measure of the decay-neutron direction to 1 
mrad. The hadron calorimeter (JVC) is used to 
discriminate against background muons by re¬ 
quiring a minimum pulse height in the trigger. 

The crude information on the neutron energy 
(± 25%) is not used in the reconstruction. 

The decay Z" - «e'P was signified by the trig¬ 
ger 

C b BV k CS(NC)V,. 

Two-body decays, S' —nv~, and beam pions were 
also recorded at a scaled-down rate to provide a 
flux normalization and to monitor the efficiency 
and resolution of the chambers and neutron detec¬ 
tor. The total trigger rate was a few per mach¬ 
ine pulse. For each trigger we recorded the con¬ 
figuration of scintillation-counter hits, the pulBe 
heights from the electron Cherenkov counter, 
shower counter, and hadron calorimeter, and the 
time difference between signals from the electron 
Cherenkov counter and the S counter hodoscope, 
as well as the spark-chamber and multiwlre-pro- 
portlonal-chamber Information. The major source 
of background in the leptonic trigger came from 
the decay £' - tin' in coincidence with a back¬ 
ground muon which triggered the electron Cher¬ 
enkov counter. A major task of the analysis was 
to remove this background (which is thrice over¬ 
constrained) from the signal of leptonic decays. 

Figure 2(a) shows the beam mass spectrum of 
events with a decay angle of greater than 9 mrad 


when reconstructed under the hypothesis 
The broad distribution contains the leptonic evenh 
and the sharp peak at the 2* mass contains the 
two-body background. A reduction of the nonlep- 




FIG. 2. (a) Mass spectrum of beam partlcleB for 
leptoalc decayB at an early stage of the analysis when 
reconstructed under the hypothesis I* — air". The lep¬ 
tonic events being sought are In the broad tall; the two- 
body background events are in the sharp peak, (b) The 
same spectrum at the last stage in the analysis. The 
smooth curves Indicate the shapes predicted by the 
Monte Carlo calculation: dashed, 2‘— ntv only; solid, 
2"—asvplu s A final mass cut of H65 MeV 

was made and events below that mass were considered 
to be leptonic decays. 
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TABLE 1. VM for \gjg r \ Wd the maximum value of likelihood fit. from neutron .pectrum in the c.m. 

tem- 

Spectrometer 

field 

integral 

WVfv' 

ln£(data) 

ln£ (Monte Carlo) 

Probability 

£(Monte Carlo) < £(dala) 

6 kG m 

13 kG m 

0.430=0.045 

0.455=0.065 

-61.88 

-52.11 

— 53.28 =3.26 
-49.82 = 3.18 

69% 

22% 


tonic background was made by requiring a large 
pulse height in the shower counter when relevant, 
a proper time difference between the electron 
Cherenkov counter and appropriate S counter, 
and that the reconstructed negative track point to 
the proper cell of the Cherenkov counter and the 
proper S counter. These consistency require¬ 
ments serve to define decay electrons and elim¬ 
inate events having a background muon triggering 
the electron Cherenkov counter, reducing the non- 
leptonic backgrounds to the level depicted in Fig. 
2(b). The smooth curve in Fig. 2(b) Indicates the 
excellent agreement between the data and the 
spectrum as generated by a Monte Carlo calcula¬ 
tion. The final sample of 3507 2' —ne'P decays 
results from a cut requiring the reconstructed 
Z' mass, assuming the hypothesis 2* —mr*, to 
be less than 1165 MeV. 

Since for this leptonic decay there Is a square- 
root ambiguity resulting from the zero-constraint 
fit, we cannot assign an event a unique position 
on a Dalltz plot. In order to obtain the maximum 
information in a bias-free manner, both solutions 
were kept and each event plotted on a three-di¬ 
mensional Dalltz plot. The electron energy and 
two neutron energies define the coordinates. The 
form-factor ratios were obtained from the final 
event sample by a maximum-likelihood fit to pro¬ 
jections of the three-dimensional "Dalitz plot" 
weighted by a Monte Carlo calculation of the ac¬ 
ceptance of the detection apparatus. Our c.m. 
neutron and electron energy resolution (about 5 
MeV) corresponds to five neutron energy bins for 
each solution gnd twenty electron energy bins. 

| Data were taken for two values of the magnetic 
Held in the spectrometer magnet. The two re¬ 
sults for the absolute value of the form-factor 
ratio as computed from a likelihood-function (£) 
Ht to the neutron spectrum only are presented in 
Table I. in obtaining these results, it was as¬ 
sumed that second-class currents are negligible 

F ud that the effect of weak magnetism Is that pre- 
icted by the conserved-vector-current hypothe¬ 


sis. The result is quite Insensitive to the amount 
of weak magnetlzm present. The full two-dimen¬ 
sional neutron spectrum was used in the actual 
maximum-likelihood fit. We can also construct 
a one-dimensional spectrum by giving both solu¬ 
tions equal weight. Figure 3 shows the resulting 
neutron spectrum for the 6-kG-m data compared 
with expected spectra for \gjg r \ =0.3 and \g A f 
g r | =0.5. We present this comparison to give a 
visual indication of the sensitivity of the measure¬ 
ment. 

The quality of the likelihood fit described above 
was evaluated with standard Monte Carlo tech¬ 
niques, and the results of this evaluation are pre¬ 
sented in Table I. The detection efficiency cal¬ 
culated for leptonic decays was 11%. Most of the 
loss was due to 2" decaying upstream of the fi¬ 
ducial region or to decay electrons hitting the 



FIG. 3. A comparison of the experimentally deter¬ 
mined neutron cja. energy spectrum and those expect¬ 
ed for two values of I g A /g? I. Both solutions for the en¬ 
ergy'are used with equal weight. 
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TABLE II. Summary of i~ ~~*e" form-factor experl marts. 


Experiment 

Year 

No. of Events 

IjO/gyl 

Maryland* 

1989 

49 

0.23 *0.16 

Heidelberg 1 ’ 

1968 

33 

oi 7 M 

Columbia-Stony Brook® 

1972 

36 

0.29 

This experiment 

1973 

3507 

0.436*0.036 


•Ref, 8 b Ref. 6. e Ref. 7. 


spectrometer magnet. The probability of a decay 
electron hitting the spectrometer magnet was ex¬ 
tremely weakly correlated with the neutron c.m. 
energy. The size of the neutron detector was 
chosen to intercept 100% of the neutrons. The ef¬ 
ficiency of neutron detection was independent of 
angle and only weakly dependent on laboratory 
momentum (less than 5% variation). The detec¬ 
tion efficiency was thus almost entirely indepen¬ 
dent of the neutron c.m. energy. 

The errors assigned to !gjg v i are purely sta¬ 
tistical. However, none of the small systematic 
corrections considered contributes significant un¬ 
certainties. The E* - nit' background contamina¬ 
tion after the mass cut was 1.5% of the leptonlc 
sample for the 6-kG-m data. This was deter¬ 
mined by looking at the mass spectrum of real 
Z‘-nv‘ events. This background was included 
in the Monte Carlo simulation. The result for 
igjgr\ was found to be insensitive to such back¬ 
ground of up to 10%. The final result for the ab¬ 
solute value of the form-factor ratio is obtained 
by averaging the results from the two data sam¬ 
ples to yield 

I *vkrl =0.435*0.035. 

ft is interesting to note that the Cabibbo theory 4 
predicts gjg r = 0.33* 0.04. Table U contains a 
comparison of this experiment with the results of 
previous experiments. 


We wish to thank our engineering staff, Andy 
Disco, Satish Dhawan, Cordon Kerns, Stan Lad. 
slnskl, Blaise Lombardi, and Irving Winters, 
and our technicians Alan Wandersee, Jon Biom- 
quist, and Ed Steigmeyer for their help in the 
design and setup of the apparatus. We also th^ 
the alternating-gradient synchrotron staff, in 
particular David Berley, Eugene Halek, and 
Gerry Tanguay, for providing the technical sup¬ 
port needed for the success of this experiment. 
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Neutral-Current Limit and Future Prospect at a Fission Reactor* 

H. 8. Gurr, P. Reinea, and H. W. Sobel 
Department of Fkyeiet, University of California at bvbte, Irvine, California 92664 
(Received 22 April 1B74) 

Data are prevented which yield a new upper limit tor the weak neutral- current reaction 
V,+d~u+p+V' In the MeV range of 6 tlmea theoretical expectation at a 3-standard-devla- 
tlon level. These data also demonatrate the feasibility of a teat whioh Is sn order of mag¬ 
nitude more sensitive. 


The possible existence of neutral currents in 
the weak interaction has aroused intense Interest 
recently with the reported observations at CERN 1 
and the National Accelerator Laboratory.* Mea¬ 
surements at our Savannah River Plant fission- 
reactor neutrino facility have resulted in an im¬ 
proved upper limit for a neutral-current u, reac¬ 
tion and also indicate the feasibility of a neutral- 
current test at the level of theoretical expecta¬ 
tion in the well-shielded environment which we 
have constructed in connection with our v, -e~ 
scattering search.* The reaction under discus¬ 
sion, 

V'+d-n+p+T> t , ( 1 ) 

was studied in an energy range (2.2 to -5 MeV) 
which differs greatly from that explored at high- 
energy accelerators (>1 GeV), and v, is involved 
Instead of (?,,). Further, according to the 
Weinberg theory, the rate of (1) Is independent 
of the Weinberg angle since at these low energies 
only the axial vector (Gamow-Teller) contributes 
to this reaction, 4 leaving no arbitrary parame¬ 
ters. These widely differing conditions motivate 
the study of (1), 

In an earlier attempt* the deuteron target was 
contained in a deuterated scintillator to which 
gadolinium was added. The object there was to 
identify the reaction by the distinctive delayed- 
colncidence signal provided by the product proton 
and the y rays associated with neutron capture in 
gadolinium. The experimental sensitivity was 
limited, primarily because of the small (- 2%) 
probability of the proton receiving enough energy 
to appear above random background. Clearly the 
detection efficiency would be greatly enhanced if 
the product neutron alone provided a sufficiently 
distinctive signature. The experiment under dis¬ 
cussion is based on the fact that we have succeed¬ 
ed In drastically reducing the neutron background. 

The measurements were made with HJO or pure 
D P and a large BF, neutron counter as indicated 
in fig. 1. Not shown in the schematic is the mas¬ 


sive Pb, water, and concrete shield in which the 
liquid scintillation anticoincidence detector is en¬ 
closed. Table I summarises the results obtained 
for a variety of target and shielding configura¬ 
tions in the inner region with the reactor on and 
off. A Pu-Be neutron source was used for energy 
calibration, for system stability checks, and in 
the determination of neutron detection efficiency. 
The dead-tlme-corrected (“40%) BF, rates tabu¬ 
lated refer to the main a-partlcle peak (-81% of 
the neutron-capture spectrum). The time referred 
to in the “Liquid scintillator" column Is the du¬ 
ration of the system block following the penetra¬ 
tion of the scintillator by a cosmic-ray muon.* 

We use these data and neutron detection efficien¬ 
cies together with reaction croBB sections for fis- 

34 CM.-•) 


I I 



FIG. 1. Sc h e m a t ic diagram of the detector. 
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alon v, for the processes 

v,+p~n+e* (1. OxlO" 43 cm’/?, experimental), 
v,+d-n+n +e* [(2.4±0.4)xlO' 4 ’ cm*/?, theoretical 7 ], 


v,+d-n+p -•■?, (4.4xl0' 4 ’ cm*/?, theoretical 4 ), 

and together with the ?, flux at our detector, 2.4 p 
x 10 13 v Jew? sec, to set a new upper limit on (1) 

To test our system we filled it with HjO and 
measured the reactor-associated neutron rate 
(runs I and II). The resultant difference, 52 ± 24 
day' 1 , compared with the predicted rate, ~39 
day*’, indicates that we were probably observing 
Reaction (2) via the product neutron 8 without ben¬ 
efit of the delayed coincidence between e 4 and n 
pulses previously required.* According to runs 
in and IV, reactor-associated neutrons originat¬ 
ing external to the detector contribute a small 
part (< IS day' 1 , at 1 standard deviation) of the 
observed signal 10 and increase the statistical un¬ 
certainty from ± 24 day' 1 to * 35 day _1 . 

The D,0 data are used to set an upper limit on 
the neutral-current reaction (1). Runs III and IV 
yield a reactor-associated neutron rate of 1.4 
* 7.2 day' 1 . To obtain a more restrictive limit 
we subtract the calculated 11 charged-current con¬ 
tribution of Reaction (3), 

(0.30 kg' 1 day'*)x(178 kg)x0.082 = 4.3 day' 1 , 


ous attempt.’ 

The neutron counter envisaged In an lmprovt 
experiment would be filled with ’He to a press 
of 3,7 atm. As shown in Pig. 2 it would surrou 
a 130-liter D,0 target. The anticipated overa’ 
neutron detection efficiency of the system is 
~75%._ 

The v, signals anticipated are as follows: nei 
tral-current reaction, arflO day' 1 ; charged-cur 
rent reaction, si 6 day* 1 (single detected neutro 
»24 day' 1 (two detected neutrons). 1 * 

The reactor-independent background arises 
from a variety of causes: a activity in the counl 
er, external neutrons, and photoneutrons. Scal¬ 
ing the background as seen in the BF, experlmen 
we predict 13 a value of - 900/day. The reactor- 
dependent background arises from two sources: 
neutrons which penetrate the liquid anticoinci¬ 
dence shield and photoneutrons. Scaling the data 
from the present experiment (Table I) yields a 
prediction -40* 100 day' 1 in the absence of a neu 


and obtain-2.9*7.2 day' 1 . This number is to 
be compared with that predicted for the neutral- 
current reaction, 4.0x0.81. From these num¬ 
bers we obtain a 3-standard-devlation upper lim¬ 
it on the ratio, 

_ M 4 3(7.2) 

^neuir »1 tfrory 4,0x0,81 

This limit is a factor >100 lower than the previ- 


TABLE I. BF a counting rate for various experimental 
configurations. 


Run 

Reactor 

condition 

HjO/DjO 

Liquid 

scintillator* 
anti condition 

BF, 
rate 
(day"') 

I 

Down 

HjO 

700-Mseo block 

63.4* 7.2 

II 

Up 

HjO 

700 

116 *23 

in 

Down 

d 2 o 

3000-Msec block 
and 1000 Msec 

64.7* 6.8 

IV 

Up 

DjO 

3000 and 

1000 Msec 

66.2* 4.3 


“Ref. 6. 


©CM -« 


LIQUID 

SCINTILLATOR 


CADMIUM 
SHEET 



128 CM 


FIG, 2. Sche m atic diagram of the proposed experi¬ 
mental configuration. 
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,eff “"SS observed It can be teetad by u*« of 

o/leutrondilferential aM.ldtng technique* and 
hi observation ol the effect of a neutron aource. 

sensitivity of the system to neutrino* can 
180 be tested by observation erf the two neutrons 
Irom the charged- current reaction (2}, and by 
u9 a of an HP filling and observation of Reaction 

(3). 

We now estimate the statistical precision ex¬ 
pected from a modest run sequence with the re¬ 
actor on for 30 days and off for 10 days. The re- 


«|w» we 


%.«. Qurr. r. (Maes, «*d B w, SoM, 

utt.ji, lew orm. ^ '***’ 
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«^Jfr'-S y, ' JEPTa 1231 n96fW - IhU reac- 
and Its detection has been considered In s series 
of publications relsted to aeutrsl currents by r. Ah- 
rene. R. W. King, and collaborators: T. Ahrens aw) 

T. P, Lang, Phya, Rev. C 3, 979 (1971). The question 
or nucleon energy correlations In this reaction was dis¬ 
cus ted by C. P, Frahm, Pbyg. Rev. D3, 663 (1971). 

J. H. Munson and F. Raines, Phys. Rev. 177 . 2002 
AMS); V. K. Bogatyrev, Yad. Ftt. 12, 763 0 970) lfiov. 
J. Nucl. Ays. 12, 407 (1971)). 

*In the DjO runs an extra (1000 Msec, low threshold) 
anticoincidence condition was imposed to identify and 


actor-dependent neutron background Is taken to 
be negligible since on the basis of present neu¬ 
tron limits there appears to be no obstacle to 
achieving this condition. Then 


reduce the background due to knock-on protons from 
neutron collision. This reduced the measured BFj rate 
by about a factor of 2. The cosmic-ray muon anticoin¬ 
cidence time for the DjO runs was Increased from 70(1 
to 3000 Msec to take into account the increased neutron 



where S = 70 day' 1 Is the total u, signal, B = 900 
day' 1 is the background, and AS/S=±0.15. If we 
; allow for the statistical accuracy of the charged- 
I current portion of the signal, S p in this period 
I of time, ASys^aO.fM, a«! the neutral current 
: would be determined in terms of the theoretical 
- prediction S„ to an accuracy of hSys,=±0,19. 

We wish to thank H. H. Chen and J. Lathrop for 
helpful discussions, and A. A. Hruschka for help 
In the design and Installation of the equipment. 

We would also like to thank the Harshaw Chemi¬ 
cal Company for the loan of the BF, counter and 
associated electronics and in particular B. M. 
Shoffner for his advice In setting up this appara¬ 
tus. The continuing hospitality and assistance of 
the E. I. Dupont de Nemours Company which op¬ 
erates the Savannah River Plant for the U.S. 
Atomic Energy Commission is gratefully ac¬ 
knowledged. 

‘Work supported by the U. S. Atomic Energy Com¬ 
mission. * 

|F. J. assert *t d„ Phya. Lett. MB, 138 A873). 

! A. Benveuuti «f d ., Phys. Rev. Lett, 32, 800 A974). 


diffusion time in this medium. 

’This reaction has been detected, but in view of the 
large experimental uncertainty 1(3.0 *1.6) *10'” cm 1 ), 
we use the theoretically predicted value. T. L. Jenkins, 
F. E. Klnsrd, snl F. Reines, Phys. Rev. 186, 1699 
A969). 

“The neutron detection efficiency In this case is esti¬ 
mated to be about 16%. 

S F. Reines and C. L. Cowan, Jr., Phys. Rev. 113. 

278 R959); F. A. Neeriok and F. Reines, Phya. Rev. 

142, 862 (I960). 

’TUB limit on the reactor-associated neutron back¬ 
ground is derived from the rate -2.9 *7.2 day' 1 (see 
following paragraph) by applying the ratio of the neu¬ 
tron detection efflclences for HjO and DjO (0.16/0.043). 

“The overall neutron detection efficiency (ijJ with a 
DjO target has been conservatively estimated as 0.043. 
The contributing factors are neutron absorption In DjO, 
0.87; solid-angle considerations, 0.29; BFj efficiency 
(counter filled to a pressure of 20 cm Hg), 0.19; Fe- 
wall attenuation factor, 0.9. The efficiency, 0.082, 
that enters In this calculation is the probability of 
seeing at least one neutron, ~2»(,A~’i^. 

“The background for such a distinctive signal—two 
neutron pulses in delayed coincidence with a time in¬ 
terval of ~1 msec—is negligible under the conditions 
envisaged. 

“Further neutron shielding and pulse-shape discrimi¬ 
nation against a contamination in the counter walls can 
be expected to reduce this background. 
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ERRATUM 


NEW DEVELOPMENTS IN THE APPLICATION 
OF HYPEHSPHERICAL COORDINATES TO 
ATOMIC WAVE FUNCTIONS. Dwayne L. Knirk 
[Phys. Rev. Lett. 32, 651 (1974)]. 

In Eq. (15), the expansion coefficients for the 
linear term in r should be 2» 1/ *[(X 1 ,- 1)(X„+ 5)]"* 
xw(v/v a ), where v 0 labels the lowest generalized 
angular momentum eigenfunction, t(u 0 l ft)« w~ u *. 
In the definition of the expression in brackets 
should read 

f _ 1 _ (1 - Bin2t) cos9) ,/1 1 

L(1 - aln2?) cossW 1 + sin2 1 ) J 

to accord with the result in Ref. 6. 1 

Professor U. Fano has brought to my attention 
Macek’s analysis’ of the convergence of the hy- 
perspherical expansion for He, 


*D. L. Knirk, Proc. Nat. Acad. Sci. U.S.A. 71, 1291 
(1974). 

3 J. H. Macek, Phys. Rev. 160, 170 ( 1967 ). 
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ANNOUNCEMENT 

Comments on Letters 

For some time now, each of the Physical Reviews has contained a section of 
“Comments.” As originally envisioned, these sections were to Include papers re¬ 
porting relatively minor modifications or additions to papers already published In 
the Physical Reviews as well as in Physical Review Letters. 

There has been, almost from the outset, quite a bit of discussion as to whether 
this arrangement was entirely satisfactory. One problem arises from the fact that 
the Physical Reviews are divided by subject matter, while Physical Review Letters 
covers all areas of physics. Even within a subject area, the readerships of the 
Physical Reviews and Physical Review Letters are not Identical. Thus, a comment 
on a Letter could be missed by an Interested reader. The situation has become 
even more complicated now that the Division of Biophysics of the American Phys¬ 
ical Society has recommended that Letters in that field should be accepted by Phys¬ 
ical Review Letters, but that detailed articles In this area do not belong In the Phys¬ 
ical Reviews. 

In view of these considerations, we have decided to Inaugurates "Comments" sec¬ 
tion In Physical Review Letters, beginning with the Issue of 2 September. In this 
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section we will publish short notes that present small additions to Letters previous¬ 
ly published in this journal, without demanding that they themselves have the quality 
of timeliness expected of regular Letters. We will insist, however, that Comments 
make genuine contributions of their own. We are not interested in providing a forum 
for disputes over priority, or over the most elegant way to obtain a result. What 
we will look for is better exemplified by a notice that a particular paper has impli¬ 
cations—or limitations 1—not brought out in the original presentation. 

We believe that this change will increase the usefulness of our journal. As al¬ 
ways, we welcome expressions of opinion from our readers. 

S. A. Goudsmlt 
George L. Trigg 
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Measurements of Fine Structures in Excited States of 4 He + 
by Fast-Beam Radio-Frequency Resonance 

8. Churassy and M. L. Galliard 

Laboratoirt de Spectrometrie lonique et Moleculairs, 69621 ViUeurbanne, France 

and 

J. D. Silver 

Clarendon Laboratory, Department of Physics, University of Otford, Oxford 0X13PU, England 

(Received 3 June 1974) 


and g-k transitions in electronically excited 
resonances on a fast helium ion beam. 


We report measurements of s-p, f-g, 
Blal.es) of *He + observed via electric dipole 

Measurements of fine structures In hydrogenlc 
atoms are Interesting in that the results obtained 
may be used to test predictions of quantum elec¬ 
trodynamic theory. 1 We have extended the “fast- 
beam radio-frequency” technique of Fabjan and 
Pipkin* to some excited electronic levels of *He + , 
and we present here a preliminary report of our 
experiments. 

The principle of the method Is to observe, at a 
fixed time t after excitation, light arising from 
the decay of levels having several values of or¬ 
bital angular momentum l, belonging to the same 
principal quantum number n ; investigation of the 
variation of this light intensity when the ions are 
subject to an oscillating electric field in the time 
interval between excitation and t can lead to an 
evaluation of certain of the fine structure separa¬ 
tions for that n. If the rf oscillation frequency 
corresponds to a fine-structure separation for 
which A/ = 1, the atom can undergo an electric 
dipole transition; the lifetimes of states of dif¬ 
ferent / are different, so that a change in light 
■intensity observed at time t is to be expected. 

practice, the beam of He + was excited by paBS- 
Pge through a thin carbon foil; it then passed 
■hrough a region where it was subjected to rf 


whose amplitude and frequency could be varied, 
and a monochromator (or interference filter) 
-photomultiplier combination was arranged to ob¬ 
serve light emitted by ions emerging from the re¬ 
gion of rf irradiation. We shall give a brief de¬ 
scription of the apparatus, followed by the re¬ 
sults we have obtained bo far. 

Our 4 He* beam source was a 2-MeV Van de 
Graaff accelerator which furnishes a beam of 
low divergence; this was mass analyzed and ve¬ 
locity stabilized with a bending magnet, and we 
took measurements at 300, 400, and 500 keV, 
corresponding to beam velocities of (3.7, 4.3, 
and 4,8)X10* cm/sec, respectively. Beam cur¬ 
rents used were typically 2 pA, and self-support¬ 
ing carbon foils of between 5 and 10 pg/cm* were 
used to excite the beam, whose cross section 
was 2 mmxg mm to allow the use of a convenient 
configuration for the parallel-plate transmission 
line used to set up the rf field. The direction of 
travel of the rf wave could be chosen to be either 
parallel or antiparallel to the beam direction. 

The chamber was continuously pumped, and main¬ 
tained at a pressure less than 2xio*' mm hg. 

The rf region was a parallel-plate transmis¬ 
sion'line constructed to have a characteristic im- 
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pedance of 50 fi. It was fed from a Rhode & 
Schwartz power rf generator via a HP 778D dual 
directional coupler, whose forward and backward 
plckoffs could be used to monitor the frequency 
and the reflected rf power, respectively. The 
frequency was measured with a Hewlett-Packard 
5245L digital frequency meter with appropriate 
plug-in heterodyne converters. The parallel- 
plate line was terminated with a Hewlett-Packard 
423A detector diode, which was also used as rf 
power monitor for leveling. The rf generator 
was on-off modulated at 1 kHz to facilitate digital 
phase-sensitive detection of the signal. 

Light Intensity emitted from the beam, from 
the region following the rf plates, in selected 
lines, was measured by photon counting, using 
a cooled EMI 6256S photomultiplier tube for alt 
lines except 5560 A, for which a cooled EMI 9658 
tube was used. The photomultiplier tube was fol¬ 
lowed by pulse amplifiers and a discriminator; 
shaped pulses were fed to a digital phase-sensi¬ 
tive detection system. This consisted of two 
scalers, and the 1-kHz rf modulating signal was 
used to control the counters so that one (A) count¬ 
ed with rf on, and the other (B) with rf off. In 
this way, the difference in light intensity emitted 
from the beam with or without rf applied could 
be measured as a function of frequency. In the 
later experiments, the two-scaler system was 
replaced by an SSR digital synchronous computer. 
In order to observe a resonance, the rf genera¬ 
tor would be set to a number of frequencies in 
turn so as to cover the range of interest; for 
each frequency, the rf power was leveled man¬ 
ually , and the SSR computer set to count lor a 
preset number of modulation periods, generally 
10 s (100 sec). The difference between counters 
A and B, normalized to a constant count in A, 
was noted. This constituted the raw experimen¬ 
tal signal. A recording showing the J = J - $ 



600 6 20 640 660 680 200 MHZ 


FIG. 1. Change in Intensity (arbitrary units) as a 
function of applied radio frequency (MHz) for the 6680- 
A transition of *He + . Each curve Is an unresolved 
blend of the nearly coincident S/j/j-Sg,/, and 6rf,/ 2 - 
8*,/j resonances. The curve displaced to higher fre¬ 
quency was obtained with the beam and rf wave travel¬ 
ing In the same direction, the other curve with the 
beam and wave traveling In opposite directions; the 
displacements arise from the first-order Doppler ef~ 


transttton for n = 6 is shown in Fig. 1. The two ‘ 
curves show the first-order Doppler effect in the 
measurements, with the resonance displaced to 
higher frequency corresponding to measurements 


TABLE I. Lamb shifts In *He + , 


Principal 
quantum 
number, it 

Wavelength of 
optical transition 
observed 

(A) 

Measured 

frequency 

(MHz) 

Previous 

observations 

(MHz) 

Theory' 

(MHz) 

4 

4686 (3—4) 

1766 ±44 

1768 ±6* 

1769.4 

6 

3203 (3-6) 

002 ±16 

909 ±7 b 

906.3 

6 

2733 (3-6) 

624 ± 13 

.V. 

524.5 

6 

6660 (4-6) 

530 ±10 

... 

624.5 

7 

2611 (3-7) 

333 ± 8 

... 

330.0 

“Ref. 3. 

b Ref. 

4. 

c Raf. 6. 
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made with the rl wave traveling in the same di¬ 
ction as the beam. For the data shown in the 
Igure, the solid curve represents a computer 
least -squares lit ol the experimental points by 
a Lorentzian curve of variable amplitude, width, 
baseline, and position. The results given in Ta¬ 
bles I and n were, however, obtained from a 
graphical analysis of the resonance curves. 

The errors quoted are larger than the statisti¬ 
cal errors in finding the peak centers; they arise 
jrom errors in rf power leveling (especially ser¬ 
ious for it = 4), uncertainties in profile shapes, 
'orrectlons due to motional Stark effect from an 
incanceled Earth’s field, and with the exception 
d results for 6560 A, errors in the Doppler 
ihifts arising from small uncertainties in beam 
reloclty. For 6560 A, however, this source of 
>rror was avoided by taking measurements for 
oth directions of rf wave. 

We have shown that the method of Fab]an and 
^ipldn may be readily extended to measurements 
[ fine structures in electronically excited states 
1 4 He’, and presented the first rf measurements 
i such structures in « = 6 and 7. Although the 
Irecision of the results we have so far obtained 
i not high enough to constitute a test of quantum 

[ lectrodynamlc calculations for the Lamb shifts 
leasured, there seems no fundamental reason 
hy the measurements of Jacobs, Lea, and Lamb* 
ir a = 4 and of Baumann and Eibofner 4 for « = 5 
nnot be improved upon by the present technique; 
)e possibility of using double quantum transi¬ 
ns, as suggested recently by Kramer et al * 
uld even eventually lead to an improved value 


TABLE n. Fine structures tor *=6 of 4 He* measured 

In the 8660- A transition. 


Transition 

Measured 

frequency 

(MHz) 

Theory* 

(MHz) 

dVr*u/i 

437 *10 

432.3 

fthrith 

848.5 ± 6 

848.6 


649.0 


*Ref. 6. 


for the fine-structure constant. Nonetheless, for 
the higher values of * studied, the presence of 
many closely Bpaced components makes precise 
measurements of the fine-structure separations 
rather difficult. 


'For an up-to-date survey, see V. W. Hughes, In 
Proceeding* of the Third International Conference on 
Atomic Physics, Colorado, 1972, edited by S. J. Smith 
(Plenum, New York, 1973); N. M. Kroll, ibid. 

8 C. W. Fab]an and F. M. Plpldn, Phys. Rev. A 6, 668 
(1972). 

*R. Jacobs, K. Lea. and W. Lamb, Jr., ITiya. Rev. A 
3, 884 (1871). 

4 M. Baumann and A. Elbofher, Phys. Lett. 43A . 106 
(1873). 

*The values given in the tabulation of J. Garcia and 
J. Mack, J. Opt. Soo. Amer. 66, 864 (1966), are suffi¬ 
ciently accurate for our purposes. 

*P. Kramer, B. Lundeen, B. Clark, and F. Plpldn, 
Phys. Rev. Lett. 32, 636 ( 1974 ). 


Elastic and Inelastic Electron Scattering at 20 and 60 eV from Atomic Cut 

W. Williams and S. Trajmar 

Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91103 

(Received 2 May 1974) 

Normalized differential and Integral eleotron-lmpaot cross sections tor elastic scatter¬ 
ing and for the excitation of the *D f /„ '£>,/:• “d levels of atomio copper have 

been determined at 20 and 60 eV. An unexpectedly large cross section was found tor the 
excitation of the levels, which at certain angular and energy ranges surpasses 

the oroea section tor elastic scattering. The integral cross sections In units of 10" M 
cm* are elastic, 91.0 and 69.0; 'A'j/j, 1.86 and 0.36; 1.26 and 0.26; 

77.2 and 38.6, at 20 and 80 eV, respectively. 


lesldes a general interest in Cu in atomic phys- 
> a need for electron-impact scattering cross 
tions has developed recently in connection 


with Cu vapor lasers. 1 "* We are not aware of 
any experimental measurements on electron scat¬ 
tering by atomic Cu, Here, we present normal- 
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ENERGYH.OSS, »V 

FIG. 1. Energy-loss spectrum of Cu at 20 eV Impact 
energy and 18° scattering angle. 


ized differential and integral cross sections at 
20- and 60-eV Impact energies for elastic scat¬ 
tering and for the excitation of the *P and ‘D 
states (upper and lower laser levels, respective¬ 
ly, for the 5108-A and 5782-A lasers). 

The angular distribution for elastic scattering 
shows oscillations similar to those observed for 
other heavy elements. It has been found that at 
certain energy and angular ranges the cross sec¬ 
tion for the unresolved *P 3/ , and excitations 
is larger than that for elastic scattering (see 
Figs. 1-3), An Inelastic cross section of this 
magnitude, particularly when considered rela¬ 
tive to the elastic cross section, is quite unex¬ 
pected and may be an important factor from the 
point of view of laser applications. The cross 
sections for the *O a/J and excitations are 
very similar. They are both strongly forward 
peaked and about an order of magnitude smaller 
than those for the combined *P excitation. Pre¬ 
vious estimations of the *P and ‘D excitations 
based on semiclassical 1 calculations differ sig¬ 
nificantly from these results. 

The measurements were carried out in a 
crossed-beam configuration and with utilization 
of an electron-impact spectrometer similar to 
the one described earlier.* An atomic Cu beam 
was generated by the heating of a tantalum cru¬ 
cible containing Cu by electron bombardment to 
approximately 1250°C. The Cu vapor diffused 
through a 0.1-cm dlam, 0.5-cm-long channel to 
form the target beam. An energy-selected elec- 



FIG. 2. Differential eroBs sections for elastic scat¬ 
tering, and for the excitation of the (*/>,/, + 2 P,/j), 

and 2 Z>,/ 2 states at 20 eV. The elastio scattering 
points below 10* are obtained by extrapolation. 


tron beam (full width at half-maximum around 80 
meV) crossed the Cu beam at right angles at 
about 0.2 cm above the tip of the crucible. The 
electron beam was monitored and trapped by a 
Faraday cup. 

The scattering intensities at fixed Impact ener¬ 
gy (E D ) and scattering angle (9) were determined 
as a function of energy loss (A E) by the use of 
pulse counting by multichannel-scaling technique! 
Energy-loss spectra were obtained by our super¬ 
imposing several energy-loss scans with the aid 
of the 1024-channel scaler. The Impact-energy 
scale is believed to be accurate to ± 0.5 eV. The 
angular resolution can be estimated as described 
earlier 7 to be between 1.7 to 3.2°. A typical B r 
trum is shown in Fig. 1. The two components d 
the *P transition are separated only by 0.031 eV 
and are not resolved In the present measure¬ 
ments. Double-scattering features similar to tb 
one observed by Hertel and Ross for potassium' 
(*P+*P) were not observed and therefore their 
effects can be neglected compared with other er-1 
rors involved in the measurements. 9 

Ratios of the inelastic-scattering Intensities 4 
the elastic-scattering Intensity were determ in 
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FIG. 3. Differential cross sections for elastic seai- 
srlng, and for the excitation of the fPj/j +1 F’i/j), 

P t /j, and t D t / l states at 60 eV. The elastic scattering 
'Hints below 10* are obtained by extrapolation. 


_>r each spectrum in the range 10 to 140 9 . The 
astic-scattering angular dependence In the same 
btular range was measured In a time short com- 
red to the Instrumental drift. The measure- 
ents were repeated several times until a reli- 
»le elastic-scattering distribution was obtained, 
ita below 10° were not taken because of dtrect- 
:m contribution. The elastic-scattering inten- 
tles were converted to differential cross see¬ 
ing in arbitrary units with an effective scatter¬ 


ing-path-length correction. The accurate deter¬ 
mination or calibration of the effective path- 
length correction is not feasible in the present 
apparatus, but one determined in another appa¬ 
ratus with similar scattering geometry was used. 
The low-angle behavior of the Inelastic cross 
sections were determined down to 0° (no direct- 
beam contribution). The actual 0° scattering an¬ 
gle was determined by finding the point of sym¬ 
metry tn the *P angular scattering distribution 
around 0°. 

The elastic differential cross sections were 
extrapolated to 0° and to 180° and Integrated to 
obtain Integral cross sections. These integral 
elastic cross sections were normalized to the 
Integral elastic cross-section values calculated 
by Winter and Cartwright.® The intensity ratios 
combined with the normalized elastic cross sec¬ 
tions yielded normalized Inelastic cross sections. 
The details of this calculation and the justifica¬ 
tion for the normalization procedure will be dis¬ 
cussed elsewhere." Based on comparison of In¬ 
tegral elastic cross sections obtained by this cal- 
cuiational method to experimental data, in case 
of potassium, we believe that the absolute value 
of the normalized cross sections is accurate to 
within ± 50 and ±75% for 60 and 20 eV, respec¬ 
tively. When more accurate calculations or ex¬ 
perimental procedures become available, the 
cross sections can be easily renormalized. The 
relative values of the cross sections are estimat¬ 
ed to be accurate to within ± 20% on the basis of 
a procedure described previously. 1 A normaliza¬ 
tion to the optical / value was employed by Her- 
tel and Robs® for potassium. We found that this 
procedure for the ! P excitation was not more 
reliable than the one which we followed above 
even though our measurements extend to lower 
momentum-transfer values than those of Hertel 
and Ross. The normalized *P cross section when 
plotted as a function of momentum transfer can, 
however, be extrapolated reasonably well to the 
optical / value of 0.711 as given by Corliss. 10 


TABLE I. Summary of Integral cross sections (In units of 10’ 1 * 
cm*). 




Present Results 




E» 

<eV) 

Elastic 

Momentum 

transfer 




Leonard 

20 

91.0 

64.7 

77.2 

1.85 

1.26 

0.2 6.2 

60 

59.0 

17.5 

36.5 

0.66 

0.26 

0.014 4.0 
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Figures 2 and 3 show the results lor 20- and 60- 
eV impact energies, respectively. 

The integral cross sections are summarized 
in Table L A more detailed description of the 
results as well as cross sections at other impact 
energies and for other electronic transitions will 
be published later. 


tThia paper presents the results of one phase of re¬ 
search carried out at die Jet Propulsion Laboratory, 
California Institute of Technology, under Contract No. 
NAS7-100, sponsored by the National Aeronautics and 
Space Administration. 

*D. A. Leonard, IEEE J. Quantum Electron. 3, 380 
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2 W. T. Walter, IEEE J. Quantum Electron, 4, 365 
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Observation of Stimulated Anti-Stokes Raman Scattering in Inverted Atomic Iodine* 

R. L. CarmanT and W. H. Lowdermilk I 

iMurrence Livermore Laboratory, University of California, Livermore, California 94550 , 

(Received 23 May 1974) 

Nonresonant stimulated anti-Stokes Raman scattering from an inverted population in 
atomic iodino has been observed. The population inversion was achieved by Rash photol¬ 
ysis of trifluoromethyliodlde. A gain of e T was measured for a laser probe pulse at the 
anti-Stokes wavelength passing through the Inverted Iodine coincident with a laser pump 
pulse. This result is in good agreement with theoretical predictions. 


In (he presence of intense electromagnetic ra¬ 
diation of optical frequency a.’,, atoms in an ex¬ 
cited metastable state of energy can decay 
through enhanced two-photon emission 1 and anti- 
Stokes Raman scattering. 1 In the first process, 
two photons are emitted with frequencies Wj and 
ujj = In the second process, the incident 

photon 1 b absorbed and simultaneously a photon 
of energy oo a = w 0 +■ is emitted. If the intensity 
at frequency a’ a becomes sufficiently large, these 
emission processes will be stimulated. Reso¬ 
nant stimulated anti-Stokes Raman scattering has 
been observed by Sorokin el al * in potassium va¬ 
por in which a population inversion between the 
two 4 *P excited states was produced through ab¬ 
sorption of laser light by atoms in the 
ground state. In this Letter we report the first 
observation of nonresonant stimulated anti-Stokes 
Raman scattering (ASRS) in a medium in which a 
population inversion was produced by an incoher¬ 
ent pumping source. An inversion between the 
5 a P, /a ground state and the metastable 5 *P 1/t ex¬ 
cited 6taie of atomic iodine was achieved by flash 


photolysis of trifluoromethyliodlde (CF S I). The 
ASRS was then observed by measuring the gain 
at the anti-Stokes wavelength experienced by a 
laser probe pulse as it passed through the invert¬ 
ed Iodine coincident with a 1.00-fim laser pump 
pulse. Since the iodine metastable energy Hu 0 ^ 
= 7604 cm' 1 was less than the incident photon en- 1 
ergy =9391 cm’ 1 , only the anti-Stokes Ram: 
decay process could occur. The possible use of 
ASRS in iodine to produce frequency up-conver¬ 
sion of high-power lasers was recently suggested 
by Vinogradov and Yukov. 4 

The experimental arrangement used is shown 
in Fig. 1. The neodymium-doped yttrium alumi¬ 
num garnet oscillator® was electro-optlcally Q 
switched permitting rebable time synchroniza¬ 
tion between the laser pulse and the flashlamp 
discharge used to invert the iodine. The oscil¬ 
lator produced a train of pulses each of 0.75- 
nsec duration with a transform-limited band¬ 
width of 0.020 cm’ 1 . The pulse duration was as 
shrrt as possible, consistent with the limit im¬ 
posed by steady-state Raman scattering theory, 
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FIG. 1. Experimental arrangement used to measure anti-Stokes Raman gain In Inverted Iodine. A, aperture; 
F, filter; M, mirror; PD, photodiode; PM, photomultiplier; and R. half-wave rotator. 


to minimize difficulties with optical breakdown 
and saturation of the Raman gain by depletion of 
the excited-state population. A single pulse from 
the train was selected, passed through a spatial 
filter, and then amplified by Ndiglass amplifiers 
to an energy of 0.25 J. After amplification, the 
beam intensity was 10® W/cm“, and the diver¬ 
gence angle was 250 Mr ad. 

This pulse passed through a deuterated potas¬ 
sium dihydrogen phosphate crystal in which ap¬ 
proximately 10% of the energy was converted to 
the second-harmonic wavelength of 5324 A. Mir¬ 
ror M, reflected the pulse at the fundamental 
wavelength and transmitted the second harmonic. 
The second-harmonic pulse was then used to 
pump a traveling-wave rhodamine B dye laser 
which provided the ASRS probe pulse. The dye 
laser consisted of a 1-cm quartz cell containing 
a 10'*Af solution of the dye in water. Its emis¬ 
sion occurred in a 100-cm" 1 bandwidth with the 
peak at 5850 A. The dye cell windows were tilt¬ 
ed to Brewster’s angle with respect to the laser 
pulse direction so interference effects were avoid¬ 
ed and a smooth spectral intensity distribution 
was produced. The apertures A„ A„ and A, 
were used to restrict the diameter and angular 
divergence of the dye laser probe pulse to equal, 
as nearly as possible, the diameter and diver¬ 
gence of the pump pulse. This restriction was 
necessary since only the portion of the probe 
pulse which overlapped with the pump pulse in 
the iodine could experience gain and any addition¬ 
al probe light reaching the detection apparatus 


would have reduced the signal-to-nolse ratio. To 
avoid saturation of the Raman gain, the power of 
the probe pulse was reduced to about 100 W by 
filter F x . The probe-pulse energy £, was mea¬ 
sured by the photomultiplier PM X . A half-wave 
plate was used to make the polarization of the 
pump pulse parallel to that of the probe pulse. 

The photodiode PD measured the pump-pulse In¬ 
tensity and the time at which the photodiode sig¬ 
nal occurred was compared with the flashlamp 
discharge current to verify proper time synchron¬ 
ization. The probe and pump pulses were recom¬ 
bined at mirror M,. Considerable attention was 
given to maintaining exact spatial and temporal 
overlap of the two beams over the length of the 
iodine cell. An inverted Gallilean telescope re¬ 
duced the beam diameters to 2 mm. Entering the 
iodine cell, the pump-pulse intensity was approx¬ 
imately 10 10 W/cm a . The maximum laser pump 
intensity in the collimated beam was limited by 
the damage threshold of the quartz cell window. 

A collimated-beam, rather than a focused-beam, 
geometry was chosen again to avoid optical break¬ 
down and gain saturation, and also to minimize 
the effects of line broadening due to the optical 
Stark effect. As the two pulses passed through 
the inverted iodine, the portion of the dye emis¬ 
sion spectrum at the anti-Stokes Raman wave¬ 
length was amplified as indicated in Fig. 2. After 
passing through the iodine cell, the pump pulse 
was blocked by the filter P„ and the probe pulse 
entered the 1-m Spex spectrograph which was set 
to transmit a bandwidth of 0.3 cm' 1 at the anti- 
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FIG. 2. Schematic representation of tho laser probe 
pulse spectrum (a) before and (b) after passing through 
the Inverted iodine coincident with the laser pump pulse. 


Stokes wavelength. The amplitude of the signal 
from the photomultiplier PM t was proportional 
to the transmitted probe pulse energy £,. The 
ASRS gain was obtained from the ratio £ J /E 1 
which was measured to be 7.4 ±0.5. No gain was 
observed when the iodine was not inverted, when 
the laser intensity was reduced by a factor of 3, 
or when the spectrograph was tuned 0.5 cm* 1 
away from the anti-Stokes wavelength. 

Atomic iodine was chosen for these investiga¬ 
tions for several reasons. A number density of 
inverted atoms sufficient to produce a measur¬ 
able electronic Raman gain could be generated 
by flash photolysis of CF,I under reasonable 
flashlamp pumping conditions. Since the transi¬ 
tion a P, /s - , f , „. ! 18 ^e 1.315-pm atomic iodine 
laser transition, the ways in which to produce 
efficiently and measure quantitatively the popula¬ 
tion Inversion had been well studied," and infor¬ 
mation concerning the relevant kinetics was 
available. 7 At the laser intensities used in this 
experiment, stimulated vibrational Raman scat¬ 
tering did not occur in CF,I or the dissociation 
products. 

An iodine laser head designed to assure uni¬ 
form pumping of the CF,I was used for these ex¬ 
periments. The CF S I was contained at a pres¬ 
sure of 100 Torr in a tube 60 cm long with 12 mm 
diam. Pumping was accomplished by four linear 
flashlamps with 7-mm bore and 50-cm arc length. 
The flashlamp discharge lasted 20 psec with 
equal 10-psec rise and decay. With the addition 
of an external mirror to provide feedback at 
1.315 pm, laser action in the iodine cell occurred. 


The iodine transition is magnetic-dipole allowed 
with a single-photon emission cross section o 
= 2X10*' cm* for 100 Torr CF,L Measurements 
of the output energy at laser threshold allowed 
an estimate of the peak inversion density of N 
= (2-5)xi0“ atoms/cm*. Significantly higher in¬ 
version densities were not possible because of 
the superfluore8cence decay of the excited state. 
Since for CF S I pressure of 100 Torr, the excited- 
state lifetime of - 50 psec Is long compared to 
the flashlamp discharge, the peak inversion oc¬ 
curred at the end of the discharge. It was a ma¬ 
jor concern that shock waves would be generated 
in the CF a I by flashlamp heating before a signif¬ 
icant Inversion existed and the resulting light 
scattering would prevent the observation of gain. 
To study this effect, a He-Ne laser beam of var¬ 
ious diameters was passed through the iodine 
cell followed by a lens-aperture spatial filter. 

The transmitted Intensity, measured by a photo¬ 
multiplier, decreased abruptly 25 psec after Ini¬ 
tiation of the flashlamp discharge. Thus, the la¬ 
ser pulses had to pass through the Iodine cell 
within 5 psec of the end of the discharge. Since 
the excited-state lifetime is sensitive to small 
concentrations of Impurity molecules, notably I, 
and O,,* the gas cell was pumped and refilled af¬ 
ter each shot. 

According to the theory of stimulated Raman 
scattering," exponential amplification /,=/, 
xexp (gl t L) occutb if the amplified ASRS inten¬ 
sity /* is small compared to the laser intensity 
l L . /, is the incident ASRS intensity, L is the in¬ 
teraction length, and the steady-state gain coef¬ 
ficient g is given by 10 


2A AS a iv(8g/t)0) r 
Hw l r a + Aoi a ' 


(i) 


Here ao/afi and r are the spontaneous Raman 
scattering differential cross section and linewidth 
(half width at half-maximum), respectively; \ AS 
is the anti-Stokes wavelength; is the laser 
frequency; and bw tu AS - w 0 is the frequen¬ 

cy offset from exact resonance. The Raman scat¬ 
tering cross section for atomic iodine can be es¬ 
timated from general formulas. 11 Since the ener¬ 
gy levels of interest are far from all other atom¬ 
ic levels and from the ionization continuum, a 
summation over virtual states can be carried out 
approximately by the use of sum rules. Such an 
estimate gives the value of aa/sfi^lO**’ cmVsr 
for a pump wavelength of 1.06 pm. The collision- 
ally broadened Raman linewidth Is T°<0.05 cm* 1 -” 
The optical Stark shift of the iodine levels under 
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the influence of a laser Intensity of 10 10 W/cm 2 
is approximately 0.03 cm* 1 . From Eq. (1) the 
expected ASRS gain was estimated to be approx¬ 
imately e 1 . Since the pump pulse duration t, sat- 
. isfies the relationship i p >gI L LT~ l , the gain may 
’ be calculated by use of the steady-state theory. 1 ’ 

The experimentally measured quantity is the 
energy ratio E t /B l where A', and E t are, respec¬ 
tively, the incident and amplified pulse energies 
in the 0.3-cm* 1 (full width at half-maximum) 
bandwidth transmitted by the spectrograph. Thus, 
to compare with the experiment, the ASRS inten¬ 
sity gain must be expressed in terms of this ra- 
t tlo. The pulse energies are obtained from the In¬ 
tensities by Integration over time t, radius r, 
and frequency offset Aw; 

E ut = fl ut (r,l, bu)2vrdrdtdAio. (2) 

The incident probe and pump pulses are taken to 
be Gaussian with the same radius and duration: 

t =l io ,Lo exp {- ((r/r 0 ) 2 + (f /<„)*]}. (3) 

in addition, we assume the pump pulse to be 
monochromatic, and the probe Intensity to be 
constant as a function of frequency over the band¬ 
width of interest. 

We introduce the parameters R=r/r a , T=l/t 0 , 
w = dw/T, and y = g(0) I lo L which is the gain co¬ 
efficient on resonance at the maximum laser In¬ 
tensity. The integration to obtain A, can be done 
exactly. However, only the radial part of the E t 
integral can be done, so an approximation must 
be made. For R*,T 3 , w 2 «1 and y »1, /, may be 
approximated by 

f^/^expMl-fi’-r’-w 2 )]. (4) 

The effects of "gain narrowing" are Immediately 
apparent as the half-width In R, T, or tu of the 
amplified pulse Is proportional to (ln2/y) 1/s . Thus 
for sufficiently large values of y, the amplified 
pulse energy £ t la obtained to a high degree of 
accuracy by Integration over the volume In the 
W,T,«) parameter space which does not violate 
the Initial assumption of the approximation given 
hy Eq. (4) toT,. The calculated value of the en¬ 
ergy ratio is then E i /£ l = 0,3(e r /y J ). From the 
experimental value of the ratio £ s /t, =7.4 ±0.5, 


the peak ASRS gain e r occurring under the con¬ 
ditions of this experiment is found to be e 7-120 **. 
Using this value for the peak gain, the error in 
the approximation to £, was estimated by numer¬ 
ical integration and found to be less than 15%. 

In view of the uncertainties In experimental pa¬ 
rameters, the observed gain is in good agree¬ 
ment with theoretical predictions. 

The authors gratefully acknowledge many in¬ 
teresting discussions with Dr. C. K. Rhodes, 

Dr. D. W. Gregg, and Dr. A. J. Glass and the ex¬ 
pert technical assistance of Mr. T. C. Kuklo. 
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Calcium Double AT-Shell Ionization Produced from 24.0- to 48.0-MeV Oxygen Bombardment* 


David K. Olsen and C. Fred Moore 
Center for Nuclear Studies , University of Texas, Austin, Texas 76712 
(Received 26 May 1974) 

We have measured relative x-ray-production cross sections for Ca A a satellite and 
hypersatellite transitions produced from 24.0- to 48.0-MeV oxygen bombardment of thick 
targets. All cross-section ratios as functions of projectile energy for initial defect con¬ 
figurations K*f. ; , where * = 1,2 and l =0,1,2,3,4, are in qualitative agreement with con¬ 
figuration-space binary-encounter—approximation predictions. 


Inner-shell Ionization by fast heavy-ion impact 
has received much attention in recent years.' 
Coulomb ionization by protons and a particles is 
reasonably well understood; however, as the pro¬ 
jectile charge increases many new phenomena 
occur and many small effects become large. 1 In 
particular, the number of electron vacancies pro¬ 
duced increases which greatly complicates a de¬ 
scription of the collision. It has been proposed 


that such a collision can be described with clas¬ 
sical and semlclassical impact-parameter for¬ 
malisms. 3 ' 4 

In this Letter we report the measurement for 
the first time of both satellite and hypersatellite 
relative x-ray-production cross sections over a 
range of beam energies. Relative Ca x-ray-pro¬ 
duction cross sections were measured for all 
Initial defect configurations K k L 1 , where *= 1, 2 



FIG. 1. Calcium Aia and Aft x-ray spectrum produced with 48.0-MeV 0 14 bombardment. A total charge of 2.0 (<C 
was collected for each channel which had a constant wavelength width of 0.000 76 A. Each line is labeled by tbe elec 
tron vacancies in the initial state where the transition energies are given in Table I. Note the similar relative in' 
tensities distributions for the satellite (A 1 !. 1 ) and hypersatellite (A 2 *. 1 ) groups. 
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and /■ 0,1, 2, 3, 4, from 24.0- to 48.0-MeV oxygen 
bombardment In 3.0-MeV steps. Previously, 
thick-target hypersatellite yield ratios have been 
measured only at a single energy,* whereas satel¬ 
lite cross-section ratios have been measured as 
(unctions of beam energy 6 - 7 and projectile and tar¬ 
get charge. 6 The additional cross-section ratios 
given by the hypersatellite lines provide a much 
more stringent test of the impact-parameter for¬ 
malism and Ionization mechanisms. 

The measurements were made with 0 s 7 to O 77 
beams from the University of Texas EN tandem 
Van de Graaff accelerator which were focused on¬ 
to thick calcium targets mounted at 45°. The re¬ 
sulting x-ray spectra were measured at 90° with 
an Applied Research Laboratory curved-crystal 
spectrometer employing a L1F crystal (2d = 4.027 
&). Figure 1 shows a spectrum produced with 
48-MeV oxygen bombardment. At this high ener¬ 
gy the total double -K -vacancy Ka yield Is 2.0% 
of the total single-A-vacancy Ka yield. Table I 
compares the experimental transition energies 
with Hartree-Fock-Slater" (HFS) and Hartree- 
Fock 10 (HF) calculations normalized by adding a 
constant energy to each transition In order to 
give the experimental Ka diagram energy. The 
HF calculations reproduce within a few eV the 
experimental hypersatelllte energies, whereas 
the HFS energies are off by about 40 eV. Evident¬ 
ly the Slater approximation for the exchange in¬ 
tegral Is not adequate for double A-shell vacan¬ 
cies. This HF agreement with the transition en¬ 
ergies, coupled with the one-to-one correspon¬ 
dence In the relative intensities between the sat¬ 
ellite and hypersatellite yields for each value of 
/, gives us confidence that we have identified the 
number of L -shell vacancies for the hypersatel- 


TABLE I. Calculated and experimental satellite and 
hyperaatelllte x-ray transition energies in eV. 


X-ray 

HFS 

HF 

Exp. 

Hn 

3690 

3690 

3690 

KLut 

3710 

3708 

3714 

«£.=(* 

3732 

3729 

3737 

kl\> 

3754 

3750 

3781 

A£,ia 

3779 

3773 

3785 


3848 

3891 

3890 

K>La 

3869 

3911 

3913 

A l Lkt 

3892 

3932 

3936 

&L i u 

3916 

3965 

3959 

A 

3941 

3979 

3985 

Kfi 

4012 

4014 

4013 


lite lines correctly. 

Thick-target spectra were taken from 48.0 MeV 
down to 24.0 Mev in 3.0-MeV steps. Most spec¬ 
tra were repeated more than once to Insure the 
consistency of the data. The total single-A-va¬ 
cancy Ka yield decreased by about a factor of 23 
over this energy range, whereas the total double- 
K -vacancy Ka yield decreased by a factor of 
about 150. Below 24.0 MeV the hypersatelllte 
lines could not be observed clearly above the 
background. For each spectrum, the number of 
counts In each peak was unfolded by fitting the 
spectral region from the Ka la line up to and in¬ 
cluding the Fuy line with the sum of a linear 
background and twelve symmetric Gausslans, 
From these yields, relative thick-target yield 
ratios as a function of beam energy were found, 
and relative cross-section ratios as a function of 
beam energy were calculated based on Eq. (5.2) 
of Merzbacher and Lewis. 11 Stopping powers 
from Northcllffe and Schilling, 16 absorption co¬ 
efficients from Dewey, Maples, and Reynolds, 16 
and low-resolution x-ray cross sections for oxy¬ 
gen on calcium from Burch 16 and Gray et al , 15 
were employed. Because we are only Interested 
in cross-section ratios, much of the error in ex¬ 
tracting cross sections from thick-target yields 
canceled out. 

Figure 2 Bhows the ratio of the total double K- 
shell x-ray cross section a„, summed over all 



OXYGEN ENERGY (MeV) 

FIG. 2. Experimental ratio of the total double X- 
ehell ionization cross section to the single A'-shell Ioni¬ 
zation cross section summing over all possible L-shell 
vacancies. The smooth curve Is a configuration-space 
BEA prediction for this ratio from Eq. (2). 
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L -shell vacancies, to the total single A-shell x- 
ray cross section a, M . As shown in Fig. 2, at 24 
MeV cr 3t is 0.0072 times o, K , whereas at 48.0 
MeV this ratio is 0.027. In addition to this cross- 
section ratio, both the satellite cross -section 
fractions and the hypersatellite cross-section 
fractions were extracted from the experimental | 


yields, but are not shown. 

These data can be understood using an impact- 
parameter formalism with a direct Coulomb 
mechanism. Assuming uncorrelated electrons 
and shells, and assuming no difference between 
2s and 2fi subshells, we can write the cross sec¬ 
tions for ejecting k A-shell electrons and l L- 
shell electrons as 2 


o Wi(t -f - />*.<*)]'-'2*6di. 


( 1 ) 


where /',(*) and P t (6) ere the probabilities per electron at impact parameter 6 for removing K- and 
/.-shell electrons, respectively, and of course depend on the incident projectile energy E, After sum¬ 
mation over 1, the ratio of the double A-shell cross section to the single A-shell cross section is giv¬ 
en by 


=/“ P k s (b)2vbdb/jj2P K (b)[l - P K (6)j2v6d6. 


( 2 ) 


For A'-shell ionization, P L (h) in Eq. (1) is con¬ 
fined to only those values of h for which P t {6) / 0. 
In this case It is a good approximation to set 
P L (b)~ P L (0) which implies that the ionization 
satellite fractions and hypersatellite fractions 
are given by the same binomial distribution. 

That is, 

= f?W(0)(t - P L (0)f-‘. (3) 

°1t <*2* V'/ 


ty in the exact background level under the hyper¬ 
satellite lines and deviations of the fluorescence 
yields from the statistical model. In any case 
the Impact-parameter formalism appears to be 
valid. The smooth curve is a configuration- 
space binary-encounter-approximation 3 (BE A) 
prediction of P,.(0) for direct Coulomb ionization 


If our assumptions and the impact-parameter 
formalism are valid, then the satellite fractions 
and the hypersatellite fractions must be the same; 
that is, both sets of intensity distributions are 
generated from the same P L ( 0). This can be ob¬ 
served in Fig. 1 for thick-target x-ray yields. 

For a given number of /.-shell vacancies, the 
relative intensity of a satellite line is roughly 
equal to the relative Intensity of the correspond¬ 
ing hypersatellite line. This correspondence is 
shown more quantitatively in Fig. 3 which shows 
the P L ( 0) extracted from both the satellite and 
hypersatellite ionization fractions by the use of 
Eq. (3) for a one-parameter fit at each energy. 
The x-ray fractions were converted to ionization 
fractions with fluorescence yields by the use of 
the statistical model of Larkins, 1 ’ and by the as¬ 
sumption that 2s vacancies are transferred to the 
2p shell by fast Coster-Kronlg transitions. The 
problems associated with this assumption are 
discussed in Ref. 6. The fits to the fractions are 
not shown, but were good. The P L (0) from the 
two distributions are nearly equal; at 24,0 MeV 
the P t (0) from the hypersatellite lines is 209F 
higher than that from the satellite lines, where¬ 
as at 48,0 MeV it is only 101 higher. Part of 
this difference could be caused by the uncertaln- 



FIG. 3. Experimental P^(E, 0) extracted at each ener¬ 
gy from the measured satellite and hypersatellite x-ray 
fractions using the binomial distribution of Eq. (3) for 
a one-parameter fit. Statistical-model fluorescence 
yields wore used. The smooth curve is a configuration* 
space BEA prediction of P L (E, 0). 
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assuming a point charge of seven for the oxygen 
projectile and averaging the 2s and Ip subshells. 

# Although it has the correct shape, this calculated 
curve is roughly 50% higher than the experimen¬ 
tal data If on the other hand, Eq. (1) were inte¬ 
grated directly with the use of calculated P L (b), 
the comparison between experiment and theory 
would not be transparent because the satellite 
and hypersatellite fractions depend on 7*^(6) 
raised to high powers. 

Similarly the smooth curve in Fig. 2 is a pre¬ 
diction of Car/um obtained by Integrating Eq. (2) 
using configuration-space BEA a P t (b) with a pro¬ 
jectile charge of seven. Both the experimental 
ratio and the calculated ratio increase with in¬ 
creasing bombarding energy; however, the theo¬ 
ry predicts this ratio to be a factor of 3 too 
large at 24.0 MeV and 50% too large at 48.0 MeV. 
The ratio of a 3k /a lK is sensitive to both the shape 
and magnitude of P K (b) because a 3K depends on 
the square of this probability. 

In summary, for the first time both satellite 
and hypersatellite x-ray-production cross sec¬ 
tions have been measured. In particular, it has 
been measured that the satellite and hypersatel¬ 
lite fractions are very similar, and that multi¬ 
ple /,-shell ionization is decreasing whereas mul¬ 
tiple A-shell Ionization Is Increasing over the 
projectile energy range which is considered. 

The general trend of all the experimental cross 
section-ratios are given by BEA configuration- 
space calculations’; however, for both the K and 
L shells the BEA gives more multiple inner-shell 
ionization than is experimentally measured. 

Most of the deviations between experiment and 
theory are thought to arise from the Inability to 
account accurately for binding-energy changes 
and distortion effects during the collisions. For 
example, It can be argued that Eq. (2) should be 
recast to account for the Increase in binding of 
one K -shell electron due to the prior removal of 
the other. This would lower o,„ and improve the 
agreement with experiment; however, since the 
collision time is very short such procedures are 
subject to interpretation. 
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Population of Excited Electronic Levels by Beta Decay, 
and Its Influence on Mossbauer Source Spectra 

L. L. Hirst,* J. Stdhr, C. K. Shenoy.t and G. M, Kalvlus 
Physik Department, Teclmische Vniversitat Mencken, 8046 Ga robing, German Federal Republic 

(Received 13 May 1974) 

In a Mossbauer source experiment the 0 decay produces a large Initial population of 
tbs excited electronic levels of the MSasbauer source atom. It is shown that this causes 
such excited levels to contribute more prominently in the source experiment than In the 
corresponding absorber experiment. These contributions can provide a particularly sen¬ 
sitive method for studying relaxation rates among the excited electronic levels. A de¬ 
tailed discussion and model calculations are given for dilute paramagnetic 4/ impurities 
In a metal. 


In Mossbauer (MB) source experiments there Is 
initially a large population of high-lying electron¬ 
ic levels of the MB atom following the 0 decay. 
The relaxation of these populations toward their 
thermal-equilibrium values Is referred to as re¬ 
arrangement. In the past, rearrangement has 
been considered mainly in the special sense of 
the transfer of electrons to or from the source 
atom, f.e., configurational rearrangement.' Here 
we point out that the time for intraconfigurational 
rearrangement )e.g., the thermalization of initial 
populations of excited crystal-field (CEF) levels) 
can be appreciable even when the time needed for 
the configurational rearrangement is negligibly 
small. In such a case, the MB spectrum In a 
source experiment contains appreciable contribu¬ 
tions from the intraconfigurational excited states 
which would be absent from the corresponding ab¬ 
sorber spectrum. We shall indicate how these In¬ 
traconfigurational rearrangement effects can be 
dealt with theoretically, and show that in favor¬ 
able cases the MB source experiments provide a 
particularly powerful technique for Investigating 
relaxation processes Involving intraconfiguration¬ 
al excited levels. 

Such intraconfigurational rearrangement effects 
can affect the MB source spectra of various sub¬ 
stances, including insulators and intermetalllc 
compounds. 1 For brevity, however, we restrict 
the present discussion to the MB spectra of dilute 
4/impurities In metals.’’’ To achieve sufficient 
Intensity at high dilution, such impurities have 
always been studied as sources. Although ab¬ 
sorber experiments appear Impractical, it Is 
still of interest to compare theoretical spectra 
for the source and absorber cases. 

Experiments of the type considered here are 
performed using as a source a metal foil contain¬ 
ing neutron-activated 4/Impurities which are the 


radioactive parent of the MB atom. The p decay 
of such an impurity prepares the emission of the 
MB y quantum, and also starts a rearrangement 
of the electronic shell of the Impurity In response 
to the change In nuclear charge. The rearrange¬ 
ment proceeds as a multistep cascade from high¬ 
er to lower levels, with different times charac¬ 
teristic of the various decay steps. Any decay 
step can be regarded as quasi-instantaneous as 
far as the MB effect Is concerned when Its char¬ 
acteristic time Is short compared to (wm)" 1 
** 10 MO sec, where 8u> hf is the total hyperfine 
splitting.® 

Since the p decay increases the nuclear charge 
by one, the first rearrangement step to consider 
in the electronic shell is the configurational rear¬ 
rangement 4/"*’ - 4/*. The decay of the unstable 
configuration occurs by absorption of a conduc¬ 
tion electron into the 4/ shell via the Anderson 
mixing Interaction. The rate is approximately 
A//i» 2 x 10” sec" 1 , where we have assumed a val¬ 
ue of 0.01 eV for the virtual bound-state width A. 
The configurational rearrangement is therefore 
quasi-Instantaneous. 

The 4/■ ground configuration of the MB atom is : 
split into various [Si ]-</ manifolds. The ground 
manifold is subject to an overall CEF splitting of 
~0.01 eV, and the excited manifolds lie 0.1 eV or ; 
more above it. The configurational rearrange¬ 
ment will leave the electronic shell in a highly 
excited state within the ground configuration, so 
an intraconfigurational rearrangement Is neces¬ 
sary to reach thermal equilibrium. This is pro¬ 
vided by the k-f coupling in the sense of a gener¬ 
alized Schrleffer-Wolff effective interaction. 7,9 
When written In its most general form, this Inter¬ 
action provides transitions among all pairs of 
Btates belonging to the ground configuration. In 
Becond-order perturbation theory the transition 
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rate may be written**’ 

* W( . / «2»|/p(e,)l , f {E t -E t ,kf). (1) 

Here p(«ir) is 0,6 density of conduction-electron 
states, / is a coupling constant characterizing 
the generalized *-/interaction, and L(E,kT) 
s E{exp(E/kT) - 1)'\ We have omitted from Eq. 
( 1 ) a sum over matrix elements which depends 
upon the specific transition but Is of the order of 
unity. For the initial steps of the intraconflgura- 
tional rearrangement we are interested in decays 
from high-energy states, for which E i -E,»hT. 
Then l^Ef-Ef, so that the decay rate is tem¬ 
perature independent and proportional to the en¬ 
ergy difference. Taking ip(e t ) = 10‘* from elec¬ 
tron paramagnetic resonance (EPR) studies, 10 we 
find that such a high-energy decay is quasi-ln- 
st&ntaneous (w t when E t -E f » 0.01 eV. 

The rearrangement among [SL]-J manifolds can 
thus be regarded as quasi-Instantaneous. The re¬ 
arrangement among the lowest CEF levels, how¬ 
ever, will in general be slow enough to Influence 
, the MB spectrum. 

^ Solutions for MB spectra in the presence of 
| electronic relaxation can be obtained by solving 
f an appropriate equation of motion.*• 11 The intra- 
configurational rearrangement results from the 
same electronic relaxation processes and hence 
is implicit in the equation of motion; all that is 
necessary is to make the proper choice of the Ini¬ 
tial population distribution appearing in the theo¬ 
ry. For a MB absorber, the appropriate initial 
population is a thermal Boltzman weighting of 
the nucleonic eigenstates with the nucleus In Its 
ground state. In the case of a 4/ Impurity as the 
MB source, the cascade of quasi-Instantaneous 
decays through the higher electronic levels fol¬ 
lowing the £ decay will produce an essentially 
random initial population of the CEF levels with¬ 
in the [Si]-./ ground manifold. The Initial nucle¬ 
ar-spin orientation la also random. Hence, the 
1 proper initial population distribution Is the one 
in which the occupation probability Is equal for 
all nucleonic, eigenstates containing the nucleus 
in its excited state and the electronic shell in its 
ground manifold. 

The numerical evaluation of the above solution 
does pose practical problems, since, in general, 
it is necessary to Include all CEF levels In the 
treatment. If the methods of Ref. 3 are applied 
straightforwardly, one obtains matrix equations 

I with a dimensionality of aeveral hundred In typi¬ 
cal cases. This dimensionality can be reduced 
considerably by the application of symmetry con- 



FIG. 1. Model calculations for the Z* —■ O'* Mossbauer 
spectrum of no Yb s * impurities in a metal, where the 
relaxation is produced by a generalized Schrieffer- 
Wolff coupling with -0.01. Source and absorber 
spectra are Indicated by solid and daahed curves, re¬ 
spectively. 


slderatlons,* but the computational problem re¬ 
mains a major one. We shall therefore illustrate 
our discussion with model calculations for Yb ,+ 
in a cubic CEF where only three levels exist. 

Such calculations are shown in Fig. 1. The solid 
curves show source spectra at various tempera¬ 
tures. For comparison the corresponding ab¬ 
sorber spectra are shown as dashed curves. The 
CEF parameters were chosen to produce a r T 
doublet ground level, and r B and r„ excited lev¬ 
els at 17.5 and 18.2 K, respectively. The relaxa¬ 
tion arises from a generalized Schrieffer-Wolff 7 ** 
interaction with fp(e,) - 0.01. The two main peaks 
of the low-temperature spectra result from the 
r 7 ground level.* The low-temperature source 
spectra show additional contributions from the 
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CEF excited levels, which are absent from the 
corresponding absorber spectra. As indicated 
by Eq. (1), the rate of relaxation from a higher 
to a lower CEF level approaches a finite limit 
for temperatures small compared to the CEF en¬ 
ergy difference. Since the initial populations are 
also temperature independent in a source experi¬ 
ment, the contributions from the excited CEF 
levels approach a finle limiting form at temper¬ 
atures small compared to the CEF splittings. 

Thie is in contrast to the absorber case, where 
contributions from excited CEF levels vanish in 
the low-temperature limit. 

The CEF parameters of our Yb” model calcula¬ 
tion have deliberately been chosen so as to pro¬ 
duce Yb 57 CEF levels resembling the three low¬ 
est CEF levels believed 5 ' 10 to occur in Air. Er. 

Actual calculations for Er 5 * are not yet available 
because of its larger number of electronic levels; 
they can, however, be expected to yield spectra 
qualitatively similar to Fig. 1. In fact, our earli¬ 
er measurements of the 1M Er resonance of dilute 
A«: 1M Ho sources 5 yielded spectra with a central 
structure resembling that seen in Fig. 1. This 
structure was originally assumed to result from 
Ho clusters in the An:Ho sources, since it could 
not be accounted for by a theory assuming a 
Boltzman initial population of the excited CEF 
levels. 5 However, much evidence (autoradio¬ 
graphs, good reproducibility of the results) points 
to an absence of clusters in this alloy, as op¬ 
posed to other alloys such as Ag;Ho where clus¬ 
tering does occur. ” We now believe the central 
structure observed in Ref. 5 to be the result of 
intraconflguratlonal rearrangement. 

If the parameters are changed so as to decrease 
the rate of decay from an excited CEF lev¬ 
el to the ground level, then the excited-level con¬ 
tributions become more prominent and finally 
take the form of well-resolved peaks. If ic,_ ( Is 
Increased, the excited level contributions become 
less prominent and disappear in the limit w, _ , 
i,f. In this case, the excited CEF levels may 
still Influence the spectrum insofar as they pro¬ 
vide an additional channel for relaxation. J '*' 10 
In Fig. 2 we present a further model calcula¬ 
tion for Yb 5 * with the same CEF parameters as 
before, but with a k-f coupling of the "exchange” 
form - which has traditionally been as¬ 

sumed in discussing the EPR of 4J impurities in 
metals.* -10 Whereas the generalized Schrieffer- 
Wolff coupling 7 ' 8 produces comparable transition 
rates between any pair of CEF levels (aside from 
the energy dependences), the selection rules on 



FIG. 2. Model calculations as In Fig. 1, except that 
the relaxation is produced by an "exchange” coupling 
- 2Ja J‘s. We take 2J a 'p(cf) -0.0031, whioh pro¬ 
duces the same relaxation rate within the CEF ground 
doublet as the coupling used In Fig. 1, The source 
spectrum (solid curve) is a superposition of two nar¬ 
row-line contributions from the r 7 CEF ground level 
and two from the l’j excited level; in the absorber 
spectrum (dashed curve) the excited-level contribu¬ 
tions are negligible. 

the vector operator J do not allow a direct transi¬ 
tion from the V t excited CEF level to the I T 
ground level. The large initial population of the 
r, excited level in a MB source experiment can 
only decay slowly via the T, level and thus con¬ 
tributes a well-resolved hf structure to the spec¬ 
trum. The differences between Figs. 1 and 2 
demonstrate that MB source experiments provide 
an unusually sensitive test for the form of the h- 
f coupling. 

Finally, we remark that intraconflguratlonal re¬ 
arrangement effects similar to those discussed 
here need also to be taken Into account in the 
analysis of perturbed angular correlation experi¬ 
ments. 
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Trapped-Particle Stabilization of Localized Interchange Modes 
in Axisymmetric Toroidal Plasmas 
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A stability criterion tor localized modes In an axlsymmetrio toroidal plasma is derived 
from the kinetic energy principle, taking account of trapped particles. Tils criterion pre¬ 
dicts greater stability than the Merrier criterion. 


Tokamaks will, in the near future, operate in 
the "banana" regime of collision frequencies: 
u e „r t « 1, where v tU = v/e is the effective colli¬ 
sion frequency and T b -Rq/c t/l v th is the bounce 
time of a trapped particle. Here e * a/R is the In¬ 
verse aspect ratio of the torus with a the minor 
and R the major radius, v Is the 90° collision fre¬ 
quency, v t)l is a thermal velocity, and q is the 
safety factor. The stability properties of toka¬ 
maks with regard to gross kink modes and local¬ 
ized Interchange modes have been established al¬ 
most exclusively from investigations of the mag¬ 
netohydrodynamic (MHD) equations and especial¬ 
ly the MHD energy principle. 1 These are only 
valid when vr MMn » 1, where T MHI ,~(fta) 1/ Vu th is 
a typical MHD time scale. In the banana regime 
this inequality is in fact reversed and justifica¬ 
tion for the use of MHD equations relies on the 
Inequality 6W M 6W' MH|) relating the kinetic ener¬ 
gy principle*' 3 to the MHD one. This inequality 
implies that stability predictions based on mag¬ 
netohydrodynamics will err on the pessimistic 
side, so that the criteria obtained, though suf¬ 
ficient, may not be necessary for the stability of 
the types of modes considered. In this paper we 
derive a less pessimistic energy principle from 
the kinetic one, and apply it to a detailed study of 
the localized interchange instability in an axially 
symmetric toroidal equilibrium. 

The equilibrium configuration we shall be con¬ 
cerned with is that of an isotropic-pressure plas¬ 
ma in an axially symmetric toroidal magnetic 
field. Following Bernstein et of. 1 we employ the 
+, ip, x coordinate system in which is the poloi- 
dal magnetic flux function, <p is the angle about 
the axis of symmetry, and surfaces of constant 
X are orthogonal to those of <p and +. Thus the 
plasma pressure p =/>(+), the pololdal magnetic 
field is B x , and the toroidal magnetic field B r 
= / where R is the distance to the axis of 

symmetry; the Jacobian of the transformation is 
denoted by J . 


We now consider the MHD and kinetic energy 
principles, listing a number of relevant proper¬ 
ties. In terms at the infinitesimal plasma dis¬ 
placement f, the MHD energy integral 6W MHD 
for a plasma bounded by perfectly conducting 
rigid walls may be written in the form 

■ 6W 0 (^) + SW,({ |,), (1) 

where 

«W 0 =/dM3* - j-$x£ + (£. yp)(v.f)J, (2) 

OW^fd’xypCV-fy, ( 3 ) 

and 

Q = vx(jfxB). (4) | 

As anticipated by the notation it can be shown that 
6W 0 Js stationary with respect to variations of (, 

- £ • B/B. The minimization of 0W, with respect 
to { n can be performed without difficulty, but the 
result obtained for equilibria with closed field 
lines differs from that obtained when field lines 
cover a magnetic surface ergodically. In the 
former case the result is £ 

minaw 1 (^)*/d s .vyp<V.|‘ J .)», (5) 

where 


<A) = 


jAdl/B 

fdl/B 


and the loop integral is around a closed field line, 
In the latter case 


min<5W,(( n ) = 0. (6) 

For the particular case of an axisymmetric tor¬ 
oidal equilibrium, Eq. (6) appears in MercierV 
investigation of localized modes as a minimiza¬ 
tion of 6W, with respect to Z=(, x /B v provided 
m fvdx * 2** (fc any integer), where m is the tor¬ 
oidal mode number and v* 1J/R*. 

The kinetic energy principle in its one-fluid 
form 3 - 3 can be written (for Isotropic particle dif 
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6W,= JdM®F/ 8£ )<p**fi“*4 + -5n:v$))*, 


22/unr >974 


(7) 

( 8 ) 


where 3=S/IBI, t>,’-2(e - pB), and £, H, and Fare the particle energy per unit mane, magnetic mo¬ 
ment per unit mass, and equilibrium distribution function, respectively. The average is defined by 


- n, Mdl/jvJ 

W W KT 


with the loop integral over one cycle of the periodic particle trajectory. For trapped particles, or 
passing particles on closed field lines, this period is well defined, but its meaning is not precise for 
passing particles when field lines generate magnetic surfaces. To investigate this case in detail we 
consider an axisymmetric toroidal equilibrium and, following Rosenbluth and Rostoker , 1 we solve the 
linearized Vlasov equation tor the perturbed distribution function 6 f. Using the conventional m/t ex¬ 
pansion and the same ordering of frequency and wavelength as in Ref. 2, we obtain for the guiding cen¬ 
ter (i.e., gyrophase averaged) part of if the equation 

(v,n-V + im)(0/+1 - - Vf) - iw(B F/b e)[i;„*55: v| + p B(V ■ \ - nn:V|)j, (9) 

where the time dependence of 6/ and £ has been taken as ~ e twt . Now, with the Fourier analysis of 8/ 
and l~e im,f , consideration of one Fourier mode, and introduction of the variables X, U, Z, where X 
= RB x t. * and V- £ e /R - IZ/R ! a , the general solution of Eq. (9) may be derived for either trapped or 
passing particles by using the periodicity of 8/ in the variable In the low-frequency limit, wt «1 
where t is the bounce time, and with w—0 these results reduce to 

6/ + X6 F/b e = 0, passing particles (provided 2*v), 

8/ + X8 F/b£ = (0 F/8e)(i4 exp(imf x vdx)), trapped particles, 

where A 3 [n/HnrV^ + -nn:vf)J and the average is between turning points in *. 

We are not surprised to find that the kinetic analog (6W,) of the y/>(V-£) a term of the MHD energy 
integral now takes different form for closed-line and magnetic-surface configurations. 

Returning to the Rosenbluth-Rostoker* derivation of Eq. (8) we conclude that when the field lines gen¬ 
erate magnetic surfaces the velocity-space integration in 6W S should be over the trapped particles on¬ 
ly. With this modification the variational principle established in Ref. 2 in the limit w— 0 remains 
valid, and we proceed by deriving a lower bound for 8 which has the advantage of being a “fluid en¬ 
ergy integral”, i.e., one which contains no velocity-space Information. Using a Schwartz inequality 
we obtain the result 


t>W K *8TV 0 + 6W3, (11) 

6w s =//d* d<p y p{fJdxl(V' £)(1 - 0* + i#(l - im:ve)j}*[^dx(l - W, (12) 

where t = B/B m B m is the maximum value of B on a field line, and y =f-. The expression tor 6 if, can 
readily be shown to be stationary with respect to variations of Z^l, X /B x , and consequently we may 
show that 


6W s = min6H , < (E), (13) 

8W 4 = jAypftV- f)( 1 - 0 s * + i«l - ( - nm v|)J a . (14) 

With the derivation of expression (12) [or equivalently (14)J we have obtained a useful lower bound for 
‘he kinetic energy principle, which will nevertheless predict greater stability than the MHD energy 
Manciple. 

We use the form 6W 0 + 6W t to investigate the stability of the localized interchange perturbations stud- 
ed by Mercier. 4 All the minimizations performed by Mercier can be repeated in this more complic- 
Ued calculation, producing the stability criterion 


P' 



(ifv'dx -P'fvdx/By 3 )* 
fBtJdxWB* 


+YPT*> 0, 


(15) 


203 



Volume 53, Number 4 


PHYSICAL REVIEW LETTERS 


22 July 1974 


where T Is a complicated function depending on the number of trapped particles, i.e., on (1 - f) Vs , and 
the prime now denotes differentiation with respect to ♦. The first three terms in expression (15) con¬ 
stitute the Mercier stability criterion. The additional stabilization apparent in the last term arises be¬ 
cause of the nonvanishing contribution of the trapped particles to t>W 3 [the analog of yPi^'l) 1 in the 
MHO energy integral]. On any magnetic surface which Ib also a surface of constant B (no trapping), 

/-1 and this term would vanish. 

This rather complicated stability criterion can be applied to the particular case of a large-aspect- 
ratio tokamak, where a/l f «1, /9 = Ip/B 1 ~a*/R 1 , and magnetic surfaces are displaced circles. 5-7 The 
result Is 



+ 


Jel 

rBf 


«-,VrA(f) 


■ A 1 


2 


>0, 


(16) 


where q= Svd\ is the safety factor and fi„ is the pololdal field. Without the yp term, inequality (16) 
reduces to the criterion of Shafranov and Yurchenko" and Soloviev® (valid for any value of r/a). The 
additional stabilizing contribution, although formally (a/ff) Va smaller than the magnetic-well term, is 
nevertheless the dominant term near the magnetic axis. Localized modes are therefore stable on the 
axis of such an equilibrium whatever the value of q. The apparent singularity of the yp term as r — 0 
Is caused by the use of the displacement variable X*RB<£ r - In fact the stabilizing energy on axis is 
aroportional to yptr/R)'*, the trapped-particle pressure. This result indicates that unless there are 
ew trapped particles (i.e., 1 0 faster than r* as r-0), then toroidal-pinch equilibria will 

Iso be stable to localized modes on axis. 

A more sophisticated multispecies version of the kinetic energy principle has been developed by 
lulsrud 10 and Grad," but it is possible to demonstrate" that the multispecies energy Integral always 
Dredicts greater stability than the single-species version. We conclude that the criteria derived above 
ire indeed sufficient for the stability of the type of perturbation considered, even on the basis of the 
•nost sophisticated guiding-center variational principle. 

Strictly speaking the perturbations considered in deriving the criteria (15) and (16) are of the trap- 
ied-particle variety" rather than the flute variety, i.e., they satisfy the condition 


arr «(m[vdx - 2kv) or wr 


(17) 


where 6+ is the spread in -P of a localized mode, rather than the reverse inequalities. B is apparent 
:hat, since the variational principle® is derived in the limit of ui-O, Eq. (17) is the correct approxlma- 
.ion provided the modes are not highly localized. However for localized modes of the Mercier type the 
inalysls reveals that ni 6+ may be made arbitrarily small without modifying the final result. This part 
y is because the guiding-center theory has already rejected finite-Larmor-radius information which 
n practice would determine the localization. Thus within the guiding-center model it is acceptable to 
-everse the limits w—0 and /wfi4<-0, so that 


aiT » mq'6'P, (18) 

vhich we shall call the “flute limit” of the localized Interchange. In this limit the trajectory integral 
n the expression for 6/ (passing) reappears, so that the velocity-space integration in Eq, (8) is over 
11 velocity space. A Schwartz inequality again leads to the result (11), but now with t* 0. The min- 
mization of this new form of 5 W tor localized interchange perturbations leads to a modified version 
if criterion (15), and on application to the large-aspect-ratlo tokamak equilibrium the stability crlter- 
on becomes 



+ -^,-(1-<?*) + 


rB 2 


itsl(*S 

B?l2\q > 


(1- 9 2 )] 
B 2 r J 


> 0 , 


(19) 


/here some negligible terms have been dropped. The shear terms in the above expression do not 
anish on axis unless the current profile is pathologically fiat there. In particular, for parabolic pres- 
ure and current profiles inequality (19) predicts stability. 

We conclude that for tokamaks In the “banana regime” of collision frequencies the kinetic or guiding- 
enter energy principle provides a more accurate picture of the stability properties than do the MHD 
quations and that for the localized interchange mode the appropriate criteria are given by (16) and 
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(19X lor trapped-particle and flute limits of the perturbation, respectively. 
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Ablation Stability of Laser-Driven Implosions* 

D. B. Henderson, R. L. McCrory, and R. L. Morse 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 87544 

(Received 29 April 1974) 

Perturbation analysis of the stability of ablative, laser-driven implosions of homo¬ 
geneous spherical pellets shows stability of die ablation surface, a necessary condition 
for aohlovinK the high densities required for laser fusion. This conclusion la supported 
by physical arguments. 


Recent interest In laser-driven implosion of 
spherical pellets of thermonuclear fuel to high 
densities has raised questions about the possibili¬ 
ty of maintaining sufficient symmetry in such im¬ 
plosions to achieve the desired high densities. 

The problem has two complementary parts which 
are similar in their role and relationship to one 
another as are the equilibrium and stability of 
magnetic confinement of plasma. First, the flow 
ol heat to the ablation surface of an Implosion 
system must have sufficient spherical symmetry 
that the implosion can be approximately spheri¬ 
cal; l.e., that asymmetries are not forced to oc¬ 
cur by asymmetry of the external-laser-energy 
deposition and flow. Second, the ablation surface 
Itself must be stable, a subject about which there 
is disagreement. Instability of this surface would 
almost certainly preclude success of laser fusion. 
In fact some positive stability may be required to 
compensate for small heat-input asymmetries. 
That these two problems are different and dis¬ 
tinct becomes especially clear when one consid¬ 
ers Implosion systems In which the thermally 
conducting plasma cloud outside of the ablation 
surface Is highly asymmetrical. 

It has been observed by Henderson and Morse 1 


that small departures from spherical symmetry 
of the coupled hydrodynamic and heat-flow pro¬ 
cesses Involved can be analyzed by a linear per¬ 
turbation expansion In scalar spherical harmon¬ 
ics Y i m (fl), and that the analysis Is greatly sim¬ 
plified by a decoupling of equations for different 
I’b and a degeneracy with respect to the m' s. 

This technique has been applied to the symmetry 
problem, by the use of stationary zero-order den¬ 
sities and temperatures, and criteria for accept¬ 
able symmetry of laser Illumination have been 
developed.’ Here we present calculations done 
with a combined zero- and first-order computer 
code developed specifically for the purpose of 
studying the stability problem with self-consis¬ 
tent, time-dependent zero-order densities and 
temperatures. This code is entirely distinct from 
that used in Ref. 2. These calculations show pos¬ 
itive stability of the ablation surface during the 
implosion of homogeneous, spherical DT pellets. 
Physical arguments are presented which support 
our conclusion. Shiau, Goldman, and Weng,’ us¬ 
ing the same perturbation-expansion technique 
but not the identical numerical method, have 
reached the opposite conclusion. 

The zero-order spherical-implosion case cho- 
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HO. 1. Contours of (a) maximum canter density in 
g/cm 3 and (b) temperature in oV at time of maximum 
density as a function of pulse energy, E, and fall width 
at half-maximum, T. Circled points indicate the exam¬ 
ple case. 

sen here as our example was taken from a study 
of Implosions of 500-pm-radius frozen DT spheres 
isotropically irradiated by Gaussian laser pulses 
with a wavelength of 1.06 pm. The zero-order 
computations were done by a single-temperature 
Lagrangian hydrodynamics code with electron 
thermal conduction. Figure 1(a) is a contour plot 
of the maximum central densities achieved as a 
function of the total pulse energy, £, and the full 
width of the pulse at half-maximum, t. Figure 
1(b) is a plot of the corresponding center temper¬ 
atures at the times of maximum density. The cir¬ 
cled points indicate the case chosen, E * 50 kj, f 
^S.SxlO" 10 sec. This case, which is on the long- 
pulse side of that value of r which gives the maxi¬ 
mum density for the chosen value of E, produces 
a shock clearly separated from the ablation sur¬ 
face and a shocked region in between that is much 
cooler than the blowoff plasma during most of the 
implosion. In Figs. 2(a) and 2(b) the zero-order 



r(cm)t*lO z ) 


FIG. 2. Zero- and first-order quantities as a func¬ 
tion of r at times ( = -0.21 x 10'*, 40.24 x 10"*, and 
+0.53 xlO"’ sbo with respect to the peak of the Gaussii 
pulse. 

density and temperature, p 0 and T 0 , are plotted 
at three different times (/ = -0.21x10"®, 40.24 
xlQ'®, and +0.53x10"® sec) with respect to the 
peak time of the Gaussian pulse, on the same ax 
es. As we go out from r = 0, the shock is where 
P 0 and T 0 rise sharply; the ablation front is whei 
p 0 Subsequently falls sharply Just outside its mai 
lmum and T 0 begins to rise again. This class of 
implosion is quite similar to those produced by 
highly optimized pulses up to a time just before 
peak compression (see Refs. 2 and 3 for further 
references). Values of t near the maximum den 
sity value or on the short-pulse side give implo- 
sioiia in which the ablation and shock surfaces 
are not so clearly separated, the region just be¬ 
hind the shock 1 b not very much cooler than the 
blowoff plasma, and the resulting higher themal 
conductivity in this region further increases the 
stability of the flow. It is not asserted that this 
case Is the least-stable possible case but rather 
that this case Is representative of those relevant 
to laser fusion. We do not know of a relevant 
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Juld be significantly lets Stable. 

^ wSependent first-ordsr pertartmtions erf 
JS-stST*P-d«i «rtabi- » W- 
*“!, by time- and radium-dependent coettl- 

spherical harmonica of various Z valuss, 
aS ie cSculatad by integration along the unper- 
* rbed characteristics of the aero-order La- 
" natan now, according to the method described 
in Ref. 2. Ablation stability is Isolated from ef¬ 
fects of illumination asymmetry by the assump¬ 
tions of symmetric irradiation and an initial per¬ 
turbation of the pellet of the incompressible form 


ir’tofr/a)'" 1 . 

(V • t)T, = - 0 +1)( lja)(r/a) **\ 


which gives the pellet a bumpy surface. The un¬ 
perturbed radius of the pellet Is a, which is 500 
liia for the case shown here. The scale of all 
first-order quantities is set by our taking ^ = 1 
pm, and thus giving the bumpy surface this am¬ 
plitude. We prefer this form of regular initial 
perturbation over the random-noise approach of 
Shiau, Goldman, and Weng 5 for estimating the ef¬ 
fect of Initial pellet Irregularities and any Insta¬ 
bility on implosion symmetry. Figures 2(c)-2(e) 
show the perturbed density coefficients p, for l 

- 2, 3, and 5, respectively, at the same three 
limes at which p*, and T 0 are plotted. At / = - 0.21 
v 10" sec for all Z’s, the inside negative spike of 
j„ which is well resolved by our grid, comes 
uostly from the convective contribution given by 
he product of the large 8p 0 /8r at the shock and 

- k, there. The negative sign of the spike re- 
lecta the fact that at the angular phase costf = 1, 
vhere first-order quantities are defined, and, in 
;eneral, wherever F,*(n) > 1, the perturbed sur- 
ace la initially raised, l.e., displaced outward, 
uid the Inward progress of the shock is retarded 
A early times relative to the zero-order flow by 
aving to pass through additional material. The 
'utward displacement of the critical surface, in 
he vicinity of where the light is absorbed, also 
ontrlbutes to shock retardation at this angular 
'hase. Artificial viscosity distributes the shock 
imp, which is in principle discontinuous, over 
nough zones to permit accurate calculation of p, 
nd other first-order quantities. The area under 
his spike is a measure of the perturbed radial 
hock displacement. The rest of p, behind the 
hock can be taken at face value. The positive 
mature of p, at t * - 0.21 xlO** sec for all f’s Is 
lao primarily jconvective, reflecting the initial 


outward displac em ent sad the asgatirs at 

the ablation front. 

Subsequently, the following ssqosa cs oi event* 
occurs tor all / > 1. Angular thermal eomhcttrtt 
increases tbs total boat flow Into the region* of ' 
tl in which the surface of the pellet Is initially 
raised, causing material to be ablated from these 
regions with greater energy, Le„ with greater 
spectftc impulse. The greater ablation pressure 
in the initial raised regions of ft causes the shock 
to be stronger there and hence to produce a high¬ 
er shocked pressure behind and to move inward 
faster. The shock in the initially depressed re¬ 
gions of H is correspondingly weaker and slower 
thin the zero-order shock. The shock In the 
raised regions, which starts out retarded, in fact 
catches up with and moves ahead erf the zero-or- 
def shock. This is first seen for / = 5 in Fig. 2(e) 
at t= 0.24x10'* sec from the sign reversal of the 
spike in p., at the shock front from negative at the 
earlier time to positive. The same transition is 
seen to occur between t = 0.24x10 *• and 0.53x10** 
sec for l = 2 and 3. This motion of the shock front 
from one side of its zero-order position to the 
other might be expected to exhibit overstability, 
but this has not been observed. Thus, the ob¬ 
served behavior 1 b positively stable. The rever¬ 
sal of shock retardation occurs sooner at higher 
l numbers because the angular wavelength Is 
shorter and the angular thermal conduction is 
larger, as discussed In detail In Ref. 2. 

The angular variation of perturbed pressure be¬ 
hind the shock front also causes a perturbed an¬ 
gular fluid flow which decreases the density in 
the initially raised regions of fi. This density de¬ 
crease is seen In a fully developed state at t 
= 0.53 x 10*° sec for / = 5 and It is beginning to oc¬ 
cur for 1-3. The above behavior corresponds to 
a tendency for the implosion to converge to sepa¬ 
rate points located on those radii on which there 
occurred initial minima of the pellet surface ra¬ 
dius, l.e., minima of K^fi), as opposed to con¬ 
verging uniformly to the spherical center. This 
tendency to form local density maxima In the Im¬ 
ploding shell of compressed material can be seen 
from the fact that Fig. 2(e) at t = 0.53x10"* sec 
exhibits a negative maximum of p, at the same 
radius as the maximum of p, [Fig. 2(a)}. (U, on 
the other hand, the maximum of p, occurred In 
either of the regions of large * 8p,/8r and if the 
zeros of p, and 8p,/8r coincided, it would Instead 
indicate only a waviness of the surface of maxi¬ 
mum density with no isolated points of maximum 
density on this surface.) Figure 2(f) helps in vi- 
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sualtztng the ablation stabilization process de¬ 
scribed above. On the same scales are plotted 
T, for 1 = 2 at < = 0.21x10'® sec and T, for f = 2 
and 5 at t = 0.24 x 10‘* sec. The major contribu¬ 
tion to r,(f * 2, 1 = - 0.21 X10'*) is from retarda¬ 
tion of the nonlinear thermal wave form of T 0 
[Fig. 2(b)] at this time. [T, for / = 3 and 5 at this 
time is almost identical to T,(f = 2)j. However, 
between / = - 0.21x10'® and +0.24x10'® sec the 
angular conduction damping of 7", in the vicinity 
of the ablation front is significantly greater for 
higher V s. Thus, at 1=0.24x10'® sec in this vi¬ 
cinity the negative magnitude of T,(l = 5) is notice¬ 
ably smaller than that of T,(f = 2). However, in 
the shocked layer, where T, for 1 = 2 and 5 is pos¬ 
itive and almost flat, the magnitude of T,(f = 5) is 
the greater, indicating stronger shocking as de¬ 
scribed above. The spikellke features nearest 
the origin are indicators of the perturbed shock 
displacement, just as are the corresponding p, 
features, and have opposite signs at this time be¬ 
cause the 1 = 5 shock has crossed over and 1 = 2 
has not. T,(/ = 3, t = 0.24 xl0' n ) lies everywhere 
between T,(f = 2) and T,(/ = 5). Inspection of (7 • Dfi 
shows that the additional curvature of the surface 
introduced by the surface perturbation also con¬ 
tributes to strengthening the shock and speeding 
the implosion in the initially raised regions of fi 
by making the implosion at early times converge 
more rapidly than in zero order, as if converg¬ 
ing to points out from the origin on radii passing 
through initial maxima of Y,“(£S). This purely hy¬ 
drodynamic effect may make an important contri¬ 
bution to increasing the symmetry of imploding 
shells of fuel. 

Regular initial perturbations of internal density 
give results very similar to those obtained from 
regular surface perturbations. 

In order to learn the relative contributions of 
initial surface perturbations and of perturbations 
of Illumination uniformity to implosion asymme¬ 
try, we have calculated the perturbed response 
of our same zero-order case to angular radiation 
variations scaled here to a relative modulation 
of 10'®. Figures 2(g)-2(i) show the results for l 
= 0, 2, and 5 at the same times as above. Com¬ 
parison of such 1 = 0 calculations with appropri¬ 


ately defined differences between two zero-order 
runs with only slightly different input power pro¬ 
vides an extremely valuable verification of the 
numerical method. The 1 = 2 and 5 results show 
the smoothing effect of higher f*s pointed out In 
Ref. 2 although without the distinction made there 
between early- and late-time Irradiation asym¬ 
metry. Comparison shows that for 1 = 2 the mag¬ 
nitude of the late-time effect of an initial l-pm 
surface-radius perturbation amplitude on this 
500-pm-radius pellet (0.2%) is approximately the 
the same as that caused by a 1% variation of il¬ 
lumination intensity. 

Similar calculations of the effects of these kinds 
of perturbation (Incompressible bumpiness, per¬ 
turbed density, and asymmetric illumination) 
have been done with 50- pm pellets with qualita¬ 
tively very similar results. 

It is pointed out In Refs. 1 and 2 that several 
physical effects that are neglected here, Includ¬ 
ing thermoelectrlcally generated magnetic fields, 
spoil the m degeneracy and l decoupling of our 
perturbation treatment. 

In fact Tidman and Shanny have pointed out 4 
that spontaneously generated magnetic fields, 
which would reduce thermal conductivity, may 
grow unstably. However, at present such fields 
are being neglected not Just for simplicity but al¬ 
so because experimental evidence Indicates 
anomalous collision frequencies of such a large 
magnitude that the magnetic fields would be al¬ 
most entirely suppressed. The understanding of 
laser-driven Implosion stability will, however, 
not be satisfactory until this point is cleared up. 


•This work performed under the auspices of the U. S. 
Atomic Energy Commision. 
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Self-Modulation and Self-Focusing of Electromagnetic Waves in Plasmas 

Claire Ellen Max* and Jonathan A roust 
University of California, Berkeley, California 94720 

and 

A. Bruce Langdon 

Lawrence Livermore Laboratory, Livermore, California 94550 
(Received 22 April 1974) 

The nonlinear frequency shift of a strong electromagnetic wave in a plasma, due to 
weak relativistic effects and the v x B force, can cause modulation self-focusing In¬ 
stabilities, These processes are explored, and their relation to eelf-foousing driven by 
the poodero motive force is described, 


We describe a new mechanism producing self- 
modulation and self-focusing of strong electro¬ 
magnetic (EM) waves in plasmas. These effects 
occur because relativistic plasma dynamics pro¬ 
duces a nonlinear index of refraction for the plas¬ 
ma. Even weak v x /c 2 relativistic corrections can 
produce interesting self-modulation and -focus¬ 
ing, for parameters of hlgh-power lasers pres¬ 
ently existing or under construction. 

Previous mechanisms for self-modulation and 
self-focusing of EM waves in coUlsionless plas¬ 
mas 1 '" have used the ponderomotive force. 7 Joule 
heating can produce self-focusing in colllslonal 
plasmas."■ * The temporal evolution of these two 
processes relies on ion motion, and thus occurs 
with characteristic frequencies l«*ls 
M t . The relativistic mechanism explored here 
requires motion only of the plasma electrons. 
Hence modulations of an Incident wave can grow 
quickly compared to ion time scales, for incident 
light of sufficiently high Intensity. Lttvak* and 
Kidder* used nondynamical, geometrical optics 
considerations to estimate self-focusing lengths. 
Forshmd, Kindel, and Lindman* 0 described non- 
relativistic modulatlonal instability in a magnetic 
field. To our knowledge, the present analysis is 
the first treatment of EM modulatlonal instability 
with B 0 = 0. 

To derive the simplest features of relativistic 
self-modulation and self-focusing, we model the 
plasma as a cold uniform electron fluid with fixed 
ion density V, irradiated by a linearly polarized 
EM wave E =x£ 0 cosx8, x„=w 0 f -k a z. The usual 
relation between k 0 and u> 0 is modified, for two 
reasons. 11 ' 1 * First, because of their motion in 
the incident EM wave, electrons acquire a rela¬ 
tivistic Lorentz factor y 0 * 1 + Kp 0 sin *<))*, where 
v r , E , cu) 0 «1. This gives the electrons an 

amplitude-dependent mass in the plasma re¬ 


sponse, and results in an “inertial" current be¬ 
cause of^the difference between j5 and if. Second, 
the I 0 xB 0 force on the electrons produces a den¬ 
sity perturbation AW 0 having frequency 2u> 0 : A N 0 
= - Nv*(co6%x 0 )[u> 0 t - ii) # J )/(4u) 0 * - u>*). The re¬ 
sulting nonlinear current aW 0 v„ has a component 
at the pump^frequency cv 0 , and acts as a source 
for E 0 and B 0 . The index of refraction due to 
these two nonlinear effects Is 11 



w 0 ‘ 2u) 0 * \4 


«■>„*-u>.*\ 

4te 0 * - o)*f ' 


(1) 


where u>/s4sAfe’/m,. 1 * 

To study the dynamics of self-modulation and 
self-focusing, we use a linear Instability anal¬ 
ysis. Our equilibrium is the EM wave described 
above, together with Its second-harmonic density 
perturbation, AAf 0 , and the nonlinear u> 0 (fe 0 ) given 
by (1). Linearized quantities vary in the y-t 
plane. The perturbed vector potential 8a,»e8A,/ 
m,c * (Coulomb gauge) obeys the linearized wave 
equation 



where On is the first-order electron density per¬ 
turbation, and v^/c = - v 0 etnxo+°(0- 
To find a self-consistent solution, we must 
know the values of 0v x and On. In terms of the 
dimensionless momentum u t -p x /m,c, 0v x is giv¬ 
en by 

0v,/c = (0u x /y o ) - 0y(u xO /y*) = (Ou./y*). (3) 

Conservation of x canonical momentum relates 
0 m, with the vector potential: 8 u, = 6o,s eOAJ 
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m.c s . Hence Eq. (3) becomes 14 

6 vjc - Oa, [l - \v* sln’xoJ + °(0- ( 4 ) 

The next task Is to find the electron density per¬ 
turbation fin. It Is sufficient to have the wave 
equation correct to order v*~ I v ai t \/c t . Since fin 
appears In Eq. (2) multiplied by we need only 
find 8 n correct to order The continuity equa¬ 
tion and Lorentz-force equation are 

9*6n/« a + JW.(85r/8<) = 0 + O(v 0 l ), (5) 

887/8 1 =eVi<p/m, -zk 0 c*v a c.oax<fi a % 

+ c*i/ 0 sinx 0 ' p 8a, + O^,,*), (6) 

where 6<p is the electrostatic potential perturba¬ 
tion. 

We now put the pieces together and derive a 
dispersion relation. Take the Fourier transform 
of Eqs. (2) and (4)— (6) in y, z, and t. Write (2) 
as two equations for the two quantities fla,* 
a 6«, (k± kj, liii'j). Substitute the appropriate 
Fourier amplitudes of On and 6t>,, determined 
from (4)-(6>, into the right-hand side of these 
two equations for 8a,*. The equations for fla, 4 
involve Fourier components of the electron den¬ 
sity at fin" and at fin 0 . For ponderomotive force 
mechanisms of self-modulation and self-focus¬ 
ing, it is the fin 0 component which dominates. In 
contrast, for the present relativistic process the 
0n a terms are more important in the ratio w,V 
k*c’» 1. For the instabilities we discuss here, 
the two scattered EM waves 8a,*, and their ac¬ 
companying density perturbations 8»“, closely 
resemble the driving wave E 0 cosx 0 and its sec¬ 
ond-harmonic density perturbation AA^ The 
components 8a,** contribute terms smaller than 
0(0, and hence will be neglected. 

The above procedures result in two homogen¬ 
eous equations for the Fourier amplitudes fia, 4 . 
The dispersion relation is the requirement that 
the determinant of the coefficients vanish. We 
assume I to I <tc (a'//w 0 ) and k* « k* [w and k cor¬ 
respond to the low-frequency density perturba¬ 
tion 8n°* 8n(o>,k)], and obtain 

(id* - feV*)* - 4(u)w 0 - k • koC*)* 

+ v'w’*q (u) J - feV) = 0, (7) 

7 = « - - oV)/(4w 0 * - w, 2 ). (8) 

To solve Eq. (7) for self-modulation, we take 
k H iq, and set w = k{c*k 0 /ui 0 ) + Aw = kV,° + Ao>. With 
the ordering Ain ~ k ~ ^(ujj/c), we retain 
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terms through 0{v*) in (7) and find 

Aw a (ac/2)(w > /u) 0 ) , [(*c/u) 0 ) , - v 0 *q] l/s . (9) ^ 

The firBt term in the square brackets represents 
the mismatch between the sidebands and the 
pump. For simplicity of presentation we have 
also taken u) 0 * *> u>*. There is Instability for k 
< (u > 0 /c)v 0 q llt . The maximum growth rate occurs 
for k = (u 0 /c)ir 0 (q/2) ua , and is given by 

y rm> = (w//4oj 0 ) v*q. (9a) 

The maximum spatial growth rate is « ma =y wni / 

V°. During the instability, the driving wave ac¬ 
quires two growing EM sidebands, at frequencies ! 
w a ± k • V t ° and wave numbers (* 0 ± k)£. The pres¬ 
ence of these sidebands is equivalent to modula¬ 
tion of the driving wave, because the total EM 
response is of the form 

SinXo + e[sin(x 0 + <?) + 8in(x 0 -<p)] 

m sin(x 0 + 2e sin<p), e«l. 1 

A simple argument leadB to possible modula¬ 
tions!. instability for any weakly nonlinear wave l 
with dispersion relation w(fc, v)=u >„(*) - Av*, with 
v the wave amplitude. 16 From the phase function 
0{z, t) we define k*90/8z, w* - 80/at. Then the 
relation 8k/at - - Bw/a z requires S 

(8/8/+ \'°B/Bz)k-ABtA/Bz. (10) 

Consider a sinusoidal perturbation Av to the orig- * 
inal wave amplitude v 0 (Fig. 1). In a frame mov- \ 
ing with the group velocity (BiVg/Bk)^^, Eq. j 
(10) says that the wave number Ak*k-k 0 changes ^ 

in time at the rate 2v 0 A8Av/8a 0 . Here z 0 is a 
Lagrangian coordinate specifying position on the 
wave envelope, and A is positive. In region a of 



FIG. i. The original wave envelope and the mod¬ 
ulated envelope v 0 +Av, during self-modulation. 
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Fig- 1, where 8Ar/ar o <0, A* decreases with 
time. When »V, 0 /®* is positive, the decrease of 
Ak implies that V, decreases with time. Thus 
in region a, energy slowly moves backward in 
the frame moving with the average group velocity 
V/. Analogous arguments imply that energy 
slowly propagates forward in region b. Thus en¬ 
ergy accumulates at the local maxima of Av, 
causing a purely growing instability in the frame 
moving with V t °, The ponderomotive force is not 
a major effect in the dynamics of the instability. 

For the contrasting case of self-focusing we 
take k«£o = 0, and assume u> ~ v 0 *<i> 0 , k - v^Ug/c). 

We retain terms through O(v 0 *) in (7) to obtain 

in - ± if*c[(*c/w 0 )* - v*q((j>,/ui 0 ) t ] l,t . (11) 

The first term in square brackets represents dif¬ 
fraction, and is stabilizing. The maximum wave 
number for instability is given by k<(m t /c)v 0 q l,t , 
smaller by the factor <n t /u 0 than the analogous k 
for seif-modulation. The maximum growth rate 
is the same as for self-modulation, but occurs 
at a b smaller by the factor Computer 

simulations 17 support the growth rates predicted 
by Eqs. (9) and (11). Steady-state self-focusing 
can be understood by arguments from geometri¬ 
cal optics. By Eq. (1), if the light intensity u 0 * 
is locally enhanced at a point, the phase velocity 
is decreased there relative to its value on either 
side. The wave front curves, further enhancing 
the intensity by focusing the light "downstream” 
in the * 0 direction. 

For simplicity we have neglected Ion motion, 
and hence have suppressed ponderomotlve-force- 
iven instabilities which compete with the pro- 
sees considered here. We emphasize that, for 
;h laser intensities, the relativistic instabil¬ 
es derived here can grow so quickly In time 
it Ion Inertia prevents the Ions from following 
mg. For self-focusing we estimate the Inten¬ 
ds when this can occur, by comparing the 
owth rate due to ponderomotive force, 
i' 0 a. >j /2 1/, I with the maximum relativistic growth 
te (9a). The relativistic process is more im- 
rtant thanthe ponderomotive force, for the 
nporal development of sell-focusing, if v 0 
w oW > i/w # , s )(2 in /q). A more detailed study of 
me two mechanisms for self-focusing verifies 
s simple estimate. 17 Neglect of ion motion in 
modulational Instability of Eq. (9) is justified 
en I col mkV,' , >w pi . For the k of maximum 
awth, this condition is v 0 >(m ti /ck 0 )(2/q) vt . 

The assumptions l«l«w//w 0 , **«* 0 *, and k’ 
V/c* necessary for the above results to hold 


are summarized by two inequalities. For an un¬ 
dent ense plasma we must have v B « (m t /w a f. 

Near critical density, on the other hand, the con¬ 
dition k 0 c » Vfftig must be satisfied. 

The temporal growth rates represented by Eqs. 
(9) and (11) are interesting for high-power lasers. 
For example, consider a Nd-glass laser (c/tu 0 
* 1.06 pm), 1 = 5x10** W/cm 1 , incident on a plas¬ 
ma with m 0 = 1.7w„. Then the fastest growth time 
is 6xio‘ u sec for both modulational and self- 
focustng instabilities. The exponentiation length 
for these processes Is 140 fan. For self-modula¬ 
tion the modulating wavelength is 14 pm, and the 
modulating frequency a tenth of the laser frequen¬ 
cy. For self-focusing, the filament width for 
fastest growth ts 23 fan. Intensities of ~ 10“ W/ 
cm* are probably higher than those contemplated 
for laser fusion applications. However, such la¬ 
sers are presently coming Into use in target ex¬ 
periments. 1 * The above numbers indicate that 
modulations and filaments may exponentiate sig¬ 
nificantly if the strong laser pulse lasts longer 
than a few picoseconds, or if the blow-off plasma 
becomes larger than a few hundred microns. 
Modulations could represent a mechanism to 
broaden the frequency spectrum of the incident 
laser. This effect may be Important because res¬ 
onant instabilities (e.g., stimulated Brillouln 
scattering or the parametric decay instability) 
can be inhibited if the driving wave is not mono¬ 
chromatic. 

A major unanswered question about relativistic 
self-modulation and focusing concerns competi¬ 
tion between these processes and other laser- 
plasma instabilities . u 4,10 The Raman process 
has a far larger growth rate, and If it occurs it 
should be dominant for o; 0 > 2m ^ Even for m 0 
< ZUf,, strong-coupling Brillouln scattering has 
a larger growth rate than the relativistic insta¬ 
bilities considered here. However, density gra¬ 
dients and frequency broadening can stabilize 
Raman and Brillouln scattering. At present we 
see no mechanism for density-gradient stabiliza¬ 
tion of relativistic self-modulation and focusing, 
and we argue that self-modulation may itself 
cause frequency broadening. The presence or 
absence of these processes may ultimately de¬ 
pend on "nonIdeal ” effects, such as spatial non¬ 
uniformity and frequency spread of the incident 
laser beam. 
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A theoretical treatment is presented of the quasiparticle-recombination dynamics of a 
nonequilibrium superconductor. The microwave reflectivity of a superconducting Him in 
the presence of external pair breaking le calculated. It 1 b shown how mlorowave experi¬ 
ments may permit the separation of the effective recombination time into its Intrinsic and 
recombination-phonon components. 


Testardi 1 has shown experimentally that when 
a thin superconducting film Is driven normal by 
intense pulsed optical radiation, the transition 
displays characteristics which cannot be account¬ 
ed for by simple lattice heating. He suggested 
that excess quasiparticles created by photon-in¬ 
duced pair breaking were responsible. Motivated 
by this observation, Owen and Scalapino* investi¬ 
gated a modified BCS model of a superconductor 
in which the quasiparticle density is maintained 
at a level above the thermal-equilibrium value 
by an external source of dynamic pair breaking. 
Among the predictions of this model are a depen¬ 
dence of the energy gap on the excess quasiparti¬ 
cle density, and a first-order transition to the 
normal state at a critical excess quasiparticle 
density. Some of the model's predictions have 
been experimentally confirmed by Parker and 
Williams* using tunnel junctions irradiated with 


laser light. 

Some time ago, Rothwarf and Taylor 4 pointed 
out the crucial importance of recombination pho¬ 
nons in the coupled quasiparticle-pair-phonon 
system in a nonequilibrium superconductor. The 
interpretation of nonequilibrium experiments us¬ 
ing tunnel Junctions depends on assumptions 
about the behavior of these phonons in the rela¬ 
tively complex junction structure. It would ob¬ 
viously be desirable to test the Owen-Scalapino 
model in a simple thin film, in which the pho¬ 
nons can be accounted for with greater certainty. 
The use of microwave-frequency reflection, ab¬ 
sorption, or transmission measurements as a 
probe of the quasiparticle density makes this pos¬ 
sible. The quasiparticle density can be moni¬ 
tored in the superconducting state in contrast to 
the quasi-dc experiment of Testardi, in which 
only the transition to the normal state could be 
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studied. Furthermore, experiments of this type 
offer the possibility of direct time-resolved stud¬ 
ies of quaslpartlcle dynamics if the relevant 
:imes are sufficiently long. Such experiments 
u-e reported in the following Letter. 5 In this Let- 
:er we present the theoretical framework re- 
julred for interpretation of the experiments. 

We first require a connection between the qua¬ 
slpartlcle density and an observable microwave 
parameter. In the Owen-Scalapino model, it is 
assumed that the quasiparticles and phonons are 
in thermal quasiequilibrium at temperature T, 
put that the quasiparticles are not in chemical 
equilibrium with the pairs. The distribution func- 
:lon of the quasiparticles is 

/(£, T,n) = {exp((Mr l [£- p*(T,»)])+l}-‘, (1) 

vhere E is the quasiparticle energy, U* is the 
juaslpartlcle chemical potential, and n is the qua¬ 
siparticle density excess over the thermal-equi¬ 
librium value at temperature T, measured in 
jnits of 4tf(0)Ao- N(0) is the single-spin density 
pf states at the Fermi level, and A 0 is the BCS 
gap parameter at zero temperature and in equi¬ 
librium (n = 0), with the pair chemical potential 
u-0. Both E and p* depend on the gap parame¬ 
ter, which in turn depends on T and n. We have 
used the formulas given by Mattie and Bardeen, 6 
modified by inserting the distribution function Eq. 
(1) and the Owen-Scalapino results for &(T,n) 
and h*{T, «), to calculate the real and Imaginary 
parts of the normalized conductivity, ct,(T,h)/o w 
and a,(T, n)/a„. Using these, we have calculated 
the normal-incidence microwave reflectivity ol a 
film-substrate combination. An example of the 
results is shown in Fig. 1. 

Next we need a connection between n and the in¬ 
tensity of the external pair-breaking source, e.g., 
incident light intensity. This link is provided by 
recombination dynamics. Rothwarf and Taylor* 
in their work assumed that the phonon pair-break¬ 
ing probability P/2 and the quasiparticle recom¬ 
bination coefficient R are independent of the num¬ 
ber of excess quasiparticles. However, these 
parameters depend on the gap parameter, and 
hence, in general, on n. We assume that each 
depends on it only through its explicit dependence 
ot > A- With this assumption and from the rate 
equations 6 ' 7 for the equilibrium case, we find the 
ratio 0/R = N t \T, A<T, n))/N uJ iT, A(T,»)), where 
the thermal-equilibrium quasiparticle den¬ 
sity and N uT is the thermal-equilibrium density 
ol phonons with energy greater than 2A, each lor 
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FIG. 1. Normalized change in microwave reflectivity 
<70 GHz) of a 500-A-thlck 8n film as a function of nor¬ 
malized excess quasiparticle density, with temperature 
as a parameter in Kelvin degrees. R M is the normal- 
state reflectivity, Jt(0 ) is the superconducting-state re¬ 
flectivity, and Rin) is the refleotivlty of the state with 
* excess quaslpartlcle density. The vertical line at the 
right-hand end of each curve marks the first-order 
transition to the normal Btate predicted by the Owen- 
Scalapino model (Ref. 2). 


given T and A(T,n). If, as assumed by Owen and 
Scalapino, the quasiparticle and phonon distribu¬ 
tions can be characterized by the same tempera¬ 
ture T, then for feT/Accl, p/R is simply propor¬ 
tional to A~ t (T,n), and is otherwise temperature 
independent. 

With thiB change, from the rate equations 4 " 7 
for the steady state or quasiequilibrium, we get 


&=N T *(T,n)+l Q 



TO 

2 N uT (T,h) 



( 2 ) 


where N= N r {T, n) + A N is the total quaslpartlcle 
density, AV= n[4M0)A n l, /„ is the quaslpartlcle 
injection rate, and T r ~ l is the net transition prob¬ 
ability tor loss of phonons from the energy range 
>2A through processes other than pair breaking. 

We now suppose that the external pair-breaking 
source is light and that the film absorbs energy 
flux P. We assume that in quasiequilibrium a 
fraction E of this energy is converted to quasi- 
particles. Then l 9 =FP/dE^, where d is the film 
thickness and E^ 1b the average quasiparticle en¬ 
ergy. The factor F can be estimated with the as¬ 
sumption that the high-energy quasiparticles 
created by an incident photon decay by the emis¬ 
sion of phonons. The phonons emitted will be 
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predominantly those corresponding to peaks In 
the phonon density of states. These phonons in 
turn can create quasiparticles by breaking pairs. 
These quasiparticles will tend to fall to the gap 
edge by the emission of phonons because of the 
large density of states at the gap. If the emitted 
phonon can further break pairs, the process con- . 
tinues until the emitted phonons have an energy 
less than 2A. The conversion efficiency can thus 
be obtained from the ratio of the energies at peaks 
in the phonon density of states to the energy gap. 

In Pb we find conversion efficiencies of -0.8, 0.7, 
and 0.8 for the two transverse phonon peaks and 
the longitudinal peak, respectively. Since we ex¬ 
pect the transverse peaks to be more effective 
as a result of the predominance of the umklapp 
scattering in Pb, a value of F« f is reasonable 
for Pb. For Sn, taking into consideration all 
peaks in the phonon spectrum, we get F* J. 

Other loss mechanisms such as the emission 
of phoneme with energy lees than 2d, during the 
high-energy quasiparticle bremsstrahlung, or 
the creation of low-energy phonons from high- 
energy ones by inelastic processes, account for 
a negligible portion of the energy. 

The rate at which the high-energy phonons will 
create quasiparticles can be estimated from the 
fact that the 2d phonon lifetime against pair 
breaking is at least a factor 10 smaller than the 
quasiparticle lifetime, even when the latter is 
sharply reduced at large excess quasiparticle 
densities. Consequently almost all the energy 
resides in the quasiparticle component of the sys¬ 
tem. This conclusion is also supported by direct 
calculations of the total excess quasiparticle en¬ 
ergy, and the total excess phonon energy, 

based on Rothwarf and Taylor’s equa¬ 
tions. For any reasonable set of parameter val¬ 
ues, Eqpis very nearly A, E u Is very nearly 2d, 
and AAf w «AAf. F depends on n through A(n) in 
general, but is nearly always close to unity. 

Hence we can write 

t Q - t'P/db(T, u). (3) 

Equations (2) and (3) together give the required 
connection between absorbed light power P and 
the excess quasiparticle density ». The micro- 
wave reflectivity as a function of P will there¬ 
fore give Information about recombination dy¬ 
namics. 

An effective quasiparticle lifetime T rff can be 
defined in quasiequilibrium by AF=/ 0 r fff . 7 From 


Eq. ( 2 ), 

’■••(rw'') 1 *””'' 1 '' 14,4 

The coefficient of r y varies as l/A(n) for kT <rA, 
making the role of the recombination phonons 
even more Important than in Rothwarf and Tay- 
' tor’s original work. In the strong-injection re¬ 
gime, and T ef f can become very short, 

making time-resolved experiments very difficult. 

An experimentally useful form of Eq. (2) Is 

(AV , + 2AJW 1 .)S// 0 n6/H + ar r , (5) 

where 8(r,*)i4(T,nJ/A(T,0). This factor has 
been added so that a - SN T t /2N r wT becomes inde¬ 
pendent of T and n for low T. The left-hand side 
of Eq. (5) can be determined from experimentally 
measured quantities. Hence, the right-hand aide 
can be determined and the contributions of the 
two terms can perhaps be separated. 

It the SR * l term can be experimentally sepa¬ 
rated, the s dependence of A makes possible the 
determination of the dependence of fl on A, In¬ 
formation which is otherwise quite difficult to ob¬ 
tain. Theoretical calculations 8 *’ yield it <x A*, 
with m depending on whether the recombination 
procesB involves normal or umklapp phonon emle 
sion. For the normal process with the recom¬ 
bining particles at the gap edge, m = 2. For the 
umklapp process there appears to be theoretical 
disagreement: Rothwarf and Cohen* find m* 1, 
while Gray’ finds m = 3. The relative importance 
of the normal and umklapp processes Is also not 
generally well established experimentally. The¬ 
oretically, the umklapp process is found to be 
about 100 times faster than the normal process 
in Pb, 8 while in A1 they appear to go at compar¬ 
able rates.’ Experiments of the type discussed 
here may be able to resolve some of these ques¬ 
tions. 

If the ar y term is dominant, the study of R be¬ 
comes more difficult. In estimating r y , it is im¬ 
portant to realize that in a film with two effec¬ 
tively infinite dimensions, phonon random-walk 
diffusion is important even for X »d, where X is 
the phonon mean free path against pair breaking. 
This is a typical experimental situation: In Sn, 

X Is probably -2000-2500 A, while a typical film 
thickness Is 500 A. Assuming that the phonons 
scatter diffusely at the film surfaces and can 
leave the film only at the film-substrate Inter¬ 
face, we obtain, to a good approximation, 
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jj is the average phonon transmission probability 
a t the film-substrate Interface and c, is the sound 
velocity. For specular reflection at the film sur¬ 
faces, and for ij = 4£' 1 (a condition usually met in 
practice), we estimate r y = 4d/nc,. These two 
estimates of r y are in essential agreement for 
typical experimental parameters. 

From the above, we see that if crr y is not too 
large compared with &R~ % , it should be possible 
to separate the two terms using the dependence 
of T r on film thickness d. The right-hand side 
of Eq, (5) may display a gap dependence ranging 
from A‘* to A 0 , depending on the relative domi¬ 
nance of various terms and the correct gap de¬ 
pendence of R for umklapp processes. When the 
T r term dominates, the excess quaslpartlcle den¬ 
sity becomes almost independent of film thick¬ 
ness for a given Incident light power. The sepa¬ 
ration of the various terms of interest, while 
possible in principle, in practice may place strin¬ 
gent requirements on experimental accuracy. 

We would like to thank C. S. Owen and D. J. 
Scalaplno for providing us with a copy of their 
detailed numerical results and O. Allyn for nu¬ 
merical calculations. 
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Effects of Dynamic External Pair Breaking in Superconducting Films* 


G. A. Sai-Halasz, C, C. Chi, A. Denenstetn, and D. N. Langenberg 
Department of Physics and Laboratory for Research on the Structure of Matter, 
University of Pennsylvania, Philadelphia, Pennsylvania 19174 
(Received 21 March 1974) 


Effects of dynamic external pair breaking in superconducting films are studied using 
microwave reflectivity to probe excess quaslpartlcle densities. For weak pair breaking, 
agreement with theory la good, permitting determination of effective quaslpartlcle re- 
- combination times. For strong pair breaking, an expected first-order transition to the 
normal state Is not observed. Instead, a partially dc-resistlve state Is found In a broad 
injection region. 


We have experimentally Investigated nonequi- 
Ubrlum effects In superconducting Sn films under 
the influence of external pair breaking, using mi¬ 
crowave reflectivity as a probe of the quasipar¬ 
ticle density. The results reported here are In¬ 
terpreted using the theory discussed In the pre¬ 
vious Letter.* They give new insight into the 


problem of measuring the intrinsic recombina¬ 
tion time of quaslpartlcles. In addition, they 
provide a test of the Owen-Scalapino* model of 
a nonequilibrium superconductor under weak and 
strong pair breaking. 

.Pair breaking was accomplished with a pulsed 
GaAs laser (A = 904 nm) generating a maximum 
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peak power of 15 W. cw 70-GHz microwaves re¬ 
flected from the film were detected and ampli¬ 
fied, then averaged in a boxcar integrator and 
recorded against time. Because of ac coupling, 
the signal is zero in equilibrium and proportion¬ 
al to R(0)-R(n) /notation follows Ref, 1) in the 
nonequilibrium situation. Typically, 80-90-neec 
pulses were used at a 100-sec" 1 rate. The ab¬ 
sorbed light energy per pulse was less than 5 
ergs at maximum intensity, assuming 62% re¬ 
flection from the films. This amount of energy 
was insignificant in raising the substrate temper¬ 
ature; heating effects in general have been dis¬ 
cussed earlier.* 4 On the other hand, the pulses 
were of sufficient duration to establish quaslequi- 
librium in the superconductor. The low repeti¬ 
tion rate assured the restoration of equilibrium 
between pulses. The light intensity was variable 
by a factor more than 10\ The minimum detect¬ 
able change in the microwave reflectivity was 2 
xlO" 4 [R(0)-R m ] with an overall system rise 
time (10-90%) of 25 nsec. The films, ranging in 
thickness from 150 to 1100 A, were evaporated 
on optically flat quartz substrates. Measure¬ 
ments were made in a vacuum can as a precau¬ 
tion against deposition of ice on the film during 
transfer of helium. 

Care was taken to assure uniformity of light 
intensity over the region of the film probed by 


reflectivity response 



FIG. 1. Typical microwave reflectivity signal and 
laser pulse. The signal amplitude Is proportional to 
ft(0) -R(n), and the voltage scnle refers to the micro- 
wave detector output. The light is detected by a p-i-n 
diode, and the scale is arbitrary. 


the microwaves. The inside of a brass cylinder 
was fumed with MgO, forming a "white box,” the 
light pipe entered In the side of the cylinder close 
to the bottom, and the film formed the top side 
of the cylinder. The probed area was ~ 25% of 
the total Irradiated portion, placed in the center 
of it. Over this area the diffusely scattered light 
was of uniform intensity within our ability to 
measure It, -2%. 

A typical light pulse (measured by a p-i-n di¬ 
ode photodetector) and a signal are shown In Fig. 

1. The top of the signal Is flat, indicating that 
qua8iequlllbrlum Is established. The rise and 
fall times are those of the electronics, Implying 
that the effective quaelpartlcle recombination 
time Is less than 25 nsec and cannot be measured 
in this direct way. It can, however, be found in¬ 
directly through a measurement of the pulse 
height (signal amplitude) versus light intensity, 
as shown in the previous paper. Such data were 
obtained for all films at several temperatures. 

The qualitative features of these data were the 
same in all cases; data points for one case are 
shown In Fig. 2, together with a theoretical curve 
derived from Ref. 1. It is apparent that experi- 
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FIG. 2. Microwave reflootivlty change and do resis¬ 
tance as a function of relative pair-breaking Intensity 
for Sn at 1.2 K. Closed circles: reflectivity change 
R( 0) - RU) normalized with respect to the full change 
R( 0) -R„ between the equilibrium superconducting and 
normal states for a 400-A-thlck film; intensity at 1 is 
8 W cm' ! . Solid line; theoretical curve of Ref. 1. 
Dashed line; where the predicted first-order transition 
should have occurred. Triangles: resistance r(f) nor¬ 
malized to the normal-state value r„ for a 500-A strip; 
for this ourve, absolute light power at 1 Is 7.6 W cm'*. 
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mant and theory are in good agreement over 3 
order* of magnitude in light inteneity and signal. 
(The figure shows the least satisfactory fit of all 
the cases studied.) However, the sharp transi¬ 
tion to the normal state at high light intensities 
predicted by the Owen-Scalaplno modes does not 
occur) We shall return to this feature below, 
after considering the implications of the region 
where theory and experiment do agree. 

In all cases the theoretical curve was fitted to 
the data by adjusting only the light-intensity scale, 
using the relation CI 0 = 4N* + 2N T AN. The scaling 
constant C contains the physically interesting pa¬ 
rameters. The Importance of T y , the time re¬ 
quired for recombination phonons to leave the 
film, can now be determined. In this event, C 
= l/R + N T *r y /2N uT should display a dependence 
on film thickness. The data plotted in Fig. 3 
show that this is Indeed the case. In comparing 
values of r r obtained from these data with the the¬ 
oretical estimates of Ref. 1, it should be borne 
in mind that, in addition to other limitations of 
the latter estimates, the wavelength of the recom¬ 
bination phonons is more than 100 A, approaching 
the thickness of the films used. This undoubtedly 
further limits the reliability of the theoretical 
estimates. However, the experimental values of 
Tj are of the right magnitude. For our 900-A 
film (where the nonzero wavelength of the recom¬ 
bination phonons should have the least effect), as¬ 
suming specular reflection of phonons from the 
film surfaces (the diffuse reflection case is not 
very different), we find the phonon escape prob- 
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FIG. 3. Fitting parameter as a function of film thlok- 
“css. This parameter Is obtained from reflectivity da- 
as in Fig. 2. Error bars represent relative errors; 
an overall 80% uncertainty exists due to the uncertainty 
in absolute light power. 


ability =» 7 x 10"*, taking the conversion efficien¬ 
cy of the light power F-J. This Is In reasonable 
agreement with values estimated by combining 
experimental Kapitza resistance measurements’ 
and theory.* 

In principle, one may attempt to obtain the in¬ 
trinsic 1 recombination time t*- (iNfR)'* either 
from extrapolation of data like that In Fig. 3 to 
zero film thickness, or directly from measure¬ 
ments on very thin films. In one attempt on a 
150-A film, we have established the existence of 
effective quasiparticle lifetimes much shorter 
than in the thicker films, and we are currently 
pursuing this possibility. The extrapolation pro¬ 
cedure Imposes severe requirements on experi¬ 
mental accuracy; it is apparent that the data of 
Fig. 3 permit only the establishment of an upper 
limit on r«. Assuming that r K is not much larger 
than the uncertainty (~ 25%) in r cff (oM» 0) for the 
400-A film (where the r y term still clearly dom¬ 
inates), we find T J ,«3xlO' Il F' l / M/ *exptA(T)/*T]. 
To our knowledge, this is the first time that the 
overwhelming contribution of r y in the quasipar¬ 
ticle recombination process has been established, 
and a limit given for the Intrinsic recombination 
time. 

Returning now to the absence of the expected 
first-order transition to the normal state, we 
note (cl. Fig. 2) that, although the slope of the 
signal-amplitude versus light-lntenslty curve 
does increase at high light intensity, the reflec¬ 
tivity approaches its normal value over about a 
factor of 2 in light intensity, converging to it with 
essentially zero slope. Limiting the film sizes 
to the area of microwave incidence had no effect, 
Indicating that quasiparticle diffusion out of the 
probed area was of no importance. 

To gain more Insight into the state of the super¬ 
conductor in the region near the transition, we 
correlated dc measurements with the microwave 
measurements. We used strip films, typically 
1.5 mm wide and 2 cm long. The microwaves 
and light were incident on the middle on a spot of 
-0.5 cm diam. Outside the illuminated area, 
leads for a four-terminal resistivity measure¬ 
ment were connected. Measuring currents were 
typically 1-5 mA. The electronic processing of 
the dc voltage signals was the same as for the 
microwave signals. Signals stemming from an 
Ohmic resistance (Inductive effects are insignifi¬ 
cant) appear, with zero slope, close to the point 
where the transition should have occurred, and 
gradually Increase with pair-breaking intensity. 
The shapes of the dc-signal pulses are exact rep- 
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llcas of the microwave signal pulses. The max¬ 
imum dc signal corresponded exactly to the nor¬ 
mal resistance of the film strip, as measured 
the standard way at 4.2 K, and In light intensity 
corresponded to the point where the microwave 
reflectivity indicated the normal state. For a 
given light intensity the dc signals displayed a 
perfectly Ohmic character. The dc current had 
no effect on the microwave signals and vice ver¬ 
sa. Typical dc data points are shown in Fig. 2. 

It appears from both the microwave and dc mea¬ 
surements that, rather than undergoing a sharp 
transition to the normal state, the films undergo 
a transition to what may be a new type of super¬ 
conducting state, a sort of photon-induced dynam¬ 
ic Intermediate state. Following is a highly spec¬ 
ulative discussion which, in our view, represents 
a possible picture of this state. It is known that 
the recombination phonons play a central role in 
the recombination dynamics. Suppose that a crit¬ 
ical excess quasiparticle density is reached and 
the film turns normal discontlnuously. In the nor¬ 
mal state, there is no bottleneck for the incom¬ 
ing energy flux in the form of quasiparticles of en¬ 
ergy - A and phonons of energy - 2A, that are the 
most effective in impeding pairing. The film 
goes back to the superconducting state, starting 
the process over. The larger the pair-breaking 
intensity, the shorter the time the film spends 
in the superconducting state. Beyond the tempo¬ 
ral fluctuations, spatial breakup is probably in¬ 
evitable, but of secondary importance, due, for 
example, to slight inhomogeneities in film thick¬ 
ness. If the temporal scale is i 10 nsec, both 
the microwave and dc signals would indicate an 
average of the measured parameter, behaving 
as if a well-defined fraction of the film is normal 
at all times. 

We have been able to put an upper limit on the 
time scale of these processes. The dc signals at 
sufficiently high intensities are large enough to 
be observed directly on a sampling oscilloscope. 
The measured fall time was 1 nsec. However, 
this might have resulted from the fall time of the 
light intensity and must be regarded as an upper 
limit. 

A proper theoretical understanding of this dy¬ 
namic intermediate state will obviously require 
consideration of a possible superconducting-nor¬ 
mal interface energy, and of the bremsstrahlung 
phonons created in the cooling of the primary 
high-energy particles. 

Another feature of our data should be mentioned: 
The change in the microwave reflectivity of the 


films is delayed measurably after arrival of the 
light. This "initial delay" was proportional to 
thickness (approximately 1 nsec per 100 A), but 
independent of the light intensity. The latter in¬ 
dicates that the initial delay is not connected with 
the recombination process. In most of our exper¬ 
iments, the light was Incident on the side of the 
film opposite to that which the microwaves sam¬ 
pled, and the possibility arises that it takes this 
delay time for the effect to cross the film. This 
in turn could be an indication of a nonuniformity 
across the film, making our results questionable. 
However, both quasiparticles and phonons cross 
the films in less than 10* 10 sec, making it virtual¬ 
ly impossible for nonuniformity to exist on the 
HT’-sec time scale of our work. To check this 
point, in one case we irradiated a film from the 
front side. No differences were noted in any re¬ 
spect; in particular, the initial delay was un¬ 
changed. This leads us to believe that the initial 
delay is the result of the cascade process through 
which each photon distributes its energy among 
quasiparticles and phonons. It is known’’“ that 
high-energy electrons are dumped overwhelming¬ 
ly by phonon emission, rather than by pair break¬ 
ing. Accordingly, the cascade process involves 
several phonon emission and adsorption steps, 
the total time of which can be of the order of a 
few nanoseconds. However, we measured the ini¬ 
tial delay also in a Pb film where, according to 
the same theory, the emission and adsorption 
processes are at least an order of magnitude 
faster, and found approximately the same initial 
delay as in similar thickness Sn films. This 
leaves us with no firm explanation of the phenom¬ 
enon, or its thickness dependence. 

Shortly before submitting this Letter it came to 
our attention 10 that photoinduced effects in super¬ 
conductors have also been investigated indepen¬ 
dently by other groups. 

The authors are greatly indebted to A. Rothwarf 
for illuminating discussions. 


‘Research supported in part by the National Scienee 
Foundation and by the U.S. Army Research Office (Dur¬ 
ham) , 

'A. Rothwarf, G. A. Sai-Halasz, and D. N. Langen- 
berg, preceding Letter iFhys. Rev. Lett. 32, 212 (1974). 

2 C. S. Owen and D. J. Scalaplno, Phya. Rev. Lett. 28, 
1559 (1972). 

*L. R. Testardl, Phys. Rev. B 4, 2189 (1971). 

4 W. H, Parker and W. D, Williams, Phys. Rev. Lett. 

29, 925 (1972). 


218 


I 




VOLUM1 33, NVM»i*4 


PHYSICAL REVIEW LETTERS 


22 July 1974 


> 11 . K. Maul, M. W. P. Strandberg, and R. L. Kyhl, 
Pby«. Rev. 182 , 522 (1969). 

*W, A. Little, Can. J. Phys. 37 , 334 (1959). 

»A. Rotlnrarf and B. N. Taylor, Phya. Rev. Lett. 19 
27 (1967). 

•L. Tewordt, Phya. Rev. 128, 12 (1962). 

*V. L. Prokrovakll, Zh. Eksp. Teor. Fie, 40, 


143 (1961) ISov. Phya. JETP 13, 100 (1961)1. 

">L. More 111, J. N. Leohevet, L. Leopold, anl W. D. 
Gregory, Bull. Amer. Phya. Soo. 19, 276 (1974); 

J. Shah, R. F. Leheny, and A. H. Dayezn, Bull. Amer. 
Phya. Soo. 19, 277 (1974); P. Hu, R. C. Dyneu, and 
V. Narayanamurtl, Bull. Amer. Phya. Soo. 19, 277 
(1974). 


Liquid-Gas Phase Diagram of an Electron-Hole Fluid 

Gordon A. Thomas, T. M, Rice,* and J. C. HenBel 
Bell Laboratories, Murray Rill, New Jersey 07974 
(Received 21 May 1974) 

Measurements and theoretical estimates are presented of the liquid-gas phase diagram 
of an electron-hole fluid In pure germanium. The critical point la found to occur In a re¬ 
gion where the fluid Is an electron-hole plasma at J' e »6.5 *0.1 K and « C «(B±2) xlO 11 cm'*. 


We present here a study of the phase diagram 
f the electron-hole condensate in germanium, 
ased upon Information obtained from the luml- 
escence spectrum under constant optical pump- 
lg. The luminescence from the condensed phase, 
hlch has been observed In Si 1 and Ge,* Indicates 
rom the low-temperature line shape*" 4 and Its 
jmperature dependence 4 ) that the condensate Is 
n electron-hole liquid. While it is well estab- 
shed that excltons exist at low carrier densities 
\ the gas phasewe shall present evidence that 
le gas is an electron-hole plasma at high densi- 
es near the critical point. We shall discuss on- 
I briefly the transformation between excltons 
nd plasma, since it Is not as yet understood. 

The liquid-gas phase diagram for electrons 
nd holes in germanium has been measured using 
vo different aspects of the recombination lumi- 
escence. FlrBt, the line shape of the lumlneB- 
ence from the liquid has been used to obtain its 
bsolute density as a function of temperature. 

'his procedure has been discussed previously 4 
)r temperatures below 4,25 K and is here extend- 
d to higher T. Second, onsets of liquid lumlnes- 
ence as a function of T at constant pumping pow- 
r have been used to determine the relative den- 
lty In the gas at the boundary of the two-phase 
e glon. Onsets analogous to these have been 
leasured in luminescence, 1,9 in cyclotron reso- 
ance, 7 and in noise pulses ,* In the temperature 
egion below 4.2 K. 

At high densities the electron-hole liquid is 
letalitc and there is good agreement between the 
irst-principlea calculations,*" 11 based on the ran- 
om-phase approximation (RPA) at T = 0 and mod¬ 


ifications thereof, and experiment. As tempera¬ 
ture Is raised the density n of the liquid Is re¬ 
duced through thermal expansion. 4 Within the 
RPA one may write the free energy per particle 
as 

F(n,T) = F 0 (n.T)+ F IC ( n ,T), (1) 

where F 0 is the tree energy of a noninteracting 
set of electrons and holes and F xt represents the 
exchange and correlation corrections due to the 
interactions. In the metallic regime one can, to 
a good approximation. Ignore the explicit T de¬ 
pendence of F xc and write F xe (n,T)mF xe (n), The 
validity of this approximation, which we have 
checked by direct calculation, can be understood 
since, within the RPA, the excitation spectrum 
ts strongly perturbed by the Interactions only at 
energies of order of the plasma frequency w p . 
Since, in Ge, 14JI 1 '* meV, where 51 = «x(10' 1T 
cm’), the condition k 9 T«hw, is satisfied. The 
main effect of the Interactions is to lower rigid¬ 
ly the bottom of the band with only a negligible 
change in effective mass. 1 * This effect diminish¬ 
es rapidly as the density drops. It can be esti¬ 
mated theoretically by computing the exchange 
and correlation contributions to the chemical po¬ 
tential, ii xe (tt)sF xe +n9F xe /9iu Finally, on theo¬ 
retical grounds, one might expect that at a suf¬ 
ficiently low density n = n MI the fluid ceases to be 
metallic, where 

n MI = (l/8v)(k t T/E x )a x -\ (2) 

This is the Mott criterion for nondegenerate car¬ 
eers (based on the Debye screening length) where 
E x and «, are the exclton Rydberg and Bohr ra- 
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FIG. 1. Energy spectra of luminescence from the 
electron-hole liquid flower energy lines) and the elec¬ 
tron-hole gas (higher energy lines) In Oe at two temper¬ 
atures approaching the critical point. At each T, a 
complete spectrum Is obtained In the two-phase region 
(open olroles) and then a second spectrum with only gas 
present (triangles) is reoorded. We find that the effec¬ 
tive gas line shape for the subtraction procedure Is 
beat measured for each power level at a T Just above 
the two-phase region. The theoretical fits to the data 
(solid lines) Indicate lhat the liquid density [calculated 
from £ f (T)I Is decreasing rapidly between 6.05 and 
6.42 K (see Fig. 2). 

dlus, respectively. 

The experiments were carried out under the 
same conditions discussed previously, 4 but with 
the samples In a glass chamber filled with a vari¬ 
able pressure of He 4 exchange gas surrounded by 
superfluid He 4 , The density In the droplets was 
measured from the line shape assuming that the 
recombination luminescence intensity can be de¬ 
scribed simply as a Joint density of states of elec¬ 
trons and holes. The fit to the data then deter¬ 
mines the sum of the electron and hole Fermi en¬ 
ergies £ F (T) relative to the bottom of the band 
which, in turn, determines the densities using 
the band effective masses. 



FIG. 2. Phase diagram In temperature and density of 
electrons and holes In pure Ge, The solid points on the 
liquid side of the coexistence curve are obtained as Il¬ 
lustrated In Fig. 1. The open circles were determined 
from onsets of the two-phase region (as a function of T 
at constant power). The solid curve corresponds to the 
theoretical behavior for low T In the liquid (see Bet. 4) 
and to the shape of the soaled phase diagram for simple 
fluids near T e . The dashed curve is an emplrioal esti¬ 
mate using the data of Fig. 3. 

As T Increases toward T c , the liquid and gas 
lines gradually merge, as shown in Fig. 1. Above 
~ 5 K the liquid line shape is deconvolved by sub¬ 
traction. Our measurements of the spatial pro¬ 
file of the luminescence in the sample Indicate 
that the region of gas is not uniform in density 
and varies as a function of pumping power; how¬ 
ever, the liquid density measurement should be 
reliable as the density within the drops should be 
nearly uniform and only a function of T. 

As seen from the liquid-line shapes in Fig. 1, 
the main effect of T on the liquid is to shift up¬ 
ward the bottom of the band (the lowest energy of 
the fitted luminescence spectrum) as n decreases. 
On the other hand, the chemical potential p(T) 
shifts downward only slightly following the T* de¬ 
pendence reported at lower temperatures, 4 The 
density measurements of the liquid are summar¬ 
ized by the solid dots in Fig. 2. We fit the data 
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fritb the solid curve which corresponds to a T* 
dependence up to about 4 K smoothly joined to 
the scaled phase diagram of simple fluids 15 near 
r r Because of uncertainties in determining ab¬ 
solute densities on the gas coexistence curve, 
we have extrapolated to the critical point from a 
fit to the liquid side of the phase diagram. This 
procedure, using the data for *>1.0, gives the 
agreement shown in Fig. 2 and a critical point at 
r c =6.5±0.1 K and * = 0.8±0.2. 

The gas boundary of the phase diagram shown 
in Fig. 2 has been estimated from onset measure¬ 
ments of the liquid luminescence. These onsets 
(open circles) were obtained by decreasing the 
temperature at constant pumping power while 
nonltorlng the integrated Intensity from 708.5 
o 709.5 meV, and also by recording an array of 
:omplete spectra covering all accessible regions 
if T and pumping power. The absolute gas den- 
dties in Figs. 2 and 3 were fixed (at T = 6 K) by 
ssumlng that the gas coexistence curve is ap- 
iroximated by the scaled phase diagram in the 
iclnity of T c . Alternatively a rough estimate of 
he absolute value of the gas density can be ob- 
ained from the position of the lower energy edge 
if the gas line relative to pfT) assuming that the 
;as is an electron-hole plasma. A third, less 
■ellable, method uses the measured pumping pow- 
irs but requires assumptions as to the effective 
llffusion lengths and carrier lifetimes. All three 
nethods give roughly consistent results; how- 
;ver, further studies will be necessary to re- 
nove the rather large uncertainty in the nature 
if the gas phase and its average density. 

In Fig. 3 we plot the bottom of the band as a 
unction of density. Note that these measure- 
nents are not at constant temperature but along 
he coexistence curve. In the high-density re¬ 
time, where the data are best, the values are 
lot expected to vary much with temperature. The 
heoretlcal estimate for n, c («) of Brinkman et al * 
BRAC) is plotted as the solid line with p(0) chos- 
in at 63 K below the unperturbed band gap. These 
■alues were determined by fitting a quadratic 
orm to tfie correlation energy points calculated 
it density values of * = 3.4, 0.43, and 0.05. The 
igreement between theory and experiment is 
food. 

Combescot has shown 14 that a critical point 
'lthln the metallic regime can be obtained using 
he free energy, Eq. (1). She used a low-temper- 
iture expansion for F 0 (n,T) and the Combescot- 
lozieres results for F sc (n) to obtain * c = 0.7 and 
V8.2 K. Earlier, Silver^* obtained * e = 0.7, 



FIG. 3. Variation of the absolute position of the bot¬ 
tom of the electron-hole Quid band as a function of its 
equilibrium density with temperature as an implicit 
variable. The open circles (gas-phase points) begin 
near the exciton energy position and, with increasing 
temperature. move toward the critical point where the 
Quid enterB the liquid phase (solid circles); the points 
then correspond to decreasing temperature. The 
dashed line is a rough empirical line through the data 
which la used to obtain the dashed approximate phase 
diagram Bhown in Fig. 2. The solid line is the BRAC 
theoretical estimate. 


T c = 15.8 K based on Hartree-Fock theory, while 
Vashishta 11 reports a value *,.=0.9 and T c = 5.9 K. 
We have calculated the critical point using the ex¬ 
act temperature dependence of F 0 and the BRAC 
form discussed above for F xc (n) and obtain the 
values n c = 0A, T e = 8.3 K. This wide range of 
theoretical values shows the extreme sensitivity 
of the estimates to the detailed form of F IC (n). 
This sensitivity is not too surprising since the 
condition for a critical point involves the third 
derivative B*F/Bn s . 

In order to test the basic approximation that 
F %c is Independent of T we made an empirical fit 
to the bottom-of-the-band energies (Fig. 3) and 
then used this form in Eq. (1) to determine a 
phase diagram. The results are shown as the 
dashed curves in Figs. 2 and 3. The values ob¬ 
tained are T c = 6.8 K and * c = 1.2 and the overall 
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agreement with the phase diagram is good. The 
largest deviation occurs at the lower densities. 

It is clear that strong exclton or electron-hole 
correlations will significantly alter the entropy 
and therefore cause F xc to vary with T at lower 
densities. A criterion for the complete break¬ 
down of the metallic nature of the fluid is | n, c | 

= E B , where E B is the exclton binding energy. 
From the BRAC theory* In Fig. 3 we estimate a 
value ^ y *4xl0‘*. This value is roughly com¬ 
parable to that obtained from the Mott criterion, 
Eq. (2), which, in Ge at 5 K is ^, = 8x10"*. At 
present our data are insufficient to determine 
n MI experimentally. Indeed we cannot rule out 
the interesting possibility that the metal-insula¬ 
tor transition occurs as a separate first-order 
phase change. Such a possibility was suggested 
many years ago for liquid metals by Landau and 
Zel’dovich. 1 '’ We can, however, conclude that the 
two transitions are well separated and n MI ««,, 
We would like to thank R. E. Miller and F. C. 
Unterwald for experimental assistance, and B. I. 
Halperin, P. W. Anderson, E. O. Kane, T. G. 
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to publications. 
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EPR Observation of Gose Frenkel Pairs in Irradiated ZnSef 

G. D. Watkins 

Central Electric Corp or ate Restarch and Development, Schenectady, Note Toth 12301 

(Received 6 May 1974) 

Four distinct EPR spectra observed in ZnSe irradiated by 1.5-MeV electrons at 20.4‘K 
are Identified as simple zinc-vacancy, zinc-interstitial close pairs of different micro¬ 
scopic configuration. Correlation of defect alignment with Incident-electron-beam direc¬ 
tion confirms the identification. Isolated zinc vacancies are also produced but witb zero 
initial production rate, suggesting that their production Is a two-step process, the first 
being the formation of close pairs. 


In this Letter I report the EPR observation of 
sveral discrete zinc-vacancy, zinc-Interstitial 
lose pairs in ZnSe. Although such Frenkel pairs 
ive often been called upon to explain radiation- 
image behavior In solids, 1 believe this is the 
rst direct unambiguous observation of these 
mple fundamental defects in a solid. 1 
Irradiation of ZnSe with 1.5-MeV electrons at 
).4°K produces two prominent well-resolved 
lisotropic EPR spectra, with i. One, ta¬ 
iled V, has been previously identified as arising 
om the isolated zinc lattice vacancy. 5 * 5 Its spec- 
■um is axially symmetric along a (111) axis of 
,e crystal with g, = 1.9548, g x - 2.2085. This, 
mpled with the analysis of resolved 8e” hyper- 
ne interactions, has revealed that the spectrum 
rises from a hole primarily located in the 4p 
lell of a single selenium neighbor to a zinc va- 
incy. The defects align under externally sp¬ 
ied stress at cryogenic temperatures (i.e., the 
lie can “hop" between the four equivalent selen- 
m neighbors of the vacancy and seeks out the 
west-energy one under stress). This establlsh- 
i that the reduced local symmetry of the vacan- 
r results from a trigonal (111) Jahn-Teller dls- 
irtion and that otherwise the vacancy has the 
ill tetrahedral symmetry (T 4 ) of the zinc lattice 
ite, with no defect close enough nearby to pro¬ 
ice a strain field comparable to that which can 
9 applied externally. 

The second spectrum, V x , also has (111) axial 
lonmetry: Its g tensor and Se 77 hyperflne inter- 
dlons differ only slightly from those for V, in- 
tcating that it also results from a zinc vacancy, 
nlaxial stress does not produce measurable 
ligament, 5 however, suggesting that here the 
icancy is in the strain field of a nearby defect 
«ated in a (111) direction from the vacancy. 
Figure 1 shows the results of annealing. There 
Pe several discrete stages between 80 and 180°K 
; which other well-resolved EPR centers, K n , 


V m , V' v , grow and disappear. These additional 
centers show small departures from axial sym¬ 
metry but are otherwise very similar to V and 
V 1 , indicating that they too are perturbed zinc 
vacancies. For V M and V m , uniaxial stress pro¬ 
duces partial alignment revealing a restricted 
type of reorientational motion available to each. 
For V n , the hole can hop between three of the 
four selenium neighbors which suggests the pres¬ 
ence of a nearby defect in the (111) direction of 
the fourth Belenlum neighbor. For V' nl , the hole 
motion Is between two of the selenium neighbors 
Indicating a defect in a (100) direction from the 
vacancy. The Intensity of V ,v Is too weak to 
make reliable stress measurements on It. 

This Letter establishes that the defects K 1 , V n , 
V n \ and V r,v are zinc lattice vacancies which 
are perturbed by the presence of the nearby Inter¬ 
stitial produced in the damage event. As such, 
they are simple zinc-vacancy, zinc-interstitial 



FIG. 1. Intensities of EPR spectra observed st 20.4*K 
In irradiated ZnSe after 15-mln isochronal anneals. 

The sample was irradiated at 20.4TC with 1.5-MeV elec¬ 
trons to a fluence of 4x 10 11 electrons/cm 7 . 
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FIG. 2. Production of V and oriented V 1 centers ver¬ 
sus 1.5-MeV-electron fluence at 20.4°K for two differ¬ 
ent beam directions: (a) e* II [III); (b) e'll 1111). 





FIG. 3. Models for the Frenkel close pairs. The 
open circles represent selenium Ions, the cross- 
hatched ones, the interstitial zinc. For each, the hole 
is on atom a, as Indicated by the black orbital. 


close pairs of different microscopic configura¬ 
tions. In this model v' is formed as a primary 
damage event when the zinc atom is knocked out 
of its lattice site into a nearby interstitial site 
by the incoming electron. The other spectra re¬ 
sult from different microscopic arrangements 
for the pair. Some of these may also be produced 
directly as a primary event (Fig. 1) but for the 
most part they appear to arise from annealing. 

A direct test of this identification is possible 
as follows: In the primary damage event the In¬ 
coming electron transmits the maximum recoil 
energy to a zinc atom when It recoils in the di - 
rectlon of the bombarding electron. There should, 
therefore, be a strong correlation between the 
orientation of interstitial-vacancy close pairs and 
the bombarding beam direction. 

Figures 2(a) and 2(b) show the results for elec¬ 
tron irradiation along the [HTJ and [ill] direc¬ 
tions, respectively. For the [Ill] irradiation, 

Fig. 2(a), the production rate for V 1 defects 
aligned along the beam direction, V’lllfj, Is 50% 
greater than that for those oriented along the 
other (111) directions, as monitored by v’[lllj. 
Radiation along the [ill] direction, Fig, 2(b), 
reverses the effect, the V' T [ 111J production rate 
now being less than ball that for V'[llTJ. For 
these studies the sample thickness along the 
beam direction was ~ 0.017 tn which leads to a 


mean square scattering angle of the beam of ~55° 
upon emerging from the other side of the crystal.* 
The electron beam in the sample is, therefore, 
described by a diffuse cone along the beam direc¬ 
tion and the true anisotropy must be considerably 
larger than that observed In Fig. 2. 

I interpret this anisotropy, representing un¬ 
ambiguous memory of the damage event, as con¬ 
vincing evidence of the close-pair identification 
for V 1 . At the same time, the sense of the aniso¬ 
tropy confirms that the defect is being produced 
on the zinc lattice, the [III] recoil direction [see 
Insets in Figs. 2(a) and 2(b)] being into an acces¬ 
sible interstitial space for the zinc atom. From 
the (111) axial symmetry of the V 1 center I tenta¬ 
tively identify V 1 as a zinc-vacancy, zinc-inter¬ 
stitial close pair with the interstitial In the near¬ 
est available site in the [III] direction (iVFa 
distant from the vacancy, with a = 5.65 A), as 
shown in Fig. 3(a). Here the hole is Coulombical- 
ly repelled from the positively charged interstiti¬ 
al zinc ion and locates on the selenium ion op¬ 
posite the vacancy, as shown. 

Starting with the preferential alignment of 
v'flir] after [ITT] Irradiation of -1.5:1, Fig. 2(a), 
one finds after annealing that V u , V 1U , and V ,v 
also display substantial correlated alignment. 

The V" alignment, as measured by the (111) axis 
around which stress alignment reorientation is 
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started, is of oppoelte sense and smaller in 
magnitude than that for v', the [TTIJ/[llT] ratio 
Bing " 1.0:1.2. This suggests the model of Fig. 
[b). Here in the V'-F 11 conversion the inter- 
•jtLal moves to a position equidistant from the 
icancy but behind selenium atom d (or 6 or c , 
hlch are equivalent). These three equivalent 
liolces reduce the net alignment by a factor of 
and result in a net depletion of the [lif] align¬ 
ment, as observed. In this model, Coulomb re¬ 
ligion again forces the hole to the other side of 
ie vacancy. In this case there are three equiva- 
gnt atoms for the hole [a, b, or c, for the con- 
Iguration of Fig. 3(b)] and a Jahn-Teller distor- 
Lon localizes it on one (a as shown in the figure). 
)n physical grounds V u might be expected to 
ave a lower energy than V' because of the added 
lnding energy resulting from the polarizable 
ie" ion between the defects. 

The alignment observed for K 1 " is best de- 
cribed in terms of the model in Fig. 3(c). The 
nterstltial is located in a (100) direction from 
lie vacancy and the preferred direction is equally 
lstributed between [TOO], [010], and [00T], The 
baerved alignment ratio [00T]/[00l] is 2.0. 

(The zinc site is not a site of Inversion symmetry 
and the [001] and [001] spectra are distinct.) The 
three preferred positions, [TOO], [010], and [001], 
lie on the surfaces enclosing the [ITT] octant and 
reflect the strong correlation of these defects 
with the initial [III] Irradiation direction. The 
large alignment observed reveals that these can¬ 
not be derived solely from the annealing of V'. 

(As for V v , the three choices would reduce the 
net alignment to ~ 1.2.) They must, therefore, 
derive primarily from other more distant pairs, 
not being Initially resolved, which have higher 
anisotropy of damage production. As shown in 
the figure, the interstitial could be in the nearest 
position, [a away from the vacancy, or in the 
next position, la away. The hole is localized on 
one of the two equivalent selenium atoms on the 
opposite side of the vacancy, again associated 
with a Jahn-Teller distortion. 

l’ IV also"displays a strong alignment correlated 
with the [HI] beam direction of 2.0. A detailed 
model Is not possible but the symmetry of the 
spectrum Indicates an interstitial in a low-sym¬ 
metry direction in the [TIT] octant. 

Figure 2 reveals another interesting result. 

We note that the “isolated" vacancy, V, is not 
produced linearly versus dose ( <p ). The initial 
production rate is zero, the centers growing in 
88 ~ <p\ where n appears to be between 2 and 3. 


This reveals that the vacancy production is at 
least a two-step process and suggests that the 
first step is the close-pair production. 

In summary, several discrete zinc-vacancy, 
zinc-interstitial close pairs have been Identified 
by EPR in Irradiated ZnSe. Correlation with 
initial electron-beam direction and stress align¬ 
ment studies have allowed detailed models to be 
proposed for the defects. At 20.4% with 1.5- 
MeV Irradiation, the primary damage process on 
the zinc lattice appears to be the production of 
Frenkel close pairs. Isolated zinc vacancies are 
also produced but Involve at least one other step 
in the process. 

Frenkel close pairs might be expected to be 
good luminescent centers, the nearby positively 
charged, Interstitial zinc-atom “donor” serving 
to activate the vacancy double acceptor in a man¬ 
ner similar to that performed by chemical do¬ 
nors for the self-activated luminescent center In 
H-Vl materials.’ The possibility that the close 
pairs observed here are responsible for the lum¬ 
inescence reported by Detweller and Kulp“ in 
low-temperature irradiated ZnSe is currently be¬ 
ing investigated. 


tResearch supported In part by the U. S. Air Force 
Aerospace Research Laboratory under Contract No. 
F33615-72-C-1505. 
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Study of the Reaction S6 FeO»,/«) s< Co to the Antianalog State* 
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L. D, Rickertsen, P. D. Kuna, D. A. Lind, and C. 0. Zafiratos 
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(Received 14 January 1974) 

The reaction u Fe(p ,n) it Co was studied at £, = 22.8 MeV tor both the isobarlo-analog- 
state (IAS) and andanolog-state (AAS) transitions. The difference in the observed angular 
distributions for these two L =0 transitions is not as striking as in (*He,<) measurements. 

The strong cancelation expected for the AAS case was observed. The shapes of the angu¬ 
lar distributions for both the IAS and AAS were improved by inclusion of a coherent two- 
step < p,d)<d.n ) process. 


Nuclear reactions such as ( p , tt), (*He, t), and 
(jr 4 ,* 0 ) can proceed through a simple charge-ex¬ 
change mechanism. This mechanism explains the 
strong population of the lsobarlc analog state 
(IAS) which is observed for (p,n) and (*He, t) re¬ 
actions on target nuclei with more neutrons than 
protons. The IAS has the same spin and space 
wave function as the target ground state, differ¬ 
ing only In the z projection of the nuclear isospin. 
In the case that the excess neutrons occupy sev¬ 
eral neutron orbitals their contribution to the IAS 
cross section is coherent and constructive for a 
charge-exchange reaction. 

When the excess neutrons occupy more than one 
shell in the lowest-order shell model, one can 
construct states in the residual nucleus with the 
same J and t as for the IAS but with isospin one 
unit smaller.' These states are called antianalog 
states (AAS). In the event that the charge-ex¬ 
change transition amplitudes associated with var¬ 
ious neutron orbitals are similar, strong cancel¬ 
ation should occur so that charge -exchange reac - 
tlon cross sections to the AAS should be weak rel¬ 
ative to those for the IAS.' Because of the strong 
cancelation, the AAS cross section should be 
quite sensitive to details of the target-nucleon 
configuration. It is of more than usual Interest, 
then, to study charge-exchange reactions leading 
to AAS. 

Identification of AAS of even-even targets has 
generally been made by finding a single 0 4 level 
below the IAS. A variety of reactions have been 
used to make such assignments including the low- 
energy 40 Ar (p, n )*°K study by Twin, Olsen, and 
Wong.* In that study, however, the reaction was 
completely dominated by the compound-nucleus 


mechanism rather than a charge-exchange mech¬ 
anism. When AAS were studied by the (*He, i) 
reaction by Hlnrlchs et al. 3 it was found that the 
observed angular distributions were roughly out 
of phase with those of the IAS and could not be 
explained by a one-step charge-exchange mech¬ 
anism. 

A suggestion was made by Schaeffer and Bertsch* 
that an out-of-phase shape could be obtained by 
contributions from the ( 3 He, a)(a, t) reaction. 

Their suggestion led to a detailed calculation by 
Coker, Udagawa, and Wolter 6 who Showed that 
the cancelation of the coherent one- and two-step 
amplitudes gave an out-of-phase angular distri¬ 
bution. 

It remained to be seen whether the (p, n) reac¬ 
tion at a higher energy where the compound-nu¬ 
cleus effects are smaller would exhibit AAS an¬ 
gular distributions which were markedly differ¬ 
ent from those of the IAS, and whether a similar 
two -step process could successfully describe 
(p, n) AAS data. In this Letter we report the 
first reasonably complete angular-distribution 
data for a (p,n) reaction to an AAS with a bom¬ 
barding energy clearly in the direct-reaction 
regime. These data were acquired with a unique 
new experimental facility which allows the use 
of heavily shielded long-flight-path detectors 
while still retaining the ability to take angular 
distributions over a wide range of angles. 

We have chosen to study the (p, n) reaction to 
AAS for two reasons. First, the nucleon-nucleus 
optical potential is well founded in comparison to 
that ior complex projectiles, making analysis 
more straightforward. Second, the (p, n) reac¬ 
tion is more sensitive to interior portions of the 





Voiw*** 3J.NO*®** 4 


PHYSICAL REVIEW LETTERS 


22 July 1974 


clear wav* function while the (“He, 1) reaction 
mainly influenced by the nuclear surface be- 

use of strong absorption of complex projectiles, 
ihus making the predicted one-step cancelation 
tor AAS with (P, n) reactions more striking than 
in the (*He, 0 reaction. The (p,n) reaction study 
is of course, experimentally more difficult; 
however, these difficulties are partially offset by 
larger cross sections and by the use of thicker 
targets than those that can be used in (’He, t) 
studies. 

We chose the reaction M Fe(p,«)“Co for our 
first study. The measurements were made with 
the University of Colorado rotating-beam neutron 
time-of-fllght spectrometer* at a proton energy 
of 22.8 MeV. This new system employs neutron 
detectors at fixed, well-shielded positions and 
varies the angle of incidence of the beam upon 

the target to obtain an angular distribution. Ini¬ 
tial data were obtained at 9 m flight path where 
Gaussian unfolding procedures were necessary to 
sxtract the area of the AAS peak at 1.45 MeV 
from that of the neighboring 1.72-MeV level. 
rhese data were verified and extended by subse- 
(uent measurements at a flight path of 29 m. Two 
!.54-cm x 20-cm NE-224 liquid scintillation de- 
ectors were placed side by side in an earthen- 
ihielded bunker for these longer-flight-path raea- 
urements. The 9-m measurements utilized 
hree similar detectors in concrete shields ar- 
anged so that data for three angles were ob- 
ained simultaneously. Neutron-> discrimination 


was employed to reduce background. A time-of- 
flight spectrum is shown in Fig. 1 with Bhorter 
flight times and hence higher neutron energies 
to the right and a time per channel of 0.3 nsec. 
The known doublet character 7 of the IAS in l ”Co 
was evidenced by the Increased width seen for 
this peak compared to adjacent peaks. 

The incident proton beam was varied in angle 
to obtain data between 10 and 120° lab angles. 

The target was 6-mg/cm 1 natural iron. The M Fe 
component of natural iron cannot produce neu¬ 
trons with energies above those of the IAS group 
in Fig. 1. The 57 Fe and ”Fe components can. 
Spectra taken with an 51 Fe target indicated no 
sharp levels near the *"Co AAS. The 0.33% “Fe 
component cannot produce a detectable neutron 
group except possibly for Its IAS transition which 
would lie beside the ”Fe IAS group. 

The angular distributions for the M Fe IAS and 
AAS transitions are shown in Fig. 2. The strong 
cancelation predicted for an AAS is quite evident 
in the data. The clear-cut difference in phase of 
the angular distributions seen in (’He, 0 measure¬ 
ments is not nearly so evident in the (p, n) data 
although there are substantial differences in the 
two L- 0 transitions of Fig. 2. 

The solid curves in Fig. 2 are distorted-wave 
Born approximation (DWBA) calculations for a 
one-step charge-exchange process with a 1-fm- 
range Yukawa interaction between the projectile 
and target nucleons. The dashed curves are the 
calculations for the ( p, d)(d, n) process* from a 



FIG. l. Time-of-flight epeotrum for **F *{p ,n) u Co taken with one 1-in. x 8-in. detector at die 29-m station at an 
•agle of 10*. Time par channel Is 04 naec. The AAS level Is at 1.48 MeV e x al t a tio n. 
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FIG. 2. IAS {squares) and AAS (triangles) angular 
distributions obtained for M Fc(p ,n) at E t - 22.8 MeV. 
Solid curves result from DWBA (charge-exchange only) 
calculations normalized to IAS. Dashed curves are ab¬ 
solute {p,d)(d,tt) two-step calculations using experi¬ 
mental (p,d) spectroscopic factors. 


differential-equation solution for the second-or¬ 
der DWBA term. The intermediate states In the 
deuteron channel include the first six states of 
5 'Fe. 

The charge-exchange calculation is normalized 
to the IAS cross section with the one free param¬ 
eter, K, - 22 MeV. Optical-model potentials for 
the projectiles are given in Table I. No reason¬ 
able variation In the range of the interaction, op¬ 
tical potentials, or nuclear wave function was 
found which could substantially improve the shape 
of the calculated angular distributions. The ( p , 
d\d, u) calculation uses the experimental spec¬ 
troscopic amplitudes and hence has no free pa¬ 
rameters. 

The coherent addition of the charge exchange 
and (p, d)(d, n) amplitudes gives the angular dis¬ 
tributions in Fig. 3. The charge-exchange strength 



FIG. 3. Second-order DWBA calculations for IAS 
(squares) and AAS (triangles) angular distributions. 
Calculations Include ( p,d)(d,n) two-step prooess and 
charge exchange. Solid curves give results due to ex¬ 
perimental spectroscopic factors for the lp,d) reac¬ 
tion, and dashed curves result from arbitrarily modi¬ 
fied spectroscopic factors and show the relative sen¬ 
sitivity of die AAS prediction to details of the “Fb wave 
function. Charge-exchange strength, 33 MeV. 

must be increased to F r = 33 MeV because of the 
destructive interference between the one- and 
two-step amplitudes for the IAS state. This 
strength is the same as found previously In anal¬ 
ysis’ of (P, rt) reactions in neighboring nuclei. 

The resulting shape of the angular distributions 
is improved for both the IAS and the AAS. Varia¬ 
tions of the Yukawa range in the one-step com¬ 
ponent between 0.7 < p <1.2 did not greatly alter 
the AAS AAS ratio but did slightly worsen the IAS 
fit. 

The calculations for the solid curves in Fig. 3 
have been made with published values' of the 
spectroscopic factors: 

= 0.87, S s „ = 1.00, =0.42. 


TABLE I. Optical-model potentials. 
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An indication of the sensitivity to the details of 
the nuclear wave functions Is given in a second 
9 et of calculations made with 

S J/s =0.47, 1.40, S in = 0.42. 

The IAS prediction is virtually unchanged. The 
AAS prediction was changed, however, with the 
results shown in the lower dashed curve of Fig. 3. 
Thus, even though two-step processes may sig¬ 
nificantly affect the ( p, n) reactions as well as 
( 3 He, /) reactions, the expected sensitivities to 
nuclear wave-function details for the AAS transi¬ 
tions remain in the (/>, n) calculations. It should 
be further noted that the two-step processes in 
(/>,») reactions appear to be less important than 
in (’He, /) reactions where the two-step process 
alone can fully account for the IAS and AAS cross 
sections. 5 

The present calculations are fairly crude. For 
example, we have not explicitly Included the 
knock-on exchange 10 but have accounted for it Im¬ 
plicitly in renormalization of the charge-exchange 
strength; thus we have assumed it has the same 
effect for the AAS transition as for the IAS. Fur¬ 
thermore, the charge-exchange interaction was 
taken to be of Yukawa form which may be some¬ 
what too simple to provide a satisfactory mono- 
x)le form factor. 11 Finally, we have not included 
ther possibly important two-step processes. We 
ave calculated multistep contributions through 
lelastic channels and found them to be of negli¬ 


gible importance for both the IAS and AAS tran¬ 
sitions. We cannot, however, rule out the pos¬ 
sible importance of other (/>, X)(X, n) processes 
where A is a cluster more complicated than di¬ 
nucleons. 
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Isospin-Forbidden Proton Partial Width in 4, Sc and Similar/! = 4/1 + 1 Nuclei* 

T. A. Trainor.t T. B. Clegg, and W. J. Thompson 

'Mhiersity of North Carolina, Chapel Hill, North Carolina 27514, and Triangle Universities Nuclear Laboratory, 

Durham, North Carolina 27706 

(Received 2 November 1973; revised manuscript recelvod 3 June 1974) 

The lowest T =1 level In 4l Sc la observed as an lsospin-forbldden resonance In 4 *Ca(/>, 
p 0 ) <0 Ca at £ >>)lb = 4.978 MeV with proton partial width T # = 55±5 eV, which is about 50 
times smaller than that previously assigned and 6 times smaller than theoretical width 
* estimated. The trend of the proton reduced widths for T = j lsospin-forbldden resonances 
obtained from l’ # values for target nuclei with 4« Z* 20 Is shown to be consistent with a 
Z~ dependence. 


Nuclear levels can be characterized by the lso- 
Pin quantum number T which would be unique 
)r each level if electromagnetic (predominantly 
oulomb) and charge-dependent nucleon-nucleon 
iteractiona were absent. 1 However, there Is am- 
■e experimental evidence for lsospin mixing*" 5 


by which small admixtures of other T values 
arise. Isospin mixing is generally believed to in¬ 
crease rapidly with nuclear charge Z tor Z * 20, 
perhaps as Z* n for T = 0 ground states,* and then 
to decrease steadily with Z for heavier nuclei.*’ 4 ’* 
One effect of the mixing Is the small but nonzero 
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proton partial width r # for exciting nominally lso- 
spin-forbldden 7 = I compound-nucleus resonances 
inZ=N + l nuclei by proton (7 = £) elastic scatter¬ 
ing from 2 =S (nominally T = 0} nuclei. 5 The non¬ 
zero width I', can arise in two possible ways: 
from a small T = 1 admixture in the 7 = 0 ground 
state of the target nucleus, and from a 7 = | ad¬ 
mixture in the 7=1 resonant compound-nuclear 
state. 

This Letter reports the most precise measure¬ 
ment to date of r, for an isospin-forbidden reso¬ 
nance. The measurement was made using the 
heaviest stable 2 = N target, 70 Ca, to produce the 
compound nucleus “Sc. We find that for the low¬ 
est 7=1 level in '“Sc, T ( is a factor of 50 small¬ 
er than suggested by previous measurements, 5 ’'' 
and a factor of 6 smaller than the lowest theoreti¬ 
cal estimate. 9 Reduced widths y/for T = $ lev¬ 
els observed by proton scattering from 4 n target 
nuclei having Z * 20 are extracted from the pres¬ 
ent and previous measurements of r f . These re¬ 
duced widths increase at least as fast as 2 a , con¬ 
sistent with estimates of the Z dependence of iso- 
spin mixing based on the results of Ref. 8 for 2 
-S target nuclei. 

A polarized proton beam was used to determine 
spins and parities of resonance levels near the 
energy expected for the lowest 7 =1 state in “Sc, 

A beam from the Triangle Universities Nuclear 
Laboratory (TUNL) Lamb-shift polarized source 9 
and tandem accelerator with an energy resolution 
of about 2 keV was incident on a 1-keV-thick nat¬ 
ural Ca target (97% '“’Ca). Analyzing power and 
differential-cross-section excitation functions 
for 40 Ca(f>. Ao^Ca were measured at two scatter¬ 
ing angles. The energy range chosen included 
the expected resonance energy E /t , Jb = 4.972 MeV 
for the T level as obtained from recent (^-de¬ 
layed proton ((l 7 p) measurements. 10 Our analyz¬ 
ing-power measurements reported earlier 11 
showed that the level at uh = 4.899 MeV pre¬ 
viously assigned' 17 as the lowest T-\ state in 
“Sc has spin and parity J* = 1 7 in disagreement 
with l 7 for the parent lsobaric analog state, the 
“K ground state. The polarized-beam, low-reso¬ 
lution data are shown in Figs. 1(a) and 1(b), The 
theoretical fits shown in Fig. 1 use a single-level 
resonance plus a nonresonant, optical-model 
background. The optical-model parameters were 
obtained by analysis of nearby off-resonance an¬ 
gular distributions. 11 A Gaussian distribution of 
incident energy with full width at half-maximum 
A = 2 keV was folded with the theoretical curves 
to obtain fits to the data. A j 7 assignment gives 



Ep(MeV) 

FIG. 1. (a) Vector analyzing power A y in the Basel 
convention for 49 Ca(p,po) 45 Ca at lab scattering angles 
- 65 and 125" for the proton lab bombarding energy 
range 4.973* F.p * 4.983 MeV with inoldent energy res 
luticm of 2 keV. Typical statistical error bars are 
shown. Solid (dashed) curves are theoretical fits for 
resonance J' = (f 7 ) as dismissed in the text, (b) Dl 

ferential cross section and fits at B t - 125" obtained 
from the same experiment as in (a). (c) Differential 
cross section at S £ = X05, 120, and 165* for 4,975* E, 
* 4.981 MeV with Incident energy resolution of 800 eV 
Error bars are smaller than the points. Solid curves 
are theoretloal fits for J* = 5 + as dismissed in the tex 


a much better fit than f 7 and the lab resonance 
energy E #iljb = 4.978 *0.005 MeV is in excellent 
agreement with 4.972*0.006 MeV predicted froi 
the recent li*p result. 10 

Precise determination of the 7 = 1 resonance 
width was made by measuring differential-crosi 
section excitation functions with an incident bea 
having good energy resolution obtained by using 
the TUNL beam-energy-homogenlzer system. 13 
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Calcium targets used for these data were about 
100 eV thick, and the overall incident energy res¬ 
olution determined from analysis of the reso¬ 
nance data was about 800 eV. The accelerator 
energy was calibrated against the nearby thresh¬ 
old energies for the reactions 19 F (fi, «)'®Ne and 
IT Al(p, *) ,T Si. 14 Parts of extensive high-resolu¬ 
tion excitation functions, which include the T=1 
level, are shown in Fig, 1(c) for three scattering 
angles. The complete excitation functions show 
no other resonance anomalies within 30 keV of 
this region. The resonance parameters used in 
fig. 1 are total width T= 55 eV and T > /r= 1. The 
branching ratio for decay of this level to the 
ground state of "Ca is now estimated 19 in the /3*p 
experiment to be about 1, rather than *0.88 as 
originally estimated. 10 The previously assigned 
r = l level*’ 7 has r # = 2.6keV; thus ly, and con¬ 
sequently the lsospln mixing In 41 Sc, are about 
50 times smaller than previously determined. 

The exact nature of the lsospln mixing from 
which this proton width arises Is difficult to de¬ 
termine, both experimentally and theoretically. 
The strong dependence of T t on the penetrability 
P of the Coulomb-plus-centripetal barrier, which 
affects the formation and decay of the compound 
nucleus, may obscure systematic variation of 
lsospln-mixing effects with 2. Therefore we 
have extracted the proton reduced widths y # * = iy/ 

2 P from measured iy values for lowest-lying T 
= i resonances in Z =N +1 nuclei. Experimental 
r, values’- *•**’ for B B, “N, 17 F, ”Na, **A1, "P, 
”C1, and S1 K were obtained from Refs. 16, 3, 3, 

17, 18, 18, 19, and 20, respectively. Extracted 
fp values for P evaluated at a proton-nucleus 
separation 1.44 1/0 fm are plotted in Fig. 2. It 

Is seen that the reduced widths increase at least 
as fast as Z* with noticeably regular fluctuations 
about the Z x curve. 

The observed T = \ states can undergo Isospln- 
allowed decay through collective T= 1 admixtures 
In the nominally T-0 target ground Btates. A cal¬ 
culation using a hydrodynamic model* predicts 
that this T= 1 lsospln mixing probability a*= 5.55 
*10 ' 7 Z e/, y Of this 2 dependence, a factor 2’ 
comes from Che Coulomb matrix element and Z 4/8 
comes from a Z' ils dependence of an energy de¬ 
nominator through BystematicB of the T = 1 mono- 
pole-mode excitation energy. Hartree-Fock cal¬ 
culations 71 of T = 1 mixing for the same states in¬ 
dicate similar 2 dependence but magnitudes 2.5 
times larger. If these T = I levels decay predom¬ 
inantly through T = 1 admixtures In T = 0 target 
ground states, then it is expected that yf has a 



FIO. 2. Proton elastic-scattering reduced widths < y > > 
for 7v| compound-nucleus resonances observed In pro¬ 
ton Interactions with Z = N target nuclei. The error 
bars reflect uncertainties In proton-elastic -scattering 
partial widths iy. The line represents iZ 1 dependence 
of toe reduced widths y t 7 , arbitrarily chosen to pass 
through the experimental value for “Ca(p,p^ 4 *Ca. 

Z dependence determined by a*)-’. Here y* the 
reduced width for lsospln-allowed decay to the T 
-1 impurity, is assumed to have the same 2 de¬ 
pendence as the Wlgner limit” (<* 2 ' a/ * for A-22 
nuclei). This, with the Z a/3 dependence of a*, 
gives a 2 J dependence for y*. 

If, on the other hand, decay of the T * 1 levels 
proceeds mainly through admixtures of neighbor- 
lng T=i compound-nucleus levels, there are sev¬ 
eral alternative forms for the 2 dependence of 
y, 2 . In each case a factor 2* comes from the 
Coulomb matrix element in the lsospln-mixing 
amplitude, and a factor 2 * s/s from the Wigner- 
Umlt-type dependence of the isoBpln-allowed de¬ 
cay width of the T = i admixture, contributing to¬ 
gether a factor 2 4/5 to y f 2 . In addition there are 
several possibilities for the 2 dependence of the 
energy denominator in the mixing amplitude de¬ 
pending on which T=j compound-nucleus states 
are responsible for the lsospln mixing: (1) A cal¬ 
culation of r, for the lowest T-\ state in 41 Sc 
and three other 4n +1 nuclei, assuming that the 
only significant mixing Is with the T = j antiana- 
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1 log state, was made by Auerbach and Lev. 8 Their 
~ results exceed the new experimental width by a 
< factor of 8 for '“Sc and the experimental widths 
for other nuclei by factors ranging between -1.3 
and -3.8. If the principal admixed state is the 
antianalog-configuration state of Auerbach and 
Lev, the energy denominator of the mixing am¬ 
plitude should vary approximately as 1/2 (Ref. 2) 
giving a 2 10/3 dependence for y t 3 . (2) Although 
less likely for these light nuclei, the isovector 
monopole state” may form an appreciable contri¬ 
bution to the reduced width. The energy denomi¬ 
nator of the amplitude then varies as Z M/s , again 
giving a Z 3 dependence for y 3 , Just as In the case 
of the target monopole contribution. (3) A third 
contribution to y 3 can come from nearby T={ 
levels, other than the antianalog or isovector 
monopole state, but having the same spin and par¬ 
ity as the T = | state. Because the densities of 
levels with the appropriate spin and parity are 
not large near the excitation energies of the low¬ 
est T- \ states in these light nuclei, 7 the energy 
denominators In the mixing amplitudes vary wide¬ 
ly and the contribution of these nearby levels to 
y 3 should not be strongly correlated with Z. Thus 
if this third contribution dominates, y 3 should 
Show considerable variation about a general Z* n 
trend. 

In the absence of more detailed information, 
one must allow the possibility that all of these 
sources of isospin mixing contribute in a coher¬ 
ent way to the proton reduced widths. If the Z 3 
trend in y 3 suggested in Fig. 2 is appropriate, a 
closer Investigation of the T= 1 monopole admix¬ 
tures is warranted. However, a trend as rapid 
as Z 3 is not inconsistent with the data, so other 
mixing mechanisms may be important. 

Currently, several of the T = l levels are being 
measured at TUNL. 


♦Work supported in part by the U.S. Atomic Energy 
Commission. 
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Discovery of the Missing Two-Particle, Two-Hole 0* States in *°Ca 


Kamal K, Seth and A. Saha 
Northwestern University, Evanston, Illinois 60201 


and 

W. Benenson, W. A. Lanford,* H. Nairn, t and B. H. Wildenthal 
Michigan State University,l East Lansing, Michigan 48823 
(Received 26 March 1974) 


A good-resolution study of the reaction 4! Ca(p,() <0 Ca has revealed the existence of 
three new 0 + states In 4, Ca at 7698, 8284, and 8438 keV excitation. Arguments are pre¬ 
sented to show that these states are Indeed the long sought-after 0*, 2 -0 states with 
predominantly two-particle, two-hole configurations. 


Ever since Gerace and Green 1 Identified the 0 S * 
state at 3353 keV In 40 Ca as being predominantly 
four-particle, four-hole (4p-4h) in nature, the 
most intriguing and challenging question in the 
spectroscopy of 40 Ca has been that relating to the 
crucially important 0* states of the 2p-2h, T = 0 
configuration which have been predicted to lie be¬ 
tween 7- and 9-MeV excitation, 1 * 3 but which have 
eluded experimental identification so far. 4 In the 
earlier studies of the reaction '“Ca(p,/) 4^ Ca, 4 " , 


L=0 transitions could only be identified to the 
ground state (g.s.) 0/, the 3353-keV 0,* state, 
and the 0* states with T = 1 and T = 2 at about 9.4 
and 12.0 MeV, respectively. Further, while the 
2p-2h 0 + states in the 7-9-MeV excitation region 
were not found, it was noted that the so-called 
4p-4h 0," state at 3353 keV is populated about an 
order of magnitude more strongly than expected. 
These observations have led*'* to the speculation 
that perhaps the main part of the 2p-2h, 0 + 



CHANNEL NUMBER 


FIG. 1. Spectrum at fldab) = 6* for the reaction 4i Ca(p, f) 40 Ca. The g.a. transition Is not displayed. Excitation 
energies (in keV) are from the present experiment. Errors are ±5 keV unless otherwise specified. The absolssa 
has been expanded by a factor of 2 beyond channel number 600. 
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strength does indeed lie in the 3353-keV state, 
in contradiction to the theoretical calculations. 
Before accepting such drastic conclusions, it is 
necessary to reexamine the situation critically. 
The unexpectedly strong excitation of the 3353- 
keV state poses a serious problem, but the prob¬ 
lem of the missing 0* states in the 7-9-MeV ex¬ 
citation region is even more serious. Several 
rather dissimilar calculations 1 ** predict two or 
three O', T = 0 states in this energy region. It 
does not appear very likely that extending the 
configuration space used in these calculations 
or modifying the interaction will drastically alter 
the predictions about their existence. It is there¬ 
fore of crucial importance to make a concerted 
effort to find the missing 0* states. In this Let¬ 
ter we report on just such an experiment, and on 
our success in finding three “new" 0* states at 
7698(5), 8284(10), and 8438(5) keV in 40 Ca. 

The reaction 4 *Ca(/> 1 <)*°Ca was studied using 
the 40.27-MeV proton beam from the Michigan 
State University cyclotron and an Enge split- 
pole spectrograph equipped with a single-wire 
proportional counter tn its focal plane. An over¬ 
all energy resolution of about 22 keV (full width 
at half-maximum) was achieved. Figure 1 shows 
a typical spectrum. Most of the known states in 
40 Ca up to 9.5 MeV were excited. Energy calibra¬ 
tion, expected to be accurate to ± 5 keV, was 
based on the accurately known energies 4-9 of sev¬ 
eral strong states in 4o Ca up to 8.5-MeV excita¬ 
tion and the accurately known Q value for the 
10 O(/>,/) 14 O(g.8.) transition. One significant re¬ 
sult of the accurate energy calibration is that for 
the reaction <0 Ca(/»,f) s *Ca we find <?„ = - 20 452(5) 
keV. The 1971 mass tables give <? o = -20 484(16) 
keV. 

Absolute cross-section normalization, expect¬ 
ed to be accurate to within ± 10%, was based on 
the known thickness and isotopic analysis of a 
self-supporting rolled target. Our cross sec¬ 
tions are In excellent agreement with those re¬ 
ported by Bayman and Hintz 5 and Schaplra et al. e 
at £,, = 40 MeV. The absolute cross sections re¬ 
cently reported by Debevec 7 *" at £, = 41.7 MeV 
are about 30% smaller than ours. 

In Fig. 2 we show angular distributions for all 
L = 0 transitions. The 3353-keV transition shows 
a first minimum which is displaced by about 2° 
from that for the g. s. This feature was observed 
earlier 10 and was attributed to a predominantly 
<#* pickup as opposed to the mainly /* pickup for 
the ground state. 

In previous (/>,!) experiments no clear evidence 



FIG. 2. Measured differential cross sections for all 
L =0 transitions observed in the present experiment. 
The curves through the points have been drawn only to 
guide the eye; they have no theoretical significance. 

for excitation of the known 0* states at 5.2 and 
7.3 MeV could be obtained. In the present exper¬ 
iment the weakly excited state at 5212(10) keV 
could be successfully resolved from the strong 
2* state at 5249(5) keV at the most forward an¬ 
gles. The expected L = 0 nature of the transition 
is confirmed and it is estimated that the strength 
of this state is ~ 0.5% that of the ground state. 
The state at 7304(5) keV is found to be weak 
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though clearly Identifiable at all angles. The un¬ 
ambiguous f-'O transitions to states 7698(5) and 
8438(5) keV have not been identified previously. 
The 7698-keV state was actually observed in ear¬ 
lier (/>,<) experiments *■* but since the data were 
limited to 8* 12°, it was misidentified as the 3" 
state seen at 7695 keV in (*He,d) e^eriments. 11 
Nolen" has verified that Indeed there is a 7-keV 
doublet at this energy. 

jh a recent 39 Ar(*Ll,d) 40 Ca experiment strong 
excitation of a 0 + state at 8280(20) keV has been 
reported. 1 ’ In our- experiment the transition to 
the state at 8284(10) keV is very weak but can be 
identified clearly at the most forward angles 
where it displays L-0 behavior. We estimate 
that this state is populated with a strength about 
0.3% of the g.s. A strongly excited 0* state has 
been reported at 8.28 ±0.1 MeV In a recent 
5 'Ar( 5 He, n) experiment 13 with 0.4-MeV energy 
resolution. It most likely corresponds to our 
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weakly excited state at 8284(10) keV but may al¬ 
so Include contributions from the 0* states at 
7698(5) and 8438(5) keV. 

In Table I we summarize our results for all the 
L = 0 transitions observed. Since the 9405(5)- 
keV state is the known T = 1 analog of the lowest 
0* state in 40 K, all the other states are expected 
to be T = 0. 

We now refer to the two kinds of theoretical 
calculations which are available. In the “coex¬ 
istence model” calculations, the states of ^Ca 
are described as arising from a mixing of the 
spherical shell-model states and the deformed 
states constructed by promoting pairs of parti¬ 
cles from the filled d ltt shell to the unfilled f -p 
shells. 1 It has been shown that 7 ** 3 these calcula¬ 
tions lead to predictions of a completely washed 
out angular distribution and to an underestimate 
of the cross section to the 0,\ 3353-keV state 
by almost an order of magnitude and an equally 
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TABLE I. Summary of results. 


EXPERIMENT _ THEORETICAL CALCULATIONS 


J.T 

E*(ik.V) 

o(r«I) 

E* 

o(rel) 

NEW FP CALCULA 

Over laps 

,TiOM5 b 

% Components 

Op-Oh 2p-2h 4p-4h 

COEXISTENCE 
CALCULATIONS 0 ’ C 
E* c(rel) 

°{.° 

0 

100 . 

0 

100 . 

0.973-0.371 

56.6 

33.7 

9.7 

0 

100 


3358(5) 

24.0 

3525 

3.4 

0.105+0.405 

22.6 

M .0 

66.4 

3500 

2.716.6) 


5212 (10) 

0.5 

5457 

2.5 

0.031-0.246 

11.8 

20.2 

68,0 

9100 

(6.2) 


7304(5) 

0.6 

8160 

1.4 

0.135+0.036 

0.1 

J1A 

24.3 

7200 

5.1 


7698(5) 

5.3 

8610 

1.32 

0.109-0.032 

3.3 

17.6 

79.1 

7800 


°6 

8284(10) 

0.3 

9637 

0.54 

0.059-0.046 

0.8 

26.0 

73.2 




8438(5) 

2.6 

10173 

0.08 

0 .035+0.066 

0.5 

4.4 

95.1 






10311 

0.08 

0.037+0.033 

0.3 

42.3 

57.4 




9405(5) 

7.9 

6835 

29. 

0.167-0.887 


69.2 

30.8 


99 

°9' 2 

11970* 

12 .* 

11440 

58, 

0.390-1.133 


52.1 

47.9 


50 


Ot^Ca) 

101 . 










o(* 2 e«) 





54.5 

44.9 

0.6 









2 p-0b 

4p-2b 

6p-4h 




‘From Debevec (Ref. 7) and Adelberger el at. (Ret. 8). 

b These results are from the new calculations using the interaction of Federman and 
Plttel (Ref. 2) (see text). For the calculation of <r(rel) optical-model parameters used 
by Schapira et at. (Ref. S) were employed. 

'These numbers are due to Debevec (Ref. 7) and Adelberger et at . (Ref. 8) and for 
r «0 states are baaed on wave functions of Oeraoe and Green (Ref. 1). The numbers 
in parentheses are due to Erik son, Hors fjord, and Nilsson (Ref. 3), obtained by intro¬ 
ducing trlaxial deformations. 
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large overestimate ot the cross section to the 0 3 4 , 
5212-keV state. Recently Erikson, Horsfjord, 
tuid Nilsson 9 have tried to improve on this situa¬ 
tion by Introducing triaxially deformed compo¬ 
nents which contain admixtures of the s lft hole 
state, but have achieved only nominal success. 

The first of the ‘‘shell-model” type of calcula¬ 
tions was done by Federman and Pittel 2 (FP) in 
the f 7/ jdj/, basis. To clear up some ambiguities 
and to remove some unnecessary approximations 
we have repeated their calculations with the Oak 
Ridge National Laboratory-Rochester University 
code using the FP interaction and considering 
configurations up to 4p-4h in 40 Ca and up to 6p- 
4h in 49 Ca. The results in Table I are from these 
"new” FP calculations. As can be seen, in these 
“shell-model” calculations also the problems 
with the 0,* and 0, 4 states persist, and almost 
equally serious problems surface for other ex¬ 
cited states. We have tried several other inter¬ 
actions which have been used in this mass region 
but with no improvement in the situation. Within 
the limited / 7/3 rf S/1 basis we have been able to 
search an interaction for the A = 38-42 nuclei 
which leads to predictions of strong excitation of 
the 3353-keV 0, 4 state (26.1% g.s. with well- 
structured angular distribution) and weak excita¬ 
tion of the 5212- and 7304-keV states (3.3 and 
1.2%, respectively). However, such an interac¬ 
tion makes the 0., 4 state mostly (70%) 2p-2h and 
the 0,‘ and 0 4 * states mostly (72 and 97%, re¬ 
spectively) 4p-4h. It also predicts strong excita¬ 
tion of the Oj 4 state in the (*He,») experiment 
which is contrary to the experiment, 15 and has 
several other unpalatable consequences for other 
nuclei in the A - 38-42 region. If we consider the 
4p-4h nature of the 0 3 4 state as being experimen¬ 
tally established by its very strong population 
(70% of g.s.) in the reaction 30 Ar("Ll,d), we have 
to conclude that the problems with the (/>,/) re¬ 
sults reflect either the basic Inadequacies of the 
reaction theory which takes no account of corre¬ 
lations between the two picked-up particles or 
the basic inadequacy of the / 7/ ,<f., /s space. 

A clue to the nature of the configuration space 
required to explain the data is provided by a com¬ 
parison of the results of our (p,t) pickup experi¬ 
ment and the two stripping experiments. Strong 


pickup takes place from filled orbits and strong 
stripping takes place to empty orbits. The 3353- 
keV state is populated with appreciable strength 
(24% of g.s.) by the (p,t) reaction, but only weak¬ 
ly (~ 5% of g.s.) by the ( s He,n) reaction. This sug¬ 
gests that this state has an appreciable compo¬ 
nent of the / 2 s' a type. Similarly the very weak 
population of the 8284-keV state (-0.3% of g.s.) 
in our (p,t) experiment and its strong population 
(~ 40% of g.s.) in the two stripping experiments 
would suggest that thiB state contains appreciable 
amount of p % particles in it. These considera¬ 
tions would suggest that a comprehensive attempt 
to explain these data requires a configuration 
space which includes at least Su^snfv*P*n 
shells. This Is much too large a space for the 
extended shell-model calculations possible at 
present. 
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Measurement of the Polarization Parameter for the Reaction n~p -* n°n 
between 1.03 and 1.79 GeV/r* 


s. R, Shannon, L. Anderson, A. Bridgewater,! R. Chaffee,! O. Chamberlain, O. Dahl, R. Fuzesy, 
W. Gorn, 5 J. Jaroe, R. Johnson, R. Kenney, J. Nelson, G. O'Keefe, W. Oliver, 11 D. Pollard, 
M. Prlpstein, P. Robrish, G. Shapiro, H. Steiner, and M. Wahlig 
Lawrence Berkeley Laboratory, University of California, Berkeley, California 94720 

(Received 1 April 1S74) 


The polarization parameter for the reaction r'p— r*n has been measured at five inci¬ 
dent beam momenta between 1.03 and 1.79 GeV/c. The results are compared with predic¬ 
tions of .recent phase-shift analyses. 


We report here the results of an experiment at 
he Lawrence Berkeley Laboratory (LBL) Beva- 
ron In which we measured the polarization pa¬ 
rameter P(0) for the reaction n'p — J°» (*°-yy) 

: the five incident beam momenta 1030, 124S, 

140, 1590, and 1790 MeV/c. Charge-exchange 
ilarization measurements have been made pre- 
lously at higher energies, 1 primarily to test i 
igh-energy interaction mechanisms, but except 
>r one very rough measurement by Hill el al., 1 
; 310 MeV, this marks the first time that mea- 
lrements of P{6) have been made in a region 
here phase-shift analyses are available (< 2 
eV/c). These measurements of P(B), together 
ith recent results on the differential cross sec- 
on for the charge-exchange reaction, 3 should 
rovlde a strong constraint on the solutions to 
le various phase-shift analyses. Preliminary 
ssults from this experiment have been reported 
Isewhere. 4 

The experimental layout is shown schematically 
i Fig. 1 (and detailed by Shannon). 5 The «* beam 
ith a typical momentum bite of * 1.5% was lo¬ 
wed onto a polarlzed-proton target (primarily 
ropylene glycol), with length along the beam dt- 
action of 7.5 cm and a cross-sectional area 2.5 
2.5 cm. The polarization of the target averaged 
5tween 50 and 55% (at 1°K). The target polarlza- 
on was reversed every 2-3 h to reduce possible 
rstematlc errors. The free protons constituted 
tfy about 14% of the protons In the target, the 
wt being protons bound in the carbon and oxy- 
m nuclei of the propylene glycol and in the heav- 
>r nuclei of the cavity. To measure the nonhy- 
r °gen background, we also collected data from 
“dummy” target at each momentum. This dum- 
iy (essentially graphite) contained no free pro¬ 
ms but otherwise simulated the target as closely 
8 possible. 

Neutrons produced in the final state were de- 
*ted in twenty 20-cm-thick scintillation count¬ 


ers. These neutron counters, each subtending a 
lab angle of -2.5°, at a distance of - 5 m from the 
target, typically spanned the angular range -0.78 
<cosfl c .m.<0.87 In the center-of-mass system; 
further, they provided neutron tlme-of-flight 
measurements accurate to ±0.6 nsec. The pho¬ 
tons from the decay were detected in two lead- 
plate optical spark chambers. The chamber 
plates were made thin (-0.14 radiation lengths) 
to ensure a low energy y-ray detection threshold 
of about 10 MeV. 3 ’ 5 The downstream chamber 
(1.52X1.52 m) was 9 radiation lengths thick, and 
the side chamber (1.22x1.22 m) was 8 radiation 
lengths thick. 

Surrounding the target was a system of scintil¬ 
lation counters that allowed identification of those 
v' p Interactions having neutral final states. Those 
veto counters not In the incident beam were also 
used to veto events that had y rays emitted In di¬ 
rections other than toward the spark chambers. 



FIG. 1. Experimental layout (the distances of the neu¬ 
tron counters from the target are not to scale). Scintil¬ 
lation counters are Indicated (but not labeled) along the 
beam line. 
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FIG. 2. (a) Fitted momentum distribution for recoil B in the reaction *"C—v°nB for both the polarlzed-target 
events and (normalized) dummy-target events summed over all neutron counters at 1590 MeV/e. (b)-(l) The J~ 

— ir°« polarization parameter results. The smooth curves are the predictions of Almehed and Lovelace (Ref. 11) 
(solid), of Ayed et al. (Ref. 13) (dash-dotted), and of Bareyre and Ayed (Ref. 12) (dashed) evaluated at the indicated 
momenta closest to our beam momenta. Isospin bounds given in Ref. 12 are indicated with slashed lines. Only 
Ayed at al. predictions were available at 1737 MeV/c: the predictions of both Refs. 12 and 13 at the lower momenta 
are nearly the same over much of the angular range. 


These counters had scintillator and y converter 
(1—2 radiation lengths of either Pb, W, or Pt) In 
a sandwich construction. 

An event was recorded whenever the following 
criteria were satisfied: (1) A charged pton went 
into the target and no veto counter had a pulse, 
and (2) a neutral particle went into one of the neu¬ 
tron counters and was detected there. Those 
events which satisfied our conditions for candi¬ 
dates for s */> - a 0 * (a neutron count within a wide 
timing window, and two showers in the Bpark 
chambers as determined by a scan of the film) 
were then measured and digitized using the semi¬ 
automatic scanner system 7 at LBL. 

With the program SQUAW," least-squares kine¬ 
matic fits were made to the hypotheses n'p — n°n 
and s'C - a°itB, using the measured directions of 
the two y rays and the tlme-of-flight and direc¬ 


tion of the neutron. Here C represented U C, and 
the mass of the recoil boron (B) was chosen to be 
one proton mass less than that of C." B was as¬ 
sumed to have zero measured momentum, but 
with a large uncertainty of * 300 MeV/c In each 
component. 

We used the following method to determine the 
background contribution. Those events which sat 
lsfied the hypothesis v’C - s°mB but fit the hypoth 
esls a~p~n°n with a confidence level <0.1% were 
predominantly nonhydrogen events. Similar fail¬ 
ing events from the dummy target, normalized to 
those from the polarized target, have a fitted mo 
mentum (p B ) distribution for B which agrees very 
well in shape with the corresponding distribution 
of failing events from the polarized target. (The 
normalization ratio is consistent with the ratio of 
beam fluxes Incident on the dummy and polarized 
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TABLE I. Polarization parameter P(fl) In w~p— *“« Mattering, The error AP(6) Is statistical only; the estimat¬ 
ed systematic errors are *0.06 (or each momentum except 1245 MeV/c, (or which the error is ±0.09. 


1030 M * V/c 

1 1248 M « V/c 

1 1440 M . V/c 

i 1590 M . V / 

c 

* 1790 MeV/i 

c 

"'em 

P (*) * 


co . 8 

cm 

p <»> * 

nP(s) 

coi 8 

cm 

P { 9 ) ± 

AP ( 0 ) 

coaO 

cm 

P ( 0 ) ± 

£P(s> 

co.e _ 

cm 

p (e> * 

AP ( B) 

11.755 

0.24 

0.10 

0.770 

- 0.57 

0.16 

0.783 

- 0.09 

0.19 

0.792 

- 0.10 

0.10 

0.803 

0.06 

0.17 

0.705 

0.46 

0.15 

0.723 

0.02 

0.18 

0.738 

- 0.24 

0.08 

0.749 

- 0.24 

0.11 

0.761 

- 0.27 

0.14 

0.655 

0.94 

0.23 

0.676 

- 0.36 

0.13 

0.693 

- 0.24 

0.13 

0.709 

- 0.36 

0.13 

0.719 

- 0.28 

0.16 

0 604 

0.61 

0.15 

0.627 

0.17 

0.11 

0.645 

- 0.27 

0.12 

0.659 

- 0.63 

0.18 

0.675 

- 0.38 

0.17 

0.535 

0.20 

0.13 

0.561 

- 0.02 

0.12 

0.582 

- 0.72 

0.19 

0.598 

- 0.82 

0.16 

0.616 

- 0.44 

0.38 

0.464 

- 0.44 

0.12 

0.492 

- 0.18 

0.10 

0.516 

- 0.30 

0.10 

0.533 

- 1.16 

0.29 

0.554 

- 0.26 

0.27 

t ) 147 

- 0.56 

0.09 

0.379 

- 0.27 

0.12 

0.406 

- 0.32 

0.10 

0.425 

- 0.56 

0.18 

0.449 

- 0.38 

0.17 

0.256 

- 0.82 

0.11 

0.290 

- 0.58 

0,13 

0.319 

- 0.78 

0.15 

0.340 

- 0.77 

0.11 

0.366 

- 0.79 

0.27 

0.168 

0.77 

0.09 

0.203 

- 0.47 

0.12 

0.234 

0,97 

0.15 

0.256 

• 0.87 

0.15 

0.283 

- 0.52 

0.11 

0.014 

- 0.82 

0.15 

0.022 

- 0.88 

0.47 

0.054 

- 0.57 

0.19 

0.077 

- 0.37 

0.10 

0.107 

- 0.61 

0.16 

ii. 018 

- 0.67 

0.18 

- 0.063 

0.41 

0.47 

- 0.031 

- 0.17 

0.14 

- 0.008 

- 0.33 

0.13 

0.02 2 

0.23 

0.10 

l ) 164 

- 1.48 

0.65 

- 0.128 

0.26 

0.27 

- 0.097 

0.20 

0.14 

0.074 

- 0.02 

0.10 

- 0.044 

- 0.15 

0.10 

C . Z 3 S 

0.26 

0.21 

- 0.200 

0.92 

0.84 

- 0.170 

0.48 

0.14 

- 0.146 

0.24 

0.12 

- 0.117 

0.39 

0.12 

0.365 

- 0.14 

0.12 

- 0.332 

- 0.51 

0.21 

- 0.304 

0.65 

0.15 

- 0.283 

0.88 

0.15 

- 0.255 

0.65 

0.21 

0.450 

- 0.22 

0.08 

- 0.420 

- 0.93 

0.17 

- 0.394 

0.31 

0.11 

- 0.374 

0.64 

0.12 

- 0.348 

1.06 

0.29 

0.572 

- 0.24 

0.07 

- 0.547 

- 1.16 

0.47 

- 0.524 

- 0.19 

o.u 

- 0.507 

0.21 

0.1ft 

-n.4B9 

0.40 

0.13 

0.660 

- 0.11 

0.07 

1 - 0.639 

- 1.11 

0.18 

- 0.620 

- 0.53 

0.19 

- 0.605 

- 0.51 

0.22 

- 0.586 

- 0.33 

0.22 

0.741 

- 0.11 

0.08 

- 0.724 

- 0.75 

0.19 

' - 0.708 

- 0.65 

0.23 

- 0.697 

- 0.33 

0.12 

- 0.681 

- 0.43 

0.13 

0.815 

- 0.15 

0.17 

- 0.802 

- 0.42 

0.30 

- 0.791 

- 0.10 

0.19 

- 0.781 

- 0.19 

0.12 

0.770 

- 0.38 

0.18 

0 882 

0 . Z 6 

0.09 




- 0 . 8 b 6 

0.92 

0.28 

- 0.860 

0.20 

0.32 





targets.) The normalization ratio was then ap¬ 
plied to all the w°*B events from the dummy data 
to give the total background distribution, Indicat¬ 
ed in Fig. 2(a) along with the total events (for 
both signs of target polarization) from the polar¬ 
ized target. For each counter, the polarization 
parameter was evaluated for a series of cuts In 
b e , and was relatively Independent of the value of 
bt used. The value of the polarization parameter 
quoted is the one having minimum error (typical- 
ly for /> B < 120 MeV/c). A complete description 
of the data ^analysis procedures, including an in¬ 
dependent check 10 on the evaluation of P(0), is 
Riven in Ref. 5, 

The results are tabulated in Table I and are 
also compared in Figa. 2(b)-2(f) with current 
phase-shift predictions 11 and with isospln 
t> °unds calculated from the Bareyre-Ayed phase 
shifts. 18 Qualitatively, the Bareyre-Ayed phase- 
ahirt predictions reproduce reasonably well the 
general features of the data at all momenta, ex¬ 


cept for the backward region at 1030 MeV/c. 

This is alBO true of the Almehed-Lovelace pre¬ 
dictions 11 except at 1790 MeV/c where the dis¬ 
agreement is quite severe. This disagreement is 
aleo manifest in the comparison of the charge-ex¬ 
change differential cross-section measurements 
of Ref. 3 with the predictions given in Ref. 11 for 
momenta * 1790 MeV/c. A quantitative test of 
the effect of these results on the phase-shift solu¬ 
tions must await further analyses with these data 
included as input (along with other recent data). 

We thank the Bevatron staff for their assis¬ 
tance. We also thank Dr. R. Kelly for helpfiil dis¬ 
cussions, and M. Long and T. Daly for excellent 
technical support. We are grateful to E. Epstein 
and □. Stevenson and the group of scanners for 
their contribution. 


fWork done under the auspices of the U.S. Atomic En¬ 
ergy Commission. 
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Measurement of the Branching Ratio V(K L ° -+n ± ii + v)lr(K li ' 1 -+ir t e*p)t 


H. H. Williams, R. C. Larsen, L. D. Leipuner, W. W. Sapp,* A. L. Sessoms.l and L. W. Smith 

Brookhaven National laboratory, Upton, New York 11973 

and 

R. K. Adair and R. Turner? 

Yale University, New Haven, Connecticut 06520 
(Roceivod 28 March 1974) 


We present the results of a measurement of the A^VA,, 0 branching ratio, obtained 
from s study of K L e decays using a multiwire-proportional-chamber spectrometer. The 
A'^j" and A,j“ events were separated by muon range counters, and A„, c events were sep¬ 
arated from the sample kinematically. From a Bample of approximately 10 000 Ap,° 
and A, 3 ° events, we obtain a value of the branching ratio T(A(,,°)/i fA,,®) “0.662 ±0.037. 


The decays and K L °~n*c f v have 

been the subject of Intense theoretical interest 
and experimental investigation for almost a de¬ 
cade. 1 With the assumption of the i'-A theory 
of weak interactions, the amplitude for K L °— itpv 
may be written in terms of two form factors 
f,(q 2 ) and/_(< 7 2 ) (q J =(/> t -A,) 2 ], and much of the 
Interest In these decays has stemmed from the 
possibility of comparing the measured form fac¬ 
tors with a variety of theoretical predictions. In 
particular, a determination of the form factors 


provides an important test of the hypotheses of 
partial conservation of axial-vector currents and 
chiral SU(3) &SU{3) algebra of weak currents. 
Proceeding directly from these hypotheses, Cal- 
lan and Treiman predicted that the scalar form 
factor 

fid 2 ) ~ /♦ (<?*) + <?f. W)'(M k 1 ~ m * J ) 

should assume the values /*//, at the unphysical 
point < 7 2 =Af* 3 . 2 

Although a detailed determination of the form 
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(actors as a function of q 1 requires a study of the 
decay rate or muon polarisation as a function of 
• the position of the Dalits plot, a measurement of 
the K„ a 0 /K t i° branching ratio provides an impor¬ 
tant constraint on the form factors. In particular, 
if the 9 * variation of the form factors is assumed 
to be linear, a measurement of the branching 
ratio allows a determination of the slope of 
K<f), which is quite insensitive to the slope A, 

assumed for /*(q*). 

The apparatus used in this experiment consist¬ 
ed of an evacuated decay region followed by a 
multiwire-proportional-chamber spectrometer, 
which has been described in detail elsewhere , 3 
Two chambers placed upstream of a wide-gap 
magnet and five planes of chambers downstream 
of the magnet measured the angles and momenta 
of the two charged particles. Following the last 
chamber, there was a scintillation-counter hodo- 
scope which provided a trigger when two charged 
particles passed through the apparatus. Finally, 
downstream of this hodoscope, there were two 
Iron blocks, each 60 cm thick, symmetrically 
placed on either side of the beam and immediate¬ 
ly followed by scintillation counters. These scin¬ 
tillation counters, hereafter referred to as the 
"muon counters,” were used to identify as muons 
those particles that penetrated the iron blocks. 

The technique used for event identification was 
to label as v those events in which a particles 
penetrated the iron to produce a count in one cd 
the muon counters, while all those events that 
did not produce a count were K , 3 candidates. 

This latter category consists almost entirely of 
K,, a and K,° decays, which can be readily sepa¬ 
rated kinematically. 

For each event it was required that the tra¬ 
jectories of both particles intersect the iron 
blocks and furthermore that the particles not be 
allowed to enter the same block. In addition, It 
was required that each particle have a momentum 
greater than 900 MeV/c to ensure that a muon 
would penetrate the iron. 

The distribution oi P a ' x , a commonly used pa- 
i rameter tot separating K ls and K„ events, Is 
I shown in Fig. 1 for the and K„ candidates, 
along with Monte Carlo calculations of the same 
distributions for pure K^° and K„ a event sam- 
plea/ it is seen that the Monte Carlo calculation 
for events agrees quite well with the data, 
eitce Pt for a small excess of events at iy a »0.005 
<GeV/c) a . This excess Is produced by K„° decays 
where one of the charged plons succeeds In firing 
fhe muon counters, either by the decay or 



p'o (G.v/cl* 

FIG. X. P)' 1 distributions for (a) the K f 3 and (b) the 
K t x candidates. 


by penetrating the steel directly. 

The P 0 '* distribution for the K. 3 ° candidates ex¬ 
hibits two peaks, centered approximately at 
-0.02 (GeV/c) a and at 0.005 (GeV/c) a , which cor¬ 
respond respectively to K„° and A ,, 0 events. It 
is apparent that there Is a rather clean separa¬ 
tion between the two classes of events. In the ab¬ 
sence of resolution effects, the distribution for 
K,,° events extends only over positive values and 
peaks at P o ' a = 0 (GeV/c) a . To eliminate the A, 3 ° 
events, in both the K M3 ° and K„° samples, we 
have applied the cut P 0 ' a < -0.01 (GeV/cY. Since 
the shapes ol the distributions lor K v3 and Jt, 3 ° 
events are quite similar, the ratio of events re¬ 
tained is quite insensitive to the location of this 
cut. By subtracting the Monte Carlo calculation 
for events from the observed data, and by 
studying the calculated P e ' a distribution for K,° 
events, Including resolution, we have estimated 
that the background of A t3 ° events in the selected 
K„° sample is less than 1 %. 

In selecting the sample of events used in deter¬ 
mining the branching ratio, the only additional 
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cuts imposed were that the decay vertex origi¬ 
nate within the evacuated region, and within the 
fiducial volume of the beam, and that the momen¬ 
tum of each particle transverse to the beam be 
less than the klnematlcal maximum. The number 
of events which failed this last requirement, or 
which had a decay vertex outside the cross sec¬ 
tion of the beam, was only 1.5%, indicating that 
the data sample is quite free from backgrounds 
due to either accidentals or nondecay processes. 
The total number of K v ° and K,° events remain¬ 
ing in the selected sample was approximately 
10000 . 

There are several corrections that must be 
made to the raw ratio of K v ° and K„° candidates. 
The most significant correction is that for K,° 
events that are registered as K v ° because the 
plon triggers the muon counters. We are able to 
measure this pion “feedthrough” directly, by ob¬ 
serving the number of events, subject to the 
same cuts as above, in which both muon counters 
fired. These events must be t/i v events in which 
the plon counted as well as the muon. In this 
way, we determine that the probability that a 
plon counts in the muon counters is (12± 1J%. Al¬ 
though this value has been determined for vuv 
events, the kinematic distributions of the pion in 
the laboratory system are sufficiently similar for 
K„ " and K, 3 ° events that the probability that a 
pion decays or penetrates the steel may be ex¬ 
pected to be the same for both classes of events. 

A background subtraction of (1.5± 1)% has been 
made from the K u3 sample to allow for contribu¬ 
tions of (1 ± l)% from K ,,° events, and approx¬ 
imately 0.5% from K L °- 2* decays. No correc¬ 
tion has been made for accidentals or for non¬ 
decay events since backgrounds of this kind have 
been estimated to be less than 1% and, to the ex - 
tent that they exist, are equal for both classes of 
events. The A,,, 0 sample has been corrected for 
losses of (4.8 -t 2)% and (2.3 ± 1)% due to measured 
differences in the chamber efficiency and trigger 
efficiency for A„ a ° events versus A',, 0 events. 

The contributions of higher-order radiative 
processes to the measured number of K y ° and 
A', a ° events include modification of the A",,, 0 and 


K„° decay rates due to virtual radiative diagram* 
and the existence of A,, r ° background since the 
photon escapee unobserved. These contributions- 
have been evaluated by Ginsberg, and we have 
calculated the corrections appropriate to this ex¬ 
periment In the following manner 1 ; Since the de¬ 
tection efficiency to r K„ y ° events becomes iden¬ 
tical to that for A„° decays as the y-v Invariant 
mass x—0, the bremsstrahlung contribution with 
x < 10 MeV (this includes the Infrared divergence) 
has been combined with the virtual contribution 
and the total correction calculated assuming 
three-body kinematics. For x>10 MeV, K l3 ° 
events have been generated as a function of x, 
over the entire four-body phase space, with each 
event weighted by the appropriate detection ef¬ 
ficiency. The resulting corrections are A MJ OBS 
= (1.018 ±0.002)A ms nr and A„ OBS = (0.996 ±0.005) 
XA„ NR , where A, a OBS is the observed decay rate, 
and A 1S NR represents the decay rate in the ab¬ 
sence of radiative effects. It is the ratio A (1S NR / 
A„ NR which we quote as the branching ratio and 
use to determine the form factors. 

Having applied the above corrections to the 
data, the ratio of vuv to vev events is found to be 
1.106±0.058. The error quoted includes the sta¬ 
tistical error and uncertainties in the corrections 
made. 

The branching ratio is then determined by divid¬ 
ing this corrected ratio by the relative detection 
efficiency for the two types of events. Although 
in principle it is necessary to know the form fac¬ 
tors describing the xpv and vev decays in order 
to calculate the detection efficiency, information 
regarding the form factors may be determined 
directly in the following manner. It is assumed 
that the form factors are linear in the region of 
physical interest, /*(q , ) al /*(0)[l +X 4 q a /»«*“], an 
assumption that is plausible on theoretical grounds 
and for which there is considerable evidence ex¬ 
perimentally. The distribution of events across 
the Dalitz plot may then be parametrized In terms 
of A,, A., and f(0)=/_(0)// 4 (0), and one obtains 
by Monte Carlo calculations an expression for the 
detected ratio of A M3 ° and K. 3 events, A DFT , in 
terms of these three parameters. For the case 
A.=0, 


„ 2.28+12.9A , + 21.7Aj + 0.44{(0)+ 1.57 I(0)A. + 0.070l a (0) 

/? " fT 1.26 + 5.69A, + 8.73\, a X0.6172. 

[The results obtained below are rather insensitive to the value of A. assumed, but the explicit effect 
may be included by adding the following terms to the numerator: 0.5824*(0)A_, 1.344*(0)x A_ a , 6.484(0) 
*A t A., 1.574(0)A..| | 
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FIG. 2. (a) A plot of the oalculated ratio of j° events 
dotooted to K,i events detected, as a function of |(0), 
for different values of A + . Tho dashed lines Indicate the 
value of {(0) corresponding to the measured ratio, for 
A.,-0.03. (b) The value of {(0) deduced as a function of 
A*. Also shown la the correlation between {(0) and A* 
which obtains If the Callan-Trelman relation Is valid. 

The shaded area inlloatea the approximate theoretical 
uncertainty. 


It is apparent that any error In the Monte Carlo 
calculation affects directly the values obtained 
for the form factors. However, It Is only the 
ratio of the detection efficiencies that Is impor¬ 
tant and since the kinematic distributions of apv 
and itev events in the laboratory are very similar, 
we may expect that this ratio Is not very sensi¬ 
tive to the details of the geometry. To verify 
this, we have made substantial variations In sev¬ 
eral parameters In the Monte Carlo calculation 
and have studied the resulting changes In the ra¬ 
tio of the detection efficiencies; these changes 
were always less than 2%. 

The above expression for the detected ratio of 
A' 4 3 ° and K,i° events is plotted In Fig. 2(a), as a 
function of € (0), for several values of A + . One 
may readily determine from this plot that the ob¬ 
served A m3 Va, 3 ° ratio of 1.106*0.058 corresponds 
to the value {(0)= -0.20*0.29 for A, = 0.03. For 
purposes of illustration in the figure, the 2% un¬ 
certainty in the Monte Carlo calculation of R nET 


has been folded Into the error of the observed 
ratio of events. Similarly, one may determine 
the value at 4 (0) for any other value of A + . The 
results are presented In Fig. 2(b), along with the 
correlation between A, and 4(0) that obtains if the 
Callan-Trelman relation is valid. For values of 
A t between 0.0 and 0.08, the value of {(0) obtained 
Is consistent within the errors with the Callan- 
Trelman prediction. 

The quantity that Is perhaps at more direct 
theoretical Interest than 4 (0) Is A w the slope of 
the form factor Assuming that /(</*) is also 

linear, and again assuming that A. = 0, It follows 
that X 0 -\ + + t(Q)m 1 t /(M t 2 -m,“). The value of 
4(0) deduced above, for A + = 0.03, then corre¬ 
sponds to the value A 0 = 0.013 *0.025 as compared 
with the Callan-Trelman prediction of 0.021. 

Finally, the branching ratio is determined from 
the detected K^^/K,, 0 ratio by dividing by the rel¬ 
ative detection efficiency. Although It depends In 
principle on the assumed values of x + and 4 (0), 

In practice, for our apparatus, the relative detec - 
tlon efficiency for if,,, 0 and K„° decays is inde¬ 
pendent of 4 (0) over the range -1.0 to 0.0, and 
varies by less than 2% for values of A t between 
0.01 and 0.05. We find, assuming a nominal val¬ 
ue of A, =0.03, that r(A„ 3 0 )/r(A'„°) = 0.662±0.037. 
This value is in reasonable agreement with other 
recent measurements." 


fWork performed under the auspices of the U. S. 
Atomic Energy Commission. 
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schung, Switzerland. 
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Institute of Physics, New York, 1973), p. 20. 
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Asymptotic Behavior of Non-Abe lian Gauge Theories to Two-Loop Order* 

William E. Caswell 

Joseph Henry Laboratories , Princeton IMtverstty, Princeton, New Jersey 08540 
(Received 2 May 1974) 

We have calculated the value oi the Callan-Symanzik p function to order g l for non-Abe¬ 
lian gauge theories with fermions. We discuss Internal consistency of the calculation, 
and consider the approach to the aymptotlc energy range In such theories. 

There has recently been much interest In non-Abelian gauge theories of the strong interactions. Re¬ 
normalization-group parameters have been calculated to lowest order , 1 and a subclass of these theo¬ 
ries has been found to asymptotically free.* The value of 0 in g* order Is interesting for study of the 
approach to the asymptotic energy range. It also provides some control over the “effective coupling 
constant,” leading to field theories with short- and long-distance behavior calculable in perturbation 
theory. We present below the result of a calculation of p. 

The bare Lagranglan for a theory of interacting fermions and gauge mesons is 

£ = - i Tr {s M - 8 + <^[] }* - or ' 1 Tr {( 8 "R„ )* } 

+ 2Tr{8 ( 1 < s*8V+ ( 1 ) 

The gauge field Is B^ =Z/« T a\ the t, are the matrices of the adjoint representation of G, a compact 
Lie group. The ghost field is <p = X). <p‘ r, , the fermion field Is = £). </ < 7 . , and the o. are the ma¬ 
trices of R, the representation of G under which the fermions transform. The term or " 1 fixes the 
gauge. The group Invariants which enter into the result are C,(G) and C,(R), the quadratic Casimir 
operators of the adjoint and fermion representations, and the trace T(R) of the fermion representa¬ 
tion. defined by T(R)6 a > = Tr {< 7 „o b }. 

p was calculated using the dimensional-regularization technique of ’t Hooft and Veltman . 3 The scal¬ 
ing equations in this renormalization framework were derived by’t Hooft/ The Green’s functions of 
the theory with l fermions, m gauge bosons, and n ghosts satisfy the "new" renormalization-group 
equations 4 '* 

J^ + yr(x)M-^+ my B (g,a) + 2ny c (g,a) + 2ly r (g,a)^d , ’ m ' n ' , = 0. (2) 

The renormalized coupling constant is g, the gauge parameter is a, the renormalization scale param¬ 
eter is p, and the fermion mass matrix is M. Within this renormalization framework, p is indepen¬ 
dent of a. 7 For simplicity, p was evaluated in Feynman gauge (a = 1). 

The renormalization counterterms were fixed by requiring that they be of the form 

2 = 1 + z/e+higher order terms in 1/e, (3) 

where n is the dimension of space-time and e = 4 - n. 2 and z are power series in g* and the gauge pa¬ 
rameter a. The counterterms calculated include those for the ghost propagator (2,), the ghost gauge 
boson vertex (2,). the gauge boson propagator (2,), and the triple boson vertex (2,). These are relat¬ 
ed by a Ward-Takahashi identity,* 2,/2, =/?,/.?,. To check the calculation, all four were computed in¬ 
dependently. The connection between p and the counterterms is given by 4-5 

P(g) = g a (B/Bg 2 )(Z l -Z 3 - $2,) =**(8/8 J*)(2, -12,). (4) 

There are similar formulas for anomalous dimensions of the fields. The technique used to calculate 
the pole terms will be explained in detail in a future publication. 

There are several internal checks on the calculation. No terms of the form lwf* or (equivalently, in 
this theory) y E (Euler’s constant) should appear. The double-pole (1/e*) terms may be independently 
calculated using the scaling equations of’t Hooft. Only the check using the Ward identities is nontrivi¬ 
al. Because of the complexity of the algebra, this check was considered necessary. 
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We find that 

<>o = ¥c.(c>-tT<R), 
f»i=-Vc.vo+^c^oryjj+^.uDTCR). 

In the following example* we will specialize to SU(W), and choose for R the vector representation. We 
assume m fermion multlplets. The relevant group invariants are then C,(G) = N, T(R) = im, and C,(R) 
.(V-D/2AT. 1 

For SU(3), P(g)/g near the origin Is presented in Fig, 1. The effective perturbation-expansion pa¬ 
rameter is We may choose the number of fermion multlplets to obtain the theory 

with the smallest value of the first nontrivial zero of p. With sixteen fermion multlplets we obtain a 
theory with calculable short-distance (g- 0 ) and long-distance (g - g t ) behavior, for g Initially be¬ 
tween 0 and g y . gy is P’s first zero past the origin, g,Vl 6 ir* = 1/302 + higher-order corrections. The 
fractional correction due to the three-loop contribution is expected to be roughly (g, , /l6v*)T(R)~j ^, 
and Is probably negligible. If the coefficient of the three-loop term is surprisingly large, we may con¬ 
sider SU(V) for N larger than 3. Choosing m to minimize the first (ft 0 ) term, we may ensure the ex¬ 
istence of a zero of (Kg) valid in perturbation theory, even for abnormally large g 1 contributions.* g t 
is a simple zero of J9(g). Asg-g,, the theory approaches a dilatation- and conformal-invariant Gell- 
Mann-Low limit theory . 10 Solving the renormalization group equations, with X scaling all momenta of 
the Green’s functions (f = lnx), we find deviations from the limit theory smaller by powers of X rather 
than by logarithms (which characterize the g — 0 end): 

gy' - f(t,g) a X 1/4H . ( 6 ) 


for SU(3) with sixteen fermion multlplets. 

For pure gauge theories the g' term is negative, and the approach to the asymptotic region is en¬ 
hanced. We might expect the domain of attraction of the origin to be large (which would be appealing 
In a theory of the strong interactions). The effective coupling constantg(f,g) satisfies 


dfr/dt = p(g), g( 0 ,g) = g. 


As X - *> (t - «>), g approaches zero as 


f*.g) 

Hv 3 


‘“-2 bj 


r 46o’ 


Inf 
f* + 



(7) 

( 8 ) 


For SU(3) with three fermion triplets, which may be relevant for theories of the strong Interactions, 


gk! 

161 ° 


1 16 Inf J±\ 

18f - 729 f , + °\fV' 


(9) 



03. 


X 


FIG. 1. Shape of f)(g)/g near the origin, for SU(3) 
with m fermion multlplets. x = effective expansion 
parameter = (g , /16r* )Cj(8U (3)). 
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The second-order term slightly enhances the approach to zero. For m =16, 


rv.*) 


16r* 


3 

2 t + 


1350 Inf ^ 

—T + ° 



( 10 ) 


and, as we expect for /3(g) small, g approaches Its asymptotic values (g = 0 and g =gj only slowly. 

We do not expect to find a gauge theory of the above type where /3 starts out positive and goes nega¬ 
tive near enough to the origin for the zero to be valid in perturbation theory. If the lowest-order term 
is fixed to be zero, then 

0(*o = 0) = g 5 (16v , )- a [7C,*to) +110,(0 )C,(R)] > 0. (11) 

for an arbitrary gauge group G. This is approximately the case for SU(3) with m =17 (6 0 = — i). 

I am grateful to C. Callan for his advice and support throughout this project. I wish to thank 
T. Regge, E. Speer, and particularly F. Wilczek for helpful conversations. 
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Is the Cross Section for e*e~ -+ Hadrons Time Dependent in Colliding Beam Machines?* 


T. Goldman! and Patrlzio VlnclarelliJ 

Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305 

(Received 1 April 1974) 


If e* +<■* -hadrons, where * is a scalar, radiative beam polarization in storage 

rings will induce an apparent time dependence of the cross section during an experimental 
run. This should provide a critical test for models which rely on such a scalar mecha¬ 
nism to enhance the cross section in the present energy range. A model of this kind is 
presented which Identifies # with a composite Higgs field In gauge theories. We check 
for consistency with other processes and note that there may be an Important relation to 
the shoulder in the dimuon mass distribution in pp —p + p"X. 


Synchrotron radiation in an e V storage ring 
leads to transversely polarized beams where the 
electrons (positrons) are polarized antiparallel 
(parallel) to the guide magnetic field. 1 The mag¬ 


nitude of the polarization builds up toward a lim¬ 
iting value from the time of injection of the beams 
Into the ring, with a characteristic time constant 
dependent upon the energy and other machine pa- 
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peters.’ This effect may provide a useful con- 
etraint to model builders 1 as It has some interest¬ 
ing implications if the e*e~ annihilation cross 
section is not completely dominated by the one - 
photon mechanism as has conventionally been 
assumed. 4 In particular, the polarization depen¬ 
dence of other mechanisms will Induce an appar¬ 
ent time dependence of the annihilation cross sec¬ 
tion corresponding to the polarization buildup. 

As an interesting example, we present here a 
particular “no-photon” model, 1 which assumes 
that o(e*e'~ hadrons) at the highest Cambridge 
Electron Accelerator (CEA) and SPEAR energies 
is dominated by a heavy hadronic scalar (inter¬ 
mediate state) resonance which couples directly 
to neutral (scalar) leptonic currents. The origin 
of such a mechanism may find theoretical justifi¬ 
cation in a composite” Higgs scalar within the 
framework of gauge models of the strong and 
weak interactions. 7 ' 1 

It is simple enough to see how the difference In 
polarization dependence of the cross section be¬ 
tween one-photon and one-scalar Intermediate 
states occurs. We represent an electron (posi¬ 
tron) with four-momentum pj (p/) and spin vec¬ 
tor s .“ (s/) by the spinor u(ps.) [v(p „ s ,)J. 

Then the leptonic factors in the (noninterfering) 
squared amplitudes for annihilation tnto a scalar 
or into a photon (summed over photon polariza¬ 
tions € /) are given by 

|S(P„s —s,-s.) 

+ (p+-s.)(P.-s t ) (1) 

ind 

£*!»(/>.. *“(/>-. s-)l a 

= Zp t -p. + 4m*-2m*sss.<=‘2psp., (2) 

respectively, where the approximate form of Eq. 

.2) is valid in the high energy limit (p t -p. »m 2 ). 
t is obvious from Eq. (2) that the photonic case 
x completely Independent of the fermion beam 
Jolarlzations (in the high energy limit). However, 
f the fermions are completely poLarlzed in the 
'natural” direction for colliding beam machines, 
•e., 


V(o,o,o,+i) 

(3) 

uid 


s.MO.O.O.-l), 

(4) 


vhere the t direction is that of the magnetic 
Mlde field of the beams, theo explicit evaluation 
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of Eq. (1) gives the result 

!«'(/»+, sXp-.OI^o. (5) 

That is, the contribution of the scalar vanishes 
when the polarization is complete. (The opposite 
effect occurs for a pseudoscalar; i.e., its contri¬ 
bution doubles for this polarization.) Denoting the 
the one-photon and one-scalar contributions for 
the unpolarized case by o r and o respectively, 
we conclude that the polarization dependence of 
the total croes section for e*e ’~hadrons in col¬ 
liding beam machines Is 

= (e) 

where P is the (common) polarization coefficient 
of the beams. Thus, tor a time-dependent polar¬ 
ization as described in Ref. 2, 

-«P(-T/T 0 )][Tdep/(Tpd + Tdep)]> (7) 

where r=time from injection, and r fc p are 
machine-dependent time parameters and r 0 » (1/ 

7 >1 + 1 / T dcp)‘ t . Eq. (6 ) predicts an apparently 
time-dependent cross section that may change by 
up to a limiting factor of 1 - ~0.35[r dep /(T po , + T d , p )]* 
during an experimental run. We would like to 
stress that this effect is characteristic of a sca¬ 
lar contribution to Hie total annihilation cross 
section and would provide a clear signal for the 
presence of such a contribution. 

We shall now describe, at the phenomenological 
level, a model which adopts such a scalar mech¬ 
anism to enhance the e*e ’-hadrons cross section 
in the present energy range. We shall show that 
the model yields nontrivial predictions for some 
processes other than e*e~ annihilation, and that 
it easily survives all present experimental tests. 

We postulate the existence of a hadronic scalar 
field 4 of mass m t , with the quantum numbers 
of the vacuum’ and with a Yukawa coupling to lep¬ 
tons 1 and quarks q as described by the interac¬ 
tion Lagranglan density 

( 8 ) 

where k~e* and g~ 1. The reader will recall that 
similar scalar fields are present in various 
gauge-theory models of the weak and strong in¬ 
teractions. 7 These are the by now well-known 
Higgs fields, 10 which are conventionally intro¬ 
duced as elementary fields on the Langrangian 
level. The effect of such fields other than the 
provision of the origin of symmetry breaking are 
usually minimized in those models by requiring 
that they be sufficiently massive. Our attitude is 
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FIG, 1. Contribution of * to the amplitude for t*e~ 
— hadrons. 


that they need not be so experimentally Inacces¬ 
sible and that they may indeed be responsible for 
the surprising results from CEA and SPEAR. We 
also feel that, purely within the context of gauge 
theories, there are notable advantages if such 
scalars are bound states.” Equation (8) should 
therefore be regarded as describing an effective 
interaction accurate only in the neighborhood of 
the mass shells of the particles involved. Outside 
of this neighborhood, say for 4 significantly off 
shell (k 1 * m «,*), ft and g should be regarded as 
functions of **: h(k 2 ) and g(k 2 ). 

A simple-minded calculation 11 of the contribu¬ 
tion of 4 to the unpolarized cross section for 
e*e' annihilation into hadrons (see Fig. 1) yields 

04 «-ia/.€llSg^a[(, (9) 

where r is the width of 4, and g(h 1 ~s) and h(s) 
are presumably slowly varying functions for s 
in the neighborhood of m» ! . Using Eq. (9) together 
with the usual one-photon (colored) quark-model 
contribution, it is easy to fit the CEA and pre¬ 
liminary SPEAR data 19 which are consistent with 
an approximately constant cross section of ~ 23 
nb for 9 GeV*^ s •= 25 GeV 9 . However, given the 
magnitude of the reported error bars, 12 and the 
number of parameters that are at our disposal 
in Eq. (9), as well as the quark-model parameter 
in the one-photon contribution, it is pointless to 
write down any particular fit at this time. 15 ' 1,1 In 
any case, this is not our intent here, as such a 
fit can be obtained from many different models 
and our model is no more compelling than any 
other (except, perhaps, to gauge theorists al¬ 
ready accustomed to the use of Higgs scalars). 
Rather, we want to point out that models of the 
kind presented here, although not Inconsistent 
with the present data, are subject to critical 
polarization tests. 

Of course, like any other, this model must 
meet the tests of many well-established experi¬ 


ments, and we discuss a few here briefly, q«ypj_ 
cally, when one fiddles with leptonic couplin g 
one must maintain the good agreement of quantu 
electrodynamics (QED) with such experiments » 
Bhabha scattering, e *e ' - p + p *, the value of g 
- 2 for the muon, and the Lamb shift in muonic 
atoms. The first two are clearly not affected, as 
the amplitudes calculated in QED in the one-pho¬ 
ton Born approximation are of order e 9 and the 
analogous one-4 contribution is of order fc*~e\ 
The one-virtual-4 vertex correction to the muon 
g - 2 is immediately seen to be of order 
m£) ln(m M Vm* 2 ) ~ 10‘V, and higher order cor¬ 
rections are manifestly smaller. As present ex¬ 
periments are not yet sufficiently sensitive to 
test severely the order-* 8 QED calculations (in¬ 
cluding estimates of hadronic corrections to the 
photon propagator), the effect of the 4 Is obvious¬ 
ly too small to be seen. The additional vertex 
correction contribution to the Lamb shift is neg¬ 
ligible as it is of the same size. Besides this 
loop contribution, there is also a contribution 
from the effective potential due to a virtual 4 in 
the I channel (replacing the photon). The ratio of 
this effect to that of the highest-order Lamb-shift 
calculation is ~e~*g(0)h(0)(rn p /mj a ~ 10‘Ve* for 
muonic atoms even if we neglect the k* depen¬ 
dences of g(k 2 ) and hik 2 ). Thus such an effect is 
also not experimentally detectable. 19 

One of the main difficulties in the construction 
of sensible models is the need to reconcile the 
apparent lack of scaling 19 in the annihilation chan¬ 
nel with the early onset of scaling in the scatter¬ 
ing channel, 18 l.e., deep inelastic electroproduc¬ 
tion as observed at Stanford Linear Accelerator 
Laboratory (SLAC). The contribution of 4 to the 
electroproduction structure functions W,(q*, v) 
may be estimated by replacing photons by tfs in 
a quark-model calculation: The ratio of the 4 ef¬ 
fect to the photon contribution is then of order 
a" 9 * 9 (q 9 )g 9 (q 9 )(l + w,Vlq 9 l)' 9 . Thus, in the rel¬ 
atively low-? 9 region (if~ 2-5 GeV 9 ) the $ con¬ 
tribution is suppressed by the propagator factor 
to the few percent level. However, at the highest 
q 2 values at SLAC (<f ~ 25 GeV 9 ) this factor rises 
to ~ i and one may need to invoke the extra sup¬ 
pression due to the q 2 dependence of the vertex 
functions h(q 2 ) and g(<f), which reflect the com¬ 
posite nature of 4. The need for the latter sup¬ 
pression mechanism may be even stronger to 
accommodate the p-p scaling experiments at the 
National Accelerator Laboratory (NAL). 

There are many qualitative predictions implic¬ 
it in the scalar-4 model. We have not sufficient- 
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1 detailed the * - multlhadrons vertex to make 
peclfic statements about the hadronic final 
itates. For instance, we cannot explain the large 
•atio (-1) of neutral to charged particles that 
ias been observed at SPEAR, although the fact 
.hat * has opposite C parity might be a clue, as 
t can decay into vV*, but not w*t‘, unlike the C- 
>dd (heavy) photon, which can go into n*v' in a 
wo-body decay. [That Is, there are in general 
idditlonal C-even multi-* 0 final states which can 
>e produced via the #, which may be preferred 
♦-ktecay modes over multl-charged-pion final 
itates and which eiihance the neutral-to-charged 
article ratio.] Nonetheless, one would natural- 
y expect a typically hadronic falloff in the trans- 
■erse momentum distribution which is indeed ob- 
lerved.” Also, because * is a scalar and be- 
:ause it provides a growing contribution to the 
uinlhilatlon cross section as /s approaches the 
kmass and as r (time from beam injection) de¬ 
ceases, the one-particle inclusive distribution 
is a function of 6 (the angle between the detected 
article and the beams) should behave like 1 
te(s, t)cos s 0 with a(s,r) decreasing toward a 
small value (<el) in that limit. 

The * will be difficult to see In purely hadronic 
scattering experiments as we expect it to be very 
broad and to decay preferentially into multibody 
(~ 4—8) final states not amenable to Dalitz-plot 
analysis. Experiments where the effect of * 
might be visible Include e*e' —e'e' +X (as at 
DORIS) and pp — p+X (as at CERN intersecting 
storage rings or NAL). A more interesting and 
straightforward case is a double-arm experi¬ 
ment such as pp — <i*p' +X as was carried out at 
Brookhaven National Laboratory. 17 Our mecha¬ 
nism, 

PP-i+X 


can easily account for the observed shoulder in 
fhe mass distribution of dimuon pairs 18 if m * 

“ * GeV and r~ 1 GeV. One may also turn the 
argument around and use It to predict that if the 
error bars on the SPEAR data can be reduced, 

3 peak in the annihilation cross section at s «16 
GeV 1 toill be revealed}* 

In conclusion, we have presented a model which 
appears to be consistent with present experi¬ 
ments. It leads ub to a sharp relation between 
the unexpected results from CEA and SPEAR and 
the anomalous results in pp - p + p" + X. We wish 
to reemphasize that models such as this which 


are sensitive to the naturally occurring polariza¬ 
tion in colliding rings may be more easily and 
critically tested in such experiments than in any 
other way. Definite experimental results on the 
polarization dependence of the cross section, 
now in progress at SPEAR, would therefore be 
of great help to model builders. 

We have enjoyed and benefited from conversa¬ 
tions with I. Blgl, J. D. BJorken, S. Brodsky, 
Min-Shlh Chen, S. Drell, E. Elchten, M. Eln- 
hom, F. Gilman, Ling-Fong LI, and B. Ward. 
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Commission. 

f National Research Council of Canada Post-doctoral 
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Geneva, Switzerland. 

*V. N. Baler, tn. Physic* of Mersectfog Storage 
Rings. Proceedings of the International School of Phys¬ 
ics “Enrico Fermi,"Course XLVI, edited by B. Tou- 
schek (Academic, New York, 1971), p. 1; A. A. Soko¬ 
lov and 1. M. Ternov, Dokl. Akad. Naulc. SSSR 153 , 

1052 (1983) [Sov. Phys. Dokl. 8. 1203 (1964)). 

*R. F. Schwitters, SLAC Report No. SLAC-PUB-1348 
(1, A), 1973 (to be published). 

’Model builders could use some help as there Is little 
to chose among a rapidly proliferating set of models. 

*R. P. Feynman, Photon-Hadron Interactions (Benja¬ 
min, New York, 1972), pp. 163-166. 

5 Here we follow a classification scheme for e*e~ 
models: “no-photon“one-photon,” “two-photon,” .... 
described to us by J. D. BJorken, who, with I. Blgi, 
has systematically analyzed the Implications of a di¬ 
rect four-Fermi coupling of leptons to quarks. The 
first public suggestion of a “no-photon" mechanism 
that we know of was made by B. Richter, Invited talk In 
Proceedings of the Conference on Lepton Induced Re¬ 
actions, Irvine, California, 1973 (to be published). 

The question of polarization-dependent effects from 
such mechanisms has been Independently considered 
from an experimental point of view by B. Richter and 
R, Schwitters (private communication). 

! T. Goldman and P. Vinciarelll, SLAC Report No. 
SLAC-PllB-1357 (T), 1973 (to be published). 

T See, for example, S. Weinberg, Phys. Rev. Lett. 31. 
494 (1973); H. Georgi and S. L. Glashow. Phys. Rev. 

Lett. 32- *38 (1974). 

*We thank I. Bars for pointing out the usefulness of a 
scalar similar to the one Introduced here in resolving 
the ir-i) degeneracy problem. 

'This may not be necessary, but it is the easiest 
case to analyze. 

*°See the review by E. S. Abere and B. W. Lee, Phys. 
Rep.9C, 1 (1974). 

“We adopt the usual parton model assumption that the 
quark-antiquark rescattering into final states of ordi¬ 
nary hadrons does not significantly affect the form of 
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et at., Phye. Rev. Lett. 2°' (1973); 

O. Tarnopolsky et al.. Phys. Rev. Lott. 22' 432 (1974)i 
Richter. Ref. 5. 

I’For example. If we assume T/m*~ J, than m«m«y 
He anywhere in the range 4 to 10 GeV for reasonable 
values atg* (1 to 10). See below for a better estimate 


from pp—p*t i* •< A’. 

u Note that the contribution of Eq. (9) may be reasona¬ 
bly expected to die off faster than a" 1 as s — ■ because 


of the assumed composite nature of *. 

“Although the QED calculation has been done to next 
higher order for ordinary atoms, the additional sup¬ 


pression of (w./W,,) 1 more than compensates. 

t*M. Breidenbach «t ml., Phys. Rev. Lett. 28, 935 
(1969). 

"j. H. Christenson *t ml., Phys. Rev. D|, 2016 
(1873). 

’*T. Goldman and P. Vine lore 111, 8 LAC Report No. 
SLAC-PUB-1414 (to be published). The shoulder 
should also appear In muon-trldent production and 
similar experiments: vp~-p.tX-*iwpX, pp~-p%X 
—It/tftx, *p —* ♦A— *t 4 iX , etc. 

''Note, however, that this relation, abstracted here 
from the scalar 9 model, can be expected to hold for 
any s-channel resonance model. 
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NEW PARAMETERS FOR A 4 * RESONANCES 
FROM 2170 to 3490 MeV IN »*/> BACKWARD 
ELASTIC SCATTERING. C. A. Rey, A. J. Len¬ 
nox, J. Poirier, and K. P. Pretzl [Phys. Rev. 
Lett. 32, 908 (1974)]. 

Because of an error In the Regge amplitude pa- 
rametrization, the entries in Table II for cases 
which Included the Regge contribution are in er¬ 
ror. The corrected values are given herewith. 
Cases which did not include the Regge amplitude 
remain unchanged. The averages previously quot 
ed in Table I, part C are essentially unchanged 
but should be considered only as the results of a 
pure resonance-model fit. 

Lastly, a factor he was erroneously typed in 
the denominator of Eq. (1). For consistency this 
factor should not appear in Eq. (1) but instead a 
factor (ho)’ should appear as a multiplier of the 
right-hand side of the fifth equation. 

We wish to thank Dr. Gordon Shaw and Dr. Er¬ 
nest Ma for helpful discussions related to their 
model. 


TABLE II. Best fit values for parameters describing 
the A (2200), A (2420), A (2850), and A (3230) using a 
model which Includes both resonance and Regge ampli¬ 
tudes. The four fits correspond to whether or not the 
1* resonances were included and two choices of an ex¬ 
ponential resonance damping factor d. The x 2 for each 
fit was ~ 15 for 26 degrees of freedom. 


|» IT, ami J Mi£2°» At3il2L 


Mass No 

IMeV/c*) Yes 

No 

Yes 


Width No 

(MeV/t*) Yes 

No 

Yes 


X(J l 1/2) No 
Yes 
No 

Yes 


Yes .01 2241 

Yes .01 2220 

Yes .10 22B2 

Y«s .10 2246 


Yes .01 234 

Yes .01 273 

Yes .10 144 

Yes .10 240 


223 


Yea .01 .6) 

Yes .01 .75 

Yes .10 .34 

Yes .10 .46 

.52 


2471 

2?49 

1444 

2475 

2451 

3457. 

2543 

2459 

3392 

25 35 

2974 

3366 


2606 

2958 

3440 

+ 17 

+46 

+ 140 

-87 

-42 

-68 


461 

288 

637 

459 

266 

6M 4 

348 

367 

M7 a 

354 

287 

272* 

406 

302 

660 

) 150 
-77 

*233 

-174 

'lift 


.59 

. 15 

.25 

.61 

. 14 

■ 19 a 

.18 

. 16 

* 10 . 

.32 

. 13 

.06 

.47 

. 14 

.22 

+ .25 
-.11 


+.05 

-.06 


Average 

Mean Statistical Error 


Average 2248 

Mean Statistical Error 


Average 

Mean Statistical Error 


‘This entry Is not statistically significant and was ex¬ 
cluded from the average and the mean statistical error. 
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SOLVING EQUATIONS OF THE GELL-MANN- 
LOW AND CALLAN-SYMANZK TYPE. B. F. L. 
Ward [Phys. Rev. Lett. 33, 37 (1974)]. 

Equation (29) should read 

V) ** const w (g ', M )/* V + 0(X ’*). 


HADRON-NEUTRON FORWARD ELASTIC MAT¬ 
TERING AMPLITUDE AND HADRON-DEUTER- 
ON COLLISIONS. Victor Franco and Glrish K. 
Varma [Phya. Rev. Lett. 33, 44 (1974)]. 

The following corrections of typographical er¬ 
rors should be made. In the third line of Eq. (12), 
f?q*2A should read j?q'/2A. In the eighth row of 
Table I, - 0.02 should read 0.02; In the ninth 
row, - 0,13 should read 0.13. 

In Eq. (16), r* should read c*+rf*. 
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Mea surement of the Initial Population and Decay Rate of the (m* He) as +System 

in a Helium Target at SO atm 

A. Bertln, G. Carboni, G. Gorini, O. Pltzurra, E. Polacco, G. Torelll, A. Vitale, and E. Zavattini 
CERN. Ganna, Switneriand, and tnstUnto di Fisica dall’University dt Ptsa and htstttuto Nationals tH 
Fisica Nuclaara, Sstiont dt Ptsa, Italy, and Instituto di Fisica dell’Untnerstta tH Bologna and 
Instituto Nationals di Fisica Nuclaara, Sesiona dt Bologna, Italy 
(Received 3 June 1974) 

We have measured the fraction and lifetime of the (m 4 Hb) 2s * systems formed by stopping 
negative muons in gaseous helium at 50 atm. An estimate of the external Auger effect, 
which contributes to depopulate the (pHe) !s + level, is given. First experimental evidence 
of the two-photon decay at such a level is presented. 


When negative muons are Btopped in a helium 
target, they first get captured forming a highly 
excited (pHe)* atom, which then decays to a sta¬ 
ble or metastable state. This occurs in a time of 
the order of 10' 10 sec through an electromagnetic 
cascade which eventually results In leaving a 
(pHe) + ion in the IS ground state or In the 2S 
metastable state. For any experimental study 
which 1 b based on the existence of the (pHe^j* 
systems, therefore, the two following polntB are 
of major interest: (a) to establish which fraction 
«,s of the stopped muonB lands on the 2S level; 
and (b) since the 2S level can depopulate through 
the different channels summarized In Table I, 1 * 4 
to know how much the lifetime r jS of the (mHo), 4 7 
systems—formed in a given physical condition 
—differs from the zerb-denBity value 

t 1s (0 atm)-Ujs.totfO atm)]' 1 = 1.78 Msec. (1) 

These questions were partially answered by the 
experimental Investigation by Placet et at .,’ who 
stopped negative muons In a target of pure heli¬ 
um at 7 atm, and observed the time distribution 
of the delayed x rays coming from the two-photon 
deexcitation of the (fiHe) tS * level. These authors 


obtained 


e lS (7 atm) = (3.4±0.7)xi0'*, 

(2) 

t js (7 atm) = (1.8±0.4) Msec, 

(3) 

A a (7 atm)«2xl0'*k„. 

(4) 


Later results by Carboni et at .“ gave some evi¬ 
dence for a small Auger effect on the (MHe),j* 
systems formed at helium pressures between 30 
and 40 atm. 

When higher-density conditions are taken Into 
consideration, the two above points (a) and (b) 
need a more definitive investigation. Since we 
are presently Interested in working with (mH e) is * 
metastable ions at pressures around 50 atm,* we 
have performed a measurement of e, 4 and r is for 
negative muons stopped in a target of pure helium 
at 50 atm and 293°K. The purpose of this Letter 
Is to report on this measurement. 

The experiment was carried out using part of 
an apparatus already described* (see Fig. 1), 
which has recently been used at CERN to deter¬ 
mine the energy difference between the 2S t/1 and 
2 P vt levels of the (MHe) + ton. 7 The method fol¬ 
lowed here essentially coincides with the one 
used by Placet et al .* The only relevant differ- 
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TABLE I. Disappearance channels for the (p 4 He) JS + 
system and corresponding rates. 


Process, rate symbol 

Rate 

(sec' 1 ) 

Muoo decay, A, 

4.54x10* 

Muon captors. A- 

45 ±5* 

Stark-mixing 

collision, X-tP) ** 

< 3x 10* d 

External Auger 

effect, A AP) T 

(2.7*1.6)xlO Se 

Spontaneous M, 

transition, A #J b 

0.53 f 

Two-photon decay, A u 8 

1.06x 10 s h 

Total disappearance 
™te A !s , to( : 
at zero density, 

tot fltm) 04 A$ + Ajx 

5.6x10 s 

at pressure P. 

Aj^lO atm) 


+ \ a iP) + X A (J>) 


'Experimental value (see Ref. 1) corrected for the 
case that the nuclear capture proceeds from the 2 S 
state of the pHe atom. 

b These processes yield the emission of an 8.2-keV 
x ray. 

C P Is the pressure of the helium target! the rates 
given here are then to be considered in units of sec" •/ 
atm. 

d 8ee Ref. 2. 

'Result obtained In the present work. 

f See Ref. 3. 

8 This process occurs through the emission of two 
x rays; the sum of their energies is 8.2 keV. 

h See Ref. 4. 


ence lies In the fact that, in the present case, 
the delayed x rays were detected by eight Nal(Tl) 
counters (A l -A n in Fig. 1), which subtended a 
solid angle larger than 80%, whereas in the for¬ 
mer work 8 a proportional counter was used. To 


29 Mr I 


reduce the accidentals, the A ( counters were 
so requested to detect the muon decay electron. 
In delayed coincidence. 

The muons stopped within the useful volume l 
of gaseous helium (see Fig. 1) were defined by 
coincidence-anticoincidence signal MUSTOP 
= [1,3,4,- (2 + 5+2>4 ( )J; here (-) means “not.- 
An x-ray signal was defined by a coincidence be 
tween the MUSTOP signal and a pulse coming 
from any of the A { detectors within a gate, 4 
fji sec long, opened by the MUSTOP pulse. A de¬ 
layed muon-decay electron was recognized by a 
large-amplitude signal in one of the A ( counters 
and accepted after the x-ray signal during a gate 
2 psec long. The x-ray coincidence started the 
recording of the following main Information for 
each event: (i) the digitized amplitudes of the 
signals from the A , detectors (one or more with- 
in 200 nsec) which had been triggering; (il) the 
delay of the x-ray signal with respect to the 
MUSTOP time; (ill) the delay of the muon decay 
electron—if this was present—with respect to 
the MUSTOP time. 

An effective calibration of the energy response 
of the A, counters was obtained on-line, by re¬ 
cording continuously the A-line x rays coming 
from the deexcltatlon of the (pHe)' system, of 
which 62%* are due to the Ka line (8.2 keV). 

The measurements were carried out for a total 
amount of about 10* MUSTOP pulses in the target 
filled with pure helium. These runs were alter¬ 
nated with measurements performed keeping the 
target under vacuum, which supplied information 
on the time and energy spectrum of the accident¬ 
als. The rate A„ of accidental counts was found 
to be \„ = 5xl0 4 sec' 1 . 

For the measurements under pressure condi¬ 
tions, the decay rate A expti tot of the differential 
time distribution for the detected x rays can be 



FIG. 1. Simplified scheme of the apparatus, (a) Side view; T = stainless steel tank; V = useful volume of helium 
for stopping muons (40x40x140 mm 9 ); M*CH Z moderators; 1,3,4,5 ••plastic scintillators; 2»Plexiglas Cherenkov 
counter, used to anticoincide the electron contamination In the muon beam; A]—A t - KalfTl) detectors. 64 Front 
view of the target. 
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FIG. 2. Experimental time distribution Un z /df) of 
the delayed x rays observed in the present measure¬ 
ment after negative muons bad been stopped in pure 
helium at 50 atm. The events are those for which the 
muon-decay electron had also been detected. The full 
line Is a best St <x 3 = 9) corresponding to a lifetime 
T «p»,tot "(1.34*0.13) psec-l/A,^**. 


written as (see Table I) 

*eq*, tot = ^»S, tot + *« • 

The experimental time distribution dn x ,/dt of the 
delayed x rays for which also the muon decay 
electrons had been observed Is given In Fig. 2, 
after subtracting out the accidentals and with a 
low-energy cut at 3.2 keV. From these data, 
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CHANNELS 

Fid. 3. The full line represents the energy spectrum 
of the summed amplitudes for each of the 28 "two-pho¬ 
ton” events observed In the present measurement. 
(Abscissa: 1 keV = 50 channels.) The muon-decay elec¬ 
tron had also been observed for the presented events. 
The arrow on the absclBBa Indicates the 3.2-keV low- 
energy cut which was operated for the analysis of the 
single-photon events. The dashed line represents the 
experimental energy spectrum—normalised to an equal 
area—of the prompt K-llne x rays coming from the de- 
excitatlon of the (pHe) + system. 


keeping In account Eq. (5), one gets 

Wot(50 atm) = (7 ± 0.75)x 10° sec' 1 , ( 6 ) 

i.e., 

t, s (50 atm) = (1.43±0.15) psec. (7) 

Remembering the definition of A ts _ (P) given in 
Table I, one may derive from Eq. ( 6 ) 

(*a +* a)so ,t m = (1.4 * 0.75)x 10 5 sec' 1 . (8) 

If we now assume (see Table I) A a (50 atm) * 1.5 
xlO 4 sec* 1 , one may extract from Eq. ( 8 ) 


(1.25* 0.75)x 10“ sec ' 1 < A ,*(50 aim)* (1.4±0.75)xl0 5 sec' 1 . 


If N is the total number of events of Fig. 2, e as 
can be estimated from the expression 

ejgF’Ajjr0 2 j ; [l + (Oj 00) 

where F = 0.3 Is a constant defined by the time ac¬ 
ceptance of the apparatus for the x rays and the 
muon decay electrons, ft,, (=*0.37) is the effi¬ 
ciency for detecting one of the x rays from the 
two-photon decay, and n,i*v (“0.61) is the effi¬ 
ciency for the 8-keV x rays emitted following a 
Stark-mixing collision of the (pHe), s * ton. 

^ n* lev were evaluated by a Monte Carlo cal¬ 
culation. From these numbers, and setting in 


(9) 


Eq, (10) the two limits A a (50 atm)=0 or 1.5X10 4 
sec' 1 , one gets for e tS the two extreme values 

e, s (50 atm) no sur*effect = (4.3±0.6)xl0' 1 , (11) 

*is(50 ftlftOmtt Surk effect = (3.5* 0.5)x 10 *. (12) 

The quoted errors Include the uncertainties on N, 
F, and the calculated parameters of Eq. (10). 

During the measurements, 29 events were ob¬ 
served in which both the x rays coming from the 
two-photon decay of the (pHe) st * level had been 
detected by two separate A, counters, and the de- 
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layed muon-dec ay electron had been observed. 

The number of these events Is the number expect¬ 
ed from the value of N and from the results of 
the'Monte Carlo calculation, The energy spec¬ 
trum of the summed amplitudes of the two-pho- 
tons for each of these "double'’ events is given 
in Fig. 3. To our knowledge, this is the first di¬ 
rect experimental evidence of the two-photon de¬ 
cay of the (pHe), s * system. 

The following conclusions can now be drawn: 

(I) The fraction e, s of (pHe), 5 * systems formed 
by stopping negative muons in a target of pure 
helium does not vary In a sensitive way with the 
helium pressure going from 7 to 50 atm (see 
Eqs. (2), (11), and (12)]. 

(II) The observed value of t, s {50 atm) (see Eq. 
(7)] is large enough to make the (pHe), t * sys¬ 
tems available for observation for a time Inter¬ 
val of the order of 1 Msec at least. 


(lit) Pressure-dependent effects contrlbu 
depopulate the {pHe) %g * state to an extent o 
[see Eqs. (6) and (8)]. The allowed range o 
atlon for A 4 (50 atm) is given by Eq. (9), wh: 
in agreement with the findings by Carbon! e 
The authors wish to acknowledge the colla 
tion of Dr. J. Duclos, Dr, U. Gastaldi, Dr. , 
Picard, and Dr. A. Placcl. 
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New Rotational Transition in the Hydrogen Molecule* 


P. W. Gibbs, C. G. Gray, and J. L. Hunt 
Department of Physics, University of Guelph, Guelph, Ontario, Canada 

and 

S. Paddi Reddy, R. H. Tipping, and K. S. Chang 
Department of Physics, Memorial University of Newfoundland, St.John’s, Newfoundland. Canada 

(Received 22 April 1974) 

PreRBure-lnduced rotational-vibrational U transitions (/W“4) of hydrogen gas have' 
been observed for the first time at 195 K for densities In the range 180—300 amagat. 

Tho Bpectrum la Interpreted In terma of a hexadecapolar Induction mechanism, and from 
the experimental Integrated absorption coefficient of the f/(3) line, rough values are ob¬ 
tained for the hydrogen-molecule hexadecapolar moment and Its derivative. 


We report here the first spectroscopic observa¬ 
tions of molecular U(J) rotational transitions in 
Hj corresponding to the selection rule At/ = 4. The 
C/(t) line (J»l — 5) has been observed in the funda¬ 
mental rotational-vibrational (near-infrared) 
band and the integrated absorption coefficient has 
been obtained. An analysis is given below In 
terms of hexadecapolar induction. 

In Fig. 1 Is shown the near-Infrared spectrum 
in the region 5550-5900 cm' 1 taken at a tempera¬ 
ture of 195 K and a density of 300 amagat, togeth¬ 
er with the computed S-branch (OJ = 2) and Q- 
branch (AJ = 0) contributions following MacTag- 
gart and Welsh. 1 The peak of the observed fea¬ 
ture Is Bhifted by about 50 cm' 1 towards higher 
frequencies from the calculated position of the 


f/(l) line for the free molecule. From spectra 
such as that of Fig. 1 recorded over the density 
range 180 -300 amagat, we have obtained the in¬ 
tegrated absorption coefficient 3 = JA( v)dv (as de 
fined by Van Kranendonk 2 ) as a function of the 
density p. In Fig. 2 where we have plotted the ex 
perimental S/p against p. It Is apparent that a 
good fit is obtained for a straight line passing 
through the origin confirming that the line arises 
from a binary-collision mechanism. 

The theory at the integrated absorption coeffi¬ 
cient a has been developed in general by Van 
Kranendonk 2 and In detail for higher-multipolar 
induction by Gray. 5 For the hexadecapolar-in¬ 
duced V{J) lines we find that die binary absorp¬ 
tion coefficient 5,, defined by the density expan- 
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slon 5 = 3,p* + Bifr +..., is given by 

a x {U(.J))” W*o''l a !LT)pAT)C{ l J 4 J+4; 0 0 +(*/«')*], (1) 


where «=(4#*/3*), /■<llff-ff,IO>=-(A/8jrW 0 ) I '» 
is the v-0- 1 vibrational matrix element with v a 
the vibrational frequency, C(J 4 J+4; 0 0 0) a 
Clebsch-Gordan coefficient, a the Lennard-Jones 
diameter, a the mean molecular polarizability, 
and a' its derivative with respect to lnternuclear 
separation R. The quantity 

p / (T) = 2"fc / (2J+l)exp(-« < ,/*7') (2) 

is the normalized Boltzmann factor for the level 
J, and *' Is the derivative of the molecular hexa- 
decapole moment *, defined by 

# = /p(f)r 4 /> 4 (cose)dV, (3) 

where p(f) Is the total charge density of the mole¬ 
cule. The quantity I a (T ) is a dimensionless inte- 



FIG. 1. High-frequency wing of the spectrum of pure 
aonnal hydrogen. The dashed curve shows the sum of 
all AJ = 0,1 transitions. The difference of the two 
curves la shown at the bottom. The triangles Indicate 
0,6 frequencies of the 1/,<1) and ©i(l)+ff,(l) transitions 
calculated from the molecular constants of the free 
molecule. 


^ gral 4 

I lt (T)*4*fg a U)x- a x M dx, (4) 

where x*R/a, and g c (x) Is the low-density limit 
of the pair correlation function. The term involv¬ 
ing (t'la) In (1) corresponds to single transitions 
in which one molecule of the colliding pair makes 
both the vibrational and rotational Jump, while 
the term Involving (<bla') corresponds to double 
transitions in which one molecule makes a vibra¬ 
tional and the other a rotational Jump. The tri¬ 
angles In Fig. 1 Indicate the expected positions of 
these transitions. 

From Fig. 2 we obtain the experimental value 
arjlt/fl)) 3 (0.78* 10" lo ±20%) cm" 1 amagat”*. Since 
Eq. (1) depends on both 4> and *', one of these 
must be known before the other can be obtained 
from the single experiment. 

Previously, Gush and Van Kranendonk® Invoked 
the Intermolecular quadrupole-hexadecapolar In¬ 
teraction in solid hydrogen with a value <t = 1.2 ea 0 *, 
to explain the observed fine structure of the S,(0) 
line. A rough theoretical estimate, based on a 
point-charge model constructed to give the known 
quadrupole moment Q = 0.46ea o ®, leads to 4> 

= 0.34ea 0 ‘V A recent theoretical calculation® using 
the Heitler-London-Wang wave function to obtain 
p( T) In (3), gives * = 0.1ea o 4 and *' = 0.2ea 0 ®. As¬ 
suming the hexadecapolar-lnduction mechanism 
dominates and using Eq. (1), we obtain from the 
experimental spectrum upper limits for * and *' 
of 1*1=0. 59ea, 4 and I * ' I= 0.47ea 0 *. From the 



FIG. 2. Variation of transition* probability per unit 
density with density for pure normal hydrogen at 195 K. 
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fact that the peak of the experimental spectrum 
(Fig. 1) falls midway between the single- and 
double-transition frequencies, and from previous 
results on the quadrupole-Induced lines, 7 we ex¬ 
pect the single and double transitions to contrib¬ 
ute roughly equal amounts to the spectrum of Fig. 
1. Assuming exactly equal contributions would 
give l#l=0.42ea o 4 and l*'l=O.33ea 0 *. 

Finally, we mention other possible induction 
mechanisms, in addition to the hexadecapolar 
mechanism. The quad rupole-Induced double tran¬ 
sitions S 0 (l) + S,(3), S,(l) + S 0 (3), and S 0 (2)+S t (2), 
which fall within the linewidth of Fig. 1, can be 
ruled out. To do this the group of double-S tran¬ 
sitions near 5300 cm* 1 (outside Fig. 1) were ob¬ 
served* and their intensity compared with the ex¬ 
pected intensity of the double-S transitions in 
question; the latter is expected to be about 5% of 
the intensity of the lines near 5300 cm* 1 . Since 
the observed peak of Fig. 1 is about 50% of the 
intensity of the 5300 cm' 1 lines, we see that the 
double-S transition mechanism fails, by an or¬ 
der of magnitude, to explain the observed peak. 
Rough estimates of the dispersion and overlap 
mechanisms indicate that they too are small. 

The ‘level-mixing” mechanism of Herman* is 
estimated to be of importance here only If 4> is of 
order 0. 1 ea 0 * or less. 


Work is now in progress to obtain accurate ab¬ 
sorption coefficient for the pure rotational lines 
of H„ and the lines of H,-rare-gas mixtures. 

An analysis of all these experiments together 
should yield more accurate values for both |*| 
and l*'l. 

The authors are grateful to Professor G. Karl, 
Professor E. Obryk, Professor J. Poll, and pro¬ 
fessor R. Herman for discussions. 
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Multiphoton Ionization of Highly Excited Hydrogen Atoms* 

J. E. Bayfield and P. M. Koch 

J. W. Gibbs Laboratory, Yale University, Nete Have*. Connecticut 06520 
(Received 29 April 1974) 

A new method for the experimental study of multiphoton processes uses production of 
highly excited atoms lu keV electron-transfer collisions. Such atoms can be Ionized over 
a wide range of frequencies of an external electromagnetic field, permitting Btudles of 
multlphotoo-lonlzation processes for regimes not yet achieved In laser experiments. 
Results for microwave Ionization of hydrogen atoms with principal quantum numbers In 
the band 63« n « 69 are discussed in terms of the available theory. 


The multiphoton ionization of atoms by intense 
oscillating electromagnetic fields is not well un¬ 
derstood at present. Theoretical interpretation 
of laser-ionization experiments has treated the 
electric field Fcoe(wt) as a perturbing influence 
on the electronic motion within the atom, under 
conditions where the field oscillates rapidly with 
a period T short compared to the time of flight r 
of the electron to a distance r 0 where the external 
field F would dominate over the attractive force 


F 0 of the atomic nucleus. However, when pulsed 
lasers of greater power become available for ex¬ 
periments on ground-state atoms, new regimes 
will be reached where either or both of the condi¬ 
tions F«.F a and becomes inapplicable. It 
Is the purpose of this paper to demonstrate that 
experiments within these new regimes can be 
done now by lowering the frequency into the mi¬ 
crowave region to give larger T while reducing 
the field strengths required by using highly ex- 



VOLL'MI J3.NUMBM5 


PHYSICAL REVIEW LETTERS 


29 Juiy 1974 


cited atomic electronic states with smaller F 0 . 

For a simple one-electron system, the hydrogen 
(tom, we present ionization data for Tout, T~ t, 
w1T»t. Our experiments constitute the first 
observations of the microwave ionization of high¬ 
ly excited atoms. 

For a fixed frequency m several possible break¬ 
downs of perturbation theory (PT) can occur as 
F is Increased. One theoretically considered sit¬ 
uation occurs when the decrease of r 0 with in¬ 
creasing F makes T2 t, while F«F 0 still holds . 1 
The ionization is then viewed analogously to the 
static-field case as a quantum mechanical tunnel - 
lng of the electron through a time-varying barri¬ 
er produced by the superposition of the external 
and Coulomb forces on the electron. Since the 
ionization rate should be a maximum when the 
field is near its peak value F, T can be taken as 
the ratio rjv of the minimum barrier width for 
an electronic state of binding energy / = to the 
electronic velocity v. Using atomic units® and 
considering only a hydrogen atom, for which the 
electron momentum « = we have for F « &»'■* 
(the approximate classical ionization-threshold 
field), approximately, v = k, r l = x*2F, and hence 
T = k/2F. In the PT limit the transition rate is 
given by a sum of energetically allowed terms in¬ 
volving increasing numbers of photons in a power 
series in a quantity proportional to field intensi¬ 
ty. The breakdown of PT occurs when one such 
quantity useful for excited states, 1/4 y*, increas¬ 
es to order unity, where y s 2wr = w/uF is called 
the adiabatic tunneling parameter 1 ’ 3 (see Ref. 3, 
Eq. 22). An untested theory for the adiabatic re¬ 
gion y«l has been developed, and the connec¬ 
tions to the PT limit y »1 and the static limit y 
0 indicated . 3 ’* The region y *> 1 remains lntrac- 
tble In practice. This is also true for the situa- 
lon F&F 0 where the energy levels of the atom 
ndergo huge Stark shifts and Stark broadening, 
nd the atom loses its low-field identity through 
trong mixing of the various bound and continuum 
tates. 

Past experimental studies of the multiphoton 
inization of atoms and'molecules have all con- 
entrated on laser Interactions. For the peak la- 
er powers used the y'a have been in the range 2 
P to 10 s . 9 As the laser studies are extended both 
) higher powers and to Bhorter pulse lengths, 

>wer values of y will become Involved. 

In the present paper we present results on the 
lultiphoton Ionization of a fast beam of highly ex¬ 
ited hydrogen atoms with principal quantum 
umber m near 88, using radio-frequency and mi¬ 


crowave electric fields. To our knowledge this 
is the largest value of n studied in a laboratory 
experiment 

The highly excited hydrogen atoms H(high n) 
were usually produced by H’-Xe electron-trans¬ 
fer collisions at an Incident H* energy near 11 
keV. Other inert gases have also been used, with 
the observed H(high ») ionization signals scaling 
with gas type according to the known cross sec¬ 
tions for the production of Btates within the range 
7 * 28.*’ 1 Our measurements are consistent 

with the Jackson-Schiff a ' 3 scaling rule for the * 
dependence of the H(high n) production cross sec¬ 
tion all the way up to m = 80. 

Our identification of beam atoms in a narrow 
band of n values is based on the observation by 
Il’in 9 that the experimentally measured values of 
the static electric field strength F needed to pro¬ 
duce a given Ionization probability for each value 
of h satisfy the expression F = const xn" J , where 
the constant depends somewhat upon the geomet¬ 
rical factors for a given experiment and s -4. 
This rule has been verified within the range 9 
*■ n *■ 28 In four different experiments, giving the 
expressions •F‘ = B.67xl0 9 »’ 4 ’ 07 V/cm, e F= 1.66 
xlO*s M ” V/cm," F = 4.31 x 10 8 «‘ S ’ B5 V/cm,“and 
F = 5.96xl0 9 »"‘-° o V/cm . 11 This behavior is also 
supported by numerical calculations for 7 «n 
« 25,*• ” and is the classical answer to the ques¬ 
tion, “What state is at the top of the barrier for a 
given field ?” 13 On the basis of extrapolating all 
the above-mentioned field-ionization data to rt 
- 65, we feel that our values of n are known to 
within ± 5 units. In the present experiments a 
band of n’s about five units wide was defined by 
switching a prequenching static electric field be¬ 
tween two different field strengths and observing 
the resultant difference in fleld-lonizatlon sig¬ 
nals . 9 

The dependence on y of the H(hlgh n) multipho¬ 
ton-Ionization probability was measured with the 
apparatus shown schematically in Fig. 1. The 
fast beam leaving the Xe gas target cell (A) was 
charge analyzed by a very weak transverse elec¬ 
tric field (B) and the pure neutral-atom compo¬ 
nent then passed through a transverse, static, ri¬ 
band-defining electric field (C) followed by one 
of several highly-exclted-atom field-ionization 
regions ( D , E, F, G). The protons so produced 
were detected by the use of a carefully biased 
and secondary-electron-suppressed Faraday cup 
(H) on the beam axis. The s-band-defining field 
was gated at 44 Hz between field values of 28.5 
and 41.0 v/cm corresponding to nominal values 
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FIG. 1. Apparatus for the multiphoton-loalralion experiments. A, elect roe-transfer gas cell; B, lop-removal 
plates; C, a-band—defining static field; D, broad-band rf structure; B,C, Elnzel-lens axial static field structures; 
F, Jf-band microwave cavity; H, Faraday cup; /, liquid-helium cryopump; X, differential pumping apertures. 


of n of 69 and 63, respectively. The resultant ac 
Faraday-cup current was amplified by a fleld-ef- 
fect-translstor preamplifier and detected with a 
phase-sensitive lock-tn amplifier. 

We have used three different multiphoton elec¬ 
tric field structures. The first ( D ) was a broad¬ 
band parallel-plate rf structure which permitted 
the study of both transverse static fields and 
transverse rf fields with frequencies in the re¬ 
gion 0.9-1.8 GHz. The second structure (F) was 
an X -band axial microwave field from one of sev¬ 
eral available TMj,, modes of a high-Q cylindri¬ 
cal cavity with Its axis along the beam direction. 
The third structure was an electrostatic Einzel 
lens (G) which, because of the beam velocities 
used, applied a one-cycle wave to the highly ex¬ 
cited atoms with a principal Fourier frequency 


component of about 30 MHz. For these experi¬ 
ments, theory predicts the behavior at this last 
frequency and our field strengths (i.e., small y) 
to be similar to that for a completely static field. 1 

The results for several of the dlrect-lonlzation 
experiments are shown In Fig. 2, where the field- 
ionization signal S for the it band 63 *h * 69 is 
plotted versus y for the various multiphoton-tran- 
sition structures, using the central value of n ol 
66 and peak values F of the applied electric field 
strength. The data when plotted aB a function ol 
peak electric field qualitatively confirm one pre¬ 
diction of the adiabatic theory, 5 namely, that for 
y'8 near the adiabatic limit (y «1) and for the 
Bame peak field strength F, higher-frequency 
waves are more effective for Ionization than low¬ 
er-frequency waves. We emphasize, however, 



FIG. 2. The Ionization of hydrogen atoms with principal quantum numbers in the band 63 * * < 69, as a function ol 
tho tunneling parameter y. Shown are curves for (1) an essentially static axial applied electric Held, (2) a trans¬ 
verse 1,50-GHz rf field, and (3) an axial 9.9-GHz microwave field. Smooth curves have been drawn through the 
data points to aid tho eye. Each curve exhibits experimental saturation at lower values of y (higher values of Held 
strength F). 
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that most of the 1.5-GHz data points of Fig. 2 are 
in the region y * 1 where no theoretical predic- 
• turns are available. 

j n the absence of saturated resonant intermedi¬ 
ate states 1,14 or an ionization potential lowered 
by the Intense field,’* 11 the number k (multiplicity) 
of photons required for ionization would be equal 
to [//*oi + lj, where [x] refers to the Integer val¬ 
ue ofx. For the 1.5-GHz (y~l) data and the 9.9- 
GHz (2iyifi) data k is 502 and 76, respectively. 
The actual or effective multiplicity is defined by 
the slope of a log-log plot of S versus F 2 . These 
values are about 2.0 and 1.5, respectively. We 
are not aware of any multiplicity-reduction theo¬ 
ry directly applicable to our data, but In some 
limits the theory of Ref. 3 predicts that k is de¬ 
creased by a number of order n, a large effect 
for n = 66 and * = 76. 

As these experiments studied extremely deli¬ 
cate atoms, many different auxiliary tests of the 
apparatus were made. Among the principal re¬ 
sults was a determination that the dominant ef¬ 
fect (>90%) of the applied field was Indeed ioniza¬ 
tion rather than bound-bound transitions either to 
states of lower principal quantum number n or to 
states of somewhat higher n. In addition, another 
type of experiment was performed to check di¬ 
rectly that the ions produced were caused by the 
applied electric fields and not by spurious effects 
such as collisions with the background gas. In 
the experiment the ionization of an atom in a stat¬ 
ic axial electric field region “labeled" with a pos¬ 
itive electric potential resulted in an accelera¬ 
tion of the ion as It left the region. The corre¬ 
sponding Increase in velocity labeled the kinetic 
energy of only those protons produced in this spa¬ 
tial region, which were then isolated for detec¬ 
tion using kinetic-energy analysis. We varied 
the pressure of the background gas in such a re¬ 
gion located inside a liquid-helium cryopump 
from our normal 10" 8 -Torr operating range to a 
measured pressure of less than 10' 11 Torr with 
no observable (<4%) change In results. 

Let us, in conclusion,. Indicate some further 
possibilities for the study of multiphoton process¬ 
es using highly excited atomic beams. An im¬ 
portant Improvement for some atomic species 
vill be a narrowed high-n band produced by las¬ 
er pumping specific, more-populated, lower-en¬ 
ergy states present in the beam. In addition, mi¬ 
crowave powers orders of magnitude larger than 
presently used would permit studies at lower val¬ 
ues of it and y. It also appears possible to use la¬ 
sers to extend our field-ionization measurements. 


to optical frequencies. Different systems (alkali 
atoms, for example) could be used with the goal 
being the study of possible inner-shell core ef¬ 
fects on the multiphoton processes. Finally, one 
should be able to do experiments oriented towards 
searching for the transparency of atoms to super¬ 
strength (F*F 0 ) electromagnetic fields. 11,17 
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Inelastic Resonance Emission of X Rays: Anomalous Scattering Associated 
with Anomalous Dispersion* 

Cullie J, Sparks, Jr. 

Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830 

(Received 13 May 1974) 

An inelastic resonance scattering of monochromatic Cu Ka x rays incident on various 
targets is observed when an absorption edge of the target is Just above the energy of the 
Incident x rays. This frequency-dependent and angular-Independent inelastic scattering 
Is interpreted with the x-ray scattering theory of anomalous dispersion. Conaervation- 
of-intenslty arguments allow a comparison of the observed inelastic Intensity with the 
real part of die anomalous dispersion corrections to the coherent atomic scattering 
factors for x rays. 


I have observed a kind of Inelastic x-ray scat¬ 
tering process that differs from the previously 
reported Compton and more recently described 
Compton-Raman 1 * 3 inelastic scattering. The in- 
elasttcally scattered radiation was found when a 
St(Lt) detector was used for energy analysis of 
the x rays scattered from targets on which mono¬ 
chromatic Cu Ka or Mo Ka x rays impinged. As 
the incident radiation approaches an absorption 
edge of the target element, the Inelastic scatter¬ 
ing Increases rapidly In intensity. The cross sec¬ 
tion for the observed scattering is shown to be 
predicted by the P • X term In second-order per¬ 
turbation theory, a term previously neglected in 
inelastic x-ray scattering calculations. 

An experiment similar to our dlffuse-x-ray ex¬ 
periments 3 was constructed to measure the radi¬ 
ation given off by elements irradiated by a source 
of Cu Ka or Mo Ka x rays monochromatlzed by 
diffraction from the basal planes of highly orient¬ 
ed graphite. 4 This arrangement is shown in Fig. 
1(a). The angle of the incident (exciting) radia¬ 
tion was equal to the angle of the detected radia¬ 
tion with respect to the specimen surface, so 
that the absorption path length is independent of 
scattering angle <p tor thick samples. An ORTEC 
Sl(Li) detector, with 190-eV resolution at 5.9 
keV, associated electronics, and a multichannel 
analyzer were used to record the energy spec- 

FIG. 1. (a) The experimental arrangement for the 
monochromntlzation of the Incident x rays and detec¬ 
tion of the scattered radiation. (b) Energy distribution 
of anomalous scattered x rays from elements irradi¬ 
ated with Cu Ka x rays. Upper left Inset shows the 
proposed quantum mechanism for the anomalous scat¬ 
tering; the electron hole may be In any of the three L- 
shell sublevels. The transitions may occur between 
any inner and outer shell. 
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trum of the radiation from various elements and 
their combinations. Figure 1(b) gives the results 
for a few elements. The main Intensity maximum 
a t 8.04 keV is due to the incident CuJfax rays 
scattered from the specimen by Bragg scattering, 
thermal motion, and Compton scattering. The 
Compton shift is not large enough to be resolved 
by this detector. Lower-energy photons peaked 
in intensity at an energy B, equal to that of the in¬ 
cident photon minus the binding energy of the 
most tightly bound electron shell from which elec¬ 
trons could be ejected by the 8.04-keV x rays. 
Although the spectra plotted were measured at 
(p ~ 70°, the intensity is isotropic, being indepen¬ 
dent of angle for the angles 10* tp < 140° permit¬ 
ted by the experimental arrangement. Measure¬ 
ments were also made with monochromatic Mo 
Ka x rays incident on various elements with sim¬ 
ilar results. A small part of the incident beam 
(subharmonics passed by the monochromator) ac¬ 
counts for the Ta L, fluorescent radiation in Fig. 
1(b). Diagrammed at the upper left of Fig. 1(b) 
are the transitions from the initial ground state 
of the atom, li), to the intermediate virtual state 
l«), and then to the final state </l where the atom 
is left with a hole in the L shell, and an x ray of 
energy kv' has been emitted. 

To facilitate the comparison of this observed 
inelastic radiation with theoretical predictions, 

I converted the measured intensity into absolute 
units following the procedure given in Ref. 3. A 
standard unit is the scattering by a free classical 


electron,as calculated by Thomson.* I have as¬ 
sumed that the inelastic scattering is unpolarUed 
since the intensity is angular independent in its 
spatial distribution. 

Data such as in Fig. 1(b) were corrected for 
background, for the small 81 escape peak gener¬ 
ated in the Si (Li) solid-state detector, and for 
absorption In the sample. The corrected inten¬ 
sity was then integrated from 4.8 keV (background 
on the low-energy side) to the minimum Just at 
the high-energy side of the inelastic spectrum. 
These results in electron units per atom are giv¬ 
en in Table I with the theoretical values of the 
Compton-scattered intensity for comparison. 

X-ray satellites on the high-energy side of pri¬ 
mary (characteristic) x-ray spectral lines have 
been observed since the early days of x rays and 
are accounted for by multiple Ionization of inner 
shells. More recently, satellites on the low-en¬ 
ergy side of characteristic lines have been re¬ 
ported and attributed to a semi-Auger effect.* 
Lower-energy lines such as the early observa¬ 
tions by Das Gupta 1 and more recently by Suzuki 
el al .* have been attributed to a Compton-Raman 
type of scatter in which a bound electron recoils 
with Just enough energy to be ejected, leaving 
the photon reduced In energy by the binding ener¬ 
gy of thiB ejected K electron. The latter observa¬ 
tion on low-2 materials reports the intensity to 
be angular dependent. 

Perturbation theory 7 is normally used to de¬ 
scribe electron-photon interactions in problems 


TABLET. Cross sections la electron units per atom for the observed 
anomalous spectrum excited with Cu Ka radiation. Compton scattering 
cross sections and theoretical predictions are given for comparison. 


Element 

V 

(deg) 

Compton* 
(e ui ./atom) 

Anomalous scattering 

Obs. Calc, 

(e.u./atom) (e.u./atom) 

Ni 

30 

4.88 

7.0±0.2 

8.74 


90 

12.14 



Cu 

30 

4.47 

2.5 ± 0.4 

3.4 


90 

12.06 



Zn 

30 

4.61 

1.3±0.5 

2.3 


90 

12.21 



Ge 

30 

5.23 

1.1 ±0.4 

1.6 


90 

12.64 



Ta 

30 

8.18 

7.0 ± 1.5 

5.3 


90 

21.43 



•D. T. Cromer, J. 

Chem. Phya. SO, 

4857 (1969); D. T. 

Cromer and 

J. B. Mann, 

(bid. 47, 

1892 (1967).' 
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of this kind. The perturbation is the interaction 
Hamiltonian 

AV^eW/imc*-eP-'Z/mc, ( 1 ) 

where 5 ie the electron momentum, and A is the 
vector potential for the electromagnetic field. 

The Compton-Raman 1 *’ observation was report¬ 
edly explained* by the two-photon process which 
arises from applying first-order perturbation 
theory to the A* term In AF and which predicts 
a frequency-independent cross section for the 
nominal 10-keV x rays used. 

To explain my observations, I chose to look at 
the P * A term in second-order perturbation theo¬ 
ry 1 ' for the following reasons; This term gives 
the observed angular Independence for the Inten¬ 
sity, and the energy denominators are small 
when the Incident frequency approaches an ab¬ 
sorption edge, giving the observed frequency de¬ 
pendence. This term has been used in the theory 
of anomalous dispersion, giving the factors A/' 
(real) and A/* (imaginary) which are the frequen¬ 
cy-dependent but angular-independent correc¬ 
tions to the coherent atomic scattering factors.* 
The term A/'Is often referred to as the Hdnl 
correction. With these corrections for disper¬ 
sion, the coherent x-ray atomic scattering factor 
la written as 

/' = / 0 + A/' + fA/«, (2) 

where /„ is the usual coherent atomic scattering 
factor uncorrected for frequency dependence (dis¬ 
persion). Coherent scattering (no change in Inci¬ 
dent x-ray frequency) occurs when the final state 
of the atom, </1, is the same as the Initial state 
(<I.** T If A/' is negative, some of the coherent 
scattering events, represented by the atomic 
scattering amplitude /„ calculated from the A 1 
term In first-order perturbation theory, do not 
take place. To conserve energy or intensity, we 
need to account for those photons associated with 
the negative amplitude A/'. These Inelastic ___ 
events are contained in the solution to the P • A 
term In second order for (/1*(<l. 

There Is a similar analogy to this argument 
for the coherent and Compton (Incoherent) scat¬ 
tering cross sections calculated from the A * term. 
The coherent scattering amplitude /„ is calculat¬ 
ed from the A* term with (/) »(fl, but the Comp¬ 
ton scattering is calculated from the A* term 
with </U(fl. For forward scattering, /„ equals 
Z, the number of electrons In the atom. As the 
scattering angle Increases, / 0 decreases, but the 
Compton cross section increases in such a man¬ 


ner that Intensity tends to be conserved f<y ear 
electron when all final states of the atom are c 
sidered for the A* term. This result, dtscusse 
by James,* is assumed to bold for the 5 • I ten 
in second order, as this calculation for the con 
ditlon (/I v(f I has not been made for x-ray scat' 
tering. However, we may test the possibility 
that the amplitude of the lnelastlcally scattered 
x rays observed In my experiment may be due t< 
those lost from the coherent process with ampli 
tude A/' by using the results obtained from the 
wave-mechanical treatment for oscillators as 
reviewed by James.* 

As the observed intensity is Incoherent, we 
may sum the scattering from each electron. Neg 
alive values contributed to A/' by the individual 
electrons will be taken as contributions to the in¬ 
coherent scattering process. As A/' always 
makes a positive contribution to the coherent 
scattering, it cannot contribute to the inelastic 
anomalous scattering. 

To calculate the intensity, we define an anom¬ 
alous scattering amplitude factor per k electron, 
//, as 

// = A/'/n», (3) 

where the subscript h denotes the electron shell 
or subshell and n„ the number of electrons in It. 
The division by to obtain S * is required as 
listings of A/,’ include all the electrons In the 
fcth level. The intensity In electron units per 
atom is obtained by squaring the amplitude for 
each electron and then summing the intensity 
from each electron In the atom according to the 
following formula: 

//*-Eal/**l , -EJA/. , /«<J , I (4) 

where the anomalous scattering amplitude A/,' 
for the frth shell ts in units of the Thomson scat¬ 
tering, and the Bum Is over those electrons In the 
energy levels that are in near resonance with the 
incident energy. 

The real part of the anomalous scattering am¬ 
plitude is given by James* (Eq. 4.30a, p. 145) as 

where v is the variable of integration, v, and v, 
the frequencies of the absorption edge and the In¬ 
cident radiation, respectively, and {dg/dv) t the 
oscillator density at v. Following the earlier 
work of Wheeler and Bearden, 10 Cromer 11 applied 
the concept at the sum rule to calculate the oscil¬ 
lator strengths without making the extrapolation 
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,ver the continuum of the hydrogenlike atom. 
Cromer’s oecllUtor strengths were used with the 
;alculationa given by Par rat t and Hempstead" 

; 0 r the frequency-dependent part of the integral 
yl Eq. (5) to determine the contribution of the 
Vth-shell electrons to A/*'. The contributions 
'rom the K shell dominated my results except for 
:he case of Ta where the L shell makes the mo¬ 
tor contribution when the Incident radiation is Cu 
Xa. These values of A/Y were then used to com¬ 
mute the Incoherent Intensity from Eq. (4). Re¬ 
mits from these calculations are listed In Table 
for comparison with the observed incoherent 
intensity, listed with an estimate of the error 
need on the counting statistics. 

I was unable to observe the anomalous scatter 
shifted by the binding energy of the Af shell for 
elements of Z around 30 since the detector could 
jot resolve the approximately 100-eV energy 
shift from the incident energy. As my measure¬ 
ments did not include this inelastic scatter or en- 
jrgies below 4.8 keV, the observed values are 
expected to be less than those predicted by my 
:alculation. 

The virtual transition of the electron to a high¬ 
er-energy state In an attempt to scatter coherent- 
y may result In the ejection of an electron from 
.he atom. The kinetic energy with which the elec- 
ron leaves the atom accounts for the energy dis- 
ribution on the low-energy side of the anomalous 
pact rum. Electron spectroscopy"* 14 supports 
his view with observations that electrons leave 
he atom with little or no kinetic energy, often 
•eferred to as "electron shakeoff." 

An experiment reported by Aberg and Utrlainen’ 
■howed a broad x-ray spectrum on the low-ener- 
7 side of the Kct line with a long, low-energy 
all as observed here. It Is difficult to say If 
heir weak spectrum, excited by raw Cr target 
' rays, arise from the Initial R-electron vacancy 
telng filled by a radiative Auger effect as they 
ave Interpreted It, or whether it arises from the 


large amount of fluorescent Ka radiation pro¬ 
duced in their sample which Is In near resonance 
with Its own K absorption edge. This latter ex¬ 
planation based on the work reported here fits 
their gross observations well. 

The author would like to thank J. S. Faulkner 
lor help in the quantum mechanical theory and 
encouragement in this study, J. Korrlnga for in¬ 
terpreting my understanding of the quantum ana¬ 
log, H. C. Schweinler for sharing his helpful in¬ 
sights concerning oscillator strengths, and B. S. 
Borie and H. L. Yakel for corrections and com¬ 
ments on the manuscript. 
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a Continuous Spectra Following K and L Autoionization During a Decay of * 10 Po 

J. P. Brland, P. Chevalller, A. Johnson, J. P. Roast, M. Tavernier, and A Tcwali 
Leboratoire Curta d* Vbutttut tbt Radium (Laborato i r* aisocii au Contra National it la Rtektrckt 
Scienttflqut), 75231 Parts Ctdts 05, Franca, and V kUtartU i Part* VI, Part*, Prana* 

(Received 8 Mar 1*74) 

The a spectra emitted during K and L ionisation following a decay of !1, Po are Investi¬ 
gated in a oolnoldenoe experiment with x rays. We present the first observation of a con¬ 
tinuous spectra Knitted by radioactive samples. The probabilities of tM» ph enomenon and 
the shape of the a spectra are discussed in the scope of an a collision with zero Impact 
parameter. 


What happens during the change of the atomic 
cloud accompanying nuclear decay la a problem 
which has been Investigated by nuclear physicists 
for a very long time. During the rearrangement 
of the atomic cloud. Internal Ionization processes 
may occur. This phenomenon, the probability of 
which is very small, has been extensively stud¬ 
ied, especially in the case of 0 decay. 1 Concern¬ 
ing a autoionlzatlon the x-ray emission following 
a decay was first discovered by Curie and Jollot 
In 1931, 1 but the first theory of this process was 
not given until 1941 by Mlgdal* and refined later 
by Levinger 4 ' 5 and Rubinson.* 

The rate of change of the nuclear charge, i.e., 
the velocity of the outgoing nuclear particle, Is a 
very important point In the theory of this process. 
When the outgoing particle Is moving slowly In 
comparison to the velocity of the atomic elec¬ 
trons, as in the case of a decay, the process 
may be considered as adiabatic and can be treat¬ 
ed in the adiabatic limit of time-dependent pertur¬ 
bation theory. In the case of a fast outgoing par¬ 
ticle, as in P decay, for example, the change of 
the nuclear charge is sudden and the probability 
of an ionization during the decay is then approxi¬ 
mately given by the imperfect overlap of the wave 
functions of initial and final states, l.e., in the 
sudden-approximation limit of time-dependent 
perturbation. In the case of a decay of J10 Po, the 
velocity of the a particle Is low relative to those 
of inner-shell electrons, but fast for the outer- 
shell electrons. Therefore, the probability of a 
autoionlzatlon for the K and L shells Is exceed¬ 
ingly small as might be expected in the adiabatic 
approximation. However, there has been a very 
large discrepancy between experimental values 
of the probabilities and the theoretical predic¬ 
tions. This problem has only been resolved at 
the beginning of this year, 7 as discussed below. 

Let us now consider the energetics of this auto- 
ionlzation process. The energy of the electron 


ejected during a autoionlzatlon may be derived, 
in a simple way, from the original theory of Mig- 
dal. The electron spectrum Is expected to be 
continuous and to decrease In probability very 
rapidly, following an E ~ > ' i rule. The mean ener¬ 
gy of this continuous spectrum is lower than the 
binding energy of the ejected electron In the 
atom. It is then very low in energy and too near 
the electron background to be Observed experi¬ 
mentally. The energy of the a particle is then 
modified and becomes E a =E a *-B t -E,, in the 
case of K ionization, where E a " is the energy of 
the a particle when the final state is neutral, B t 
the binding energy of the K electron, and E, the 
kinetic energy of the ejected electron. Thus we 
can expect to observe a continuous a spectrum 
with a maximum energy of E a 9 ~B K which is sym¬ 
metric in shape with the electron spectrum (Fig. 
1). This situation Is quite similar to that of the 
electron shake-off spectra but with a faster de¬ 
crease of the energy spectrum. (In the case of 
shake-off spectra the decrease in energy is as¬ 
sumed to follow an E ’ T/s rule.) We present in 
this paper the first observation of these continu¬ 
ous a spectra in the case of K ionization as well 
as In the case of L ionization. 

The principle of our experiment is to observe 
the a spectra emitted in coincidence with the K 
or L rays which follow the rearrangement of the 
autoionlzed atom. The a spectra were studied 
with a Si surface-barrier detector of 14-keV res¬ 
olution at 5 MeV, and the x-ray spectra, with a 
Ge(Ll) or Sl(Li) detector [Ge(Ll) in the case of K 
rays, the energy of which is of the order of 70 
keV, and Si('Ll) for the study of L rays]. We used 
a 1-pCi sample of * 10 Po prepared by autodeposi¬ 
tion on a silver foil of 6 pm thickness, set be¬ 
tween the two detectors, in a vacuum chamber 
closed by a beryllium window. 

We present In Fig. 2 the experimental spectrum 
observed In coincidence with K x rays. This 
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spectrum was obtained In a two-month exposure. 
One observes in this figure an a continuous spec¬ 
trum, the maximum energy of which is E a "-B K 



FIG. 2. Experimental a spectrum In coincidence with 
JT x rays of Pb. Upper carve, direct a spectrum; lower 
°urve, coincidence a spectrum. The peak at 5.3 MeV 
Is a ohaaoe coincidence peak (tor Pb, B t <= 88 keV). 


and which decreases rapidly with decreasing a 
energy. The probability of K autoionlsation de¬ 
duced from this experiment is (2±0.5) xl0' # . In 
Fig. 3 one can observe the spectrum in coinci¬ 
dence with all L x-rays emitted. The probability 
deduced from this experiment, corrected by the 



PIG. 3. Experimental a spectrum in coincidence with 
L x rays of Pb. Upper curve, direct a spectrum; lower 
curve, coincidence a spectrum. 
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values of fluorescence yield, Coster-Kronlg 
probabilities, and Intensity ratios of the L lines, 
Is (3.2±0.8) xlO*". The duration of this experi¬ 
ment was only one week. 

The probabilities we obtained are in good ac¬ 
cordance with the previous measurements for 
both K and L autoionlration (for the K shell, the 
previous measurements gave 1.5 xlO' 8 , 2xl0'“, 
1.6x10'*, and l.SxlO**,** 11 end for the L shell, 
2.2x10'", 2.93 xlO*", and 4xlO*"“•“•»). 

Our values, as well as the previous ones, are 
In large disagreement with the calculations of 
Migdal, Levlnger, and Rubins on, which lead to 
an order of magnitude of 2xlO* T for the internal- 
ionisation probability for the K shell, and with 
that of Ciochettl u (P,-8.7xlO' T ). We therefore 
had tentatively computed the probability in the 
scope of collision theory. 

In tact, a autolonizatlon may be considered as 
a collision process due to the Coulomblc interac¬ 
tion between the moving a particle and an atomic 
cloud which Is still nearly that of Po. The auto¬ 
lonizatlon process during a decay Is, in fact, the 
only case of collision with purely sero Impact pa¬ 
rameter which can be studied experimentally. 
Therefore, there are two important differences 
between autolonizatlon and an ordinary collision 
of an a particle with a Pb atom. Firstly, the col¬ 
lision originates In the center-of-mass reference 
frame and the recoil energy Is lower (~ 100 keV); 
secondly, the a particle travels exclusively from 
the center of the atom to infinity. Following the 
calculation of Hansteen and Mosebekk u in the 
semlclasslcal approximation to the theory of col¬ 
lisions and Interpolating their results, one de¬ 
duces at zero Impact parameter a value of the 
probability of 4 xlO' 7 for the K shell, which is of 
the same order of magnitude as In the previous 
calculations based on time-dependent perturba¬ 
tion of Migdal, Levlnger, and Rubinson. 

Very recently, and during the writing of the 
present paper, Hansen 7 reported the first calcu¬ 
lation which agrees well with experimental re¬ 
sults, perhaps resolving a problem which has ex¬ 
isted for 30 years. Hansen, using the new bina¬ 
ry-encounter approximation of collision theory, 14 


has taken into account two refinements with re¬ 
spect to the previous theories: relativistic ef¬ 
fects and the variation of the kinetic energy of 1 
the a particle In the vicinity of the nucleus, i.e., 
in the region where the probability of collision is 
largest. He found for the K shell a probability of 
1.96x10'*, which agrees very well with all pre¬ 
vious experimental values and with our own mea¬ 
surement. Also for L-shell ionisation his calcu¬ 
lation, after all corrections for fluorescence 
yields etc. have been made, fits with the experi¬ 
mental values (Hansen predicts 2.3X10'"). 

The shape of the a continuous spectrum Is not 
given In Hansen’s paper. In view of the impor¬ 
tance of the effects taken Into account in his cal¬ 
culation, it is not too meaningful to compare the 
shape of our experimental spectrum for K-ahell 
ejection with the previous prediction given by 
Migdal’s theory. It may be noticed, however, 
that the predicted E " 9/a shape of the electron 
spectrum is not very far from the shape we ob¬ 
serve. 


1 See M. S. Freedman, “Atomic Structure Effects In 
Nuclear Events” (to be published), for a review of 
most experimental data. 
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Iiotopically Selective Photochemistry of Bromine* 

Stephen R. Leone and C. Bradley Moore 
Department of CkemUtry, University of California, Berkeley, Caltfonia 94720 
(Received 3 Jane 1»74) 

A tunable narrow-frequency laser la used to produce an laotoptoally selected reaction 
product of bromine. Natural Br t ( n Br/ ll Br °1) la pbotopredlasoolated by selective exci¬ 
tation li*o the ’Hj+o state. Bromine atoms enriched In one Isotope react with HI before 
scrambling occurs to produce 80-86% H*’Br. The method should yield an efficient tech¬ 
nique for isotope separation. Spectroscopic requiremen t s and the optimum reaction con¬ 
ditions are discussed. The relative amount of Done elective product from excitation of 
the'Br, continuum la determined. 


The development of tunable lasers has stimu¬ 
lated a resurgence of interest In selective photo¬ 
chemical reactions for Isotope separation. Re¬ 
cent papers review the requirements and sug¬ 
gested methods for laser isotope separation. 14 
We describe here an Isotoplcally selective photo¬ 
chemical reaction sequence lor bromine (natural 
abundance 50.5% ""Br, 49.5% * l Br). Although a 
number of recent reports of laser Isotope separa¬ 
tion require two-step photoionization or dissocia¬ 
tion, 5 * 8 here we use a single photon absorption 
followed by molecular predissociation." Tuning 
of the laser to desired isotopic absorption lines 
Is facilitated by visual observation of fluores¬ 
cence In cells containing "°Br* “Br* and natural 
"Br* We choose here to detect the product Iso¬ 
topic enrichment from the vibrational chemilumi¬ 
nescence of the H"*Br and R* v Br produced In the 
reaction Br + HI- HBr(p - 0,1, 2) + L 7 The advan¬ 
tage of this technique over the usual mass spec¬ 
tral determinations Is that the Isotoplcally selec¬ 
tive photochemical steps are confirmed indepen¬ 
dently of subsequent slower chemistry. Prac¬ 
tical separation devices may then be devised with 
better success. 

The 558- and 532-nm lines of a Chromatlx fre¬ 
quency-doubled neodymium-doped yttrium-alu¬ 
minum-garnet (YA1G) laser (1 mJ, 10‘ 7 -sec pul¬ 
ses, 80 pulses/sec) are used for excitation of 
Br*, The ~ 1-cm* 1 gain bandwidth of the YA1G 
laser is'narrowed by an internal etalon with a 
finesse of 7. The resulting spectral output Is 1.2 
GHz wide as observed with a spectrum analyzer, 
and Is smoothly tunable over the YA1G gain by 
angular adjustment. A 50-mm-dlam quartz cell 
Is used for the reaction studies. The HI flows 
Into the cell from 25-mm tubing. The Br, is In¬ 
jected Into the HI stream by a series of five 0.4- 
nun pinholes at the cell entrance. The Br, Jets 
point In the direction of the flow. 50 cm of 14- ■ 


mm-dlam tubing connect the cell to liquid-nitro¬ 
gen traps for pumping. An all-Monel MKS Bara- 
tron capacitance manometer Is used to measure 
the pressures of HI and Br* Br* the minor con¬ 
stituent, Is added after the HI flow is established. 

Infrared fluorescence is observed with a Ge:Cu 
photoconductlve detector (~15“K). The detec¬ 
tor, cell, lens geometry, and signal averaging 
system have been described previously.* A nar¬ 
row-band filter transmits primarily the HBr 1 
-OR branch. About 30% of the total signal is 
from the shorter-radiative-lifetime 2—1 fluores¬ 
cence produced in the Br + HI reaction. Quartz 
filter cells of H""Br and H"*Br containing 30 Torr 
In a 5-cm path length completely block the H""Br(t> 
■ 1) and H*‘Br(u * 1) emissions, respectively. In 
a separate experiment the ratio of transmissions 
of the desired HBr(v=»l) Isotope signals was ac¬ 
curately measured. Isotopic gases are prepared 
from Na 7 *Br (99.79%) and Na"‘Br (97.8%) obtained 
from Oak Ridge National Laboratory. 

The primary photochemical step is excitation 
of Br, Into the bound levels of the 3 n o * n state 
(Fig, 1) followed by predissociation and collision- 
induced dissociation. It has been proposed that 
this type of excitation could lead to Isotoplcally 
selective chemistry." The laser Is tuned to ab¬ 
sorption lines by visual observation of fluores¬ 
cence from cells each containing I Torr of ""Br* 
"'Br,, and "Br,. With experience, reasonable es¬ 
timates of the relative magnitudes of absorption 
lines can be made. The strongest lines are eas¬ 
ily picked out. Lines can be observed which ap¬ 
pear to discriminate In favor of “Br, over ""Br, 
(and vice versa) by as much as 2 orders of mag¬ 
nitude. Continuum absorption exists throughout 
the 558- and 532-nm regions. The laser can be 
tuned to wavelengths for which no line fluores¬ 
cence Is observed and only the nous elective con¬ 
tinuum absorbs. 
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FIG. X. Approximate potential diagram for Brt ID. B. 
Gibb■ and E, A. Ogryxlo, Can. J. Chem. 43, 1905 
(1965)] showing excitation step and oollislonally Induced 
dissociation at 558 nm. 


The relative absorptions of lines versus con¬ 
tinuum were measured at 558 and 532 nm. The 
product -HBr vibrational emission intensity Is 
observed as the laser Is tuned on and off the flu¬ 
orescence line. The strongest line of a single 
Isotope at 532 nm has a line-to-continuum ratio 
(a:b) of 1:4. At 558 nm, however, several lines 
of single Isotopes have Une-to-contlnuum ratios 
of 3:2. This Is not unexpected, since the con¬ 
tinuum absorption is rapidly decreasing toward 
longer wavelengths. 10 At room temperature the 
Doppler width of Br, is 500 MHz, much less than 
our 1.2-GHz laser. A laser with a 200-MHz line- 
width at 558 nm could provide a line -to-contlnuum 
ratio a:b of greater than 4:1, or an abundance of 
the selected Isotope in the excitation Btep of (2a 
+ b)/2(a + b)~ 00%. With our laser the maximum 
abundance is presently limited to about 80%. It 
may be possible to increase the ratio a:b by tun¬ 
ing to longer wavelengths where the continuum 
approaches zero or by exciting just below the 
dissociation threshold. However, the line absorp¬ 
tions would be weaker. The ratio a:b may also 
vary with temperature. 

Predissociation, ky, and collisionally Induced 


n Br * n Br k 2 fH P.> H n Br 

tt 3 ( n Br 2 ) k 4 ( n Br 2 ) 

j Br Jai SW Br 
Is, (HI) 


■H Br 



n Br --^ M i>H n Br 


(I + n Br„ —I n Br + n Br) 


FIG. 3. Isotopic ally selective reaction sequence for 
bromine. Here, a Is the line absorption and b Is ths 
continuum absorption; n denotes nonseleoted and i Iso¬ 
topic ally selected bromine, k, Is the rate constant for 
oollislonally induced dissociation and Jt ( ' the predlseo- 
clation rate. Jk, is the rate constant for the reaction 
Bt + HI, *j for electronic energy transfer, * 4 for Br 
atom exchange, and h s for the blmoleoular reaction 
Br, + H1. The heavy arrows are the desired separation 
path. M la either Br, or HI. 


dissociation, *,(Af), In Fig. 2 are discussed In 
more detail in a recent review. 11 With 558 nm, 
predominantly ground-state Br atoms are pro¬ 
duced. At 532 nm, a large fraction of electron¬ 
ically excited atoms is detected by electronic- 
to-vibrational transfer processes, 10 The only 
lifetime and quenching studies 19 on Br, to deter¬ 
mine ky and ky are In doubt. 10 However, if Br, 
is similar to I* the collisionally Induced dis¬ 
sociation cross sections may be gas kinetic. The 
first attempt to separate the Isotopes of Br, used 
a ruby laser to excite the *11,, state. 11 The rapid 
colllsional dissociation produced atoms which on 
collision with "Br, became isotopically scrambled. 

A rapid chemical scavenging method is neces¬ 
sary to trap the isotopically selected atoms. The 
choice of HI (Fig. 2) Is a favorable one. An esti¬ 
mate of the rate constant ft, measured In our sys¬ 
tem with the Infrared fluorescence method 7 is 
(1.1 ±0.4)xlO" 11 cmVmolecule sec. Rate mea¬ 
surements for Br + HI and Br* + Hl are In pro¬ 
gress. 10 

In order for the desired reaction sequence to 
reflect the selectivity of the excitation step, the 
scrambling processes k„ k v and k t must be sup¬ 
pressed. The necessary conditions are that 
+*,'»*,(Br,), that k,(HQ»k 4 (Br t ), and that the 
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FIG. 3. (a) H*‘Br (v =1) emission Intensity plus 2 — 1 
leakage, (b) H T *Br (v =1) intensity plus 2 — 1 leakage. 
The solid ourves are with excitation of "Br, at SS8 nm. 
The dotted ourves an for excitation of the oontlnuum 
only. The rise time after the laser pulse Is the reac¬ 
tion rate and the deoay Is V—V of HBr (v = 1) to HI 
ft/ = 1) [H.-L. Chen, J. Chem. Phys. 65. 5557 (1971)1. 


time In the flow la much shorter than the prereac¬ 
tion rate fc,(Br,)(HI). Some enrichment Is ob¬ 
served with flow ratios HIrBr, of 20:1, although 
the best obtained was with 50:1. Thus, the first 
two of these conditions may be fulfilled. If the 
oolllslonally induced dissociation Is quite fast, 
then the electronic energy transfer k 3 Is a minor 
source of scrambling. The at can exchange fc 4 
(‘Br + Br,- 'BrBr + Br) Is the major cause of 
scrambling the isotopically selected atoms. 

Figure 3 shows a typical set of H^Brfu »1) and 
H*‘Br(v 1) intensities demonstrating the Isotopic 
selectivity of the product HBr after excitation of 
81 Br, with the 558 -nm line. From the previously 
measured line-to-continuum ratio of 3:2, the 
maximum product abundance Is 80% H*'Br and 
20% H™Br. From the observed signals an esti¬ 
mate of the vlbrationally excited product isotope 
distribution may be calculated. All filter trans¬ 
mission factors (Interference and gaseous) are 
Included In the calculation, as well as the leak- 
age of 2-ri fluorescence and the different radia¬ 


tive lifetimes of the 2-1 and 1-0 emissions. 

The product vibrational distribution is taken to 
be (t» ■ 2)/(t»»1) ■ 1.0. w The product abundance 
for the - 50:1 flow ratio Is 80-89% H*'Br. 

Prereaction, k„ Is a severe practical problem 
for an Isotope separation system. To minimise 
prereaction, these measurements were carried 
out In a darkened room with flow rates which ex¬ 
changed the gases In the cell every 10 msec. 
These fluorescence results are relatively Insen¬ 
sitive to prereaction. However, If as much as 
10% prereaction occurs In this experiment, the 
H^Br and H*’Br signals would approach each 
other by V- V transfer* before the decays are 
over. A second chemical problem for practical 
Isotope separation with this sequence is the sub¬ 
sequent reaction of I with Br„ Iodine atoms re¬ 
act with "Br, to produce IBr + "Br with a rate con¬ 
stant of 8.8xl0* u cmVmolecule sec. 17 A regen¬ 
erative chain scrambling may occur which can¬ 
not be prevented by the Iodine recombination rate 
at the low I-atom pressures produced. These 
difficulties necessitate rapid removal of either 
the Br, or I atoms (or both) at the walls of the 
reaction chamber. 

We have obtained conclusive evidence for an 
Isotopically selective photochemical process In 
bromine. The single-visible-photcm excitation 
and high enrichment possible make the process 
attractive for practical Isotope separation. The 
visible and infrared observation techniques used 
here have wide applicability to other Isotopically 
selective systems. These types of experiment 
will allow the resolution and assignment of over¬ 
lapping discrete and continuous spectra, the 
study of predissociation rates and mechanisms, 
the measurement of rates of electronic energy 
transfer, atom exchange, and chemical reaction, 
and the observation of product energy-state dis¬ 
tributions. 


•This work was partially supported by the National 
Science Foundation and tbs U.S. Army Research Office 
(Durham). 
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Effects of Degeneracy on Self-Induced Transparency 

G. J. Salamo 

Pkyaica Dopartment, Brooklyn Cotlofo oftko City Unk/traity cf Now York, Brooklyn, Now York 11210 

and 

H. M. Gibbs and G. G. Churchill 
Boll Lab oratorio a, Murray BUI, Noto Jorsoy 07074 
(Received 29 April 1974) 

The effect* of degeneracy on self-induced transparency (SIT) hove been studied using 
optical pulses gated from a cw dye laser and four different degenerate systems in Na. 

Delays, nonlinear transmission, peaking, and breakup were altered only slightly by de¬ 
generacy. This unexpected insensitivity to degeneracy of SIT features is in agreement 
with the McCall-Hahn pulse-area, pulse-energy description, computer simulations, and 
a simple physical expbmaUon of general applicability. 


Degeneracy has been assumed to prevent the 
beervation of such characteristic features of 
elf-induced transparency (SIT) as peak amplifi¬ 
cation and breakup of an optical pulse. 1 ' 1 We re¬ 
port an experiment which clearly demonstrates 
hat degenerate transitions do not prevent the ob- 
ervatlon of all of the characteristic features of 
jIT. 

SIT was first demonstrated in ruby 4 and imme- 
iiately afterwards in SF„. 5 The complicated en- 
:rgy-level structure of SF, led to interest in the 
iffects of degeneracy, but it was assumed that 
legeneracy prevented peaking and pulse break- 
ip. 1 '* The effects of degeneracy on SIT phenom- 
ina are clarified here In sodium vapor using a 
(ye laser. There are three advantages of this 
jystem over the CO, laaer-SF, system. First, 
lodlum (Na) Is a simpler system with clearly de- 
Ined degenerate transitions with known dipole 
noments. Second, lor weak magnetic fields 
here are at least two sets of clearly defined 
:ombinatlone of moments which can be studied 
ndependently. Third, In high magnetic fields 
he Na system becomes nondegenerate. There- 
ore, the same system can be used to study both 
tondegenerafe and degenerate SIT. 

The basic apparatus consisted of a cw dye la- 
t* and Na absorption cell. The spectral profile 
•f the dye laser was reduced from about 0.5 A to 
'0 MHz In a single longitudinal mode by the use 
f three etlions. The output of the dye laser was 
hen gated through a Gian prism by a Pockels 
ell at the rate of 100 pulses per second. 1 This 
esulted in 5-nsec pulses which were focused by 
1 38-cm lens Into a 2-mm sodium celL The so¬ 
lium cell was housed In an oven and placed In a 
usgnetic field which could be varied from 0 to 8 


kG. A 15-cm lens was used to image the excited 
region in the cell onto a 100-pm aperture in or¬ 
der to select only the uniform -plane-wave region 
for observation. 1 The output from the aperture 
was then focused by a third lens onto a fast de¬ 
tector and then displayed on a 7904 Tektronix os¬ 
cilloscope. 1 

A quantitative study of peak amplification and 
breakup was carried out by Gibbs and Slusher, 
using a Hg laser and Rb atoms. 1 Because they 
found such good agreement between theory and 
experiment, it is desirable to start with a simi¬ 
lar nondegenerate system and then observe what 
happens when degeneracy Is added. In large mag¬ 
netic fields Na transitions of different Mj are 
well resolved, but several M, transitions are ex¬ 
cited as a result of a large Doppler width. How¬ 
ever, the By stem is effectively nondegenerate 
since the moments are all equaL As shown in 
Fig. 1, the dye-laser-Na-data taken in a large 
magnetic field are in good agreement with com¬ 
puter simulations of the experiment using Bloch’s 
and Maxwell’s equations for a nondegenerate 
transition.* Figure 1 Illustrates the potential use 
of SIT phenomena to measure relative, or even 
absolute, transition dipole strengths. The output 
pulse shape depends on the area of the Input 
pulse, A = (2p/H){6(f)dt, which Is proportional 
to the time Integral of the slowly varying electric 
field envelope 6(f) and the dipole moment p. 

The near-ideal Na-dye-laser system was then 
used to study the degeneracies that occur In weak 
magnetic fields. The good quantum numbers are 
then f and M r , and several different transitions 
can be excited simultaneously. For example, for 
the Z>, ( , S 1/ a~ , Pua) transition in fields of 0 to 60 
G, dye laser pulses tuned to the F = 2 to ^ = 1,2, 
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FIG. 1. Experimental output pulse shapes for linearly 
polarized (AM,- 0) nondegeoorate transitions: (a) D l 
and 04 £>;. The corresponding oomputer simulations 
are (a') f? lt a-16, T|»24, Tj- 32, and <b') Dj, A«18, 

T j “19 J, T,“32. Note the different output shapes for 
the same input, demonstrating the use of SIT to mea¬ 
sure relative dipole strengths. The dipole moments 
are theoretically In the ratio 1:^2; then’s are statisti¬ 
cal weights. Moment-dependent output pulse shapes 
were also seen for circularly polarized transitions 
where the relative moments are ' r 2:l:'fs. 

AM t = 0, transitions excited moments with ratios 
1.0:0.87:0.5. Figure 2(a) shows that the charac¬ 
teristic features of peaking and breakup were 
clearly present In this case. The computer sim¬ 
ulation In Fig. 2(a) Is In good agreement with ex¬ 
perimental results. Nonlinear transmission and 
delays did not differ much from the nondegener¬ 
ate case. Similar results were found for D X (F 
= 1) transitions. Surprisingly, all of the charac¬ 
teristics of SIT were similar to those In the non¬ 
degenerate case. 

For the D , ( , S i/ , — *P a/t ) transitions from F = 1 
in fields of 60 to 120 G, several moments were 
excited with ratios 1,2:1.0:0.707; see Fig. 2(b). 
Peaking and pulse breakup were diminished while 
the Ronllnear transmission and delays remained 
relatively unchanged. In Fig. 2(b') the computer 
simulation Is shown to be In good agreement with 
experiment. Similar results were found for 
D t [F = 2) transitions. 

These experimental results can be understood 
in a qualitative way with a pulse-area, pulse-en¬ 
ergy analysis.' The advantage of this approach 
is its simplicity and low cost as compared to 
computer solutions of the Bloch and Maxwell 
•equations, 10 The area theorem describes the evo¬ 
lution and predicts the stable values of the pulse 


F10. 2. Experimental output pulse shapes for the 
degenerate cases: (a) D,(F-2> and (b) 

(a'), <b') The corresponding oomputer simulations with 
Input areas A 9 of 16 and 16, respectively, and Tj-21, 
Tj»32. 


area: dAjdz * - or S/2, where S/A 0 =\J^g l p l 
X8ln(-4 0 p,)]/^4 0 £^,p ( , is the nonlinear correction 
to the small-area peak absorption coefficient a/ 
2, g t is the statistical weight of the fth dipole 
moment whose value is p, relative to the hlgh- 
fleld A M J = 0D l moment/>„=2.8x 10" u esu cm, 
and A„s {2p 0 /H)!Sip,t)dt 1b the area for a moment 
of value Pa. The pulse energy per unit area r 
varies as dr/dz = -orF(A 0 ), where r»(c/4x) 
x/[<5(*,f)]*<fi, A good approximation* to F for 
smooth pulse shapes Is related to the energy 
IP(A 0 ) of A r atoms at exact resonance after the 
passage of a pulse of area A„: 

n>(.i B ) -c??{p L Aj\ 

=a 0 »f(a 0 )2^i!. 

The high-area oscillations are more apparent on 
a plot of W than F. 

S and W curves are shown In Fig. 3. The pos¬ 
itively sloped zero In the Z>, S(4 0 ) curve (a) at 
about 4.2ir predicts a stable area for which the 
atoms are returned as efficiently as possible to 
the ground state. The D, W curve (a) indicates 
that the modulation in the energy stored in the 
atoms Is not very different from the nondegener¬ 
ate case (c). Thus, breakup and {leaking are pre¬ 
dicted to be similar to the nondegenerate case tn 
agreement with experimental results. The di¬ 
poles 1.00 and 0.87 are nearly equal and the re- 
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FIG. 3. 5 and W for (ourvee a) degenerate D t {F-2) 
inaltlona, (curves b) degenerate D,(F-1) transitions, 
1 (curves c) nondegenerate transition. The modula- 
•n of the output pulse for the same number of atoms 
ould be Ideal, good, and poor In the nondegenerate, 
,encrate D u and degenerate D, cases, respectively, 
perlmental results agree with these predictions. 


re act together and effectively modulate the 
lse. The 0.5 dipole has little effect on pulse 
adulation and peaking because its oscillations 
e Blower and absorption much weaker. 

The D, S curve ( b ) indicates that a stable area 
late at 3.3ir. The W curve (b) Indicates that the 
adulation of energy stored in the atoms is re- 
ced from the Z>, case and therefore, in agree- 
ent with experimental results, peaking and 
eakup are expected to be diminished. The dlf- 
rence between two of the transition dipole mo- 
ents (1.22 and 1.00) prevents them from absorb- 
% and reradlattng energy simultaneously. More 
ergy is lost than in the D l case since a 4v-area 
lse for one dipole will be about 3v in area for 
e second dipole and therefore leave atoms ex- 
!ed as the pulse propagates through the medium, 
wever. It Is Important to note that propagation 
sees and delay times are affected similarly by 
eneracy and relaxation losses and that In prac- 
:e relaxation effects often dominate. 9 
Previously the effects of degeneracy on nonlin- 
r transmission, delays, and low-loss propaga- • 


tlon rather than on reshaping have been stressed. 1 ** 

It was expected, as a rule, that degeneracy would 
prevent breakup and peaking. The remarkable 
point of this Letter is that pulse breakup and 
peaking are seen in degenerate systems and are 
found to be more sensitive Indicators of degen¬ 
eracy effects. Degeneracy prevents breakup on¬ 
ly when there are several moments of compar¬ 
able absorption that differ by enough to compete 
but not enough that one oscillates much more 
slowly than the other. If all transitions have the 
same weight, moments less than one-half the 
maximum value will have too little absorption to 
have much eflect. Therefore, it is the exception 
rather than the rule that degeneracy prevents 
breakup. 

It is interesting that D x SIT was observed to be 
near ideal again In zero field. The spectral width 
of the 5-nsec pulse is greater than the hyperflne 
splitting of the 'Pm excited state so that each 
ground state is excited into a linear combination 
of two excited states. Each excited transition 
now has the same transition dipole moment pre¬ 
dicting that nondegenerate SIT should be ob- , 

served. 11 Experimental results were In excellent J 
agreement with this prediction. This observation 
emphasizes that the effect of degeneracy on BIT 
depends not solely on the atom but also on the 
spectral width of the exciting laser. 

In summary, the Na-dye system is ideal for 
testing the effects of degeneracy on SIT. The ex¬ 
periment demonstrated the usefulness of dye la¬ 
sers in studying coherent optical effects 1 * and 
measuring the relative magnitudes of transition 
dipole momentB. It waB clearly demonstrated 
that degeneracy does not necessarily prevent the 
observation of peaking and pulse breakup. A 
pulse-area, pulse-energy analysis Is a good, 
qualitative, inexpensive indicator of the relative 
peaking and modulation to be expected. A gener¬ 
al rule for good 4* breakup may be followed. If 
several of the degenerate moments are nearly 
equal and dominate the absorption, good breakup 
will be observed. On the other hand, if the differ¬ 
ence between the moments dominating the absorp¬ 
tion prevents them from absorbing and reradiat¬ 
ing cooperatively, breakup will be diminished. 

For example, for P or R linearly polarized tran- 7 
sitions in molecules, the moments cluster close 
to their largest value. Therefore, breakup and 
peaking are predicted in SF, as reported.* 

The authors thank S. L. McCall for helpful sug¬ 
gestions. One of us (G.J.S.) would like to acknowl¬ 
edge partial support from the National Science 
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Long-Time Behavior of the Velocity Autocorrelation Function 
for a Fluid of Soft Repulsive Particles 
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By a molecular-dynamics simulation of a three-dimensional system of 4000 particles, 
we show that the long-time tall of the velocity autocorrelation function has the form 
a t t" V*, where t la the time and a c a coefficient depending oo the kinematic viscosity 
and on the diffusion coefficient. 


Alder and Walnwrlght* have shown through mo- 
‘cular-dynamica computations on systems of 
ard disks and hard spheres that the velocity 
utocorrelation function (vaf) decreases like 
t l' m when the time t Is large compared to the 
ollislon time (d is the dimensionality of the sys- 
>m, a 0 is a coefficient dependent upon the den- 
Ity p). This behavior has been justified In the 
mit of small densities by kinetic theory 1 and 
is been shown to be plausible for a fluid system 
! all densities on the basis of hydrodynamlcal 
rguments.* Thus, for three dimensions at large 
me, the vaf (V(0)• V(f)> should be given by 


<V(0)-V(0> 


_ 2k rT 1 

pm [4*(D + v)t P* 


here k B in Boltzmann's constant, T the temper- 
lire, m the mass of the particles, D the self- 
iffuslon coefficient, and v the kinematic vlscos- 

y- 

However, In molecular-dynamics calculations, 
the asymptotic behavior a 0 t~ iJt can be observed 
only for times t such that the boundary conditions 
have no influence on the vaf. More precisely, 
the time t has to be smaller than some character¬ 
istic time t 0 ~l/c, where l is the length of the 
edge of the cubic box containing the system and 
c i* the sound velocity. Thus, when the number 
of particles Is "too small, at any density, 1 Is too 
*mall lor the asymptotic regime to be reached 
for t < in the work of Alder and Walnwrlght 1 
on hard spheres, the number of particles is 500 
snd f 0 u nearly equal to the time when the asymp- 
totlc regime starts. The atm of the present study 
Is to calculate the velocity autocorrelation of a 
fluid system with a number of particles sufficient¬ 
ly large for the asymptotic regime to be reached 
*i a time t<t v This allows an accurate test of 


the validity of the above expression for a, at high 
density. 

We have computed the vaf for a system of 4000 
particles Interacting through a potential 

V (r) = 4e{ (n/r) 11 - (o/rf] + e for r< 2 w, o, 

= 0 for r>2*'*a. 

The density 1 b p = 0.45 partlcles/o* and the tem¬ 
perature T = 2.17e/* B . At this density and tem¬ 
perature the thermodynamic properties are 

P/pk t T =2.72, V t /Sk B T *0.347, 

C,/* B -1.89, (k 1 T)- , (BP/8T) = 5.70, 

(fc B p)- 1 (BP/BT) p =2.34, 

where P is the pressure, EE, the Internal energy, 
and C, the specific heat at constant volume. These 
thermodynamical properties are computed either 
In the molecular-dynamics calculation, or by the 
perturbation theory 4 which is accurate to within 
a few percent. The sound velocity is c ■ 0.621a/ 

T o. where r 0 is the chosen time unit 

At the density considered, the system Is enclosed 
in a cube whose edge la 

/ = 20 . 7140 , 

so that t 0 ~ 331-^ The movement of the particles 
Is calculated by the algorithm 

♦*) = *, (f-*)-21, (f) 

7,(f + *)«7,(t-*) + 2kf,<0, 

where 11,(0 and 7,(0 are the position and velocity 
of particle i at time f; * is the integration step, 
0.0327,. 

The vaf flf ) is obtained st time t «M, where k 
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TABLE I. Normalised vaf of the two molecular dy¬ 
namics computations and die weighted average. The 
time f la divided by the step of the Integration h. 


t/h 


0 

1.0 

1.0 

1.0 

20 

0.69170 

0.69166 

0.69169 

40 

0.41428 

0.41378 

0.41410 

60 

0.25893 

0.25834 

0.25872 

80 

0.17202 

0.17135 

0.17178 

100 

0.12202 

0.12118 

0.12172 

120 

0.09166 

0.09070 

0.09131 

140 

0,07162 

0.07091 

0.07136 

160 

0,05735 

0,05711 

0.05726 

180 

0.04655 

0.04663 

0.04658 

200 

0.03845 

0.03870 

0.03854 

220 

0.03217 

0.03243 

0.03226 

240 

0.02723 

0.02711 

0.02719 

260 

0.02305 

0.02272 

0.02293 

280 

0.01986 

0.01905 

0.01957 

300 

0.01716 

0.01654 

0.01694 

320 

0.01504 

0.01485 

0.01497 

340 

0.01343 

0.01334 

0.01340 

360 

0.01224 

0.01227 

0.01225 

380 

0.01102 

0.01109 

0.01105 

400 

0.00989 

0.00960 

0.00979 

420 

0.00903 

0.00829 

0.00876 

440 

0.00815 

0.00724 

0.00782 

460 

0.00735 

0.00654 

0.00706 

480 

0.00658 

0.00605 

0.00639 

500 

0.00599 

0.00555 

0.00583 

520 

0.00551 

0.00527 

0.00542 

540 

0.005 13 

0.00494 

0.00506 

560 

0.00469 

0.00492 

0.00477 

580 

0.00440 

0.00485 

0.00656 

600 

0.00431 

0.00454 

0.00439 

620 

0.00421 

0.00441 

0.00428 

640 

0.00396 

0.00409 

0.00401 

660 

0.00380 

0.00399 

0.00387 

680 

0.00382 

0.00375 

0.00379 

700 

0.00359 

0.00350 

0.00356 

720 

0.00323 

0.00356 

0.00335 

740 

0.00312 

0.00356 

0.00328 

760 

0.00324 

0.00339 

0.00329 

780 

0.00320 

0.00340 

0.00327 



FIG. 1. The log-log plot of the function/(f) for t 
> 400* (dots). The full line is a straight line with a 
slope - §. 


is an integer, by the formula 


fc {£?,«*) •*,[(/-*)*]} 
£ {£*,(»>■*,<»>} 


where p is the total number of Integration steps 
carried out from given initial conditions. For 
practical reasons, the sum over l Is not comput¬ 
ed over all integration steps but only for I = k 0 , 

I = * 0 +n, / = * 0 + 2n, l = *„ + 3>t, ... with w = 20 and 
* 0 = 800. The maximum value of * is k m = 780. 
The values of p for two calculations done at the 
same temperature but starting from different ini 
tial conditions were p = 18 600 and p - 24 000. 

Last, to avoid any rounding-off error in the 
calculation, all computations were made using 
the integer arithmetic of the computer. Each 
calculation takes about 30 h on a UNTVAC 1110 
computer. 

The results of the two calculations are given In 
Table I, together with the weighted average ac¬ 
cording to the number of integration Bteps. Fig¬ 
ure 1 shows, on a log-log scale, the average vaf. 
Figure 2 shows the ratio R{t) of the vaf /(f) to a 
function yt ~ vt , where y is chosen so that for t 
= 620 h this ratio is 1. 

From the numbers of Table I, one can estimate 
the statistical error on the vaf: The difference 
between the two calculations is maximum for * 

= 740, where It amounts to 14% of the average 
value of /(f). Between f ■ 0 and f = 200*, this dif¬ 
ference is smaller than 1%, between t = 220* and 
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no. 2. The ratio(dot*) and the function 
logf(t) (full curve) versus t. 


400* it is of the order of 2% but sometimes 
reaches 4%; finally between 400* and 780* it is 
roughly 5 or 8%, with the already mentioned ex¬ 
ception at 740*. The average error on f(f), for 
I >400*, can therefore be estimated to be 7 or 
8%. The maximum time for which /(f) is calcu¬ 
lated is f* “ 25t 0 . This time is sufficiently small¬ 
er than f 0 ~33T 0 for the effect of the boundary con¬ 
ditions to be negligible. 

Figure 1 shows the log-log plot of /(f): For f 
>460* the plot is nearly linear. This result is 
confirmed in Fig. 2, where the ratio /1(f) = /(f)/ 
yf'* / * fluctuates around 1 for f>460*. The am¬ 
plitude of the oscillation of Rit) around 1 is never 
greater than 7%, which is within the error cm 

A0. 

B one assumes that for f >460*, /(f) is of the 
form f(t)~at' vt with or = a 0 m/3k t T one finds 
for a the value 

a = (0.377 i 0.01)t o * / ’ 

Jtbe uncertainty takes Into account the statistical 
uncertainty in /(f)]. This value can be compared 
with the value predicted by Eq. (1). 

If one Integrates the vaf from t~0 to f-480* 

(the time at which the asymptotic f' v> behavior 
is reached) one gets a diffusion coefficient D 
- 0.0764, If one then calculates the contribution 
due to the long-time tail of the vaf, with the val¬ 
ue of a given above, one obtains 0.0088, yielding 
a total D of 0.0852. The contribution of the long¬ 
time tall between f = 480* and /«780* is 0.0020. 

The calculation of the kinematic viscosity has 
been made by one of us by simulation of a Couette 
flow* through molecular dynamics; the result is 
l ' = 0.143±0.03. The corresponding value for a 


is (0.31 ± 0.07)t 0 * / ". The uncertainty comes main¬ 
ly from the uncertainty in v; the uncertainty in 
D is less than 1%. One sees, therefore, that the 
transport coefficients obtained by molecular dy¬ 
namics are compatible with Eq. (1). At this de¬ 
gree of accuracy, there is no need to introduce 
“bare" transport coefficients.* 

Our calculation shows that the asymptotic re¬ 
gime is reached after a relatively short time. 

Since the interparticle potential Is purely repul¬ 
sive and of finite range, one can define a colli¬ 
sion time using the equivalent hard-sphere radi¬ 
us of perturbation theory. 4 At the density and 
temperature considered, this collision time is 
T ral - 0.797 t o = 25.53*. The asymptotic regime is 
therefore reached after approximately 18 colli¬ 
sions. 

Note that the accuracy of our calculation does 
not enable us to test the predictions concerning 
the corrections 7 to the main term The 

coefficient in front of the t' 714 term la indeed a 
hundred times smaller than a when It Is comput¬ 
ed using the equivalent hard-sphere radius and 
the EnBkog formulas for the transport coefficients. , 

For times smaller than 400*, when the asymp- j 
totic regime is not yet reached, the present re¬ 
sults are identical to those already obtained* at 
similar density and temperature. In this temper- v 
ature range, there are two relaxation regimes 
for the vaf, one quasl-Gaussian, at small times 
(0< t <200*), the other quasi-exponential at times 
200* <t< 440*. This can be seen in Fig. 2. This 
behavior can be represented in terms of memory 
function as in Ref. 8. 

A last remark concerns the possibility of exper¬ 
imentally observing the asymptotic regime, for 
example, in argon. The only possibility seems 
to be to use neutron diffraction measurements of 
the Incoherent dynamic structure factor S|(fc,u>). 

One knows that 



where J(u) is the Fourier transform of fit) and 
k Is the wave vector, and one expects that 

J(u))-b-actfw + ... , 

where a,b sure some constants. In our calcula¬ 
tion, such a behavior Is reached for u <0.02t o *\ 
On the other hand, the analysis made in Ref. 8 
shows that the amplitude c,(k,t) of the current 
autocorrelation function, whose Fourier trans¬ 
form is w*S ( (*,u>), decreases very rapidly for 
large times it >200*) when * Increases; It Is 
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therefore difficult to make the 4*0 extrapolation 
in Eq. (2) when w —0. 

Thia molecular-dynamics calculation shows 
that the vaf of a dense gas at a near-critical tem¬ 
perature behaves asymptotically like the 

value of the coefficient a can be deduced from 
the transport coefficients v and D. These results 
confirm those obtained by Alder and Waltrwright 1 
and by Wood* for systems of 500 and 4000 hard 
spheres. 

The authors are particularly grateful to L. Ver- 
let and J. J. Weis for their help in realizing this 
work. 
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Photographs of Quantized Vortex Lines in Rotating He II* 

Gary A. Williams and Richard E. Packard 
University af California, Berkeley, California 94720 
(Received 28 May 1974) 

The spatial positions of discrete quantized vortex lineB in rotating superfluid helium 
have been directly visualized by a photographic technique. The positions of the lines in 
the apparatus do not form a regular array. 


The unique properties of He n have been asso¬ 
ciated with the existence of a macroscopic wave 
function which determines the behavior of the su- 
perfluld component. From this idea On eager 1 and 
Feynman 1 predicted that He n should exhibit vor- 
tlclty with circulation quantized in units of h/m, 
where k is Planck's constant and m Is the mass 
of the helium atom. For almost two decades phys¬ 
icists have been exploring theoretically and ex¬ 
perimentally the phenomena associated with these 
vortices.* A wealth of convincing information is 
available which supports the existence of vorti¬ 
ces, the most direct experiments being those 
which proved that circulation in He H is quan¬ 
tized*' and that He H comes Into rotation In a se¬ 
ries of quantum steps. 1 There has still been one 
experiment which has enticed workers for some 
time: actually to make directly visible the dis¬ 
crete vortex lines in the rotating He n. (An anal¬ 
ogous experiment has been done to visualize flux- 
olds In a superconductor/) This Letter describes 
the first successful experiment which records the 
positions of the vortex lines In helium. We point 
out that according to current ideas the vortex 


core Is a node in the macroscopic wave function. 
This Is one of the only measurements we know 
which directly measure the positions of the nodes 
of a wave function. 

The method we employ Is conceptually simple.* 
Vortex lines should appear In a container of He 
II rotating at angular velocity w, with a predicted 
density* oi 2o>m/A llneB/cm*. Electrons formed 
near a radioactive source are injected into the 
rotating He n. The electrons form bubbles (ra¬ 
dius -16 A) which become trapped on vortex lines 
in a Bernoulli trapping potential.* The lines are 
charged for about 10 sec, after which an axial 
electric field is applied which pulls the lone 
through the liquid meniscus. Once free of the liq¬ 
uid, the electrons are accelerated and Impinge 
on a phosphor screen where they produce a flash 
of light, thus marking the position of the line 
where It meets the free surface. 

There are numerous complications which con¬ 
spire to defeat the simplicity of this method. 

First of all, the experiment must be done at tem¬ 
peratures below 0.6 K so that the helium vapor 
pressure is low enough to allow the use of elec- 
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•on optic*. Second la the empirical tact that 
ectrodes in the space above the liquid will sup- 
art a potential difference of only about 500 V 
1 thout an electric discharge occurring, This 
mils the electron accelerating energy and con* 
quently the light output. A more fundamental 
-oblem Is the question of stability of the vortex 
nes. Although calculations show that In equilib¬ 
ria the vortices should form a triangular lat- 
ce, 10,11 at rest In the rotating frame, It Is not 
nown how large a disturbance would be neces- 
iry to destroy the regularity of the array. Sev- 
ral authors have presented the opinion that the 
irtices would not exhibit a rigid lattice In a real 
ituatlon. 

The basic experimental configuration Is shown 
i Tig. 1. Electrons, formed near a 13-mCl trl- 
ura source, are manipulated by applied poten- 
als so that they become trapped on the vortex 
aes. When the maximum charge Is stored, the 
jurce Is switched off and the charge Is extracted 
id accelerated Into a ZnO:Zn phosphor. An ax- 
1 magnetic field of 3 kG prevents defocuslng of 
« electrons. The phosphor Is deposited onto a 
ber optics disc which Is covered with a transpar- 
it conductive coating. 11 The disc butts against 



FIG. 1. CroaB-aeotional sketch of the electron op¬ 
's used to photograph vortex lines. The chamber 
■staining the cell Is oooled by a dilution refrigerator. 
» Inset shows the electrodea used to charge and cUb- 
*rge the vortex lines. In the 0.8% mixture the bias 
tentlala used were Vi»46, Vj-90. /j=8, and V 4 
L5 V. The "buoket" is 3 cm long and oonaists of a 
9-mm-dlam hole drilled In four carbon resistors 
sf. 6). The voltage gradient along the resistive walls 
whioss the required electric fields. 


a 3.2-mm-diam Image conduit which conveys the 
light to room temperature. 14 The light signal Is 
quite weak (of the order of 100 photons per vor¬ 
tex line at the room-temperature end) and is 
amplified with a three-stage Image intenslfier. 14 
The Intenslfier output is Imaged 1:1 onto high¬ 
speed recording film 14 through optics with an ef¬ 
fective aperture of //0.9. The overall system, 
Including the electron optics, has a resolution of 
approximately 10 llnea/mm at 30% modulation 
and a sensitivity sufficient to record an Image 
due to several hundred electrons hitting the phos¬ 
phor at one point within a 30-msec period. 

This system was Initially part of a *He refrig¬ 
erator which allowed the cell to he cooled to 0.3 
K. 17 The entire apparatus, Including the camera 
system and refrigerator, is smoothly rotated on 
an air bearing. Extensive resolution tests showed 
that this apparatus possessed the sensitivity and 
resolution to photograph Individual vortices. How¬ 
ever, the actual photographs using rotating He n 
showed no discernible detail; l.e., the Image of 
the light, produced by the electrons emitted by 
the vortices, was a complete blur. We conclude 
that at temperatures near 0.3 K the vortex array 
In ‘He Is not stable on the time scale of the ex¬ 
posure time (-30 msec). This is not surprising 
because at low temperatures there is a negligible 
amount of normal fluid to damp any nonequilib¬ 
rium motion of the lines. The Instability of the 
vortex array can also be seen in measurements 
of trapped-electron lifetimes. 14 

In order to stabilize the vortices we decied to 
add *He to the Buperfluld. At low temperatures 
the *He acts as a fixed amount of normal fluid and 
thus provides a damping mechanism for nonequl- 
librium motion of the vortices. Since the addition 
of 'He raises the vapor pressure of the fluid 1 * It 
was necessary to perform the experiment at tem¬ 
peratures lower than 0.3 K_ Thua we assembled 
a rotating dilution refrigerator 40 which provides 
temperatures below 0.1 K. The inset in Fig. 1 
shows the cell used for the mixtures. 

The addition of *He does Indeed act to stabilize 
the vortices and we finally see, for the first time, 
the Image of the vortex-line positions. Figure 2 
shows three typical photographs taken with a *He 
concentration of 0.8%. The concentrated white 
spots mark the location of the vortex lines. Based 
on approximately SO such pictures, several com¬ 
ments can be made. 

(1) A stable triangular lattice Is not apparent 
In the photographs. 

(2) Even with 0.8% *He there la still some mo- 
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FIG. 2. Photograph* of discrete quantised vortex 
lines in He II rotating at (a) u “0.26 see" 1 , (b)w" 0.6 
sec' 1 , (o) ui = 1.0 sec*'. The temperature was approxi¬ 
mately 75 nK, exposure time 60 msec. The distinct 
bright spots mark the positions of the lines where they 
meet the free surface. Because of a slight misalign¬ 
ment of the fiber optics the field of view in these pic¬ 
tures la only about one half of the bucket. The center 
of the picture does not coincide with the center of the 
bucket. 


tlon of the vortices, as deduced from the fact 
that consecutive photographs, taken less than 1 
min apart, show no similarity In the distribution 
of vortex lines. Whether the random motion of 
the vortices la Intrinsic to the rotating He n or 
Is caused by mechanical disturbances in the ap¬ 
paratus Is difficult to determine. The rotating 
refrigerator Is supported on an air bearing and 
we have taken precautions to eliminate most 
sources of vibration. Nevertheless, only future 
tests will shed light on this question 

(3) Well above the predicted critical velocity 
for the first line the pictures show that the num¬ 
ber of lines increases linearly with angular ve¬ 
locity but there are less than iwm/k lines per 


unit area (20 lfnes/mm* for i see* 1 ). Our 
method records only those vortices which have 
not migrated to the walls during the 10-sec char*, 
log period. In addition tbs line must terminate u 
the tree surface rather than the bucket’s wall. 

We as yet do not have enough data to make any 
qua ntit a ti ve statements on the fraction of lines 
which might not be displayed In the pictures. la 
the pictures taken In the 0.8% mixture there seen, 
to be about one half the number of lines predicted 
from theory. 

(4) When many lines are visible the nearest- 
neighbor spacing la approximately (/t/2vm) v * a* 
expected from Feynman’s argument. 

(5) We have thus far taken pictures at *He con¬ 
centrations of 0.1, 0.4, and 0.8%. It seems that 
the lines become more stable at the higher con¬ 
centrations. Future observations will explore 
this phenomenon. 

An obvious question to ask Is what Is the evi¬ 
dence that the dots In the photographs do indeed 
mark the positions of the vortex lines? We have 
performed several tests to check this point. 

(1) Using a tunnel-cathode emitter and a pin¬ 
hole grid to simulate the low-energy electrons 
leaving the vortex lines, we found that with the 
magnetic focusing field on, the charge was accu¬ 
rately Imaged onto the phosphor. With the field 
off, a uniform blur waB obtained. In the actual 
helium experiment if toe focusing field Is turned 
off the dots in the picture disappear, producing 
a uniform blur. 

(U) If toe electric field In front of the radioac¬ 
tive source Is turned off, toe photographs show 
no signal with a typical exposure time (60 msec). 
A longer exposure (500 msec) shows a uniform 
background, presumably caused by the ultraviolet 
light produced In toe liquid helium near the radio¬ 
active source. 

Now that we have demonstrated toe feasibility 
oi this vortex-line Imaging system there are nu¬ 
merous Interesting questions whose answers can 
be sought. The most useful extension of this tech¬ 
nique would be the addition of a TV system to pro¬ 
vide a real-time image of the lines. Then one 
could hope to observe the detailed motion of toe 
lines in toe vessel and thereby determine 11 clas¬ 
sical hydrodynamics accurately determines toe 
line motion. In addition one could see where toe 
lines are created. 

Our Immediate plans are to learn about toe sta¬ 
bility conditions of the vortex array by photo¬ 
graphing toe vortices in various geometries and 
stats preparations, and different *He coneentra- 
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j,j fimm trv. we have produced direct visual 
vtdence that individual, discrete vortex lines 
lX ist as predicted by Feynman and Onsager. It 
ipears that under our experimental conditions 
o stable vortex array Is observed; rather the 
stating He II exists in a dynamic state involving 
implex motion of vortex lines. 

We are grateful to T. M. Sanders who suggested 
ie electron trapping technique and provided 
any stimulating discussions. We also thank 
. DeConde and F. Rail who gave frequent help- 
il comments. 
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Mass-Fluctuation Waves in Solid 3 He- 4 He Mixtures* 


Whlttak Huang, H. A. Goldberg, M. T. Takemorl, and R, A. Guyer 

Department of Physics and Astronomy, University tf Massachusetts, Amherst, Massachusetts 01002 

(Received 22 January 1974) 

We give an explanation of the data of Richards, Pope, and Wldom in terms of the in¬ 
coherent tunneling of strongly Interacting particles. 


The concept of "impuritons” or “mass-fluctua- 
on waves” was invented independently by An- 
r eev and Ufshltz 1 and Guyer and Zone.' The 
»rly survey experiments by Myoshl, Cotts, 
■reenberg, and Richardson* suggested that dilute 
olid mixtures of 'He in 4 He are a suitable gys- 
‘m in which to seek evidence for these exclta- 
ons. 4 Subsequently Greenberg, Thomllnson, 
nd Richardson 9 ’ 4 reported T, and T, measure¬ 
ments that showed compelling evidence for 'He 


tunneling in 4 He. Richards, Pope, and Wldom 
(RPwy*' have undertaken an extensive set of 
measurements on dilute *He in 4 He mixtures de¬ 
signed to find evidence for the coherent motion 
of the impurity, i.e., for the existence of 'He 
"Impuritons.” These measurements include dif¬ 
fusion data in addition to X, and X, data. RPW 
have argued that a diffusion measurement gives 
a clear signature for coherent motion. Recently 
G rigor’ev and co-workers* have verified the dif- 
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fusion measurement* of RPW. 

Many aspect* of the data of RPW are consistent 
with the qualitative features expected using the 
“impuriton H description of the *He motion. 7 '* But 
there are two serious.difficulties In the quantifi¬ 
cation of such a description: (1) The rate of *He- 
*Hc tunneling must be taken to be about 2 orders 
of magnitude below what is regarded as a plaus¬ 
ible theoretical value, 10 and (2) the interaction 
between *He impurities must be taken to be about 
3 orders of magnitude below what is regarded as 
a plausible theoretical value. 4 This paper pro¬ 
vides an explanation of the measurements of RPW 
and of Grtgor’ev and co-workers in terms of ’He 
tunneling in the presence of a strong *He-’He in¬ 
teraction. 

The theory of ’He motion through solid 4 He that 
we discuss depends in a crucial way on the *He- 
*He interaction. To learn about this Interaction 
we reformulate the mixture problem for general 
concentration in order to derive the *He-*He in¬ 
teraction in a framework that permits us to de¬ 
termine its magnitude from first principles and 
to determine Its relationship to the phase-sepa¬ 
ration problem. We take a mixture of ’He In 4 He 
at concentration x % = N t /(N t + N t ) to be described . 


byX*X+X', where 

X' =£* - (m ' I » »£*AJF(rt), (j) 

with (m‘ l )=x^m t mi + (1 and V the pair- 

wise atom-atom interaction between atoms local¬ 
ized on lattice sites R. We solve the ground- 
state problem for the average crystal described 
by JC at various concentrations, employing a typi¬ 
cal quantum-crystal procedure, 10 and find a set 
of low-lying single-particle states and the corre¬ 
sponding /-matrix elements required to second 
quantize 3C. Using the states and matrix elements 
appropriate to concentrations x t , we obtain the 
Hamiltonian in the form 

3C(* s )*£ 0 (x,) + 3C,+;JC,, (3) 

where £„(*,) is the ground-state energy of the 
average crystal, 3C # is the phonon Hamiltonian, 
and 

K,= - £ AK(ft) m S>{RR')&K{R‘)av (4) 

Here 

= - ***(?*)„>a* 1 - («->» 

and 


VMn = 7:t(R,S)^ B MeJ' iD ( ss 'H**«>r l t{S'R')ou'»- (5) 

58* 

We have used three low-lying single-particle states: the ground state 0, the displacement state 1, 
and the width-fluctuation state 2, u The /-matrix element Z (R , S),*, 01 is the coupling of a width fluctua¬ 
tion at R [due to the deviation otm‘ i (R) Irom to a displacement fluctuation at S; it is propor¬ 
tional to the cubic anharmonicity. Ae„ = e a - D(SS') is the inverse of the dynamical matrix. We 

evaluate D(SS’) using elastic continuum theory 11 and determine AX(fl) a ,(A£ M )' 1 /(fi//')ag,ot by comparison 
of the theoretical near-neighbor displacement =%(^ { iJ 1 <(/?'R)(Ae J0 ) 1 AfC( J?) M with the numerical 
results of Mullin 13 and Glyde. 14 Altogether we obtain 

Xjm — V 0 £ (A/|R - R'| - *,![»,(«'> -x ,], («) 

with V o /* B «10** K at 21.0 cm’/mole and A the interparticle spacing. Phase separation is determined 
entirely by £’„(*,) and involves basic energies quite different in source and magnitude from the ener¬ 
gies associated with X t . 

Our primary concern is to determine the effect of X, on the propagation of a ’He impurity through 
4 He. It is Important to note that the rate of ’He- 4 He tunneling, is expected to be at most com¬ 
parable with 4 5* KT’ K so that we have |/„i/V 0 < 10'*. We take *,<10’ 1 as defining the low- 

concentration region which we further divide into a dilute region, X <x t <10 *, and an “ impuriton ‘ re¬ 
gion, 0<x,<:r. 

The primary effect of the interaction in X, is to hinder the tunneling of a 5 He- 4 He pair. In the initial 
configuration. ’He at R and 4 He at R\ the potential energy of the pair is 

v(rr') = - r 0 - j£ f) [(^ya - *.> - -** 1 ’ (7) 
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whereas After the tunneling proceae we have 

or a net change in potential energy of 
A (ftR ) 

If bV(RR'), proportional to the gradient of X Jt is small compared to J u , the tunneling process occurs 
easily; if AV(Rit') is larger than J u , the tunneling process Is hindered. In this latter circumstance 
energy can be conserved in the transition only If the tunneling is accompanied by the absorption or 
emission of a phonon. But a sequence of phonon-assisted steps is incoherent. Thus we expect that a 
*He impurity will propagate as an impuriton in regions of space where the gradient of 3C, is small. At 
the very lowest concentrations a *He impurity propagates coherently as an impuriton until it approach¬ 
es within r of a second impurity, where fie defined by < J S4 = AlV3C / {r)l, Thus *y , **vA*(3V 0 // i4 ) 1/ * is the 
cross section for lmpurlton-lmpuriton scattering and the corresponding mean free path is 

X = (A/tw s )t/ M /3V 0 ) 1 '*. (10) 

So in the “Impuriton" region the diffusion constant is 

D, m f- l AV«(J M /3V 0 )»>(l /*,). (11) 

As the concentration is Increased through the value X to concentrations at which a typical a He atom 1 b 
continually in interaction with its neighbors, the calculation of D proceeds differently than above. At 
x t >X the Kubo formula 1 * for D can be manipulated to yield 

D o «*(r/6)AV M P(0), (12) 

where P(0) is the probability that AV(Jtft') is of order Z\J U \. This equation describes diffusion over 
steps of length A at the rate J M P( 0). This rate involves two factors: J tt , an attempt frequency (for 
the transition RR’~R'R), and P(0), the probability that the transition can go (that the energy differ¬ 
ence between the two arrangements if of order and the transition RR'—R’R 1b energy conserving). 
We have made a Monte Carlo study of the spectrum of /LVifiR'), Eq. (9), and of P(0) as a function of 
concentration for various values of the ratio l«f M l /Y v For the choice < / M = 0.5l<f SJ l = 2.5xiO‘“ K and V g 
= 10'* K we find the results for D shown in Fig. 1. The spectrum of A V(RR') is strongly peaked near 
zero at low concentrations, P(0) approaches 1 as x, gets small, and P(0) Is greater than i at x, = 10'* 
(see Fig. 2). The behavior we find for D a is similar to that described by Landesman and Winter. 1 * At 
x,<10'**jr a *He has a better than 50% probability of being in a low-gradient region. Thus we expect 
impuriton behavior at x i «X. The results of a generalization of this procedure to include multistep 
processes are also shown in Figs. 1 and 2. 

Can this discussion of the D data also lead to a satisfactory explanation of the T t and T„ data? We 
begin by exhibiting an expression for T, as a o -0: 

This formula exhibits the most important feature of T t and T, data. Because the dipolar field falls off 
so rapidly, r'*, the pairs of particles that make important contributions to T x and T, are always well 
within the interaction range V where the particle motions are Incoherent. Thus it is impossible to see 
impuriton behavior in T t and T, data. To carry out a calculation of T, we approximate the correlation 
function in Eq. (13) by assuming that the particles at R and R' move separately; i.e,, 

*(r, OMR', 0)« (ft,t)n(R',t)))"(( (R, 0)n(fl,t))) M -({H(R , ,0)n(R , ,t ))) a ; 

here the subscript on ((»<R, 0)»lR,t))) K > means that we calculate the correlation function for a particle 
at R given that there is a *He spectator particle fixed at R'. Following an argument similar to that 
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FIQ. 1. Diffusion oonstant as a Amotion of concoct ra¬ 
tion. to the range 6 2x 10" ! the value of D giv¬ 

en by Eq. (12) with V 0 -lO‘ , «nd«f 14 »2.6*lO* , le shown 
aa the lower solid line. The data of Richards, Pope, 
and Wldom and Origor’ev and co-workers are Indicated 
as open and closed circles, respectively. At low con¬ 
centration are show the value of D In the “ impurlton” re¬ 
gion calculated from Eq.(ll) using V, and J 3t as above. 
We also show the results of an Improvement In the theo¬ 
ry which Includes the possibility of particle motion 
over more than one step, the curve labeled PMO). 

These multlstep processes are Important at lower con¬ 
centrations, JtjSlO"*. 

leading to Eq. (12) for the diffusion constant, we 
obtain 

jV0j=M 2 (l)x a *%?"( 0) 

EjW, d (14) 

where P(0) is the weighted average of Pj<»(0), 
the probability that A V(RR') is of order given 
that there Is a spectator ’He at R". The weight¬ 
ing factor is \R We have made Monte 

Carlo studies of P(0) and W,(*,)*„, for the choice 
J K /V 0 » 2.5xl0‘* for various concentrations. For 
*,<10'* we find W,(*,)**. to be essentially inde¬ 
pendent of x t and of order 4x10* rad/sec (see 
Fig. 2). Thus in both the dilute and tmpurlton re¬ 
gions we have T l ‘ 1 u,. We state this result for 
T t In terms of the ratio of D to T,. We find from 
Eqs. (12) and (14) that 

£>/7>M,(l)A 1 x,[2P(0)/']*(0)]. (15) 



FIQ. 2. P(0) and P(0) as s function at ooooentratlon, j 
P( 0 ) la read from the left-hand so ale and P(0) Is read 
from the right-band scale. Monte Carlo studies of Eq. 

(4) permit the calculation of P(0> and P(0) as a function 
of concentration. The probability P(0) approaches 1 at 
x j «10*’; It has value J at x j * 10**. Thus wa take 10" 1 
as the lower edge of the dilute region. The probability 
P(0) is essentially concentration Independent for x, 

<10' 2 . We also ahow P' (0), a generalization of P(0) to 
processes of more than one step. 

Using the results from our Monte Carlo studies 
of P(0) and P(0) shown in Fig. 2 [.P'(0)« 10"*x,' 1 , 
P(0)«3x 10"*], we find 

/>/7>0.7M,(l)A*. (16) 

This result Is in reasonable agreement with the 
observations of RPW who find that this ratio (for 
their experiments) Is the same as for gaseous 
*He. 

We find that an Interaction model, applied In 
the dilute-concentration region, can satisfactori¬ 
ly explain both the D and T, data of Richards, 

Pope, and Wldom. Further this model makes 
use of plausible values of the parameters re¬ 
quired to describe the system. For V o »10'* K 
we require il J n l. We believe that a more 
satisfactory explanation of the behavior of *He 
Impurities in the dilute-concentration region X 
< x, * 10'* is given by this model than by the *Tm- 
purlton” model. We set an upper limit on the 
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concentration at which impuriton behavior occurs, 
10"*. The interaction model yields a sim- 
,le explanation of the strong volume dependence 
jf the basic rate observed by Greenberg, Thom- 
'nson, and Richardson and by Grigor’ev and co- 
vorkers. 
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Beam-Plasma Instability in a Nonuniform Plasma 

George Schmidt 

Stevens Instttuts of Tschnology, Hoboken, Nsw Jersey 07030 
(Reoelved 24 April 197® 

The behavior of the beam-plasma Instability in a nonuniform plasma depends only on the 
dimensionless quantity X ~k t ~*ek/Bx, where h, Is the spatial growth rate In the homoge¬ 
neous plasma. If Ul * 1 the instability la quenched. 


The beam-plasma instability for a weak beam 
u a uniform plasma is the result of resonant cou- 
ling between the beam and an eigenmode of the 
iasma. If the plasma is noounlform, because of 
enslty or magnetic*field gradients, the plasma 
lgenmode characteristics are spatially depen- 
ent and one may expect a detuning of the beam 
lasma resonance along the gradient. Indeed, 
his process is similar to that of parametric in- 
tabllltles in nonuniform media where density 
radlents result in increased thresholds and re- 
uced growths of tha Instabilities, 1 Gradients 
- e inevitable in experimental arrangements, 
nd therefore It Is Important to understand their 
onsequences for instabilities. Indeed, there is 


some experimental evidence of localization and 
thresholds of the beam-plasma instability due to 
density gradients along the direction of beam 
propagation. 1,3 

The problem of quasillnear relaxation of an ul- 
trarelatlvistic beam with a large velocity spread 
In an inhomogeneous plasma has been treated by 
Brelzman and Ryutov 4 and the behavior of a wave 
packet In a cold nonuntform plasma with a cold 
beam by Vianna and Bers,‘ In the following we 
investigate the electrostatic instability of a cold, 
electron beam propagating along a weak gradient 
in the plasma. The gradient can be one of den¬ 
sity, temperature, magnetic field, etc. 

The linearized equations of motion for an elec- 
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troo beam arc 


From Poisson's equation 


- i<m +4{Nv + Vn)/dx ■ 0, (1) 

- + Vdv/dx + eE/m * 0, (2) 

where the time dependences have been Fourier 
decomposed (e mlut dependence), V and JV are the 
equilibrium beam velocity and density, and v and 
it are the linear deviations from equilibrium. 

For a relativistic beam the electron mass m Is 
to be replaced by the longitudinal mass m 9 m& 3 . 
Eliminating v between (1) and (2) gives 



eN dE 
m ui* dx 


= 0. 



dE/dx - - (e/cJCs +»,), ( 4 ) 

where Is the (linearized) electron density in 
the plasma, * # = - iu)' l dJjdx, with J t the elec¬ 
tron current density In the plasma. Applying the 
operator [1 + i(V/w)d/dx? on (4) and using (3) re¬ 
sults, alter integration, in 



where u h Is the plasma frequency associated with 
the beam. (For the relativistic beam case again 
m =y 1 m 0 .) Introducing the plasma conductivity 
o(ui, ft) and dielectric function t (w, ft), one finds 


E - T7° («. *, *)£(*)]- ft, x)E(k), (6) 

t 0 W r L €„W J 

where f~ l is the Inverse Fourier operator, and 0 and e are slowly varying functions of x on the wave¬ 
length scale. 

Expanding « around ft = * *=■ 0, where c(u), ft w 0) 9 0, 

«’*<*> ■ (Si),, [- '£ - **]•(£)«♦. - « 

one obtains from (5) 


(>*££)’[' 


cn^ak a - 




E, 


( 8 ) 


where cr* - (Be/Bft)^ and 0 = - (Be/8x) q . Choosing ft 0 = w/V (this determines the point *=*0), one writes 
E(x) = a(x) exp(i>^) to find 



o dx 



c = 0. 


(9) 


Introducing now the dimensionless length x(u) 4 VV' a or) 1 ' f ’ and the parameter A ■ 0/a){w, , /V ) a)'*' 1 leads to 
the differential equation 

fa" -X(xa)* + <i : =0 (10) 


which depends only on the dimensionless parameter a. 

The solution of (10) may be written as a Fourier transform, using a method developed by Liu, Roeen- 
bluth, and White.* Writing a 9 ^f(k)e u ‘dk, where the path of Integration C Is to be chosen In such a 
way that the Integrand and appropriate derivatives vanish at the endpoints, one finds 

ft 5 / + i A ft’d/Zrfft +/= 0, (11) 


with the solution 


/“WiHirT)]’ 

yielding 

a * ( a >4 +aa/ c, +a 4 J ) exp l , [* l+ K7 -*)]!"■ 


( 12 ) 


For A >0, when ft-0 the integrand (and derivatives) vanish if ft Is on the upper half plane, while for 
*-•o, ft must be In the first or third quadrant. For the three linearly independent solutions of (10) we 
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choose the path* of Integration as shown In Fig. 1. 
Umllar considerations for x <0 lead to a diagram 
that may be obtained by Inverting Fig. 1 about the 
-eal axle. 

For large values of |*| the integrals may be 
•arried out by the saddle-point method. Defining 

[»*4(£-i)]. «» 

the positions of the saddle points are defined by 
.he equation 

kf + Xxkf + l = 0. (14) 

For Ixrl»1 the solutions may be approximated 
by A, "Xx, A v *± i/(XxY*. The corresponding 
values for <p(k) are 

<p(k x ) * - iXx* /2, <fl(k 2 )* - 2(xA) 1/S , 

¥>(*,)« 2(*A) vi , 

and for <p'(k). 



It is easy to see that the first root corresponds to a plasma essentially unaffected by the presence of 
he beam, while the second and third roots correspond to nonresonant beam modes. The saddle-point 
Integrals are easily carried out yielding, e.g., for x,X>0, 

a = o 1 (2Xv) vi, exp^[iv-i(x* , )]+a J lr 1 ^-^r-^exp[iiff-2(xA) 0 J+o > v v ^- ,/4 r-^exp2(rA) ,/, (15) 

and for X > 0, x < 0, 


a =s,ff^X** /l4 |ar| -* <, exp»tfw + 2 (|x|A) 1 *]+s,V a X -^|x|** expi[fcr - 2(|x|A) v *J 

+ (2Xv) lA ejqrf[i»- i(Xx , )]} + a,(2X») I/ *exp[iv- J(X**)]. (16) 


It may be seen that for waves propagating in the positive x direction (V>0) the third mode exhibits 
he largest amplification, the first mode Is amplified to a lesser degree, while the second mode la at- 
:enuated. 

It is Instructive to follow the motion of the saddle points as x varies. This is shown in Fig. 2. The 
fastest growing mode corresponds to saddle points located in the fourth quadrant of the A plane. Near 
c^O, exponential growth takes place as In a uniform plasma. The third mode starts out as a plasma 
node at x~- •>, turns Into a resonant beam plasma mode at Xx= - 2 V *|, reaches Its maximum growth 
*ate at x»0 growing as exp(jV5x), and continues to grow at a reduced rate as x-« 

It seems as if no Inhomogeneous threshold exists for the beam plasma Instability. Under experimen¬ 
tal conditions, however, the 5-function approximation holds only if the phase velocity of the wave dlf- 
'ers from the beam velocity by more than the beam spread. As a saddle point approaches the origin 
a the A plane this approximation breaks down and the actual growth rate Is quickly reduced. Further¬ 
more as A-0, the wave phase velocity approaches the beam velocity and the beam gets trapped, lead- 
ag to further dispersion of the beam velocity distribution. If sufficient beam spread is attained, the 
apology of Fig. 2 changes and the unstable beam mode connects with a damped Landau-type mode. 7 
To estimate the actual wave growth we Investigate the solution around x=*0. Expa n di ng the growing 
dutton about this point yields for the saddle point 


VT 

2 


- * 5 » 


Xx 

3 


<P(*o)*<f 






<pW T + ix+&x. 
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Integration gives for the relevant mode 




,Ax* V3 
‘l~ + T 



( 11 ) 


For the 0 -function beam approximation to hold, ^ 
we must have Ax <1. The total number of *-fold¬ 
ings are about 5VT/4A. These considerations 
lead to an approximate threshold near A 3 1. 

The x <0 case can also be easily calculated. 

The results are the same as (15) and (16) except 
for unimportant phase shifts, If one changes the 
signs of x as well as A. The threshold Is also the 
same and one finds that the fast growing mode 
goes over Into a plasma eigenmode when x-'«. 

Computer solutions of (10) are In good agree¬ 
ment with these approximate analytic solutions. 

In conclusion, the behavior of the beam -plasma 
Instability is characterized by the dimensionless 
parameter A 3 0/a(V a o'Ao, a )*^. This quantity has 
a simple physical meaning. If the spatial growth 
rate In a uniform plasma is k { , and the wave num¬ 
ber of a wave In the nonuniform plasma changes 
as 8*/Bx in the absence of the beam, then aside 
of a numerical factor A is *(**8 i/Bx, The thresh¬ 
old condition for substantial wave growth is given 
by IAI eel. If A >0, a plasma wave propagating In 
the nonuniform plasma couples to the beam in 
the resonant region producing exponential growth. 
Past the resonant region the wave phase velocity 
approaches the beam velocity, the growth is re¬ 
duced, and the 6-function beam-distribution ap¬ 
proximation, as well as linear theory, breaks 
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down, leading to beam spreading followed by 
transition to a Landau-type mode. These results 
are consistent with recent experiments on the 
nonuniform threshold and mode conversion In a 
noountform beam-plasma system. 9 H A <0 a 
beam mode with a phase velocity close to the 
beam velocity leads to exponential growth In the 
resonant region with a decreasing phase velocity, 1 
while past resonance the mode becomes deccru- ' 
pled from the beam and goes over into a regular j 
plasma wave in the nonuniform medium for large 
values of x. If one Injects an electron (or ion) | 
beam Into a confined plasma with a large density, | 
temperature, or magnetic field gradient at the i 
boundary, beam beating can be expected to take 
place only In the plasma interior, where the pro¬ 
file is flat. 

It should be noted that If the beam Is sufficient¬ 
ly spread out In velocity space, so that the bump- 
on-tall approximation holds, the threshold Is in¬ 
dependent of ek/Sx. This case has been studied 
by Breton an and Ryutov. 4 

The author wishes to acknowledge useful dis¬ 
cussions with Dr. W. Carr and R, Harvey. Thanks 
are due to Mr. D. Uptegrove for obtaining the 
numerical solutions of (10), and to Dr. B. Rosen 
for lending his computer program for the solu- 
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Possibility of a Pressure-Induced Transformation in Cubic (A IS) VjSif 

R. D, Blaugher, A. Taylor, and M. Ashkln 
Waatingkoma fit a torch Lmborotoriat. PUtatmrgk. Ptmsytvonto 15235 
(Received 22 April 1974) 

X-r«y messurement* of the shift In lattice parameter Aa/a versus pressure up to 120 
kbar Indio ate that V s Si la act following a normal cubic dep en dence for a atable lattice. 
Hydrostatic preaaurea in excess of 16 kbar bare produced a lattice distortion which may 
be repreeentstive of a cubic to te t r ago nal transformation. 


Considerable Interest has recently been direct¬ 
ed towards the influence of pressure on the super¬ 
conducting properties of theA15 compounds. 1,1 
This class of compounds Is especially Important 
in view of Its continual production of high-T e su¬ 
perconductors. 9 The pressure studies to date 
have generated much controversy with respect 
to the exact theoretical Interpretation for the ob- 
eerved pressure dependence of the superconduct¬ 
ing transition temperature. The difficulty in In¬ 
terpretation Is due to the multiplicity of compet¬ 
ing mechanisms and the observed experimental 
result which indicates that T c for different A15 
compounds may follow either a positive or nega¬ 
tive pressure dependence. A review paper by 
Smith 4 should be referred to for a recent survey 
of the experimental and theoretical pressure ef¬ 
fects on superconducting A15 compounds. We 
would like to report on recent x-ray measure¬ 
ments at room temperature at pressures up to 
120 kbar which we feel may have a direct influ¬ 
ence on the understanding of superconducting 
properties of A15 compounds under pressure. 
These measurements are confined to the A15 
compound V,Si which has been studied extensive¬ 
ly in recent years in both the normal and super¬ 
conducting states. 9 

The superconducting transition temperature of 
V,8i exhibits a positive pressure dependence pro¬ 
vided hydrostatic pressure is maintained. 1 ■ 9 If 
a deviatoric (nonhydrostatic) stress is present, 
as may occur with use of the ice-bomb technique 9 
or under actual uniaxial stress, 7 the T c follows 
a negative pressure dependence. In view of the 
known influence of shear stress upon the low- 
temperature structural transformation in V s Sl, 
a possibility exists that the presence of devia¬ 
toric strain components affects the structural 
properties and thus influences the observed pres¬ 
sure dependence of the superconducting transi¬ 
tion temperature. However, this connection is 
complicated by the fact that some V,Si samples 
do not exhibit this structural transformation; 


the V,Si used by Smith, 9 for example, was a non. 
transforming type. Moreover, the interpreta¬ 
tions of die pressure measurements, In particu¬ 
lar those argued to be hydrostatic, are based on 
the assumption that the material remains cubic 
under the application of pressure. 

This latter assumption thus appeared complete¬ 
ly untested and a doubt as to Its validity initiated 
the present investigation. It is Important to note 
that the clamp technique employed in most low- 
temperature pressure studies applies the stress 
at room temperature. 

Carcia, Bareli, and Testardl 9 have found for 
V,Si that the first pressure derivative of the 
shear moduhiB C J = (C 11 -C„)/2 becomes nega¬ 
tive at 771C. Testardl 9 indicated that this nega¬ 
tive coefficient in V s 8i could lead to a pressure- 
dependent low-temperature structural Instability, 
Larsen and Ruoff 10 extended these experiments to 
temperatures below 77°K with similar results for 
the sign of the derivative. They used the first 
pressure derivatives to predict a pressure-in¬ 
duced structural transformation at various tem¬ 
peratures. ThuB the idea of a pressure-induced 
transformation in V,Si is not new; however, at 
room temperature the pressure derivative is 
positive and the connection with the low-tempera¬ 
ture results is not clear. 

The present experiments were conducted in a 
tetrahedral anvil press described in detail by 
Taylor and Doyle. 11 The experimental arrange¬ 
ment, which is shown In Fig. 1, provides a high 
degree of pure hydrostatic strain. 

The tetrahedral anvil press Is discussed in a 
review article by Banus 11 on x-ray diffraction at 
high pressures. In this review the tetrahedral 
anvil press is regarded as one of the better tech¬ 
niques for establishing minimum pressure gradi¬ 
ents and low shear components, especially in the 
range below 100 kbar. A pure hydrostatic en¬ 
vironment, however, Is less important in this 
experiment since the elastic properties for V,Si 
at room temperature are Isotropic or glasslike.’ 
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H Film CotMlte 
(IZ.5cm Rodiui) 

T TetrotiwJrol Cell 
X X-Ray Tuba ft 
Colli motor 
Syilam 

FIG. 1. Plane ■ action through x-ray tube, collimator 
system, film cassette, and two hydraulic rams cl tet¬ 
rahedral anvil. 

Finally, the Influence of shear on V,S1 usually 
cited is a low-temperature effect. There has 
been no evidence of pronounced shear effects in 
V,S1 at room temperature. The measured pres¬ 
sure derivative of the shear modulus for VjSi at 
room temperature Is very small. 1,19 Following 
Taylor and Doyle, 11 a boron-polypropylene tetra¬ 
hedral cell (shown as T In Fig. 1) was utilized 
as the pressure transmitting medium. In order 
to eliminate compositional difficulties a single 
crystal of V,S1, which was kindly furnished by 
L. Testardl of Bell Laboratories, was employed 
as a master sample. Small pieces of the master 
Bample were reduced to polycrystalllne form 
suitable for x-ray investigation by grinding In an 
agate mortar and conventional ball milling. 

Great care was undertaken to eliminate contam¬ 
ination during the ball milling. The resultant 
powder (~400 mesh) was carefully x rayed prior 
to Insertion in the press by ordinary Debye- 
Scherrer techniques. A^sharp cubic (A15) pat¬ 
era was observed with no evidence of additional 
lines. 

An initial attempt was made to convert cubic 
V|Si to the tetragonal form by subjecting a poly- 
crystalllne sample of the material at room tem¬ 
perature to pressures of up to 120 kbar In the 
etrahedral anvil press. In order to obtain as 
strong a diffraction pattern as possible, no cali¬ 
bration material (such as NaCl) was mixed with 
tbe x-ray sample. X-ray diffraction patterns of 
**>• material under pressure were obtained with 


Ag Ka+fi radiation, the strongest recorded lines 
being 200, 210, and 211, the strongest being 210 
at a Bragg angle 0 =* 7.828°. 

Except for an easily measured shift of the lines 
toward higher Bragg angles resulting from the 
reduction In cell dimensions, no splitting of the 
lines occurred which would be Indicative of a 
change to tetragonal symmetry. However, such 
a symmetry change could easily be missed If the 
axial ratio was close to unity. 

The low-temperature transformation from cu¬ 
bic to tetragonal for V,Si produces a change In 
axial symmetry of c/a = 1.002 which Is Indeed 
quite close to unity. A similar magnitude of axi¬ 
al change In the present experiment is thus in¬ 
sufficient at 7.6° to produce an observable Bpllt 
of the 210 cubic line Into the 210,102 tetragonal 
pair. From the observed change in lattice pa¬ 
rameter and the published elasticity data for 
V,S1 by Care la, Barsch, and Testardl* it was 
possible to estimate the pressure applied to the 
sample. The maximum linear compression 
(Aa/a) was measured to be 2.25% which would 
correspond to an applied pressure of 120 ± 5 kbar. 
These Initial results thus could not determine 
whether a structural transformation had occurred 
In V,S1 up to pressures of 120 ± 5 kbar. 

A detailed consideration of the data on A a/a 
versus pressure, however, should provide a 
means for determining die occurrence of a struc¬ 
tural transformation. The predicted cubic frac¬ 
tional change In lattice parameter A a/a can be 
calculated from the measured pressure depen¬ 
dence of die bulk modulus. Deviations from the 
normal behavior are usually indicative of a phase 
change. 

This pressure dependence was recently ob¬ 
tained for V,S1 by C&rcia, Barsch, and Testardl 
from 77 to 300°K. a The dashed curve In Fig. 1 
has been calculated from 


A a 1 
a *3 dB 


ln(l +pb) with 


b 


1 dB 
*B 0 dp ’ 


using B 0 = 1.76x10* kbar (Testardl and Bateman 1 *) 
and dB/dp = 4.3 (Carcia, Barsch, and Testardl*), 
and represents the normal cubic behavior for a 
solid stiffening under pressure without under¬ 
going any structural phase changes. 

For these measurements the applied pressure 
was determined by mixing die V,S1 powder with 
HaCl (85/45) before placement in the boron-poly¬ 
propylene celL In addition to Its use as a cali- 
. brant, NaCl tends to reduce any effects due to 
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FIQ. 2. Hi* fractional change In lattice parameter 
(- Ae/a) venue pressure P at VjSl at room tempera¬ 
ture. The dashed line has been extrapolated to higher 
pressures from the low-pressure derivative of Car- 
cla, Barsoh, and Testardl (Ref. 8) and la typical of a 
nontransforming solid. 


shear. The shear modulus for V,S1 (at room 
temperature) Is quite large with a value at ~0.85 
xlO 1 * dyn/cmV which Is approximately 5 times 
that of NaCl. Several runs were performed at 
pressures up to 120 kbar with Aa/a determined 
for both increasing and decreasing pressure. 

The addition of the NaCl required fairly long x- 
ray exposures, of the order of 14 h for each pres¬ 
sure setting. The pressure was maintained dur¬ 
ing each exposure by a photocell feedback which 
immediately corrected for any drift in pressure. 
This technique thus reduced the relative error in 
pressure determination to less than the relative 
measurement error in Aa/a. Larger (i-in.) an¬ 
vils were also used to reduce the measurement 
errors further. The use of these anvils provides 
more intense diffraction patterns which improves 
the accuracy in Aa/a tor pressures below ~30 
kbar. These larger anvils, however, are not re¬ 
liable at higher pressures because of the diffi¬ 
culty In applying the proper corrections for sam¬ 
ple movement, etc. 11 

The observed results shown In Fig. 2 definitely 
Indicate that V,Si is not following a normal cubic 
dependence. The observed change in Aa/a (above 
-15 kbar) Is much greater than can be explained 
by the sum of all the poseible errors in measure¬ 
ment, i.e., pressure and Aa/a. These results 
indicate that V,Si softens under pressure up to 
~15 kbar at which point the structure stiffens and 
follows a normal cubic dependence. This ob¬ 



210. 3. The midpoint of die superconducting transi¬ 
tion temperature of VjH as a function of pressure ob¬ 
tained from the results of Smith (Ref. 2). The dashed 
line Is a linear extrapolation of the results on T 0 ver¬ 
sus pressure up to 16 kbar. 

served behavior could be produced either by a 
transformation to a new structure or the materi¬ 
al remaining cubic and softening elastically. 

In summary, the x-ray results thus suggest 
that beyond a certain pressure (~15 kbar) V a Sl 
has undergone a structural phase transition (at 
room temperature) to an unknown phase with an 
axial symmetry close to unity, i.e., nearly cubic. 
This transformation Is completely reversible and 
the material returns to the cubic A15 structure 
upon reducing the pressure to atmospheric. 

The preceding description is analogous to the 
known low-temperature tetragonal behavior; 
hence it is tempting to associate the observed 
pressure-induced effect with a similar tetrago¬ 
nal behavior. The experimental technique used 
Is considered to apply the smallest fraction of 
nonhydrostatlc stress in the pressure range 
studied. 

The measured variation of T c with pressure 
for V J Si, 1, * , * ,T and quite possibly all A15 com¬ 
pounds, may in fact bear little relation to wheth¬ 
er the material remains cubic or transforms to 
a new structure. On the other hand, a demon¬ 
stration of such a connection between structure 
and the variation of T„ under pressure may be 
quite important. It is interesting to note that 
Smith’s* observed T c versus P for samples pres¬ 
surized at room temperature deviates from lin¬ 
earity at pressures (see Fig. 3) above ~15 kbar. 
This admittedly small deviation from linearity of 
T e versus P occurs in the same region suspected 
to include a structural transition. It would in¬ 
deed be interesting to obtain T, data at even high¬ 
er pressures to validate this trend. A recent pa¬ 
per by Smith et at , 14 on NbSe, demonstrated that 
the change in slope observed In their investiga¬ 
tion of T e versus pressure was similarly related 
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to 8 crystallographic phase change. 

would like to acknowledge the many useful 
discussions with L. Testardi and his kind loan of 
the V,Si sample. 
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Magnetic Breakdown and Dingle Temperature in Zinc Alloys 

P. L. LI, J. O. StrOm-Olsen, F. A Buot, and R. Harris 
Baton Electronics laboratory, McGill University, Montreal, Quebec, Canada 
(Received 18 March 1974) 

Measurements of magnetic breakdown In dilute alloys of zinc show that the breakdown 
field between the second-zona monster and the third-zone needles Increases linearly 
with the Dingle temperature with the same scaling factor for all alloys measured. A 
WKB calc ulati on yields a general expression for breakdown In the presence of scattering 
which Is In good agreement with experimental observations. 


A study of the Dingle temperature in the de 
Haas-van Alphen (dHvA) effect Is one of the most 
effective wayB of investigating conduction-elec¬ 
tron scattering in metals and alloys. The mea¬ 
sured Dingle temperature X for a particular or¬ 
bit is a direct measure of the average scattering 
around that orbit. 1 In some metals, however, 
such as zinc and its alloys, measurement of X is 
hampered by the occurrence of magnetic break¬ 
down (MB) which permits electrons arriving at a 
tone boundary to tunnel between different Bheets 
3f the Fermi surface. In zinc the two relevant 
sheets are the second-zone-monster surface 
and the third-zone needles. This tunneling, char¬ 
acterized by a breakdown field H 0 and a corre¬ 
sponding transition probability Bxpi-HjH), 1 re¬ 
duces the dHvA amplitude and, unless correc¬ 
tions are made, yields spurious values forJf. 

On the other hand, In spite of the evident Impor¬ 
tance of the problem, there has been very little 
attempt to Investigate magnetic breakdown oc¬ 
curring concurrently with strong scattering. The¬ 
oretical treatments* have only considered the in¬ 
teraction between the magnetic field and the lat¬ 


tice potential, so that the breakdown field is giv¬ 
en purely In terms of band parameters. This ap¬ 
proach appears to be valid in pure metals, where 
the scattering is weak and dominated by disloca¬ 
tions, but there is no justification for it in alloys, 
nor any experimental evidence to support it.* 

We have therefore made and analyzed measure¬ 
ments of the breakdown field and the Dingle tem¬ 
perature for the needle surface in several alloys 
of zinc containing up to 210 ppm Mn and 165 ppm 
Cr. These alloys are so dilute that any large 
change in H 0 cannot be accounted for by change 
In the band structure* since this Is almost the 
same as for pure zinc. The resultB show unequiv¬ 
ocally that, far from being Independent of scatter¬ 
ing, magnetic breakdown is very strongly affect¬ 
ed by it and that the breakdown field Is related to 
the Dingle temperature in a very simple way. 

Both H 0 and X were determined from the ab¬ 
solute amplitude of dHvA oscillations by a torque 
method already used by two of the author* for 
pure zinc. 1 The use of absolute amplitudes is 
necessary since, as explained in Ref. 5, relative 
.amplitudes can only be relied on to give a lower 
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bound to /f„. To avoid any change of scattering 
from the magnetic field, data were analysed only 
at 4.2 K in the field range 0 to 9 kO,' while the 
magnetic field was aligned within 15° of the c ax¬ 
is. Only the fundamental oscillation of the torque, 
T o m, was observed and an expression for this 
la given by the Llfschitz-Kosevich 7 expression 
for the free energy of conduction electrons in a 
magnetic field modified for the presence of MB. 

Fallcov and Stachowlak* allow directly for leak¬ 
age out of the orbit while preserving the phase 
coherence of the electron wave function during 
tunneling and around the orbit. This gives 

m,H 0 ) « d,exp[ f], (1) 

where is related to r 0 (fl) by 

x[l-exp(-tf 0 //f)]-*'». (2) 

P 0 , the infinite-field intercept, contains the usual 
curvature factor for the extremal area (defined 
exactly for the needles in Ref. 5) and includes 
both the spin-splitting factor and the volume of 
the specimen (-0.25 cm*). Here it Is calculated 
from a knowledge of the shape of the needle sur- 



FIG. 1. Graphical determination of H t and X for 
alnc with 135-ppm manganese at 4 , 2 *K. Tbs magnetic 
field lies at 16° to the c uds. (a) Experimental data 
uncorrected for breakdown, i.e., with 

(b) B t obosen aa 4.8 IcG which causes the plot to be 
linear and to take the calculated infinite-field Intercept, 
0 t , shown on the ordinate with error bar. The slope 
yields X. 


face. Even for the most concentrated alloya it 
has a value within 7% of pure cinc>* X is the 
Dingle temperature end the remaining quantities 
tn (2) have their usual meaning. An alternative 
method was suggested by Condon 4 in which break, 
down is regarded simply os a scattering process 
so that a term 

2^S*c[ iexp ( Z f fl )] * 

is added to X. With their more concentrated al¬ 
lays, Higgins and Marcus 4 were unable to distin¬ 
guish experimentally between these two approach¬ 
es but preferred the latter since the data could 
then be fitted with the same H 0 as for pure cine. 
Our data however cannot be described at all by 
the Condon expression whereas It fits the Fali- 
cov and Stachowlak model very well. We there¬ 
fore conclude that Eq. (1) is correct and use It 
to determine X and H 0 graphically as illustrated 
in Fig. 1. 

Figure 2 summarizes the results for ZtMn and 
£tiCr. We see that both X and H 0 Increase rapid¬ 
ly and linearly with concentration, though at 
Blightly different rates in the two systems. How¬ 
ever, the ratio 

a = {6H 0 /Bx)/(»X/»x), 

(where x is the solute concentration) Is a con¬ 
stant for all our alloys and has a value of about 
0.35 kG/”K. This very striking empirical rela¬ 
tion would Beem to hold for all zinc alloys so far 
measured, as is shown In Table I, even though 
the Individual concentration dependences of X 



FIG. 2. The behavior of iff,- ff, - ® and 6X 
.^•lloy-jfWe solute concentration. (a),(b) sine 
manganese; (c),(d) aino chromium, 3.5*0.3 

kO. X** 1« taken from the value In the alloya extrapo¬ 
lated to aero concentration (see also Ref. 13). 
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TABU I* A nmunii? of the breakdown field and 
fc^e temper slurs la slao alloys showing the oonatan- 
.y of O • 

8J7|/te dX/Bx a 


Alloy 

(kG/at.%) 

CK/at.%) 

(kG/*K) 

ZnMn 

90 

248 

0.36 ±0.06 

ZnCr 

88 

240 

0.36 ±0.06 

ZnAl * 

23 

45 

0.50±0,26 c 

ZnCu* 

11 

22 

0.60 ±0.25 

ZnHg b 

ZnCd b 

2.2 

5 

0.44 ±0.20 


•Ref. 4, Interpreted on the basis of Ref. 8. 
b W. L. Gordon, private communication. 
‘■Ref. 11. 


ind H 0 vary over 2 orders of magnitude. 

It Is therefore clear that conventional analyses 
rf breakdown are only valid In the limit of weak 
scattering and that strong scattering Inhibits the 
tunneling process. Qualitatively one can under¬ 
stand this by visualizing the two processes as In 
direct competition, so that an electron arriving 
at a zone boundary can either be scattered by the 
Impurities or can tunnel to a neighboring sheet 
of the Fermi surface. Thus the effective tunnel¬ 
ing probability Is reduced. We have made a quan¬ 
titative analysis of this effect by following the 
tsual WKB calculations, starting with a Hamil¬ 
tonian which includes impurities through a self- 
snergy E whose imaginary part gives the scatter¬ 
ing. The details of the calculation will be pre¬ 
sented elsewhere.” Here we give only the result, 
ising ik'ji Hamiltonian whose validity for the 
teedles In zinc Is well established. 10 

If we follow the usual procedure of evaluating 
he tunneling between the points of closest ap¬ 
proach* of the two surfaces and also assume that 
he electron scattering Is completely isotropic, 
hen the tunneling probability becomes: 


■P=exp 


Hnva’tX 
H (■' 


(3) 


»hereH 00 «(irA , c/4*e«p,i;,), the conventional ex¬ 
pression for the breakdown field, a' = (2vck t / 
hw.pj, and flX»U" Ioy -.X* lne )*Im(2)/»*B- A Is 
he band gap, while v z ,v y are the components of 
he free-electron velocity perpendicular and par¬ 
allel to the zone face where breakdown occurs. 
Equation (2) gives a form for the tunneling in 
reement with the two features of the experi- 
nental results; the breakdown field Increases 
•nearly with the Dingle temperature with a scal¬ 


ing factor which Is a property of the host, not the 
Impurity. 11 Substituting the band parameters for 
zinc we find o'»0.20 kG/°K, rather lower than 
the experimental value. However, agreement 
may be substantially improved If we adopt a sug¬ 
gestion of Chambers 1 * and carry out the tunnel¬ 
ing integration over a Tree-electron” path be¬ 
tween the two surfaces rather than the line of 
closest approach. Furthermore, preliminary 
analysis indicated that this approach may also 
explain the angular dependence of U a for zinc al¬ 
loys.” We are at present pursuing this line of In¬ 
vestigation and are also extending our experi¬ 
mental investigations to magnesium alloys. 

In conclusion, measurements of magnetic 
breakdown in dilute alloys of zinc have shown 
that the tunneling probability le sensitive to elec¬ 
tron scattering. A WKB calculation has yielded 
a general expression relating the breakdown field 
and the Dingle temperature in general agreement 
with the experimental observations. 

We would like to thank F. T. Hedgcock for draw 
lng our attention to this problem and for his cri¬ 
tical readings of the manuscript. 
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New Interpretation of the Soft-X-Ray Absorption Spectra of Several Alkali Halides* 

Sokrates T. Pantelldes 

Department af Applied Physic*, Stanford Un i vers i ty, Stanford, California 94305 

and 

Frederick C. Brown 

Xerox Mo Alto Research Center. Mo Alto, California 94304 
(Received 28 April 1974) 

Theoretical calculations have thue far been used to Interpret the soft-x-ray spectra of 
several alkali halides In terms of band structures alone, excluding the possibility that 
core excltons are formed below the band edge. By Independently determining the thresh¬ 
old for band transitions from x-ray photoemlsaton spectroscopy and optloal-gap data, we 
conclude that these spectra are In fact almost entirely exnitooic in nature. 


Absorption spectra are well known to contain 
valuable Information about the excited states of a 
crystal. X-ray spectra are particularly conve¬ 
nient for this purpose since electrons are excited 
from core states which are flat and thus Intro¬ 
duce no structure. By assuming constant transi¬ 
tion matrix elements over the range of Interest, 
one expects the observed structure to correlate 
directly with structure In the density of states 
(DOS) of the conduction bands. Because of the 
difficulty of computing absolute transition ener¬ 
gies, a common practice has been to freely move 
the DOS on the energy axis until a reasonable cor¬ 
respondence between theoretical and experimen¬ 
tal peaks and valleys is obtained. This approach 
has led to the Interpretation of the soft-x-ray 
spectra of various alkali halides 1 '* In terms of 
band structures alone, dismissing the possibility 
that excltons are formed below the band edge. 
More recent theoretical work 4 * 5 has arrived at 
similar conclusions by using calculated transi¬ 
tion energies instead of freely aligning spectra. 

Such an Interpretation of soft-x-ray spectra 
may be tested directly by making use of addition¬ 
al experimental Information from x-ray photo- 
emission spectroscopy (XPS) and optical-gap data 
in order to pin down the position ot the conduc¬ 
tion-band edge with respect to the core levels.* 

In this Letter we will use this powerful technique 
to show that several soft-x-ray spectra must be 
reinterpreted in a way that contradicts most of 


the previous work on the subject. 

We first concentrate on the lithium halides L1F, 
LiCl, LIBr, and Lll. Haensel, Kuna, and Sonn- 
tag T first measured their Li* K spectra (Fig. 1) 
and suggested that the prominent peak in each 
spectrum at about 60-62 eV is probably an excl- 
ton while the remaining structure may be transi¬ 
tions to p-like band states. No band edges were 
identified. 

The same spectra were measured and inter¬ 
preted shortly thereafter by Brown et al. 1 These 
authors, and subsequently Kuna and Llpari,’ per¬ 
formed Hartree- Fock band calculations for LIC1 
and LIBr and computed the DOS of the conduction 
bands. By freely shifting the DOS on the energy 
axis, they aligned theoretical and experimental 
peaks and valleys and concluded that the observw 
spectra are entirely due to transitions to conduc¬ 
tion-band states with no excltons being formed. 
By analogy with LiCl and LIBr, Kuna, Devreese, 
and Collins 8 assumed that the band threshold for 
LiF lies at 60.5 eV and proceeded to identify a 
two-electron excitation (eore-to-band plus a va¬ 
lence exciton) at about 70 eV. More recently, 
band calculations for LIF were reported by Menz- 
el et al* who used Slater exchange and by Kuns, 
Mickiah, and Collins 8 who used nonlocal Fock ex¬ 
change. In both cates, die observed structure 
was Identified with similar structure in the com¬ 
puted Interband spectra. 8 Both Refs. 4 and 5 pre¬ 
dicted a long weak tall to die left of the main 
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FIG. 1. 11* K spectra of the lithium halides. Solid 
curves are experimental (Ref. 7s low-energy tall of 
UF spectrum from Ref. 10). Dotted curve (from Ref. 

4) and das bed curves (from Ref. S (or L1F, Refs. 1 and 
2 for UC1, LIBr) are theoretical Interband spectra po¬ 
sitioned on the energy axis according to Interband 
thresholds determined here (vertical arrows). 


peak, corresponding to the T, band minimum. 
Subsequently, Sonntag 10 detected such a weak tall, 
In apparent support of the band-theoretic predic¬ 
tions. He suggested, nevertheless, that this may 
not be conclusive evidence for Interpreting the 
spectrum In terms of a one-electron-band model 
alone. 

We now wish to show in a simple way that the 
prominent peak appearing hear the onset of ab¬ 
sorption In the lithium halides Is purely excltonlc 
and not an Interband transition. This Is done by 
combining XPS and optical-gap data. The former 
measure the binding energies of electrons in the 
valence bands and In the core levels. The rela¬ 
tive difference between a given core level and the 
top of the valence band Is then accurately deter- 
mined.‘• y** By adding this value to the optical 
band gap (energy difference between the valence- 
band top and the conduction-band bottom), the 
Position of the conduction-band edge is unamblgu- 


TABLE I. Various energies in the Li halides. B, is 
the top of the valence band relative to the Li + Is oore 
level. £ w ts the optical band gap. £,“£,+£„ is the 
b ot t o m of the conduction band relative to the LI 4 la 
level. "Peak** denotes the position of the dominant 
peak In the observed spectrum and la the energy 
■operation between the peak and B e (excltonlc binding 
energy). All energise are In eV. 


Substance 


*ve 


Peak 

*1 

UF 

60.8* 

13.6 b 

64.4 

61.9' 

2.5 

UC1 

62 

9.4 b 

62.3 

60.8' 

1.5 

LIBr 

54.2' 

7.6 b 

61.8 

60.4' 

1.4 

XJX 

66.6' 

6.1 b 

61.6 

69.8' 

1.8 


•Ref. 11. <W. 14. 

h Ref. IS. 'Ref. 17. 

'Ref. 7. 


ously established, 1 * Any structure in the ob¬ 
served spectrum appearing below this threshold 
can then be conclusively identified as purely ex- 
ci tonic. 

Accurate XPS data exist for LIP 11 and LiCl.“ 
By combining these with optical-gap data, the 
band thresholds shown In Fig. 1 by vertical ar¬ 
rows are obtained with an accuracy of about 0.5 
eV. All the relevant quantities are listed in 
Table I. The dominant peak Is seen to lie 1.5- 
2.5 eV below the arrow in each case, which clear¬ 
ly demonstrates that It Is purely excltonlc, con¬ 
trary to previous band-theoretic Interpreta¬ 
tions.’•*•*'' The binding energy relative to the 
band edge is not atypical for Insulators. How¬ 
ever, in view of the fact that the bottom of the 
conduction band is r„ we must exclude the pos¬ 
sibility that the observed exclton derives from 
that critical point in an effective-mass picture. 
This is because such an exclton would be s to s 
and hence dipole forbidden. Clearly, the ob¬ 
served exclton must derive from higher conduc¬ 
tion-band states which are p-llke In character. 

In the case of L1F, the computed DOS 4 ’ 9 shows 
that most states lie 10-13 eV above the band 
edge. This indicates an unusually strong elec¬ 
tron-hole interaction which mixes band states 
over a range of a rydberg. It is in agreement 
with the strength of electron-hole attraction es¬ 
timated by Kune et al. * (-10 eV) from froe-ion 
calculations. The strength .of this interaction in 
the crystal Is not disturbing If we recall that the 
valence electrons in these Ionic crystals are al¬ 
most entirely on the halogen ions; thus the Cou¬ 
lomb potential of a hole in a core shell of the al¬ 
kali ion Is essentially not screened at all and at- 
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tract* and binds lbs electron very strongly. The 
observation that the Is* - taip transition In the 
free Li* ion is at 61.3 eV, extremely close to the 
prominent peaks in the spectra of all the LI ha¬ 
lides, lends support to these arguments. 

In Fig. 1 we also show the theoretical interband 
spectra positioned according to the present deter¬ 
mination of band thresholds. We observe that 
there is little or no correspondence between the 
theoretical interband spectra and experiment. 
From the positions of the arrows one may identi¬ 
fy the upturn leading to peaks C as coinciding 
with the onset of band transitions. However, such 
transitions near the band edge are suppressed by 
symmetry and one must allow for a strong excl- 
ton contribution. In short, one may conclude that 
the observed spectra are almost entirely exciton- 
ic in nature.** The strong electron-hole Interac¬ 
tion simply draws the oscillator strength into an 
excttonlc DOS which accidentally resembles the 
DOS of Bloch-type conduction-band states. 

XPS data for LiBr and Lit are not available. 
Nevertheless, definite patterns among the bind¬ 
ing energies of the Li and Na halides allowed us 
to estimate by Interpolation the corresponding 
quantities in LiBr and L1I as well. 17 Adding the 
corresponding band gaps, 1 ” the band thresholds 
shown by the arrows In Fig. 1 were obtained. 
Considerable uncertainties In these numbers do 
exist, but the similarity of the four spectra and 
the analogy with the free-Li Mon transition sug¬ 
gests that our conclusions for L1F and LiCl apply 
to LiBr and L1I as well. 

We have seen how by Independently pinning 
down the thresholds for band transitions we were 
led to revise the interpretation of the soft-x-ray 
spectra of the LI halides. We have done the 
same for other alkali halides and results will be 
published elsewhere. 1 * Here we give one more 
Illustration to further our conclusions. We con¬ 
sider the Cl' spectrum of NaCl reported by 
Brown et at." (Fig. 2, solid line). These authors 
suggested an Interpretation of the first four ob¬ 
served peaks in terms of transitions to critical 
points In the conduction bands arguing that no sig¬ 
nificant exetton effects are expected. They also 
suggested that peaks S, 6, and 7 might be repli¬ 
cas of 1, 2, and 3, caused by two-electron excita¬ 
tions. Llpari and Kunz 1 subsequently supported 
this interpretation. They performed a Hartree- 
Fock band calculation and freely aligned the com¬ 
puted Interband spectrum so aa to match Its first 
peak with peak.l of experiment. This is shown in 
Fig. 2 by the dotted curve. We note that such an 
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FIG. 2. Cl* spectrum of NaCl. Solid curve It 
experimental (Ref. 15). Dotted curve Is theory of flsf. 
3. Dashed curve is theoretical Interband spectrum of 
Ref. 3 (same as dotted curve) but positioned on the on 
gy ftjde according to Interband threshold (vertical ar¬ 
row) determined Independently. See text. 


interpretation would Imply a threshold for band 
transitions below 198 eV. XPS plus optical-gap 
data, however, place this threshold more than 5 
eV higher, at 203.3 eV.“ The uncertainty in thto 
number is not more than 0.5 eV, which allows in 
unambiguously to assign the first experimental 
peak to an exetton below the band edge, with a 
binding energy of about 1.5 eV. In view of the 
very low deneity of states near the band edge, 
peak 2 Is to be Identified ae an exetton which is 
at worst metastable, possibly being degenerate 
with band states. The higher peaks seem to bear 
a similarity to the band densities, but no definite 
Identification is possible at present. Overall, 
the electron-hole Interaction appears to be weak¬ 
er in this case as a result of the fact that the hole 
is in the halogen core and its Coulomb potential 
is screened by the valence electrons quite effec¬ 
tively. 

We conclude that exciton effects are very pro¬ 
nounced near threshold In the soft-x-ray spectra 
of alkali halides and that band structure alone 
cannot be used to interpret the observed struc¬ 
ture. This is in agreement with interpretations 
that have been proposed for other soft-x-ray 
spectra of alkali halides. 10 We conclude further 
that any attempt to correlate observed spectra 
with conduction-band DOS must be accompanied 
by an accurate determination of the threshold en¬ 
ergy for band transitions. 

We would like to thank Dr. W. A, Harrison, Of- 
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Fluctuation* of valence-electron density are expected to occur In the wake of a tot 
charged particle moving through condensed matter. Electrons can be trapped into wake¬ 
riding state* by the potential minima associated with domains of electron-density deple¬ 
tion with binding energies ranging from ~ 10 eV behind protons to several hundred eV be¬ 
hind highly charged heavy Ions. Observable phenomena possibly linked to wake-ridli^j 
state* are discussed. 

wake-riding states trailing the projectile. Exper¬ 
imental verification of wake-riding states would 
contribute significantly to the understanding of 
the dynamic many-body response of condensed 
matter to moving charged particles. Moreover, 
projectile trailing by particles may contribute to 
several important phenomena associated with the 
penetration of charged particles through dense 
matter. 

Consider a homogeneous isotropic medium 
characterised by the dielectric response function 
e(S,w), where % and o> are the wave vector and 
the frequency of the perturbing field, respective¬ 
ly. In linear-response theory a point particle of 
charge Ze moving in the medium with velocity v 
generates a scalar potential *(?,<) given by* 


The energy loss of a fast charged particle mov¬ 
ing in condensed matter can be described in terms 
of the complex dielectric function of the medium. 1 
Physically the target response manifests Itself 
as a cylindrically symmetric wake of electron- 
density fluctuations behind the particle.* Its axis 
defines the particle track. The wake consists of 
a series of domains, at distinct distances behind 
the projectile. In which the electron density Is 
alternately enhanced and depleted relative to the 
mean density n. In the medium. Domains of den¬ 
sity enhancement create regions of negative elec¬ 
tric potential, and domains of depletion regions 
of positive potential. If sufficiently deep, these 
potential troughs can trap, respectively, positive 
or negative particles and sweep them along in i 


*(F,t)*^-f a “ KJ 0 (Kp)dK f 0 “k~ t Re{c'@,v)exp[i(u>/t')(* -vt)]}dw. 


(1) 


where k* »i* - (uj/w)*. The Cartesian coordinates of the projectile at time t are taken to be (0,0,vt). 
The radial distance from the * axis is denoted by p, and J 0 is the zero-order Bessel function of the 
first kind. Suppose that the medium can sustain well-defined plasmons of energy = 
in the sense that the plasmon decay rate y is so small that y/u t <xl. In a metal, the density of the par¬ 
ticipating electrons * 0 would correspond to the density of valence electrons. As long as t>< <*u 0 ® eV 

B, where v r is the Fermi velocity of the electron gas, the potential set up by the moving particle is 
screened out over a distance v r /w>* 1 A in typical metals. However, when v»v T , the potential as¬ 
sumes the form 


♦(F) *2eklg(f) - 2 sln(*x )K 0 (*p) exp(- yhs/2u,)0<t )], (2) 


where k*<D p /v; K 0 denotes the zero-order modi¬ 
fied Bessel function of the second kind, and 6(z) 
the unit step function.* In Eq. (2) the coordinate 
system moves with the particle placed at the ori¬ 
gin and has the positive t axis in the direction of 
- ?. The first term In Eq. (2) represents the po¬ 
tential in close proximity to the projectile and 


need not concern us here in detail. The second 
term represents a damped periodic potential set 
up by oscillatory electron density fluctuations in 
the wake of the projectile. The oscillatory por¬ 
tion of V = -«♦(?) is shown schematically in Fig- 
1. 
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FIO. 1. Schematic representation of the oscillatory 
,rtloe of the potential energy of an electron as a ftmo- 
od of position behind a projectile of charge Z». The 
urge la assumed to be moving with velocity v In the 
notion of the negative a axis of a coordinate system 
1th origin placed at the projectile. 


In condensed matter the potential can persist 
, er many wavelengths behind the projectile. It 
: Important to note that In the limit y — 0, the 
latlal Integral over the electron density fluctua- 
on from the origin to the first zero at the dis- 
jice * = vu/uj, is just equal to Ze, the charge of 
re moving Ion. 

In the approximation of Eqs. (1) and (2), the 
:pth of the first trough Increases linearly with 
, and Is approximately Zew t /v. if this quantity 
: sufficiently large, bound quasistationary states 
■ particles In the oscillating tall of *(r) may 
1st. In a medium with given o> # , the number of 
xind states In a trough depends upon Z/v. Heavy 
rojectlles may carry a core of tightly bound 
lectrons extending over a distance comparable 
> or smaller than the Thomas-Ferml radius 
T f = Since the extension of Ion 

ires Is small compared with the wavelength 2m/ 

, characteristic of their wakes, which in the 
near-response approximation does not depend 
x>n Z , heavy Ions can be treated in this context 
: point particles with a velocity-dependent ef- 
•ctlve charge number Z tff (v)fiZ. 

The nonlocal aspects of the wake phenomenon 
>ake a self-consistent solution of the wave equa- 
<» of a trapped electron Intractable except by 
merical methods. For a first study of the 
iund states we make the A as of r u 0 (f)=Aexp(a£ s 
&>*) for the ground-state wave function of a 
ake-riding electron. Here a and 0 are varia- 
°nal parameters, and £ Is the s coordinate mea¬ 
led from the center of a given positively charged 
*entlal trough. With this Ana att all operations 
•ding to a variational lower bound £ 0 for the 


binding energy of the ground state can be carried 
out easily for the potential given in Eq. (2). The 
correlation effects between a trapped electron 
and the medium will tend to decrease the electron 
density near the trough and thus Increase the 
binding energy further, perhaps by a fraction 1/ 
Z. This applies also to a positive particle wake¬ 
riding In a negatively charged potential trough, 
between two positively charged troughs, because 
here correlation tends to enhance the electron 
density. We neglect variations of g{ f) and the 
damping factor exp(-y&r/2w,) over the extension 
of a given trough, but evaluate them at the cen¬ 
ter of each trough. Electron-trapping, positively 
charged troughs appear behind the projectile at 
the distances t m given by the condition w>t m /v 

= v(4 m + S)/2, where m =*0,1,2. Negatively 

charged troughs which, for example, may trap 
protons, appear when u p * m /v = w(im +1 )/2. In 
the following all energies and frequencies are ex¬ 
pressed In units of & = e’/2 a 0 = i a.u. =*13.6 eV and 
all lengths in units of a 0 = V/m#* = 1 a.u. ■ 0.529 
A. The energy designates the variational 
ground-state energy of an electron In the mth 
trough. 

Standard techniques lead to the result 

-Mm « 

if 16Zk' 1 exp(- ykz m /2ui p ) is much larger 
than unity. This condition on W m is well satis¬ 
fied in all cases we consider. AIbo Ini'* 0,5772 
Is Euler’s constant. 

Figure 2 displays the variation of the ground- 
state binding energy £ 0 (0) for an electron in the 
first potential trough (m= 0) behind hydrogen, 
oxygen, and sulfur Ions as a function of their ki¬ 
netic energy. The ions are assumed to move In 
a medium like aluminum metal for which Kid, 

= 15.4 eV and y/o>,*4,6x 10’ 1 . The curves la¬ 
beled O* 1 (bare) and S +l * (bare) were computed 
assuming that the Ions remain stripped during 
their passage through the medium. Such high- 
charge states may be selected In experiments 
with channeled ions, 4 where the low probability 
of small-impact-parameter collisions between a 
channeled ion and crystal ion cores makes elec¬ 
tron capture from the solid unlikely compared to 
the situation In random media. The curves la¬ 
beled and S + ** ff were computed assuming 
a velocity-dependent effective charge number of 
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na. 2. Ground-rtate binding energies On eV) of an 
electron in the flret (m m 0 ) trough of the polarisation 
potential created in a medium like aluminum by Iona of 
hydrogen, oxygen, and aulfur aa a function of their kine¬ 
tic energies. Hie aurvee labeled 0 4 *«H and S 4 ***! were 
calculated for effective ion charges as described 

in the text. 

the form Z tf ^v)=Z[ 1 - exp(c/£* /, o 0 )]. s 

Table I illustrates how the ground-state binding 
energy varies with the position of the trough along 
the wakes behind bare O 4 * and S 41 " ions at veloc¬ 
ity v »10u o in a medium like aluminum. The bind¬ 
ing energies of wake-riding states can range 
from tens to hundreds of eV in situations of ex¬ 
perimental Interest. More realistic estimates, 
taking Into account nonlinear effects In Z , should 
not change these values substantially and are ex¬ 
pected to display the same trends with Z, Z e n, 
ut p , and v as obtained here. 

Auger-type capture into these states should be 
efficient. Assuming that the binding energy of 
the states is dissipated through particle-hole pair 
production in the conduction band of the metal, 
one eBtimates, e.g,, a mean free path of ~ 300 A 
for capture into a wake-riding state behind a 2- 
MeV 0 4 ® ion in A1 metal. It may be possible to 
detect electron capture into these states by ob¬ 
serving the associated Auger electrons, or the 
soft x rays generated In the capture process. 

The related radiative capture of electrons Into 
Inner shells of stripped swift Ions In solids has 
been discovered recently."*" 

When an ion trailed by a wake-riding electron 
emerges from a metal into vacuum, the potential 
trough seen by the electron vanishes. Then in 
first approximation, we expect these electrons 
to appear outside the metal as a group of elec¬ 
trons with velocities centered about v, and with 
a spread determined by the momentum transform 


TABLE I. Variational ground-state binding energu, 
Jf/ - of slaotrcnj trapped by the mth potential trough t 
fits wakes at distances Z m behind SA-MeV prqtona, 4a 
MeV 0 4 ' tons and 80-MeV 8 4 “ Iona moving In a metaj 
like aluminum. 


A,<* 

3 - . (8V > 


m 


3X-MeV H 4 

40-MeV O 4 * 

80-MeV s’* 

0 

44.03 

4.08 

66.4 

126.8 

X 

102.74 

3.09 

43.4 

99.0 

2 

161.46 

2.33 

33.9 

77.8 

3 

220 J.6 

1.7E 

26.4 

61.0 


of the wake-riding-electron wave packet. Then 
electrons should contribute a component to the 
electron distribution associated with the emer¬ 
gence of positive ions from metals, which so far 
have been explained only In terms of capture In¬ 
to continuum states on the positive ions in vacuo ' 

We mention other possible consequences of 
wake-riding states in solids: 

(a) The amount of charge separation in solid- 
state detectors of ionizing radiation may be af¬ 
fected by the existence of Bpatlally coherent elec¬ 
tron states of moving particles. Such states 
would be expected not only to reduce particle- 
hole recombination in solid-state detectors, but 
also to diminish the recombination of electrons 
with geminate ions in insulators such as organic 
liquids. 

(b) Correlated capture and Iobb into wake-rid¬ 
ing states may determine the velocity dependence 
of the neutral-beam fraction in experiments with 
charged particles emerging from solid surfac¬ 
es. ,a 11 The binding energy of an electron trail¬ 
ing an energetic proton is ~10 eV~l Rytna typ¬ 
ical metaL Thus, the Interesting picture of a 
dynamically stabilized solid-state H atom emerg¬ 
es, in which the proton rides ahead, trailed by 
the wave packet of the electron at a distance 

- Zvv/2w,. An antlmorph of the entity which might 
exist by virtue of the wake phenomenon is the di¬ 
electron. Two electrons might experience strong 
spatial correlation due to density fluctuations. 
Energy lost by a dielectron In distant collisions 
should be altered relative to that by a single elec¬ 
tron; Its mean free path In condensed matter 
may be longer than that of either electron sepa¬ 
rately, enhancing the likelihood that it will pro¬ 
duce observable effects. 

(c) The experiments of Galllard, Polzat, and 
Remlllieux u on the transmission probability of 
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jpnelxl H,* Iona through gold folia a how that a 
pii(leant fraction emerges from the lolla aa 
jleculeo. H*H + pairs locked In spatial correla- 
g, may contribute significantly to this transmls- 
probability. It would be Interesting to ascer-r 
m the importance of wake-riding states of pro- 
(ia behind heavier Ions, for example, In trans- 
j88ion experiments with incident fast molecules 
ch as L1H, CH, OH, or hydrogen halides. 

Helpful conversations with B. R. Appleton and 
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conclusions appreciably aa long aa v»v t .. 
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Fluctuation Resistivity in One-Dimensional Metals 

H. Fukuyama,* T. M. Rice,t and C, M. Varma 
Bill Laboratories, Murray BUI, New Jersey 07974 
(Received 18 March 1974) 

The resistivity of one-dlmenelonal metals is calculated for two models la which im¬ 
purity scattering 1s the only mechanism for dissipating momentum. In the first model. 
Impurity scattering la added to the Frohltch Hamiltonian. In the fluctuation regime 
above an incommensurate Peierls transition It is found that the resistivity is enhanced. 
For a general two-body interaction Hamiltonian It is found that charge-density-wave 
fluctuations predominate over Cooper-pair fluctuations leading to enhanced resistivity. 


There has been much speculation recently that 
enhanced conductivity can be obtained from fluctu¬ 
ation contributions In one-dimensional metals. 1 '* 

A general feature of one-dimensional metals Is 
tlwlr Inherent Instability towards the formation 
a charge-density wave with a period of twice 
tke Fermi wave vector (2A r ). T '“ In this Letter 
** examine two models lor which Impurity scat- 
terlng is the only dlsBlpatlve mechanism for mo¬ 
mentum and find that the density fluctuations lead 
to an enhanced resistivity, not conductivity. One 


is the Peierls instability arising from the elec¬ 
tron-phonon coupling. The second problem Is 
that of a one-dimensional metal with a general 
two-body Hamiltonian. In this case even though 
attractive Interactions cause a divergence in the 
Cooper-pair response function, the scattering 
time is dominated by the divergence In the elec¬ 
tronic polarizability at 2fe r , and the fluctuation 
contribution leads to a divergence In the resistiv¬ 
ity. 

. We consider first the Peterls Instability with a 
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Hamiltonian of Ute form 



(1) 

B t ■ S»o* (*)*», oOk.ot 

(3) 

B^L'”* £ V*xp[«* -k')R 

**'aj 

(3) 

B t *L" / 'Zg[a„Ja K0 (b.,Ub')+H.c.] 

*04 



(4) 


The first term Is the kina tic energy of the elec¬ 
trons and a K „ r Is an electron creation operator. 
The third term is the Frohlich electron-phonon 
coupling term and bj Is a phonon creation opera¬ 
tor. We have Included In the Hamiltonian a term 
representing the impurity scattering with an Im¬ 
purity potential V. 

A calculation of the conductivity Is meaningful 
only in the presence of Impurity or umklapp pho¬ 
non scattering. Ohterwlse, as Pelerle has point¬ 
ed out,’ there Is perfect phonon drag and no re¬ 
laxation of the current. We will consider an In¬ 
commensurate model with the main relaxation 
arising from Impurity scattering. In a strongly 
commensurate case, such as a half-filled band, 
Patton and Sham 11 have shown that the fluctuation 
contributions enhance the resistivity. In discuss¬ 
ing the conductivity In one-dimensional metals 
It Is more convenient to use the momentum-re¬ 
laxation-rate formulation rather than the current- 
current response-function formulation. A con¬ 
venient formulation of the former has been given 
recently by Mori 1 * and by Gotse and WoIfle a and 
used by Luther and Peschel M In the context of 
Impurity scattering In the Tomonaga model. How¬ 
ever, It requires some care to apply this formu¬ 
la to the electron-phonon system where the above- 
mentioned phonon drag Is essential. First we 
note that within the Born approximation for Im¬ 
purity scattering the relaxation rate r* 1 of the to¬ 
tal momentum P, defined by 

can be expanded in powers of c as 

T "*: "'J-d; ‘ ZpY***-*'. «> 

where c Is the concentration of Impurities. Nfa, 
w) Is the density-density response function eval¬ 
uated for H 0 + H t , Eqs. (3) and (4). In the steady 
state (u>«0) under a weak static slectrlc field, 
which Is the usual circumstance of measuring 
conductivity, the relaxation time of the electronic 


current is the same as that of the total m omen t 
P, since within the Hamiltonian (1) phonons cat. 
not dlaalpate their momentum without the ecatt* 
lng of electrons. 

, The calculation of r* 1 reduces then to the cal. 
culatkm of ImAT(2A T , w). If we assume a finite 
value for the transition temperature T P , then it 
expansion of lmV(2* ,, u) In terms of e [■ (T - T t \ 
T P ] leads to a consideration of the diagram In 
Fig. 1(b) aB the leading correction to the loweg. 
order diagram In Fig. 1(a), where the wavy ling 
represents a fluctuation propagator of the form 
D' l <a, <■>)■ - <•>„*(€ + CiV4i*/T*+ CjpfyJ/T* - hktl 
8 T). Here 5 is the deviation from 2*„ v f is the 
Fermi velocity, and c> and c t are numerical cm- 
stants. We have used a more general form for 
D~ l than that of Ref. 11 In order to Include pos¬ 
sible phonon dispersion in the directions perpm. 
dlcular to the chains. If we denote the sone- 
boundary value of q L by q„ the condition to be 
met in the three-dimensional limit is cjofqJ/T' 
>€, and In this limit the leading correction to tbs 
rate is 




ff In*(E ,/T) \ 

1+ 32 W'W^WqJ/tV’ 


( 7 ! 


where T 0 ~ x °2cU x v r ~ l Is the normal momentum 
relaxation rate. In the opposite limit the behav¬ 
ior is one-dimensional and 




etfqryr) 

1 16c, >'•«*» 


)■ 


In these formulas E F Is the electronic energy cot 
off. In both cases an enhancement of the momen¬ 
tum relaxation rate Is obtained. In the one-dime 
slonal case, the expression Is only the leading 
order In an uncontrolled expansion, e.g., Fig. 
1(c) contributes a term ~ e' 9/1 to the expansion. 


^X^ ^---^ _ 

/ N 


(a) (b) 




- — x 


v. , , y 


(e) 


FIQ. 1. Leading flootustlon contributions to toe w 
mentum relaxation rate according to Eq. <B). 
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jle the coefficient of (" M in (8) 1* larger by 
i (actor ln*(* F /T) it la clear that there la no 
0 (ce of parameter* for which this expansion la 
overgent. Thia Implies that the critical region 
this problem is of the order of the transition 
aperature and nonlinear fluctuation effects are 
portant. However, the main consequence of 
, higher-order fluctuations is to renormalize 
, critical temperature to aero temperature, but 
,y are not expected to change the overall qual- 
tive behavior of N. It is noteworthy that the 
•m shown in Pig. 1(b) Is the high-temperature 
unterpart of the pinning term which was found* 
destroy Frohlich superconductivity In an er¬ 
red state. In such a state it is the collective- 
ide scattering with momentum transfer of 2k r 
the Impurity which is responsible for the pin- 
ig of the charge-density wave and destruction 
Frohlich superconductivity. In the fluctuation 
gime, this process lsads to an enhancement of 
> momentum relaxation rate and therefore of 
i resistivity. 

n passing from r' 1 to the resistivity p a factor 
m*/ne * enters, where n Is the electron density 
1 m* is an effective mass. The value of m* 
ty be obtained by examining the transport equa¬ 
rts In the phonon-drag regime in the absence 
impurities, or tbe expression for p' 1 obtained 
the ordered phase.* In both cases m* Is en- 
iced by a factor containing the number of pho- 
is at 2k e and this factor will give rise to an ad- 
lonal enhancement of the resistivity In the flue- 
itlon regime. 

us now consider a general two-body lnter- 
ion Hamiltonian of the form where 

B , 11 -Mp. S' 2 *, 

+ (9) 

All the k, are near + fe F . The coupling constants 
g, and g t represent scattering with momentum 
transfer near 2k r and 0, respectively. Again one 
can relate the momentum relaxation rate r" 1 to 
IhlV( 2A> f , u>) within the Born approximation. The 
response functions for a momentum transfer near 
**f have been calculated using the renormaliza- 
tton-group method by Sdlyom. 10 For an attractive 
Interaction at 2 k T (g t <0) the first-order renor- 
malizatlon method leads to a singularity at finite 
7 and the coupling scales to the strong-coupling 
’I®U. Second-order renormallzatlon-group meth¬ 
ods remove the singularity to zero temperature 
** must be the case for a one -dimensional sys¬ 


tem 1 * and Sdlyom 10 finds the result 

ReJf(2k r +g, «)~[max(»> F |q|, w, T)/E t ]' tf *. (10) 

Using the Kramers-Kronig relation one obtains 
corresponding results for 1mA/(2fe P + q, o>), and one 
obtains the result, using (10), that 

T‘ l ~T 0 ‘ l (T/Ef)'* /t . (11) 

Again the fluctuations enhance the momentum re¬ 
laxation rate and thus lead to an enhanced resis¬ 
tivity. In this system the Cooper-pair response 
function A is also diverging and the effect of this 
divergence can be traced as a high-order set of 
terms In the perturbation expansion for N, which 
are opposite In sign to the dominant terms arising 
from the Pelerls Instability. Formula (6) Is ap¬ 
plicable only in the weak-scattering limit (tT> 1). 
As the scattering rate grows thiB condition Is vi¬ 
olated and one must Include Impurity scattering 
to higher order, especially in the calculation of 
If Itself. 

The Hubbard model represents a special case 
of the Hamiltonian (9), in which g t m g t s g. Thus 
for g<0, resistive fluctuations are predicted. An 
interesting limiting case occurs If we set g,» 0. 
The model Is then the Tomonaga model. The 
form of N(2kf + q, u>) within the renormalization 
method is drastically changed and one finds 

A7(2h F +q,(i>)~[max(n F |q|, o>, T)/£ f )'V'*f. (12) 

Thus for attractive interactions (g t <0), AT—0 as 
T— 0. A similar result holds for the Imaginary 
part and one finds r' 1 ~ T D ' 1 (T/E f )~ , * n, f. Within 
this model the fluctuations enhance the conduc¬ 
tivity. These results are In agreement with the 
exact results of Luther and Peschel 1 * and of Mat¬ 
tie 1 * for the Tomonaga model. For the more gen¬ 
eral model with g,# 0, the behavior will be gov¬ 
erned by g l primarily and the conditions to ob¬ 
tain enhanced conductivity, l.e., N—0 rather than 
Af-«, areg^O, and 2g t -g l <0. In practice 
these conditions will be hard to realize since a 
study 11 of the combined electron-phonon and elec¬ 
tron-electron Hamiltonian shows a strengthening 
of the singularity in N( 2fc r , u>) and a diminishing 
of that In P(2k r ,w). 

In conclusion, we find that for most circum¬ 
stances, a one-dlmenslonal metal will have a 
divergence In tbe electronic polarizability near 
2kf which will lead to enhanced momentum scat¬ 
tering rate from Impurities In the fluctuation re¬ 
gime. However the overall behavior of the resis¬ 
tivity as the temperature Is decreased will be de¬ 
termined by tbe combined umklapp phonon scat- 
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taring rata and tba impurity scattering rata. The 
leading umklapp process will decrease exponen¬ 
tially with temperature and, depending on sample 
conditions, may be the dominant contribution. 

It is a pleasure to thank our colleagues E. I. 
Blount, B. I. Hal per In, and P. A. Lee (or illumi¬ 
nating discussions. 
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Diffraction, Refraction, and Interference Phenomena in Heavy-Ion Transfer Reactions 

W. A. Friedman, K. W. McVoy, and G. W. T. Shuy 

Department of Physics. University of Wisconsin, Madison, Wisconsin 53706 
(Received 20 May 1974) 

The forward-angle oscillations recently observed in heavy-loo transfer reactions are 
explained as the Young Interference pattern of a refractive two-sllt “optical system” in 
1 apace, and a new phenomenon la predicted. 


The forward-angle oscillations observed 1 ' 5 In 
heavy-ion transfer reactions undergo a character¬ 
istic modliication as the bombarding energy Is in¬ 
creased Into the range where the nuclear force 
significantly modifies the Coulomb trajectory. 

We offer here an analysis of distorted-wave Bom- 
approximation (DWBA) calculations which fit 
these oscillations, to show that their energy de¬ 
pendence can be understood in simple optical 
terms (diffraction, refraction, and interference), 
and to predict an interesting new feature of the 
oscillatory pattern which should appear at bom¬ 
barding energies somewhat higher than those em¬ 
ployed up to now. 

An example of these angular distributions is 
shown in Fig. 1, which displays LOLA 4 calcula¬ 
tions of the (one-step) reaction M Ca( i “0, 14 C) S0 Ti 
to the ground state. The familiar "grazing-angle 


peak’’ seen In the 40-MeV curve moves to more 
forward angles and becomes "Inundated" by Hie 
oscillatory pattern at 56 MeV. This is further 
accentuated in the 85-MeV distribution, which 
also exhibits the qualitatively new feature, a 
"modulation’’ of the envelope of the oscillations, 
giving them exceptionally large peak-to-valley 
ratios at 0, 35, and 70°, with small peak-to-val¬ 
ley ratios at 15 and 50°. 

Several interesting papers 1,5, *' T have recently 
provided partial explanations of certain of these 
features. Our purpose here Is to Indicate how 
these discussions can be unified, and extended to 
explain the amplitude modulation seen In the 85- 
MeV curve of Fig. 1. The oscillations, as point¬ 
ed out by C has man, Kahana, and Schneider, 1 
(CKS) are an Interference phenomenon, arising 
basically from the highly peripheral nature of 
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these transfer reactions. This “surface peaking” 
forces the trajectories which contribute substan¬ 
tially to the reaction to pass through two narrow 
",l windows," centered at l = on either side of 

the target nucleus. The narrowness of these win¬ 
dows (they have a full width A/ *4 to 6 in the cas¬ 
es studied here) causes the passing beams to fan 
out dlffractlvely into two “grazing-angle peaks” 
of full width A0 >2 /a l, which at low energy are 
separated by an angular distance 26„. This is 
the equivalent of a two-slit optical system with 
oppositely slanted prisms behind the slits to 


separate the two beams; the forward oscillations 
seen at 40 MeV in Fig. 1 are the Young interfer¬ 
ence pattern resulting from the overlap of the 
tails of the grazing-angle peaks centered at ± B v 
To see more clearly how this conies about, we 
consider first the simplest case of zero l transfer 
(the cone his ions, however, are general) and, for 
the semiclassical case 1 0 »1, employ the large- 
l approximation to P/cosfi) for 6 >1/1. The par¬ 
tial-wave decomposition of the transfer ampli¬ 
tude, /(0)=2}/U -1 0 )P j(cos0), then takes the 
form 


* /(fl)*(ivI o sinfl) 1/s -{expWl(f o +i) 0 -iw])£/(! -j o )exp[»'(l-l o )0] 

+ expl-i[(I 0 + *)0 - is])£/(! -1 0 )exp[-1(1 - f o )0]}, (1) 


in which each of the two sums represents a beam 
passing through one of the 1 windows. In order 
for them to Interfere destructively to produce 
deep minima, their amplitudes must be equal at 
the same 8. To see where this occurs, we define 
the single-slit amplitude 

g<e)»£/(i-io)e*p[-<tf-*o>e], (2) 



no. 1. DWBA calculations flog scale! for u Ca( 1 *0, 
u C) n T 1, with the parameters of Ref. 2. The optical po¬ 
tential has a transparent surface, R r — Rf -0.5 fan. 


which is the Fourier transform of /(1-1 0 ). The 
single-slit pattern (or grazing-angle peak) has 
the shape Ig(0)l*/sln0, and Fig. 2 displays lg(0)l* 
and lg(- 0)1* for the three cases of Fig. 1. It 
shows the merging of the two peaks with Increas¬ 
ing energy, and in addition makes clear the way 
in which the amplitude modulations of Fig. 1 
arise from die curve crossings of the two peaks 
of Fig. 2. These modulations are due entirely to 



FIG. 2. Slngls-slit diffraction-refraction patterns 
from the DWBA calculations of Fig. 1. The rtfractlre 
two-slit system Is suggested at the bottom of the figure. 


SOS 
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(a) the asymmetriem and (b) the minima ■town by 
the single-ell t peaks. We turn next to a consider¬ 
ation of their origin. 

Writing f(l-l 0 ) -p(f-./ 0 )exp(2«(/-I,)], we 
can associate p(l-l 0 ), the “shape” of the l win¬ 
dow, with the diffractive spreading of the beam, 
and 6(1 - l g ) with its refractive focusing and de¬ 
flection, as though lenses were placed behind the 
windows to produce different 'Optical paths" for 
different impact parameters. As an example, 

CKS assume a phase linear in l, 6(l-l 0 )*(l 
-l„)8 0 , which will clearly just shift the Fourier 
transform of p(l -1 „) by the angle 6 0 : A linear 
phase implies prismatic refraction. 

In order to study the refractive and diffractive 
effects of 0(1 - /„) and p(l -1 0 ), we must examine 
the single-slit patterns g(6) which arc the Fourier 
transforms of the reaction amplitudes f(l-l 0 ). 
Insight into their properties may be obtained by 
converting the l sum to an integral and evaluating 
the latter by the method of stationary phase, a 
technique fruitfully exploited for elastic scatter¬ 
ing by Ford and Wheeler. For this purpose It 
is convenient to consider f(l~l 0 ) in the form 
exp[<A(f-/„)], where A(f-f 0 ) = 26(/-i 0 ) + i lnp(f 
With lnp(l -i n ) = 0, one can carry out the 
conventional stationary-phase treatment of re¬ 
fraction, and determine the trajectories for 
which l and the "classical" reaction angle 6 are 
related by 2d6(l~l 0 )/dl= 6(1). At the other ex¬ 
treme, i.e., for 6(l-l o ) = 0, the stationary-phase 
evaluation leads to the familiar diffraction re¬ 
sults. For example, a A(/ -/„) of i(l -Iff/r* 
provides g(6) ~exp[-(r*0*)/4] which comes from 
a "stationary phase" associated with a complex 
I, f = f 0 + ijr 3 8. Clearly a stationary-phase treat¬ 
ment of a fully complex A, Is capable of treating 
simultaneously both refractive and diffractive ef¬ 
fects. 

In Fig. 3 we have plotted p(l - f 0 ), and 26(1 ~l 0 ) 
obtained from the 85-MeV ixjla calculation. We 
have also plotted 8*1dO(l ~l 0 )/dl, which Is seen 
to have a minimum as a function of l. Such a 
minimum is analogous to the minimum scattering 
angle conventionally referred to as a "rainbow" 
angle 8 K , In semiclassical terms. This type of 
refractive dip was seen at each of nine energies 
ranging from 40 to 120 MeV, and In each case 
was positioned with striking accuracy at the cen¬ 
ter of the l window, l a . For an optical potential 
whose imaginary part is of shorter range than its 
real part, this seems to have a simple explana¬ 
tion In the Sopkovich model,* in which 2 6(1 - 1 „) is 
the sum of the channel phases. The channel Cou- 



FIG. 3. Top and oenter: magnitude, phase, and 
phase derivative for the 85-MeV DWBA amplitudes. 
Lower figures are explained in text. 


lomb phases together give 2dajdl »2tan' 1 ij B /f 0 
9 6 cob i which provides the monotonic background 
from which the dip "hangs." The dip, however, 
is determined by the behavior of the nuclear 
phase shift 6*. For large l, 6* is zero; ap¬ 
proaching the window from above, 6," begins to 
rise as the nuclear force pulls the flux forward 
from 6 CouJ , but with the onset of absorption the 
rise is stalled and a point of inflection is intro¬ 
duced at which tPtf/dl 1 - 0. Note, this inflection 
point (and consequently the minimum 8) comes at 
the onset of the absorptive effects and thus al¬ 
ways occurs at approximately l 0 , or the center 
of the window. The value of 8 X , on the other 
hand, is determined by both Coulomb and nuclear 
forces, the Columb force giving the background, 
and the nuclear force determining the extent of 
the dip. This dip, at the center of the 1 window, 
guarantees both asymmetry and broadening in the 
single-slit patterns 

To obtain qualitative features arising from the 
Interplay of refractive and diffractive effects we 
have used stationary-phase techniques to examine 
g(b). A model which can reproduce the general 
features of the one-slit patterns of Fig. 2 Is f(l 
-f 0 )«exp[-(I-I ? )*/r*Jexp[2f«<I-I 0 )J, with 6(1 
W-W*; this approximates 
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the “nuclear-rainbow" dip In 0 ( 1 ) by a parabola. 

It la convenient to define a "refraction parameter” 
j», aa that area of the dip which is contained with¬ 
in the I window. For the present model *=» f/3r’. 
In nuclear terms, it la a measure of the amount 
by which the deflection angle deviates from 60 , 4 , 
for trajectories which pass through the l window. 

The resulting ig(0)l’, which le very similar to 
those of Fig. 2, Is best understood by noting that 
the curves In Fig. 2 bear a striking resenblance 
to the Airy function which describes a classical 
rainbow. The right-hand (solid) curves are 
oriented with the bright side of the rainbow (steep¬ 
er falloff from the principal maximum) toward 
larger angles and the dark side (gentler fail off 
from the principal maximum) toward smaller an¬ 
gles. The minimum, on the bright side (at 80° at 
56 MeV and at 90° at 85 MeV), is to be associated 
with the first rainbow zero; the rainbow angle 0 A 
is on the opposite side of the main peak (at - 5° 
in the 85-MeV case, as Fig. 3 indicates). 

The g{8) for the present model has two simple 
limits for large and small *. For 4-0, lg(0)l’ 
-exp[- ir *(6 - 0 R V], the symmetric CKS peak, 
centered at 6= 8 X . However, if 4 = J0r s is in¬ 
creased by opening the window, the asymmetric 
refraction due to 0 is introduced. This shifts 
the peak at 0 „ away from 8 R toward the bright 
(right-hand) side of the rainbow and simultaneous¬ 
ly brings a zero down toward the peak from 
above, producing the asymmetric principal peak 
of the Airy function. Note that this is exactly the 
type of change observed in the curves of Fig. 2 
as the energy rises above the Coulomb barrier 
and the nuclear influence on the trajectory, mea¬ 
sured by 0, causes an Increase in 4. This inter¬ 
pretation is reinforced by the lower left-hand in¬ 
set in Fig. 3, which shows the two differences, 

8 m - 0 S , and 0 Cool - 0 „, as a function of labora¬ 
tory energy E h . 

In summary, it is our conclusion that the mini¬ 
mum seen in the 56a and 85-MeV curves is pri¬ 
marily a refractive or rainbow-type minimum, 
due principally to the nuclear-force influence on 
6 (I rather than a diffraction zero arising 

from p(f-/ 0 ). In fact, the Fourier transform of 
the LOLA p(l - 1 0 ) alone is found to exhibit no 
minima at any of these energies.’ Thus the am¬ 
plitude modulation of Fig. 1, which is in part a 
consequence of this minimum, appears to be ex¬ 
tremely sensitive to the tail of the optical poten¬ 
tial, and may prove to be a means for determin¬ 
ing Oils tail with great accuracy. In this regard, 


the lower right-hand inset in Fig. 3 shows that 
I„ m kR with A»8.7 fm; for comparison, A T »8.3 
fm and R v = 7.8 fm. 

Ascuitto and Glendenning 5 have noted that de¬ 
creasing R w by 3% can increase the 0»O cross 
section by a factor of 10. Careful Inspection of 
their curve suggests that this Is also best under¬ 
stood as a similar asymmetric-refraction effect: 
Decreasing R w increases 4 by opening the l win¬ 
dow and increasing 8 R - 0 Coul , This tips the 
I g( 0 ) 1 ’ so as to increase the cross section at an¬ 
gles below the grazing-angle peak, and decreases 
it at angles above the peak. An even more Inter¬ 
esting phase effect can be seen by comparing one- 
and two-nucleon transfers. The smaller binding 
energy and mass transfer of the former increas¬ 
es its form-factor range by 2 relative to that for 
the two-micleon transfer, thus opening the right- 
hand side of the I window substantially. ThiB ex¬ 
poses much more of the slowly-varying Coulomb 
phase for l >l 0 and so builds up a large grazing- 
angle peak at 8= e Coul which is missing from the 
two-nucleon cross Bection. This is illustrated 
clearly in the 1 Y) + **Ni data of Ref. 3, and blight 
even suffice to distinguish sequential transfer of 
two nucleons from a one-step process. 

We are very grateful to W. Henning, D. G. 

Kovar, B. Zeidman, and J. R. Erskine of the 
Argonne National Laboratory for making their 
data available prior to publication and providing 
the LOLA calculations analyzed here . 10 
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Search for a A-A Component in the Deuteron Wave Function Using pd 
Interactions at 5.55 GeV/c 

H. Braun, D. Brick, A. Fridman, J.-P, Gerber, P. Julllot, G. Maurer, 

A. Michalon, M.-E. Michalon-Mentser, R. Strut, and C. Voltollnt 
Group* dee Chambns d Bulbs & Bydrcghu, Ceatre dt Rtpktrckta Nucliaires , Strasbourg. Franc* 

(Received 4 April 1974) 

Prom a bubble-chamber experiment, we etadled the fd- r p,Jpr', p,Jpr~**, p,«pV 
reaction* at 6.66 GeV/c In older to aee whether a A-A component of the deuteron wave 
function can be observed In our data. Thla was achieved by s earching for spectator A 
-*/>,*■ systems. We observed significant production of A—p,r, a fraction of which la 
emitted la the backward laboratory hemisphere. The meaning of thla high A ~~p M t pro¬ 
duction rate la discuaeed. 


Recently the possibility that virtual A's may be 
present in the nucleus has been considered. 1 ■* 

It has been suggested that a way to test such a 
picture is to study Inelastic reactions on the deu¬ 
teron.*' 4 Because of Isospln conservation, the 
deuteron can transform into only two A’s. Then 
following the Impulse approximation, a fraction 
of the Interactions Induced by fast beam parti¬ 
cles may occur on a virtual A, the other appear¬ 
ing as a A spectator (A,), in this approach the 
observation of A, In Inelastic channels may give 
some information about the A-A component of the 
deuteron wave function. Furthermore the pres¬ 
ence of A in the deuteron may also offer a way to 
study interactions on virtual A targets. 

The percentage of the A-A component In the 
deuteron wave function has been estimated from 
theoretical calculations to be a few percent. 1 ' 1 
Although this percentage is small, we attempted 
to see If A, appear among the outgoing particles 
In pd Interactions at 5.55 GeV/c by collecting 
data from the following channels 

pd—p.pp*' (1348 events), (1) 

- p,pp v‘v° (651 events), (2) 

~p,H(n~v' (221 events). (3) 

The present data which have already been par¬ 
tially studied' were obtained from a bubble cham¬ 
ber experiment. All the considered events con¬ 
tain an outgoing proton (#>,) stopping in the cham¬ 
ber. One has thus a sample In which the p t pre¬ 
sents roughly the behavior of a spectator proton. 


In order to search for A. in the final state, we 
will consider the various outgo lugsystems, 
and discuss later the biases Introduced by taking 
only events having a proton stopping in the cham¬ 
ber. To decrease complications due to resonance 
reflection, we studied p,i systems In which the t 
does not contribute to resonance production with 
the remaining outgoing particles. In Reaction (1) 
we thus excluded th epd~pfi"p eubeample ob¬ 
taining 1348 events. For channel (2) we consider 
all of the p.a° systems since the jt° contribute in 
a negligible amount to resonance production. 
Within the present statistics this Is likewise true 
for the v~ In channel (3), allowing us to consider 
the two p,s* combinations. 

Using the p,n systems thus selected, we pre¬ 
sent in Jig. 1(a) the scatter plot of co«0 versus 
the p,’B effective mass (M #j „). Here 0 is the lab¬ 
oratory emission angle of the p, * system de¬ 
fined with respect to the Incoming beam direc¬ 
tion. One sees from this plot that the events hav¬ 
ing their M> f , In the A band (1.15 < 1.32 

GeV/c*) are distributed over all the cobO range. 

A similar structure observed* In the reaction 
v*d-'p,pi*v‘v° at 15 GeV/c* was accounted for 
by the existence of virtual A in the deuteron since 
the p,l* systems in the A band seem to be emit¬ 
ted isotropically in the laboratory system as pre¬ 
dicted by the impulse-approximation approach.* 
Even In this model such a picture is oversimpli¬ 
fied because one neglects, among other things, 
the following effects: the cross-section variation 
of the studied process for the c.m. energy spread 
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FK3.1. (a) The cosO scatter plot; the same 
plot for Monte Carlo events. 


introduced by the Fermi motion of the A target, 
the variation of the Invariant flux factor due to 
different beam-target momentum configurations, 
and the Influence of the bias introduced by taking 
only events having an outgoing proton stopping in 
the bubble chamber. ^Nevertheless the observa¬ 
tion of A ~p,it emitted in the backward hemi¬ 
sphere (cos0<O) may support the idea that this 
A is a spectator system. This is because from 
klnemattcal considerations the A produced by the 
interaction of the beam particle with the deuteron 
or with their bound nucleons cannot be emitted in 
the cos0<O region. Our data [Fig. 1(a)] show 
that we have a rather important number of p, » 
systems in the A mass band which are emitted in 
the cos0<O range. 

For comparison, we present in Fig. 1(b) a 
scatter plot obtained from phase-space events. 
These events were generated by a Monte Carlo 




EFFECTIVE MASSES IN G*//c* 

FIO. 2. (a) The distribution. The solid curve 
represents die fitted data while the dashed line is die 
peripheral phase space, (b) The (c hannels (1) 

and (3)} and V^ >t i [channel (2)] effective mass diatrl- 
butlon. The shaded area la obtained by excluding die 
events In the A— p t t band and emitted In die coa# >0.76 
region. 


method in the same amount as that given by our 
various channels. For the simulation of channel 
(1), we excluded the events having an Mf w . mass 
value In the £*' mass band. The calculation was 
made by assuming that p. is a spectator proton 
described by the Hulthdn wave function. The con¬ 
centration Of the events in the A band is more 
important for die experimental data than for the 
phase-space events, as can also be seen from die 
M u , distribution [Fig. 2(a)]. We fitted this dis¬ 
tribution using an incoherent mixture of a Breit- 
Wigner function due to the A— p,t resonance and 
peripheral phase space obtained by a Monte Car¬ 
lo calculation similar to that described above. 
This time each generated event was weighted 
by a factor a exp(6 1 l t )exp(fc,< 1 ) for describing the 
peripheral nature of the studied reactions. Here 
t x (<,) is die four-momentum transfer between the 
incident p (bound n) and the outgoing N (Ar) par¬ 
ticle. The slopes 6, and b t were adjusted simul¬ 
taneously for each channel in such a way that die 
Integrated /, and t, distributions agree with the 
experimental data (see Table I). As a result of 


TABLE I. Slopes used for calculating the peripheral 
phase space. 





Final state 

E(QsV/c)'*l 

l(QeV/c)**J 


4.4 ±0.4 

4.0 ±0.4 


1.7 ±0.1 

2 .2*0.* 

P,*P*'*' 

1.7 ±0.2 

1.1 ±0.1 
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this Itt we obtain 401 ±83 events that contribute 
to the A-/>,» peak. One notices from Fig. 3(a) 
that the peripheral phase space does not describe 
the experimental distribution in the W >|f % 2.3 
GeV/c* region because of the influence of the 
resonance reflections. Indeed our data show that 
high-mass ps m resonances (weakly present here) 
are populating the At (j , > 2.3 GeV/c* region. Let 
us also note that we attempted unsuccessfully to 
use a nonperipheral phase space to fit our data. 

The percentage of A lost because of our event 
selection has been estimated by generating pd 
—A ftN, A ffNv events with a Monte Carlo method 
and assuming that the A’s decay isotropically in 
their rest frame. The generation was done ac¬ 
cording to our experimental A momentum dis¬ 
tribution, the shape of which is not strongly af¬ 
fected by our bias as shown by our calculation. 

We obtain a loss of about 7%. 

The Important observed A— p,v production rate 
partly arises from the so-called d* phenomenon 
studied in earlier papers.'- 7 We showed in par¬ 
ticular that an important part (~20%) of the events 
fitting the reaction pd~p,pHv* it' result from pd 
— pv'd *, where the d* enhancement at 2.18 GeV/c 1 
transforms into a p/iv* system. In this case 
most (~90%) of the/>,ir + and nv* effective masses 
are in the A mass bands as can be seen from a 
p/n* Dalitz plot calculated for the d* mass. 7 
For the channels considered here, a similar d* 
enhancement can appear, with d*—pp?~ [channels 
(1) and (3)J or d*~ppv° [channel (3)j. The Ciebsch- 
Gordan coefficients predict a branching ratio of 
(d*~ p/>v®, ppv‘)/{d*~pni*)= f. Figure 2(b) dis¬ 
plays the distribution of th ep,pit effective mass 
in which a prominent enhancement can be 


seen at 2.18 GeV/c*. in order to remove the d* 
events without eliminating the numerous events 
which are in thelty, **2,18 GeV/e* region, we 
apply a cut on cos®. Indeed the study of the d* 
enhancement in the reaction pd~p,pnt* i" has 
shown that practically all of the p,t* systems 
coming from the d* ~pni* enhancement are emit 
ted in the cosfl>0.75 range. Excluding from our 
sample the events which have their p,t system in 
the A mass band and which are emitted in the 
cos® > 0.75 range, we obtain the shaded hlstogran 
shown in Fig. 2(b). The d* bump practically dis¬ 
appears. 

Therefore to avoid a misinterpretation of our 
data we first consider the effective-mass dis¬ 
tribution of theppr system having Its cos® <0.75. 
This M, m , distribution [Fig. 3(a)] was fitted with 
a Breit-Wlgner function and peripheral phase 
space deformed according to our selection cri¬ 
teria. The presence of a high number of A— p,v 
resonances (255 ±40) clearly Indicates that our 
data cannot be explained completely in terms of 
interactions having a real spectator proton in the 
final state. For estimating the number of A 
-/>«* emitted in the backward hemisphere, it 
is difficult to fit the distribution in the 
-1 < cos® < 0 interval since the A(123B) Breit- 
Wigner function has a behavior very similar to 
the peripheral phase space in this region. There¬ 
fore we consider the W, t , distribution in the 
0 < cos® < 0.75 range from which 73 ±35 events 
contribute to the A -p,v peak. This allows us to 
estimate by substraction that 182± 53 A— p,v are 
emitted in the cos® < 0 region. 

Figure 3(b) presents the cos® distribution tor 
events in the A mass band. In this band the A 



FIG. 3. (a) The p t r mas* distribution with the full ourve representing the fitted distribution and the dsshed line 
the peripheral phase space, (b) The oos® for the p 9 v system with the curve representing the peripheral phase 
apace normalized In-1 <cos®<0.75. (c) The laboratory momentum distribution of the p,* systerna. The toll 
ourve Is the calculation from Ref. 4 deformed by our selection criteria. The dashed ourve Is peripheral phase 
epeoe. 
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3 Y«r background ratio la about 40%. The curve 
In Fig. 3(b) represents the peripheral phase 
hpace prediction normalised to the data in the 
joefl < 0.75 range where the d* production Is neg¬ 
ligible. The experimental distribution presents 
an isotropic component which cannot be account¬ 
ed for by only the phase space prediction. For 
the events in the A —p,n mass band and with coaO 
<0.75 we compare the experimental momentum 
distribution of the p,t system [Fig. 3(c)] with the 
peripheral phase space (dashed curve) and the 
distribution (full curve) deduced from the A-A 
component of the deuteron wave function calcu¬ 
lated In Ref. 4. To this end we calculated the 
modifications Introduced in the theoretical distri¬ 
bution because of our event selection. This was 
achieved by a Monte Carlo calculation assuming 
still an isotropic decay of the A t . In contrast to 
die peripheral phase-space prediction [see Fig. 
3(c)], the distribution obtained is not able to de¬ 
scribe our data. The same calculation also 
showed that the expected Isotropic distribution 
of the A, In the laboratory system is not affected 
by selecting events with a stopping proton. 

To summarize, we showed that an important 
fraction of the studied events have A— p,v reso¬ 
nances in the final state. Even if we remove the 
d* —p,pa events present in our sample we still 
have about 255 * 40 A —p,v events, 182 ±53 of 
which are emitted in the backward hemisphere. 
The A —/>,* production rate is even higher if one 
takes Into account the losses (~7%) due to our 
event selection. 

In contrast to the laboratory momentum distri¬ 
bution of the A— p,n events, the laboratory angu¬ 
lar distribution of these resonances Is not well 
described by peripheral phase space since there 
is an excess of A -p,r events in the cos6 <0 re¬ 


gion. This last fact as well as the strong A 
-/>,» production rate may support the Idea of 
events produced with spectator A in the final 
state. If one assumes that all the A— p t i are 
spectator systems and that thepn and fA inter¬ 
actions leading to the observed final states have 
equal cross sections, one obtains that the A-A 
component of the deuteron wave function is about 
This high percentage when compared with 
theoretical calculations may suggest that other 
mechanisms contribute to the A— p,i production. 
In particular one can also worry about the validity 
of the impulse approximation for systems having 
a large binding energy as for the A-A case. In 
any case the high A -/>,» production rate clearly 
establishes that an important part of our events 
cannot be considered as being produced with real 
spectator nucleons. Further theoretical and ex¬ 
perimental investigations will certainly be nec¬ 
essary in order to relate more closely the A ob¬ 
served In the final state with the possible exis¬ 
tence of the A-A component of the deuteron wave 
function. 
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International Conference cm Nuclear Physics, Munich, 
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Measurement of Pion Photoproduction at Threshold on 6 Lif 

J. Deutsch, D. Pavart, * R. Prieels, and B. Van Ostaeyen* 
hutttnt dt Physique CorfM.iculair*, Dmhmrtiti Catholiqut da Louvain, B-1348 Lottvabt-U-Nawe, Balgbtm 

and 

G. Audit, N. de Botton, J.-L. Future, Cl. Scbuhl, G. Tamas, and C. Tzara 
Centra ? Etude* Nucliaina da So day, 91190 Gtf-eur-Yvatta, Branca 
(Received 21 May 1974) 

As a test of soft-plon theorems In nuclei, we measured near threshold the ratio of pos¬ 
itive-plan photoproduction cross sections on ! U and on protons. If die total cross sec¬ 
tion of the reaction-y+p — n* *n la expressed as our result for the reaction y 

+ ‘Ll~»r* + ‘He g> ,. Is 

c u = (0.073 ± 0.002H» S5 g|^p T . 

where q Is the plon and k the photon c jn. momenta expressed in units of MeV/c. This 


result is considerably lower than the existing 

Soft-plon theorems seem to apply remarkably 
well to elementary particles 1 '*; their validity for 
nuclei calls for more experimental testa. A pos¬ 
sible one is offered by the comparison of radia¬ 
tive plon capture with muon capture and beta de¬ 
cay.*** However, it is only for the pion s-wave 
amplitude that the theory is directly applicable 
and we cannot extract this contribution from the 
existing radiative-capture experiments in a mod¬ 
el-independent way. 

In order to avoid the contribution of l a 0 waves 
which plague radiative plon capture even In the 
lightest nuclei, ’ one may turn to the Inverse pro¬ 
cess, i.e., photoproduction of pions sufficiently 
near threshold to make any la 0 contribution neg¬ 
ligible.* We report here a first experiment of 
this type. 

The two main problems of the experiment are 
the normalization and the detection of low-energy 
pions (i 2 MeV). The difficulties of normaliza¬ 
tion (and of detection-efficiency determination) 
were overcome by performing a relative mea¬ 
surement: The photoproduction yield on *Li was 
compared with that on hydrogen 10 at a correspond¬ 
ing excess energy above threshold. The photopro- 
duced pions of interest, having submillimetric 
range, were stopped In the target and detected 
through their well-known decay chain plon - muon 
-positron, Ue., by the observation of high-ener¬ 
gy positrons whose time distribution showed the 
characteristic muon lifetime. The time struc¬ 
ture of the beam allowed us to observe the posi¬ 
trons between the beam bursts, i.e., when the 
noise level was grsatly reduced. We shall dls- 
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theoretical predictions. 

cuss now some of the Balient features of the ex¬ 
periment. 

The y-ray beam was derived from a 0.01-r»d la- 
tlon-length Au converter hit by the electrons of 
the Saclay linear accelerator. The energy of the 
electrons was changed in steps of about 300 keV 
in the energy range of Interest (around 150 MeV); 
the momentum resolution was 10"*. The repeti¬ 
tion rate of the pulBes was 2 kHz and their width 
was about 3 psec. Collimators restricted the 
photon beam to 3.3 mrad around 0°, resulting in 
a spot of 8 cm diameter at the target location. 

The main target was a LI cylinder of 10 cm 
diameter and 10 cm length, enriched to 94.8% in 
•Li and hermetically sealed In a thin-walled con¬ 
tainer, coaxially placed In the beam. The target 
could be remotely interchanged with a “hydrogen” 
one of exactly the same dimensions. This hist 
target consisted of chemically pure polyethylene 
(CH,), in granular form, with a density p=0.321 
g/cm 3 . This density was chosen by computation 
so as to equalize the escape probability at the 
muon positrons from this target and from the Li 
one (p = 0.457 g/cm 3 ). Since the photoproductton 
threshold on carbon Is about 3 MeV above the pro¬ 
ton threshold, the carbon content of the target 
did not contribute to the pion production. 

The detector system consisted of two Lucite 
Cherenkov counters 4.5 cm and 4.0 cm thick ob¬ 
served in coincidence; the entrance face of the 
first was placed 9.5 cm off the beam axis and 
parallel to it. A 2-mm Cu sheet inserted be¬ 
tween the two detectors and a suitable pulse- 
height selection excluded coincidences between 
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the detector* due to “B activity Induced by (n, p) 
reaction on the carbon content of the detector. 
y The meaaurement ltaelf consisted of (1) the de- 
termlnatlon of the number of muon-decay posi¬ 
trons originating from the plons photoproduced 
at different values of the beam energy for both 
targets, and (2) the measurement of the corre¬ 
sponding y-beam intensity. The total number of 
positrons was deduced from their time distribu¬ 
tion given by a tlme-to-amplitude converter 
started by a synchronization pulse and stopped by 
the detector signal. The synchronization pulse 
derived from the accelerator control arrived 2 
Msec after the end of the burst. The observation 
of the positrons lasted for 6 nsec. A careful 
check showed that no primary beam was present 
any more during this interval. Before fitting the 
time distribution of the positrons with an expo¬ 
nential having a decay constant characteristic of 
the muon lifetime, we subtracted from It both the 
accidental coincidences measured simultaneously 
and the background as measured between 12 and 
36 Msec after the synchronization signal. At the 
lowest energy above threshold In 8 Li the acciden¬ 
tal coincidences amounted to at most 15% of the 
real ones and the background-to-signal ratio, at 
the beginning of the observation interval, was 
less than 10%. As these ratios were found to be 
about Inversely proportional to the photoproduc¬ 
tion yield, they were negligible for most of our 
data points. Let us note also that the off-beam 
character of the measurement and the muon-llfe- 
tlme signature excluded from the signal any tar¬ 
get-associated electrons. 

The photon-beam Intensity was measured by a 
Wilson-type cpiantameter. 11 In order to get a nor¬ 
malization free of the effect of the fluctuating 
time structure of each beam burst, we Integrated 


the quantameter output, according to the “leaky- 
capacltor" method, 11 with a Hm* constant charac¬ 
teristic of the muon lifetime. The resulting puls¬ 
es were sampled at the instant of the synchroniza¬ 
tion signal. These sampling* were digitized end 
accumulated In a scaler. 

The results of the measurement, corrected for 
the relative amount of ®Li and proton in our tar¬ 
gets, are reported in Table I aa a function of the 
energy of the primary electron beam. For our 
purposes only the accurate knowledge of the ener¬ 
gy increments was required. These increments 
were known to better than 10 keV. The indicated 
absolute energy scale Is deduced from our proton 
data. 

The yield measured at the primary electron 
beam energy £, Is proportional to the Integral 

B(E,Bjo(E-EJdE, 

where £ 0 is the photon energy corresponding to 
the photoproduction threshold, B(fi, £,) Is the dif¬ 
ferential bremsstrahlung, and o<£ - E a ) is the to¬ 
tal photoproduction cross section. If we wish to 
proceed further, we have to make assumptions 
about the functions B{E, £.) and o(£ - £„). 

For £(£, Ej we took the form given by Jabbur 
and Pratt. u As, however, their derivation Is not 
valid near the end point, we used at this point the 
accurate value 14 and interpolated In the last 300- 
keV region between the prescriptions of the two 
references. One should also note that these ex¬ 
pressions assume Integration of the photons over 
all angleB. We shall comment later on the Impli¬ 
cations of these approximations. We took Into ac¬ 
count also the 10' 9 momentum spread of the pri¬ 
mary beam and the effect of the finite converter 
thickness. 

For the proton, the analytical form of oJiE -EJ 


TAfILE I. Photoproduction yield as a function of the energy of the elec¬ 
tron beam. 


Target 

Electron-beam energy 
(MeV) 

Photoproduction yield 
(arbitrary unite) 

‘Li 

145.66 

1.38 ± 

0.52 


145.93 

8.4 

± 

1.1 


146.33 

26.0 

± 

1.6 


146.83 

76.3 

± 

2.5 


147.33 

140.1 

± 

3.3 

CH, 

151 £0 

215.6 

± 

4.8 


152.30 

661.4 

± 

9.2 


152.70 

1335 

±17 


154.35 

6175 

±49 
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FIG. 1. (a) Coefficient a, of the photoproduction on 
proton on a function of the lab photon energy above 
threshold. The line lndicatea the best-fit value op. 

(b) Coefficient a u of the photoproduction on 8 LI normal¬ 
ized to the average Op aa a function at the lab photon 
energy above threshold. The position of the continuum 
and the 2’ level In 'He are also shown. 


• ajifk, where q and k are the c.m. momenta a 
the plan and the y ray, is well established both 
experimentally* 0 and theoretically. 1 For the lit 
him, the repulsive electrical field between the ; 
and the *He depresses the cross section. It has 
been shown* that even for an extended charge an 
In the presence of a strong potential its expres¬ 
sion near threshold follows the same analytical 
form as for the point charge: 

b=> 2vaZmc “ 12,5 MeV/c, 

where a = 1/137, Z » 2 (He), and m is the reducei 
mass of the final state. The energy dependence 
of the cross section, computed numerically in 
Ref. 9, is Indeed In excellent agreement with that 
expression which we have used in our data analy¬ 
sis. 

In Fig. 1(a) we show the fit to the proton data 
obtained with the expressions B(E,B) and o p dis¬ 
cussed above, figure 1(b) Bhows the value a tl /a 
that we obtain from our Li data, where the mean 
value a t of all the proton data is used to normal¬ 
ize the *L1 result obtained at each energy. Com¬ 
bining all the *Li results we get a u /a t = tf.2R 
±0.14) x 10"*. In this result are included all the 
points up to 1.9 MeV above threshold. At this en¬ 
ergy, only 100 keV above the threshold of the 2* 
state, the contribution of that state must still be 
negligible. As for the excitation of the continu¬ 
um, we believe it to be negligible too because of 





FIG. 2. Total photoproduction cross section tor *Li+y — , He #J> + v* found in tills experiment compared to the 
theoretical prediction, Ref. 9. The errors Include the Inaccuracy of Op, Ret. 10. .The d as hed curve Is our best fltt 
It la 0.64 times the value from Ref. 9. 
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■M-iptcs argument*. Nevertheless, If one 
tehee to avoid these aasumptions one may use 
it ft ret three data point* only, which lie under 
ie threshold of the continuum. These points 
ould yield the result <>i.i/<*>~«L76*0.37) xlO' 1 . 
Before comparing these results to the theoreti¬ 
cal predictions, we should comment on possible 
errors of a nonstatistical nature. The only one 
which turned out to be nonnegliglble was the pos¬ 
sible error Introduced by our assumptions on 
B[E, We considered deviations from the as¬ 
sumed shape of B(S,E} which still yielded a sat¬ 
isfactory fit to our proton data. For all these 
ihapes the result a Ll /a t stayed within * 1% of its 
nost probable value. 

Our final result is a LI /a # = (7.3±0.2) xlO’*, 
vhere the error Includes both the statistical and 
he estimated systematic error. Using the mea- 
mred photoproduction coefficient a, = 193.5 ±8.7 
ub, 10 we obtain the experimental cross section 
j L1 (Fig. 2) which we compare now to the theoret- 
cal predictions. 

The two predictions actually available 0,10 were 
:omputed in impulse approximation but with wave 
unctions tailored so as to match all the observ- 
tbles of the states Involved. The first one 0 is 
ihown in Fig. 2. The second one, obtained with 
i more complete Hamiltonian and a more rell- 
ible pion wave function, yields a preliminary 
ralue of a u /a# = 0.123. One notes that our result 
s only about half of the Impulse-approximation 
iredlctlons. u 

The high skill of the Accdldrateur Lindalre de 
belay operation group under Dr. F. Netter was 
nstrumental to the success of this experiment 
rhlch required very unconventional beam condi- 
lons. The technical contribution of A. Bloch and 
Lopata as well as the help of J. Martin are 
ratefully acknowledged. The Louvain group 


wishes to acknowledge also the friendly hospitali¬ 
ty enjoyed in Saclay. One of us (J.D.) is Indebted 
to Dr. A. Bernstein for valuable discussions. 
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Fermi Beta Decay, A >40: The Masses of 43 Sc, “V, and “Co 

J, C, Hardy, G. C. Ball, J. S. Geiger, R. L. Graham, J. A. Macdonald, and H. Schmelng 
Atomic Energy of Canada Limited. Physics Division, CkoOt Biter Unclear Laboratories, 

Cheat River. Ontario, Canada KOJ WO 
(Reoelved 15 May 1874) 

The Q values for (*He,f) reactions on **Mg, ** 8 , **Ca, “Tl, “Cr, and “Fe have been 
measured relative to that for n Al(*He,f) n Sl. The results lead to aigetfinsnt deviations 
from previously aooepted values for the 0-deoay end-point energies of <* 80 , “V, and 
M Co. The new ft values tor these transitions now agree with other known supe rail owed 
transitions (A <40); only the decay of *®Mn remains anomalous. A limit is also set on 
the if*a 3 radiative correction term. 


There are nine supe rail owed 0 + - 0* /3 transi¬ 
tions whose ft values have been determined with 
an accuracy better than ± 1%. The lightest parent 
nucleus in this group is “O; the heaviest is M Co. 
Ideally, the ft values for all nine transitions 
should be Identical to the extent that radiative cor¬ 
rections and charge-dependent mixing can be 
' properly accounted for. If such sell-conslstency 
were established, then the average ft value would 
determine the vector coupling constant of nuclear 
fi decay and would contribute to a stringent test of 
of Cablbbo theory through comparison with cor¬ 
responding values obtained for decay of the u and 
K* mesons. 

Until now, this picture has been clouded by the 
fact that, while the five transitions between nu¬ 
clei with A <40 were consistent with one another, 
the ft values for the decays of “Sc, “V, *°Mn, 
and “Co were significantly higher even after the 
calculated corrections had been applied. 1 This 
has caused doubt in the accuracy of the correc¬ 
tions and ultimately in the reliability of the vec¬ 
tor coupling constant. We have remeasured the 
transition energies, upon which the statistical 
rate functions / depend, for six of these transi¬ 
tions, including all four between nuclei with A 
>40. Our results for “Sc, **V, and “Co Indicate 
a considerable change from the previously accept¬ 
ed decay energies, with the result that the ft val¬ 
ues for their decays now agree with those mea¬ 
sured for lighter nuclei. 

The experiment involved Q-value measurements 
for (*He, t) reactions on a variety of two-compo¬ 
nent composite targets bombarded by a magnet - 
tcally analyzed 33.00-MeV beam from the Chalk 
River MP tandem accelerator. The targets uBed 
(and their enrichments) were **Mg (99.7%), Cd“S 
(85.6%), “Ca (93.7%), 44 T1 (81.2%), “Cr (96.8%), 
and “Fe (97.4%), each - 100 pg/em* thick and 
evaporated onto the same thickness of ”A1. In 



RELATIVE CHANNEL 


FIG. 1. Sample energy spectra accumulated for a to¬ 
tal *He+* charge of ~ 10 4 gC. The shaded peaks are 
from the reaction n Al(’He,/) r Si. All others are from 
the identified reactions; excitation energies era labeled 
in keV [from Ref. 3 and N. 8 . P. King et al., Nuol. 

Phys. A1T7 . 6*5 (1871)]. 
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ddltton, targets of “Ca+*^dg and **Ca+*°Cr 
-ere employed. Reaction products were detected 
i two surface-barrier counter telescopes, each 
omprising a 1-mm AE and a 2-mm E detector, 
or all target combinations four separate mea- 
urements were made in which the telescopes 
ienoted A and B) and target normal (T) were 
riented with respect to the beam as follows*: 
IM- + 30 0 , B » -30°, T *0°; (2)A = + 30°, B 
- 30", T = 180°; (3) A = - 30°, B = + 30", T -180"; 
i)A»-30\B- + 30", T-0". A total of eight 
pectra were thus accumulated for each target 
□mbinatlon. Several examples appear in Fig. 1 
here the energy resolution is about 80 keV or 
etter. 

Each spectrum was analysed to yield the energy 
difference between the ground-state Q values for 
the two targets involved. The reaction "Al(*He, 
f)"Si was common to most measurements and 
provided an energy scale from the well-known* 
excitation energies of states in "Si, vis., 0.0, 
780.3±0.3, 956.8± 0.3, 2163.310.6, and 2647.0 
±0.7 keV. In all cases, the energy scale was lin¬ 
ear over the region of interest and yielded an ac¬ 
ceptable x* when fitted by the five states of "Si. 
The eight measured values of the ground-state 
9-value differences for each target combination 
were averaged together. Although Individual val¬ 
ues showed the effects of energy loss in the tar¬ 
get, the specific choice of relative target and 
telescope angles ensured that the average was 
independent not only of target thickness but also 
of beam-direction variations. Nevertheless, the 
target thickness was confirmed by measuring the 
energy loss of 5.5-MeV a particles from M1 Am, 


and the beam direction was controlled by tight 
colllmatlon (less than ±0.1" at the target), which 
was optically aligned in advance. 

The measured Q-value differences are shown 
in Table I. The quoted errors Include the effects 
of uncertainties both in the peak-centroid deter¬ 
minations (~2 keV) and in the energy of the "Si 
states used for calibration (-0.5 keV); in addition 
there is an allowance (-0.1 to -1.0 keV from A 
= 28 to A = 54) for poBBlble uncertainty in the beam 
energy. Of the eight Q-value differences tabu¬ 
lated, the last two serve as cross checks on the 
primary "Al-based measurements; they agree 
with the primary data to within 2.1 ±4.8 and 0.7 
±4.5 keV, respectively. Previously accepted val¬ 
ues are also shown in the table. In determining 
the latter values, the Q value for the reaction 
"Al(*He, f)"Si was taken to be - 4828.7 ± 0.9 keV, 
which is derived from the average of nine** mu¬ 
tually consistent measurements of the "Al(/», 
*)"Si threshold energy. The Q values for the re¬ 
actions **Mg(*He, f)**Al and **S(*He, f)**Cl have 
also been derived from extensive earlier data,*** 
and for these cases there is excellent agreement 
with our results. 

By contrast, the accepted values* for the mass¬ 
es of **Sc, **V, "Mn, and "Co are based solely 
upon the ( p,n) threshold measurements of one 
group.*’" Their results are consistently lower 
than ours for masses 42, 46, and 54, which may 
posBlbly reflect the existence, as discussed in 
Ref. 9, of undetected compound-nucleus reso¬ 
nances Just above the (p, n) threshold, although 
the discrepancies seem too large to be accounted 
for by that effect alone. In any event, in estab- 


TABLE I. 9-value difference a obtained from composite targets. 


Reactions 

X Y 

<?x~ 

Thls work 

9 r 0teV) 

Previous work 

M Mg( , He.l) J, Al ' 

* T Al( , He,f) ,, Sl 

808.2 ±2,0 

805.4 * 1.1 *’ b 

"SflHe.O^Cl 

"Al( s He,<)»Si 

-678.7±2,3 

-680.3±1.8 

°Ca(*He,f) 4, Sc 

,, Al( , He f f) ,, Si 

— X611.7±2.6 

- 1621.1 ± 2.5 * >b 

4 *TK*He,f) M V 

"AK’He./^'Si 

— 2230,8 ±2.7 

— 2244.3±2.4 * ,b 

60 Cr(*He,f) s °Mn 

"Al^He./^’Sl 

— 2820.0±2.8 

-2821.1*2.8 ** b 

S4 Fe(*He,f) M Co 

"AlCHs.f^’Si 

— 3432,5 ±3.0 

-34 39.8 * 3.9 *" b 

4 *Ca(*He,f> 4 *Sc 

I *Mg(*He,f)* 4 Al 

-2417.8±3.5 

-2426.5 * 2.4* 

M Cr( , He,tf>Mn 

“Cal’He.O^Sc 

— 1207.6±2.3 

-1200.0 * 3.5* 


•Ref. 4 

b The 9 value for the reaction 5, Al( , He,f) n Si (-4828.7 ±0.9 keV) was de¬ 
rived from an average of the reeults from Refe. 4 and 5. 

"The 9 value for the reaction * 4 S(*He,f) ,4 Cl (- 5S09.0±1.5 keV) was de¬ 
rived from a reoent compilation (Ref. 6) for A = 34. 
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TABLE Q. End-point energies and calculated yt values for supermlknred 
decay branches. 


Parent 

nucleus 

OceV) 

(msec) 

J* b 

(seo) 

(seo) 

«-Al 

2962.5 ±0.5 c 

6347 ±5 • 

3039*3 

3078 *3 

«C1 

4467.9 ±1.3 4 

1530 ±4 

3062*9 

3084*9 

«Sc 

6399.9 ±2.2 e 

683.9*0.9 

3051*7 

3093*7 

4§y 

6018.B±2.B e 

426.7*0,7 

3045 *6 

3090*8 

**Mn 

60O7.8±2.1* 

286.7*0.6 

3064 *7 

3110*7 

"Co 

7220.6 ±3.1* 

193.4*0.8 

3049*11 

3092*11 


•All results taken from Kef. 1 except those for M C1 which are from 
Kef. 6. 

b Partial half-live* Include a correction [N. B. Gove and M. J. Martin, 
Nucl. Data Tables 10, 206 (1971)] for electron capture. 

'Result from this work averaged with previous results summarised In 
Kef. 1. 

^Result from this work averaged with those from Kef. 6. 

•Result from this work. 


lishing the “best" Q values from which to deter¬ 
mine the 0 end-point energies, we have chosen 
simply to use our own results for those cases 
with A >40, while averaging with previous work 1 * 8 
for masses 26 and 34. 

The resultant 0-decay energies are listed in 
Table IL Apart from the data in Table I, they de¬ 
pend only upon the Q value already noted for the 
reaction ,T Al(*He, f)”81. The best current half- 
life results'* are also shown, together with cal¬ 
culated ft values for each transition. In terms of 
the nuclear matrix element and the vector cou - 
pllng constant, the ft value for a superallowed 0 
decay between T= 1, J'* 0’ states Is given by 1 

//(l + 0 J! ) = K/G,'*|Mj*, 
with 

CZ-C/d+Aj, |3f,|**2(l-S c ), (1) 

where K * 1.230 63 x 10'* 8 cgs units. Here t is the 
partial half-life for the transition, G, (G/) is the 
(effective) vector coupling constant, M, is the 
Fermi matrix element, 6* (A,) is the outer (in¬ 
ner) radiative correction, and 5„ is the correction 
to the Fermi matrix element that results from 
charge-dependent forces. The values of / used in 
Table n were computed from the decay energies 
according to the procedure described by Towner 
and Hardy.' 

Since the correction terms 5* and 6 C vary from 
transition to transition the ft values are not nec¬ 
essarily constant. However the quantity St m ft(l 
+ 6„)(l - 6 C ) should be independent of the transition 


involved and should yield directly a value for C,' 
The St values listed in Table n Incorporate 0 e aw 
6 m terms taken from Ref. 1. In the case of 6 e , 
both the Coulomb force and an ad hoc charge-de- 
pendent nuclear force were considered in evaluat¬ 
ing the effect. The radiative correction 6„ to 
first order in a (*xfe) is independent of Z, but to 
higher orders may be expressed 10 as a series of 
terms of (n *2, m ««); the correction we 

have actually applied 1 *" is accurate to all orders 
in terms of the type Z m a m ". The term of order 
■Z*ar* is probably negligible" but, having never 
been explicitly evaluated. It must be considered 
as the only possibly significant term for which 
any uncertainty remains. 

The St values from Table n are presented 
graphically in Fig. 2 together with the three other 
accurately known 1 *" superallowed transitions, 
vis,, the decays of "O, "Ar, and **K". The 
weighted average of all nine values Is 9? = 3085.0 
±1.8 sec, but the corresponding normalized x* is 
2.6, which has a probability < 1% ol occurring by 
chance. However, upon removing the *°Mn value 
the average becomes 9f= 3083.2 *1.9 sec with 
= 1.0 (curve c, Fig. 2). If we accept the possibil¬ 
ity of a significant 2 * 0 * term in the radiative cor¬ 
rection, then the magnitude of that term may be 
determined by fitting the data with an expression 
of the form St = {£W) 0 (1 + CZ*aA), where C is a con¬ 
stant. The results, with and without *°Mn (curves 
a and b ), give C-0.2 and -0.1 with x*>1.5 and 
0.8, respectively. The corresponding (3f) 0 values 
are 3078.7 ±2.7 and 3080.5*2.8 sec. 
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FIG. 2. The oorreoted experimental (ft values plotted 
a a function of Z for all oases known to an accuracy 
etter tin" ± 1%. The points are labeled by the deoay 
aront. The significance of the ourves is explained In 
he text. 


Evidently, with the exception of the *°Mn case, 
ill accurately known St values are now concor- 
lant. Furthermore, In contrast with a similar 
analysis of previous data, u there Is now no posi¬ 
tive Indication of a 2* a* radiative correction 
term (the coefficient C « 0.2). Finally, after In¬ 
corporating all apparent uncertainties, Including 
those arising from the various fitting procedures, 
we recommend St = 3082 ± 3 sec as the best cur¬ 
rent value for nuclear 0*-0 + 0 decay. It corre¬ 
sponds to G„' = ( 1.4130 ±0.0007)x 10" 4 * erg cm*. 
These results now lead to the same conclusion 
for the inner radiative correction and Cablbbo 
angle as were derived In Ref. 1, although that 
earlier work was restricted to nuclei with A <40. 

As a concluding remark It should be noted that 
the half-life of "°Mn rests essentially upon a sin¬ 
gle measurement 1 ; before attaching too much sig¬ 


nificance to the anomalous nature of the "to de¬ 
cay, a re-examination of Its half-life Is Indicated. 

We should like to thank both Dr. J. S. Forster 
for his assistance with the experiment, and par¬ 
ticularly Mr. J. L. Gallant for a virtuoso perfor¬ 
mance of target preparation. 
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High-Density Phase Transitions in Gauge Theories 

Barry J. Harrington and Aaim Ylldiz* 

Lyman Laboratory of fSyaict, Harvard Vntvomtty, Cambridgt, Masaadonatts 02138 
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By the introduction of a chemical potential for an absolutely conserved fermion quantum 
number, we determine die onset of a phase transition in a general renormallsable, fi¬ 
nite-temperature field theory with spontaneously broken symmetries. We also briefly 
investigate the possible physical existence of such a phase transition In black holes and 
in the early universe. 


Recent Investigations 1 ' 3 on phase-transition 
phenomena in a renormallsable quantum field 
theory indicate that finite-temperature effects 
can restore a symmetry which is broken at zero 
temperature. This occurs through the generation 
of a temperature-dependent scalar boson mass 
(or inverse correlation length) which, for suffi¬ 
ciently high temperatures, may vanish. The ques¬ 
tion we address is whether the same mechanism 
is operative for a large chemical potential due to 
an absolutely conserved fermion quantum number. 
Alternatively expressed, can a large fermion 
number density effect a phase transition? 

In the framework of a weakly interacting, re- 
normalizable field theory characterized by a cou¬ 
pling constant e «1, the effective boson mass 
can only vanish if powers of the temperature 8 or 
chemical potential ii can compensate tor powers 
of the coupling c. Weinberg has shown 9 that when 
jl “ p/0 «1, the leading terms in any graph for e 
small and e large are those in which all loops be¬ 
yond the lowest order are quadratically divergent. 
The finite part of such a loop contributes a factor 
proportional to c 2 0 2 t so that the critical tempera¬ 
ture is attained when e 2 8 2 is of the order of the 
square of the renormalized mass at zero temper¬ 
ature, 3R r 1 , i.e., 0 etlt *=9K s A*. In typical gauge 
theories of the weak and electromagnetic interac¬ 
tions, 3 3B„/c is of the order of G f ~' A so that 0 ctU 
» 300 GeV * 10 19 “K. 

We are particularly Interested In isolating the 
leading terms to any graph for e small and p 
large, and px> 1. Considering a loop expansion 3 - 4 
we have a factor of e 2L In a graph with L loops, 

To determine the powers of p contributed by each 
loop, we concentrate on a single loop with super¬ 
ficial degree of divergence D. We rescale by 8 
all dimensional factors in the single-loop integra¬ 
tion so that the whole loop takes the form 

6 D I(P„ x /6, u >„,/S, »> lnt /S, p), (1) 

where p„, and u>«„ represent the set of external 


momenta and energies, and w, at represents the 
internal masses. How the single loop integration 
will contain 9 a Fermi distribution function in the 
integrand of the form 



where S a (/> a +m , ) Va and m is an eigenvalue of the 
the fermion mass matrix. Since p »1, the sec¬ 
ond term in (2) will act as an exponentially damp¬ 
ing factor in the loop momentum p, while the 
first term will begin providing an exponential fall- 
off in p when S 2 p, i.e., above the Fermi energy. 
We are primarily interested in p large (* 300 
GeV) and thus much greater than m, bo that the 
Integral in (1) is affectively cut off when p~ p. 
Thus 

9 D I{.p t „/e, w Brt /«,m lnt /e, Jl) 

(3) 

Since we are considering renormallzable field 
theories, the largest value of D that concerns us 
Is D - 2. In addition, all quadratic divergences 
can be eliminated by a renormalization of the 
boson self-mass (with the assumption that there 
are no gauge-invariant scalar fields). Thus, the 
effective boson seif-mass will contain a term of 
the form e*p a , and we anticipate a phase transi¬ 
tion when p ctU *3H R /e. Again, in typical gauge 
theories of the weak and electromagnetic interac¬ 
tions 3 this transition would occur for p etl ,*300 
GeV, Dimensionally, for JL »1, we expect p 
-* lA , where n is the fermion number density, so 
that the critical fermion number density would be ' 
of the order s CI , t -10*/cm*. 

These anticipated results can be explicitly ver¬ 
ified by calculating the leading (in p) one-loop 
contributions to the boson self-mass. We con¬ 
sider a general renormallzable Lagrangian" 
which possesses a gauge invariance with respect 
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to some compact semisimple Lie group G: 

f t'-kF^F* 

-fm^i-P(ip)-^r { ili<p, (4) 

where F alIV Is the gauge-covariant curl of a set 
of Hermitlan gauge fields, (.D H <p) { is the gauge-co¬ 
variant derivative of a multiple! of real, spin-0 
fields, Dpip Is the gauge-covariant derivative of a 
multlplet of spln-f fields, m 0 is the Hermitlan 
and gauge-preserving bare fermion mass matrix, 
P(<p) Is a real fourth-order gauge-Invariant poly¬ 
nomial In (p, and r, Is the set of Hermitlan and 
gauge-covariant Yukawa coupling matrices. The 
gauge Invariance of the Lagranglan Is broken by 
allowing the scalar fields <p t to develop spontan¬ 
eously a nonvanishing vacuum expectation value. 

We consider this Lagranglan at finite tempera¬ 
ture and incorporate a fermion chemical potential 
as a Lagrange multiplier of the number density 
) given by 

n (5) 

Thus, the chemical potential ji will alter the 
Fourth component of the fermion propagator, 
which, at finite temperature. Implies the replace¬ 
ment of the discrete energy S m = (2* + l)vfl, n an 
Integer, by S, - in. 

As previously mentioned, the leading chemical- 
potential effects, as well as all quadratic diver¬ 
gences, can be absorbed Into a redefinition of the 
quadratic terms In the potential P(<p) by defining 
an effective potential 2 

Pef^<P) m P(<p)^^QtjM<Pi<Pi («) 

and by adding a compensating counterterm to the 
Lagranglan, 

(7) 

Here, Q it (p) Is some chemical-potential-depen¬ 
dent, quadratlcally divergent matrix which con¬ 
tributes to the formation of an effective scalar 
boa on mass. After shifting the scalar fields by 
their eeroth-order vacuum expectation value A, 


■ o 

I 

I 

I 

FIG. 1. Fermion-loop tadpole. Dashed line, eodlar; 
■olid line, spinor. 


we note that the contributions to the quadratic 
divergences In any renormalizable theory come 
from tadpoles T, and the boson self-energy n (J . 
Furthermore, Q u (u) Is determined by requiring 
that the counterterms provided by (7) cancel 
these quadratic divergences as well as those 
terms proportional to eV\ It Is the latter terms 
that we wish to Isolate, since the former terms 
can be absorbed into a temperature- and chem¬ 
ical-potential-independent renormalized scalar 
mass 3R„. But the chemical potential enters the 
calculation only through the fermion propagators. 
Thus, the graphs of interest are the fermion- 
loop tadpole (Fig. 1) and the fermlon-loop con¬ 
tributions to the boson self-energy (Fig. 2). 

The fermlon-loop tadpole at finite temperature 
and chemical potential Is given by 

T* = 7(2r)*Tr{r ( r,r, r Ja/,( 0, p), (8) 

where 

7,(8, p) = 9' £_ « 2 + (g. - <p) 2 (9) 

and £ 2 =p 2 +m 2 . Performing the summation over 
n and renormalizing at 6 = p = 0, we find 

//(e,M)--|/(0s?Kf *)’ (10) 

where the Fermi function F is defined In (2). In 
the limiting case of n large and p »■ 1, we have 

This Integral can be done exactly to yield 

7,*(8, p)“ -*8 2 [1 + (3/v 2 )p 2 J. (12) 

But the counterterm (7) contributes a term 

6T t * = i(2n)*Q lJ (ji)X jt (13) 

so that we have for the finite part of Q u (p) In the 
limit p»1 

Q./^pJMpVSv^Trir^rjy,}. (14) 

Thus, the effective scalar boson mass matrix Is 


-o- o 

_l 

FIG. 2. Fermlon-loop contributions to the boson self- 
energy. 
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given by 

[w‘(m)]*j - [*x’Ju + (M’/BOT^r^.r^yJ, (15) 

where the chemical potential provides a positive - 
definite contribution. The vanishing of *“( 4 ) de¬ 
termines p„, t in the one-loop approximation. In 
the case of a spontaneously broken symmetry 


where *,*<0, we have 4 C rii “**/'« since the 
Yukawa coupling matrices are each proportion 
toe. 

This result can be checked by noting that the 
counterterms provided by (7) also cancel the 
leading fermton-loop contributions to the seals: 
boeon self-energy (eee Fig. 2 ) given by 



where 






f .K ik f . x . 


Isolating the quadratlcally divergent part of (16) 
and the leading terms In 4 , we find 

n,/« - Q,M) ' J <?i.(4)A« • (W) 

The first term Is canceled directly by the counter- 
term in (7), while the second term Is canceled by 
a tadpole produced by the counterterm. 

We can equivalently express our result in terms 
of a critical number density « crlt , where n Is 
the number of fermions minus the number of antt- 
fermlons In a unit volume V: 

n = (l/V)fd'xn&). (18) 

Using (5) and the 4 -dependent free-fermlon prop¬ 
agator at finite temperature, we have for the re¬ 
normalized (at 0 * u = 0 ) number density 

< 19 > 

where the fermion mass Is again negligible com¬ 
pared to p. This Integral can be done exactly 
and we find 

n K (e, n)* <flV3ir*)(;i s + ,»£). (20) 

Inverting (20) yields approximately 

pcOwV^U + Od/p)], (21) 

thus confirming our earlier dimensional argu¬ 
ment leading to the estimate of the critical fer¬ 
mion number density of 10*/cm*. Densities of 
this magnitude or greater are considered In the 
evolution of black holes 7 and of the universe.’ 

A gravitationally collapsing star with mass M 
and original radius will theoretically reach a 
point of Infinite density in a finite proper time 
given by 7 

r -»(R 0 VBM) ,A , (22) 

he., the time for total collapse as measured by 


' a clock on the surface of the collapsing star de- 
pends only on the Initial density. Since a typical 
stellar mass Is *> 10 ” g (which is of the order at 
the Chandrasekhar and Oppenbelmer-Volkoff lim¬ 
its),* there may be up to 10 s7 baryona. Then, the 
critical density would occur when the radius was 
= 10 s cm and when the proper time was given es¬ 
sentially by ( 22 ). 

It has been noted 1 that a phase transition which 
produces massless vector particles may lead to 
anomalously great repulsive forces between the 
particles of the system. Whether this force is 
sufficient to reverse the collapse of the star has 
yet to be determined. 

Similar considerations can be applied to the 
universe as a whole, extrapolating backwards In 
time and assuming the standard blg-bang model 
with elementary particles . 10 If we take the pres¬ 
ent radius erf the universe as 10 *° light years and 
the density as lO"* g/cm s , we find a maximum 
number of baryons of 10™. This would lead to a 
phase transition when the radius of the universe 
was approximately 10 10 cm. 

However, from the observed cosmic-radiation 
temperature and mass density, we know that the 
dimensionless chemical potential is small today, 
l,e„ 4 “ 10'*—lO**.’’* In addition, when 4 «1, 

4 oc l/o, where o Is the dimensionless specific 
entropy per baryon. Now If we presume an adia¬ 
batic expansion of the universe, c la constant, so 
that 4 would never grow large enough to effect a^ 
phase transition. The adiabatic assumption, 
though, leaves unexplained both the origin of the 
large specific entropy and the origin of the gal¬ 
axies. An attractive solution 11 *" which could 
solve these problems simultaneously asserts that 
the viscous dissipation of anisotropies and pos¬ 
sible lnbomogeneitles would serve to generate 
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at ropy but preserve “email” mass fluctuations 
( galactic sire. Such a solution would necesaar- 
y imply a growth of the specific entropy in time 
r a corresponding Increase of p extrapolated 
„ick In time, with JI »1 allowed In principle. 

We thank Steve Weinberg who generously pro¬ 
vided his time and an early version of his paper 
“Gauge and Global Symmetries at High Tempera¬ 
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Inclusive 7r° Production in pp Collisions at 50-400 GeV/c* 
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We have measured the single-photon cross section In the reaction p+p^7 + anything 
for incident proton momenta from 50 to 400 GeV/c and lab angles of 80, 100, and 120 
mrad. It Is shown that In the range p± m 0.3 to 4.3 GeV/c, the derived r° invariant cross 
section can be factorized Into a product of two functions, one In pi and the other in a 
new scaling variable where p m Is the total c.m. momentum of the »*. 


The study of the production of pions with large 
transverse momentum p x in proton-proton colli¬ 
sions is expected to give Insight into the short- 
distance structure of the proton. 1 ' 1 Great Inter¬ 
est In this field has been stimulated by the exper¬ 
imental results obtained at the CERN intersect¬ 
ing storage rings 4 '* and at the National Acceler¬ 
ator Laboratory (NAL). 7 '* Busser et al * at the 
Intersecting storage rings were the first to show 
that near 90° In the pp c.m. system, the large-p j. 


data were consistent with a scaling behavior with 
respect to the variable x x = 2p x tfs. On the other 
hand, it has been known for several years that 
the small-pj. single-pion Inclusive data exhibit 
scaling with respect to the variable x,= 2p,*//s 
at all c.m. angles. In this experiment, data have 
been obtained on slngle-tr 0 inclusive spectra from 
40 to 110° In the pp c.m. system and for 0.3<p x 
<4.3 GeV/c. It has been found that the crosa sec¬ 
tions scale when the "radial" variable x M *p*/ 
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Prmx* !• used. This new radial scaling variable, 
x„, may be regarded as a generalization of the 
previous variables * x and x t . Clearly, In the ap¬ 
propriate limits of smallp x , x M tends to , 
while at small/*,*, x K tends to * x . 

We have measured the photon energy spectrum 
In the process p +p -y + anything for incident pro¬ 
ton energies from 50 to 400 GeV. Data were ac¬ 
cumulated at three angles, 80, 100, and 120 
mrad, over a range in photon transverse momen¬ 
tum from 0.3 to about 4.3 GeV/c. On the assump¬ 
tion that all the detected photons came from v° 
decay,*■* the observed photon energy spectra 
were then converted Into Invariant cross sec¬ 
tions using Sternhelmer’s 10 prescription. 

The experiment was performed at the Internal 
target area at NAL, using both a hydrogen gas 
Jet 11 and a rotating carbon-fiber target which in¬ 
tercepted the accelerator’s Internal proton beam. 
The detection system 7 consisted of a lead-glass 
shower counter which was used to measure the 
y-ray energy, and scintillation counters which 
were used to separate Incident y rays from had¬ 
rons and muons. Because the y-ray opening an¬ 
gle in the decay s°— 2y was larger than the an¬ 
gular acceptance of the spectrometer, the detec¬ 
tor was sensitive to only one of the two s°-decay 
photons. 

At each angle, the normalization of the y-ray 
cross sections, and hence the tr° invariant cross 
sections, was determined from a short run using 
the hydrogen-jet target, where a solid-state de¬ 
tector was used to monitor the rate of recoil pro¬ 
tons elastically scattered at small momentum 
transfer. By using the known 11 ' 11 PP elastic cross 
section to determine the lumlrosity, the absolute 
y-ray cross section was then obtained. The ma¬ 
jor portion of the data at each angle was taken 
while using the rotating carbon-fiber target. To 
establish that the experiment was not sensitive 
to complex target effects, y-ray data were col¬ 
lected for both carbon and hydrogen at 100 mrad 
for Incident energies between 50 and 400 GeV and 
p x up to 3 GeV/c. There was no observable dif¬ 
ference in the shapes of the y-ray spectra from 
the two typeB of targets. 7 

Figure 1 displays the p x dependence of the »° 
Invariant cross section for the data obtained at 
80 mrad. At a fixed p x , the cross section rises 
with Increasing incident momentum; atp x = 2 
GeV/c, there Is roughly a factor of 25 between 
the cross sections at incident momenta of 50 and 
250 GeV/c. Furthermore, the slope of the cross 
section at large p x decreases with increasing In- 



FIG. 1. The invariant i 1 cross sections at ®st,~80 
mrad plotted versus px for four Incident proton momen¬ 
ta, 50.9, 106.9, 200.9, and 250.9 GeV/c. 


cident momentum. 

The tr° invariant cross section reveals a strik¬ 
ingly simple behavior when it 1 b expressed in 
terms of certain variables. For the three lab 
angles 80, 100, and 120 mrad, we find that the 
Invariant v° cross section is well represented by 
the product of two functions, /(**) andg(p x ); that 
is, 

E /Pa/dp 3 = /(x*) g(p x ). 

The variable p x Is the familiar transverse mo¬ 
mentum of the «° while the radial scaling variable 
x„ Is the ratio of the »° momentum to the maxi¬ 
mum momentum, 

2p*/fs. 

For a particular lab angle, the data from this ex¬ 
periment cover a large range of x* for fixed p x 
and thereby allow an accurate determination of 
the scaling function /(**). By an Iterative pro¬ 
cedure, self-consistent solutions for the func¬ 
tions f(x K ) andg(PJ were obtained from the in¬ 
variant ff° cross sections. The resulting func¬ 
tions f{x K ) and g(p±) for 80 mrad are shown in 
Figs. 2 and 3 . 14 

The degree to which the radial scaling function 
fix jg) is Independent of the transverse momentum 
p x for a particular lab angle can be Been in Fig. 

2. This figure shows that /(*«) Is, to a good ap¬ 
proximation, a unique function of x M , which dem¬ 
onstrates the validity of the factorization of the 
»° invariant cross section. The solid line of Fig. 
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FIG. 2. The functions /(x„) calculated for twelve 
fixed px values for the 80-mrad data are compared 
with each other and with the functional form (1 —x£ l . 


2 is a constant times (1 -**) 4 and gives a con¬ 
venient although rough description of the scaling 
function /(**). The representation of f{x R ) used 
in subsequent analysis was a minlmum-x 1 fit by 
a fourth-order polynomial in x K . 

Having determined a unique /(**), we compute 
the transverse momentum function g(p x ) for each 
incident momentum as the invariant cross section 
at that momentum divided by f(x„). In Fig. 3, 
this result has been plotted for four different in¬ 
cident proton momenta from 50 to 250 GeV/c for 
the same lab angle, 80 mrad. It can be seen that 
g(P a) appears to be a universal function over six 
decades in magnitude, even though, as noted pre¬ 
viously, the rr° inclusive cross sections vary 
widely in shape and magnitude over this same 
range inpi and incident momentum. This im¬ 
plies tha tg(px) has reached its asymptotic limit 
even at an Incident momentum as low as 50 GeV/ 
c. The solid line in Fig. 3 has the functional de¬ 
pendence (p* + 0.88)" 4 ’* and fits the data well for 
Pi.>0.5 GeV/c. 

The functions fUa) and g(p x ) were determined 
separately at each angle of 80, 100, and 120 
mrad. The radial scaling functions fix a) agreed 
to within ± 10% for 0.1<x m *0.T. Similarly the 
three Intrinsic transverse momentum functions 



FIG. 3. The functions g(px) oaloulated for four inci¬ 
dent momenta at 80 mrad are compared with each other 
and with the functional form (pi 1 +0.86)"***. 


g(Px) were consistent with each other within the 
errors of the data. A three-parameter minimum- 
X* fit was made to the 80-mrad g(p x ) function for 
each Incident momentum bln from 50 to 300 GeV/ 
c, and an average fit was determined. Compar¬ 
ing this average fit to the 80-, 100-, and 120- 
mradg(pi) functions over their respective inci¬ 
dent momentum ranges yielded an average x* per 
degree of freedom of 0.7, 0.4, and 1.8, respec¬ 
tively. 

In conclusion, from 40 to 110° in the c.m. sys¬ 
tem and from 50 to 400 GeV/c incident momenta, 
we have shown the following: (a) The r° inclusive 
production cross section in pp collisions factor¬ 
ises into a product of two functions, /Ua) and 
g(P a), (b) Both the radial scaling function /(**), 
where x R is a new scaling variable, and the trans¬ 
verse-momentum function g{p x ) are universal 
functions over these kinematic ranges, (c) Ap¬ 
proximate analytic expressions for these func¬ 
tions are 

/(**)<* (1 - a :*) 4 

and 

g(Pi) <x (Pi? + 0.86)" 4 ’ 8 . 
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“The shape of the radial function/(tj la sensitive to 
errora in the energy dependence of our normalization 
to die pp elastic cross section and in the energy cali¬ 
bration of our lead glass counter, especially near the 
phaae-epace boundary **-1. The absolute normaliza¬ 
tion of the data ia reflected in the magnitude of the pi 
function. 


Unified Description of Single-Particle Production in pp Collisions* 
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We show that over a very wide range of c.m. angles, energies, and transverse momen¬ 
ta, the invariant cross sections for inclusive production of hadrons in pp collisions show 
a very simple behavior when expressed in terms of a new radial scaling variable x K ^p V 

wherep* Is the total c.m. momentum of the hadron. V 


In a separate Letter, 1 we have presented data 
on inclusive s° production from pp collisions at 
the National Accelerator Laboratory (NAL), show¬ 
ing that for c.m. angles from 40 to 110’, trans¬ 
verse momenta from 0.3 to 4.3 GeV/c, and inci¬ 
dent energies from 50 to 400 GeV, the invariant 
cross sections factorize very simply into the pro¬ 
duct of two universal functions: 

E iPa/dp* =f(xn)g{p±), (1) 

where x H is an angle-independent scaling vari¬ 
able, 

Xj,np*/p mmx *n2p*/yP s . ( 2 ) 

The observed dependence on x k can be approxi¬ 


mated by 

/(**)cc(l-**)\ (3) 

and the intrinsic transverse-momentum depen¬ 
dence by 

g(P±) a: (Pi+ rrr‘)'* J> , m 2 = 0.86GeV J . (4) 

The simplicity of this factorization and the wide 
kinematic range over which we have found it ap- jdt, 
plicable make it desirable to examine other pp 
inclusive data. Although the available data are 
limited, we feel It is important to provide an 
Initial overview of an emerging pattern for inclu¬ 
sive measurements in strong interactions. 

We have compared our results with other tnclu- 
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alve pion measurements near 90° in the c.m, sys¬ 
tem by the Chicago-Princeton group at NAL 8 (»*) 
^snd the CERN-Columbia University-Rockefeller 
University collaboration at the CERN intersecting 
storage rings (BR) 8 (i°). In the region of energy 
and transverse momentum where the data over¬ 
lap, the agreement is satisfactory. However, we 
would like to test the scaling behavior over as 
wide a range as possible of c.m. angles and ener¬ 
gies, beyond the region covered by our experi¬ 
ment For this, we consider recent data from 
the C ERN -University dl Bologna group 4 at the 
BR at smaller c.m. angles (5-20°) and higher en¬ 
ergies, and lower-energy data from Allaby et al.* 
(P inc - 24 GeV/c) and Akerlof et al* (P lnc = 12.4 
GeV/c). To minimize diffractive or leading-par¬ 
ticle effects, we restrict ourselves to negative 
produced particles. Figure 1 shows the x K depen¬ 
dence, for fixed/> x , of Invariant cross sections 



FIG. 1. Invariant cross sections lorp +p — *■+ any¬ 
thing plotted versus x R for fixed p x . The solid curve 
represents the x R dependence found in our experiment. 
Arbitrary normalization shifts have been made to illus¬ 
trate Be agreement in the x R dependence. The inset 
shears the values of r x B p ±/p m n* «ndri-/>ii*^ mK * 
covered by the three sets of data points. 


for p +p — «' + anything. The open circles repre¬ 
sent the BR data at p x =0.8 GeV/c and show a de¬ 
pendence on x R in good agreement with that found 
In our i° results, shown as the solid curve (ar¬ 
bitrarily normalized to pass through the points 
at small x s ). This agreement is rather remark¬ 
able considering the different kinematic regions 
covered by the two sets of data. We have extend¬ 
ed the comparison to include the lower-energy 
data from Allaby et al. at p x =0.8 GeV/c and from 
Akerlof et al. at p x = 1.0 GeV/c, which cover a 
wide range of c.m. angles and extend rather close 
to the kinematic boundary r,= l (see Inset in Fig. 
1). The results of Akerlof et at., when scaled 
from p x =1.0 GeV/c to/> x = 0.8 GeV/c by using 
Eq. (4), Agree very well in absolute normaliza¬ 
tion with the data of Allaby et al. at p x =0.8 GeV/ 
c. However, both must be scaled down by about 
40% to line up with the BR points in the region of 
x k where there is overlap (this could be due to a 
slight deviation from scaling over the enormous 
energy spread involved, or to experimental nor¬ 
malization differences). When this is done, as 
shown in Fig. 1, it is apparent that the x B depen¬ 
dence is very similar for all four sets of data. It 
therefore appears that a single universal scaling 
expression is consistent with inclusive pion data 
from pp collisions, independent of c.m. angle 
from 5 to 110° and for 25 s s s 4000, if the data 
are expressed in terms of the variable Xg. 

Thus encouraged, we are led to ask whether a 
similar universality exists for K ‘ and p data. 

The Chicago-Princeton 8 results taken at NAL 
near 90° in the c.m. system can be compared with 
measurements taken at very-small c.m. angles 
by the CERN-Bologna group. 4 Since in the NAL 
data both p 1 and x h are varying, we assume that 
the intrinsic p x dependences gip x ) for s', K~, 
and J> Are the same for large enough p x . We then 
divide out the p x dependence in the NAL data by 
comparing particle ratios K' /s' andjS/i" between 
the two experiments. This comparison is shown 
in Fig. 2. The upper set of points in Fig. 2(a) 
shows the K "/s’ ratios measured by the Chicago- 
Princeton experiment for p x > 3 GeV/c. The 
ratio K'/s~ can be seen to fall with increasing 
Xk. This means, given the assumption of similar 
forms of g(p x ) tor K ' and s', that the K~ radial 
scaling function has a more rapid x B dependence 
than that for the s' mesons. The CERN-Bologna 
data were taken at a fixed p L of 0.8 GeV/c and 
are shown as the lower set of points in Fig. 2(a). 
Although the errors on the data are large it ap¬ 
pears that the ratio K '/s' again decreases with 
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FIG. 2. Particle ratios K~/ir~ andp/ir* plotted ver¬ 
sus x R for data from Refs. 2 and 4. The curves were 
generated by Eqs. (5)-(7). 


increasing x*. In fact a comparison of the two 
sets of data, one taken at 90“ and the other at 
very small angles in the c.m. system, shows 
that they are consistent with being parallel and 
therefore with having the same K ' radial scaling 
function / A -(*„). The magnitudes of the ratios 
K'/v* from the two experiments are different, 
but this difference may arise from the low p x 
value of the ISR data. A simple mechanism for 
describing this difference is to assume the form 
of Eq. (4) with a species-dependent mass term. 
To illustrate this, curves are shown in Fig. 2(a) 
which are good fits to the observed K~/t~ ratios. 
The functions used to generate the curves are 

£^(»') = M/>i S + 0.88)- 4 - , (l -r,) 4 (5) 

and 

E ^(fT) = 0.36A (p * + 1.22) • 4 ! >( 1 - x*) s , (6) 

tip 

where A is an overall normalization constant 
Thus a species dependence in the mass term in 
g(p ± ) can significantly affect the magnitude of the 


particle ratio at small transverse momentum. 

Figure 2(b) shows the same comparison for die 
P/t' ratios measured at 90° by the Chicago- 
Princeton group at NAL and at small angles by 
the CERN-Bologna group at the ER. In this case 
the data from die two experiments allow a more 
detailed comparison. The ratio p/t' at 90° can 
be seen to fall rapidly with Increasing x*. This 
means, given the assumption of similar forms of 
g(p ± ) for p and n that the p radial scaling func¬ 
tion has a much more rapid x k dependence than 
that for (' mesons. The small-angle BRf/*' 
data are strikingly parallel to the large-angle 
NAL data. Thus both sets of data are consistent 
with having the same p radial scaling function 
/»<**>• 

Once again the magnitudes of the ratios P/t' 
from the two experiments are different As be¬ 
fore we ascribe this to a species dependence In 
the mass term of g(Px) in Eq. (4). The curves 
shown in Fig. 2(b) were generated from Eq. (5) 
for the * ‘ cross section and the following ex¬ 
pression for p production: 

In conclusion, we have shown that when the in¬ 
variant cross sections are expressed in terms of 
a new scaling variable x R , available data from 
the Argonne National Laboratory zero-gradient 
synchrotron, the CERN proton synchrotron, 

NAL, and the BR on inclusive t°, w", K’, and 
p production are consistent with (a) a factorized 
form: 

E tPu(w)/dp* =/,(**W,(/>x), 

E <P<j(K * )/dp s =f g -(*j ,)g M -(/> _l), 

E <Ptj(P)/dp 3 =fj{x K ]gf(p J, 

where (b) the intrinsic p ± dependences g{p±) for 
v°’’, K", and p are the same for large enoughp x 
i.e. 

gx(P±) a gt^Px) a g^Px), Px»tn it 

and (c) the radial scaling functions are given ap¬ 
proximately by 

/»(**) = (! ~x r Y, 

/*-(**) = U -**)“, 

/*<**)=(! -x*) 7 . 

We would like to thank Professor T. T. Wu for 
a careful reading of the manuscript and for con- 


332 




Varan u 33, Nman S 


PHYSICAL REVIEW LETTERS 


29 Jutv 1974 


a tractive suggestions. 


•Work supported by the U. 8. Atomic Energy Commis¬ 
sion. 

tPermanent address: Physios Department, Universi¬ 
ty of Hawaii, Honolulu, Hawaii 96822. 

*D. C. Carey at al., preoedlng Letter iPhys. Rev. 

Lett. 83, 327 (1974)]. 

*J. W. Cronin et al., Phya. Rev. Lett. 31, 1426 (1973). 
’F. W. BQsper at al., Phys. Lett. 46B, 471 (1973). 


Although the data from this experiment agree with our 
results where the energy ranges overlap, at higher en¬ 
ergies their cross sections vary more rapidly with x K 
for fixed p x . This could be due to an energy-dependent 
normalization difficulty. 
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Minimal Three-Body Scattering Theory 

R D. Amado* 

Department af Physics, University of Pennsylvania, Philadelphia, Pennsylvania 19174 

(Received 10 June 1974) 

We show that implementation via unitarlty end enalytielty of q uantum mechanical coo- 
etralnte due to pair Anal-state interactions in three-body states leads to the simplest 
form of linear scattering Integral equations usually used for the three-body problem. 
This form of the separable Interaction equation is therefore the minimal equation com¬ 
patible with these general constraints of quantum mechanics. 


The general problem of final-state interactions 
In three-body final states Is very poorly under¬ 
stood in spite of a wide variety at remarkably 
successful three-body calculations in particular 
systems. In this note we show that the dynamical 
scheme used in most of these calculations Is es¬ 
sentially the minimal embodiment of the general 
constraints of quantum mechanics required by 
these final-state Interactions. This provides a 
bridge between the usual formalism, based on 
linear off-shell scattering integral equations 
with separable interactions, and the general con¬ 
straints of quantum mechanics expressed through 
on-shell unitarlty and analytlclty. Apparently 
much of the structure in three-body scattering 
successfully accounted for in these calculations 
is little more than the manifestation of the nearly 
kinematic constraints due to two-body final-state 
interactions. This may account for the great suc¬ 
cess of the simple dynamical calculations, as 
well as stressing again that they give little de- 
\ tailed dynamical insight. The technical difficulty 
of doing this calculation also shows that imple¬ 
menting final-state unitarlty and analytlcity In the 
three-body problem la complicated. 

In a recent Letter, 1 referred to hereafter as 
A-A, we showed that unitarlty applied to three- 
body final states implies singularities In the 


quasl-two-body amplitudes usually assumed to 
be slowly varying In the analysis of three-body 
final stateB. The strength of these singular parts 
is linearly related back to these same amplitudes 
—a manifestation of important coherence In the 
final state. In this Letter we exploit the fact that 
unitarlty provides the discontinuity across the 
pair subenergy cut to write a dispersion relation 
for the amplitude. Because of the linear relation 
of the discontinuity to the amplitude itself, this 
dispersion relation yields a linear scattering In¬ 
tegral equation which turns out to be the simplest 
version of the separable Interaction three-body 
equation. 

Consider an amplitude T Xi , for going from a 
two-body state to a three-body state. Make the 
standard isobar, Faddeev, sequential-decay, or 
multiple-scattering decomposition of T,, into a 
sum of terms depending on which pair interacts 
last: 

Tea'Ll ft r t ( 1 ) 

where t , Is the two-body scattering amplitude of 
the j-k pair (i +j+k) and ft is its coefficient In 
T lti . Usually r ( is taken to be dominated by a 
particular partial wave l,, and then a factor of 
q m,{ (where q t is the j-k relative momentum) Is 
explicitly removed from ft- In A-A we Bhowed 
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throe-body scattering Integral equation starting 
from (2). To keep the algebra simple, we con. 
aider a final state of three Identical spinless bo-j 
sons interacting in relative s waves only. The 
Initial state we take as one boson incident on a 
J ~ 0 state of two. It does not matter whether this 
is a bound state or an elementary particle cou¬ 
pled to two bosons, so long as it is stable. The 
amplitude /< can be written in the center-of-mass 
system as <kf/(E)|p ( >, where k is the relative 
momentum in the Initial state, p, is the momen¬ 
tum of the tth particle in the final state, and E 
is the total center-of-mass energy. Energy and 
momentum conservation require that the suben¬ 
ergy of the ith pair be - J/>,\ Fleshed out, 

the unltarity relation (2) becomes, for this case, 

Dtsc(k|/(E)|p) = -<k|/(E)lp'>r(E - \p ' a )6(E- 2p 3 - 2p 1 -2p-?'), (3) 

where t(c) is the two-body I matrix lor relative eneTgy £ normalized to the two-body unltarity relation 
32**ImT(e) =-(e/2) I/s | t(c)I s . (4) 

It is not (3), but Its partial-wave projection that has a simple subenergy cut. We define that by 

<k|/(E)|p>»£ (5) 

< ( IK 

then (3) becomes 

msc<*l/,(E)lp> = -*y'^^<h!/,(E)|p'>T(E-lp' il )j' i 1 d*/. 1 (s)6(E-2p a -.2p'*-2t.p'a). (6) 

The discontinuity is in the subenergy cr =E ~{p 3 for 0 <o <■» or, for fixed E, inp* for —«® <p* < §£.* If 
we assume that the only contribution to the discontinuity across the p 3 cut is given by (6), we can use 
Cauchy’s theorem to write the dispersion relation 

<h|/,CE)| 9 ) = <h|R,(E)|?)-i f ” Diec(h|/,(£.’)|/>), (7) 

v J a/s* P -<r 

where (*|A|(E)| q) is the l -wave projection of the part of / that has no unltarity cut. This is essentially ' 
the Born term. Unfortunately there are a number of technical impediments to the direct use of (6) in 
(7). First, even though the unltarity cut of does run to -•», the expression (6) for the discontinuity 
ia only valid for 0 <p 3 <\E. To use (6) in (7) we must analytically continue the discontinuity expres¬ 
sion. A simple way to do that is to substitute (6) into (7) and interchange the order of the p' and p 3 in¬ 
tegrations. For small P ', the argument of the 6 function will have its zeros for 0 <-p 3 < | E. Having 
done the p 3 integral, the expression may be continued to all p '. Hence we need only consider 

B,(q.P')= f 73 ^T 3 f d*P,(z)8(p a +p' a +p/) , s ~sE), (8) 

J 113* P ~ H J-1 

in terms of which (7) becomes ^ 

The argument of the 8 function in (8) has roots at 

p = K-P. 1 ±[2 E -p *<4 -**)J 1/1 } *U-P'*±Y), (10) 

but only the root with the positive square root is on the first sheet of the p 3 plane. Using standard 


that unltarity forces f t to have a square-root sin¬ 
gularity in the i-pair subenergy, 1 and that the dis¬ 
continuity across that cut (called the absorptive 
part in A-A) is given by 

Discfi = qt Zs ft?it (2) 

where the q t term comes from the density of 
states. II we assume that f t has only this singu¬ 
larity In the pair subenergy we can write a dis¬ 
persion relation for f t . Since the discontinuity 
(2) involves f t , this dispersion relation will yield 
a linear Integral equation for the/*'s. 

We now turn to an explicit derivation of the . 
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rules for die Integral of a 6 function ve obtain 


We exploit the fact that for even l, P,(z)=P,(-z) to symmetrize this integral and find 
B,(q,P’) = j Pik)d* /&B-p'*-q*-p'qz) 


( 12 ) 


for even 1. This is just the Z-wave projection of the usual particle-exchange Born term but for even Z 
only. For odd l we must be more careful. The partial-wave projection defined in (5) will make 
<*|/,(E)I <7> a function of q* only for even Z but makes it odd in q for odd l. [This is particularly easy 
to see at threshold where (k\f t (J£)\ q)~q 1 .] Hence we cannot use (7) for odd Z since (b|/,(£)l q) then 
has an additional kinematic branch cut in y* in the interval 0 <q* <*>. This difficulty is circumvented 
by studying y(*|/i(E)|y) for odd 1. The extra factor of q removes the kinematical cut. Carrying out 
the steps (7) to (12) for this function we find that (9) is valid with B, defined as in (12) for all Z. There¬ 
fore, implementing the minimal analyticity required by subenergy unitarity (3) leads to the linear in¬ 
tegral equation 


(k|/(E)l q) = <k|R(E)| q> + J 


dV<k|/(E)|p')TCE-|f)*) 
(2 jt) s E-Tp 1 *- 2q* -2p' 1 q 


(13) 


for which (9) with (12) is the partial-wave reduc¬ 
tion. This equation is the usual separable-inter¬ 
action integral equation for the three-boson prob¬ 
lem with s-wave interaction in the special case 
of unit vertex functions. The assumption of unit 
vertex functions was made in (7) where we took 
the amplitudes to have no subenergy cuts other 
than those required by subenergy unitarity. Ver¬ 
tex functions would produce additional cuts for 
negative q ’. It is easy to see that in a simple the¬ 
ory of the 2-3 process (or of a 1 — 3 decay), the 
Born term has the correct features (and no uni¬ 
tarity cut) to be R so long as the two-body state 
is stable. Equation (13) with unit vertex function 
has been analyzed some years ago.’ It is a Fred¬ 
holm integral equation if the two-boson state is 
"elementary," but not if it is a bound state, since 
in that case the appropriate integrals over the 
kernel do not converge at their upper limits. The 
vertex functions provide this convergence in the 
usual SchrOdlnger theory, but in the dispersion 
approach presented here it could equally well be 
provided by making a subtraction in (7). Since 
lor many applications to scattering problems the 
detailed form of the vertex is not Important, an 
approach via (13) with subtractions might be at¬ 
tractive. Clearly much work remains to be done 
. J investigate the usefulness of this and related 
approaches. 

It is perhaps surprising that a strict on-shell 
"-matrix approach, the implementation of analy- 
-icity and unitarity, should lead to a linear seaf¬ 
aring integral equation of the form (13) which is 
lormally motivated by off-shell considerations. 


This comes about because we study subenergy 
analyticity. This subenergy can be varied inde¬ 
pendently for fixed total energy E, a latitude not 
normally present in two-body problems. Hence 
this connection of on-shell and off-shell approach¬ 
es is a direct consequence of the additional free¬ 
dom inherent in a multiparticle system. 

The derivation presented here is easily extend¬ 
ed to cases involving more particle types, Bpin, 
interaction in higher waves, etc. It should also 
be straightforward to do the relativistic case. In 
fact many of the same unitarity arguments used 
here Including the Isobar assumption (1) were 
previously used to derive the Blankenbecler- 
Sugar form of the relativistic three-body equa¬ 
tions. 4 But in that work the existence of a linear 
scattering Integral equation was assumed. Here 
we have derived it. 

In conclusion, we have shown that implementa¬ 
tion of the constraints of two-body unitarity on a 
three-body final state (in the context of the iso¬ 
bar or quasiparticle formalism) leads directly to 
the simplest form of the three-body separable in¬ 
teraction linear scattering equation. This sheds 
new light on the remarkable success of that for¬ 
malism for a wide range of three-body scatter¬ 
ing problems, and shows that in some sense 
those equations are the minimal set compatible 
with the general constraints of quantum mechan¬ 
ics. 


‘Work supported In part by the National Science 
Foundation. 
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NUCLEAR COLLISIONS AND FACTORIZATION. 
Victor Franco [Phys. Rev. Lett 32, 911 (1074)]. 

The points in Fig, 1 are incorrectly plotted and 
should be lowered by “0.10 units for 86 <a < 1000 
GeV 1 and by “0.025 units for s > 1000 GeV*. These 
results therefore generally fall below the factori¬ 
zation prediction by “11-17%. 


The following is the complete title and byline for the Letter by Schliiter, Joannopoulos, and Cohen of 
rtiich the original appeared in Phys. Rev. Lett 33, 89 (1974). Through a slip-up in the production pro- 
ess, the Letter appeared under an erroneous title. This page has been so designed that the material 
elow can be cut out and pasted over the original version. 

New Interpretation of Photoemission Measurements of Trigonal Se and Tet 


M. Schluter,* J. D. Joannopoulos, and Marvin L. Cohen 

Dapartm^t of Physics. Vnivarsity of California. Barh.Uy, S4720 

Inorganic Malarial, Resaarch Division. Lawrance Barbslay Laboratory, Barbslay. California 94720 


'he first two footnotes are then mislabled and should appear as follows: 


tWork supported In part by the National Science Foun¬ 
dation, Grant No. GH 35688. 

•SwIhs National Science Foundation postdoctoral fel¬ 
low. 
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Measurement of the Hyperfuie Structure of the 5 2 S l/3 State of 23 Na 
by Two-Step Excitation Using Two cw Dye Lasers 

H. T. Duong, S. Liberman, J. Pinard, and J.-L. Vialle 
Laboratoire AimS Cotton. Ctidrt National do la Reckorckt ScitnOfau* B. 91405-Orsay, Franco 

(Received 30 April 1974) 

We report a direct measurement of the hyperfine epllttli* of the 6*5,/^ state in sodium 
using a two-step excitation of an atomic beam with two ow tunable dye lasers. The Une- 
wldth oMalned Is 24 MHz and we measure a hyperfine spUtttiy At '(irSy*) -169 ±6 MHz, 

In good agreement with the theoretical value. 


As noted in a recent paper by Liao, Gupter, 

,nd Happer, 1 the measurements of the hyperfine 
tructure of sequences of excited states in light 
alkaline atoms are of particular interest. In that 
nper, the authors report the first measurement 
if the 4*S, /t state of sodium using the method of 
cascade rf spectroscopy and show the difficulties 
if populating the 4’S, /t level of sodium. In this 
Letter, we report a direct measurement of the 
ifs of the 5*S„ t level of sodium using a purely 
iptical method. 

The principle of our method is illustrated on 
he atomic level scheme of Nal (Fig. 1). In or- 
'er to populate selectively the hyperfine levels 
if the 5*S 1/a state, which cannot be reached from 
he ground state by a single-step excitation, we 
se a two-step excitation via the 3'iVj state. 

This type of method has been used to measure 
the lifetime of the D levels in Nai, a but in that 
:ase pulsed dye lasers with broad spectral band- 
widths were used. Our method is a generaliza¬ 
tion of the method of spectroscopy using a s ingle- 
tep excitation with detection by fluorescence.'' 1 
n that case, as in ours, the spectral width of the 
Exciting laser (a few MHz) must be comparable 
ir leas than the natural linewldth of the transi¬ 
tion considered. Another new method, first pro¬ 
posed by Vasilenko, Chebotaev, and Shisheaev, 5 


to populate a level not connected to the ground 
state (two-photon spectroscopy using two-photon 
absorption) and to obtain a result without Doppler 
broadening has been developed* and has recently 
given the first experimental results 7 **; we will 
compare the different results later. In our meth- 
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FIG. 2. Double-Btep— excitation experimental setup. 
The filters F, and F, transmitted respectively the lines 
at 6896 and 6164 A. 


od, the first laser (frequency v,) is locked on a 
hyperfine transition of Hie D x line at 5896 A and 
the second laser (frequency v a ) is scanned con¬ 
tinuously over the entire structure of the 3 2 P 1/a 
— 5 a S 1/1 line at 6154 A. When the laser frequen¬ 
cy v a is tuned to a hyperfine transition from the 
state with F= 1 or F = 2 of the 5*S 1/a level, the 
emitted fluorescent light following the decay to 
the lower levels is detected and recorded as a 
function of the frequency The signal, which 
is proportional to the population of the upper hy¬ 
perfine levels, gives a representation of the lev¬ 
el spectrum of 5 a S, /s . 

Figure 2 shows our experimental setup. We 
use an atomic beam of sodium with a 300/1 col- 
limation ratio. 10 The two cw dye lasers are Iden¬ 
tical and have been described earlier 11 ; they are 
single mode and the output power is of the order 
of a few milliwatts. We remark that high power 
density is not desirable; we have effectively ob¬ 
served a power broadening if the laser light is 
focused on the atomic beam. A calculation of the 
laser power required in order to get an appre¬ 
ciable broadening has been done by Feneullle 1 * 
and is in good agreement with our observations. 
The ability of our lasers to scan continuously 
over 15 GHz makes the experiments relatively 
easy. The two laser beams are sent colllnearly 
and in opposite directions on the atomic beam. 

The fluorescent light is observed perpendicular 
to the laser beams by two photomultipliers. The 
signal given by the first one, looking at the fluo¬ 
rescence at 5896 A from the 3*?,,, level, is used 
to adjuBt u, to the absorption frequency of one of 
the four hyperfine components of the f>, line of 
interest. The second photomultiplier looks at the 
fluorescence from the 5 9 S 1/a level. The intensity 



FIG. 3. hfs of the 5*5^ level (F -1,2) — a'Py 

IF" 2)]. The upper trace shows the reference fringes. 


of this fluorescent light is recorded as a functio 
of the frequency »<„■ for this purpose, a portion 
of the laser beam at 6154 A is sent Into a Fabry 
Perot Interferometer with a free spectral range 
of 103 MHz, and the recorded fringe signal give 
the calibration scale. 

A single recording of the 5*S 1/a hfs is shown 1 
Fig. 3. The linewidth, 24 MHz, is close to the 
one expected by taking into account the residual 
Doppler width and the combined width of the tw( 
cw lasers. Theoretically the Intensity of the tw 
components must be the same; the anomalous 1 
tensity ratio observed Is probably due to optica 
pumping effects related to the use of polarized 
light and we intend to investigate this effect in 
the near future. One recording of the hfs struc 
ture takes about 1 min; this has to be compare 
to a recording time of about 3 h !>y the method 
cascade rf spectroscopy. The mean value of tt 
measured hyperfine splitting for ten recordlngi 
is 159 MHz with an uncertainty of ±9 MHz, In 
perfect agreement with the theoretical value oi 
157 MHz obtained using the Fermi-Segre form 

H we now compare our results to the results 
talned In Refs. 7-9, we can make some obeen 
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lone. 

Two-photon absorption spectroscopy requires 
high-power laser; thus, this method still sui¬ 
ters from some practical limitations. Moreover, 
the selection rule in two-photon spectroscopy is 
more restrictive and, for example, the 5*S 1/a hfs 
in sodium cannot be measured directly. 

We hope to have shown that this method of very 
high-resolution spectroscopy of excited states is 
a very promising one. It is clear that its applica¬ 
tion is not limited to the relatively narrow fre¬ 
quency range of cw tunable lasers and can be ex¬ 
tended from near uv to infrared by using pulsed 
dye lasers or parametric oscillators operating 
in a single mode. 

We wish to thank M. Baronnet for his continued 
and skillful technical assistance. 
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Radloff, and H. H. Schulz, Appi. Phys. 1, 285 (1973). 
*W. Hartig and H. Walther, Appi. Phys. 1, 171 (1973). 
4 W. Lange, J. Luther, B. Nottbeok, and H. W. Schro¬ 
der, Opt. Commun. 2, 157 (1973). 

*L. S. Vasilenko, V. P. Chebotaev, and A. V. Shl- 
ahaev, Pis’ma Zh. Ekap. Teor. Fla. 12, 161 (1970) 
[JETP Lett. 12. 113 (1970)1. 

*B. Cagnac, G. Grynberg, and F. Blraben, J. Phys. 
(Paris) 34, 56 (1973). 

’D. Pritchard, J. Apt, and T. W. Due as, Phys. Rev. 
Lett. 32, 641 (1974). 
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Lett. 32, 643 ( 1974 ). 

*M. D. Levenson and N. Bloexnbergen, Phys. Rev. 
Lett. 32, 645 (1974). 

"since tbs first-step excitation populates the 3 P level 
only with atoms of a given longitudinal velocity range. 

It should not be necessary to use an atomic beam to 
reach a resolution beyond the Doppler limit; but In that 
case some parasitic lines could appear If the Interme¬ 
diate level Is not single. We plan to do some experi¬ 
ments with a sodium vapor cell. 

"S. Liberman and J. Pinard, Appl. Phys. Lett. 24, 3 
(1974). 

"S. Feneullle, to be published. 


Direct Observation of Exchange Scattering by Spin Flip of Polarized Electrons 
in Excitation of Mercury 

G. F. Hanne and J. Kessler 

Physikaliaches Bistitvt der VnHieraiiBt MSnstar, MBnater, Germany 
(Received 13 May 1974) 

Exchange scattering has been directly observed in the excitation of the 6 , P state of 
mercury by measuring the spin flip of polarized electrons. Between threshold and 8 eV 
exchange scattering dominates, resulting in a reversal of the direction of polarization 
of the scattered electrons. Above 8 eV the Influence of exchange decreases rapidly for 
scattering In the forward direction. 


In a conventional electron-atom scattering ex¬ 
periment It Is impossible to decide whether the 
observed electron has suffered a "direct” or an 
"exchange” collision. Thus the direct and ex¬ 
change cross sections l/(©)l* and lg(8)l a cannot 
be measured separately. This Is different, If 
the colliding electrons are distinguishable, i.e., 
if their spins are antiparallel and each electron 
retains its spin direction during the scattering 
event. In this case, by determining its spin di¬ 
rection, the observed electron can definitely be 
stated to have, or to have not, suffered an ex¬ 
change collision. 

This is one of the reasons why scattering ex¬ 
periments with polarized particles are so appeal¬ 
ing. Such experiments are feasible today, as the 


pioneer work of Bederson’s group 1 shows. The 
authorised spln-state-seiected alkali atoms as 
the target and observed the angular distribution 
and the change of spin state of the recoil atoms. 

A group at the Joint Institute for Laboratory 
Astrophysics,* which measured cross sections 
for direct elastic scattering at a few angles, al¬ 
so used state-selected alkali atoms and observed 
the spins of the scattered electrons. For atoms 
other than alkalis no such experiments have been 
made. They can, of course, only be performed 
with atoms which have unsaturated spins. 

Another approach to the separate measurement 
of direct and exchange scattering can be made by 
bombarding unpolarlzed atoms by polarized elec¬ 
trons, but “there has not yet been any scattering 


341 


Volume 33, Nouin 6 


PHYSICAL REVIEW LETTERS 


3 Aom»T 197 


experiment in low-energy atomic physics employ¬ 
ing polarized electrons."' This paper reports an 
experimental study of electron exchange in the 
excitation of mercury atoms by slow polarized 
electrons. Inelastic exchange scattering leading 
to the 8 *P state of this "two-electron atom" was 
directly observed by measuring the depolariza¬ 
tion of the scattered electrons. 

Numerical results for the size of the effects to 
be expected were not available. We were, how¬ 
ever, encouraged by the following considerations 
to perform the experiment: Theoretical calcula¬ 
tions 4 have shown that the cross section for the 
8 *P excitation in the range up to about 5 eV above 
threshold should be dominated by exchange. At 
higher energies, direct scattering becomes in¬ 
creasingly Important. (Direct scattering is 
caused by the fact that there is a certain 1 i > 1 ad¬ 
mixture to the ’i 3 ! state.) If this is correct, the 
polarization of the scattered electrons should be 
affected below 10 eV as a result of the spin flips 
occurring by exchange excitation of the *P state, 
whereas above about 10 eV the scattered elec¬ 
trons should still have the initial polarization. 

The ratio of the final and initial polarization 
should be P'/P * - i, if exchange scattering were 
the only way to excite the a P state. This is be¬ 
cause for electrons with spin + i the probability 
for excitation of the atomic substates Af s * +1 
(opposite spin directions of observed and Incident 
electron) is twice as large as that for excitation 
of M s - 0 (equal spin directions of these elec¬ 
trons), as can be shown by a simple calculation. 

M j = - 1 cannot be excited by electrons with spin 
+ J If spin conservation Is valid. Since there is, 
however, a certain percentage of direct scatter¬ 
ing due to the 1 P s admixture, the probability of 
non-spin-flip processes Is somewhat increased, 



FIG. 1. Schematic diagram of the apparatus. 


so that the ratio P'/P is shifted to more posltivi 
values. The exact value of P'/P yields the extei 
to which direct and exchange processes contri¬ 
bute to the excitation [cf. Eq. (2) at the end]. 

In the present experiment the depolarization od 
the electrons scattered in the forward direction 
has been determined. For these electrons ex¬ 
change scattering is the only possible spin-flip 
mechanism; no other spin flips due to spin-orbll 
coupling occur. This can be concluded from the 
measurements of spin polarization resulting 
from elastic and inelastic electron scattering on 
mercury.*' They showed that the Influence of 
spln-orblt coupling Is appreciable only for scat¬ 
tering angles larger than 30°. 

Figure 1 gives a schematic diagram of the ap¬ 
paratus. Transversely polarized electrons re¬ 
sulting from elastic scattering by a mercury- 
vapor beam 7 (fi =80 eV, 0 = 80°, P = 0.22) are de 
celerated to 5-20 eV and focuBed on a second 
mercury-vapor beam (target density 10"'-10*' 
Torr). The intensity of the Incident polarized 
electron beam measured after deceleration to 5 
eV and selection by the spectrometer was appro: 
lmately 5X10* 11 A. The counting rate of the in- 
elastically scattered electrons finally was 60- 
200 countB/mln. 

Figure 2 shows the experimental results. The 
error bars include the statistical error and the 
reproducibility of the measured polarizations P 
and P', as well as the reproducibility of the en¬ 
ergy. At energies below 8 eV strong depolarlza 
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FKJ. 2. Measured values of the depolarization ratio* 
versus Incident energy. 
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tion or even reversal of the direction ol polariza¬ 
tion has been observed. This agrees with the the¬ 
oretical prediction that exchange scattering dom¬ 
inates at these energies. Above 8 eV, however, 
the number ol spin-flip processes decreases 
more rapidly than expected from Ref. 4: Above 
9 eV significant depolarization could no longer 
be observed. 

We want to point out that the theoretical calcu¬ 
lation 4 refers to the total excitation cross sec¬ 
tion only. .Theoretical predictions of exchange 
cross sections at small angles are controversial 
and depend strongly on the approximation made.* 1 * 
The present measurements show that the influ¬ 
ence of exchange scattering is very strong even 
at small angles. 

Apart from improving the accuracy we hope to 
resolve the *P 0 , *P lt and *P, transitions in the 
forthcoming measurements. Making the assump- , 


tion thgt the spin-orfoit relaxation time is long 
compared with the excitation time (which is not 
well-established for Hg), we found for trans¬ 
versely polarized electrons the depolarization 
ratios P i /P to be 

__Leal!_ .i&£ 

W+zig.i” ig.fOaig.r 

aigtP + aig-i* U) 

5lg 0 l s + 10lg,I* ’ 

for 3 P 0 , a P lt and 5 P t , respectively. Here g 0 and 
are the amplitudes for inelastic exchange scat¬ 
tering with excitation of the M L = o and M L = ± 1 
substates of i P. If the polarization is parallel to 
the quantization axis the rotation of the coordi¬ 
nates transforms lg 1 l* and lg 0 l* into Iand 
21^, 1“ — lg 0 l*, respectively. When the admixture 
of the *P, state to the i P l state iB taken into ac¬ 
count, the second of the above expressions is re¬ 
placed by 


P' PW.Wn‘l , + 2l//-g 1 ‘l»)-aMg 1 l* 

P~ PI I/o' - Ho I* + 21/,* - g‘ I*) + «>( lg„ P + 2 \ gl I*) ’ 


where f* and g* are the direct and exchange scat¬ 
tering amplitudes for excitation of the l P state, 
and a and P are the coupling coefficients. 4 Since 
at the 4.9-eV energy loss studied here the transi¬ 
tions to the S P, state are dominant, it was mainly 
expression (2) which was measured in the pres¬ 
ent experiment. The contribution of the other 
channels (®P 0 and ’P,) is roughly estimated to be 
less than 40% (the overall energy resolution was 
0.8 eV). 

At threshold, according to angular momentum 
conservation, only the amplitudes wlthAf i = 0 
can be excited. Thus the limiting value for the 
*P, state should be P'/P = 0, which is obviously 
confirmed by the experiment. Resolution of the 
5 /* 0 and *jP, transitions would yield more informa¬ 
tion about g, and g v 
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Delayed Emission of Cyclotron Harfnonics Triggered by a High-Power Microwave Pulse 


N, Ohyabu, S. Sasaki, and N. Kawashina 

Institute of Space and Aeronautical Science, University of Tokyo, Komaba, Meguro-ku, Tokyo, Japan 

(Received 29 April 1974) 


We study the interaction of high-power microwaves with a magnetised plasma. Delayed 
emissions at cyclotron harmonics are observed after the termination of the pumping wave 
when the frequency of the pumping wave is equal to one of the harmonics of the cyclotron 
frequency and is near the plasma frequency. 


There has been much Interest recently in the 
interaction of Intense electromagnetic waves 
with plasma concerned with laser-induced fusion 
and nonlinear plasma wave phenomena in the 
magnetosphere. M Such an Interaction can pro¬ 
duce numerous nonlinear phenomena . 1 * 10 Here 
we will present interesting experimental results 
of the interaction of high-power microwaves with 
a magnetized plasma in which delayed emissions 
at cyclotron harmonics are observed after the 
termination of the pumping wave when the fre¬ 
quency of the pumping wave is equal to one of the 
harmonics of the cyclotron frequency and Is near 
the plasma frequency. 

The experimental layout is shown in Fig. 1. A 
helium plasma is produced in the steady state by 
ionization due to electrons which are emitted 
from an oxide-coated cathode and accelerated by 
the electric field between anode and cathode. The 
plasma density is around 10‘Vcm 1 and the neu¬ 
tral-gas pressure P 0 is 1 xlO -< Torr. The plas¬ 
ma is confined In a magnetic mirror field pro¬ 
duced by colls I -IV and the radius of the plasma 
column is about 1 cm. High-power microwaves 
at f 0 * 9.36 GHz are transmitted transverse to the 
plasma column from an open-ended wave guide. 
The maximum power and the duration time of the 
pumping microwaves are 10 kW and 5-20 fisec, 
respectively. Microwave emissions from the 
plasma are measured by a spectrum analyzer 
(EMA 910) with a frequency range from 1 to 10 

Mirrnwa\t> A I trrtimtol AihkI,. Inlpriui'dinti* 



llmmuu ('.oil ■ lOTurn 1 . 1 

FIG. 1. Schematic layout of the experiment. 


GHz. 

An output signal of microwave emissions from 
the plasma is shown in Fig. 2, in which the pump 
ing frequency is 5 times the electron-cyclotron 
frequency (/ 0 =* 5/ ct ) and the measured frequency 
Is tuned to the second harmonic of the electron- 
cyclotron frequency. A strong microwave emis¬ 
sion is observed simultaneously with the micro- 
wave pumping (between f, and f. In Fig. 2). After 
the termination of the pumping, pulsating micro¬ 
wave emissions appear with a maximum delay 
time of up to 50 jib ec. 

Such delayed emissions appear only when the 
resonance condition /„ =* w/ ce (n=* 2, 3, 4, 5,...) is 
satisfied; the frequency spectrum of the delayed 
emission for m * 4, 5 is shown in Fig. 3. From 
Fig. 3, the following rule about the spectrum of 
the delayed emission is obtained: ( 1 ) spectra 
have peaks at the cyclotron harmonics (m/ ce ) 

(m = 2, 3,..., n -1); (ii) the emission at the sec¬ 
ond harmonic is the strongest; (ill) emissions at 
frequencies f ct (fundamental) and nf ct (Le., the 
pumping frequency / 0 ) are so weak that they are 
difficult to distinguish from the noise level of tin 
receiver. 

The delayed emission is quite different from 


20dB yv 

9 to 

OdB - 




I i* h 

Simultaneous ■ 
r . Emission 

Emission 


)elayed 


FIG. 2. Signal of the microwave emission at the 
second cyclotron harmonic from the plasma. The fw 
quenoy of the pumping wave Is 5 times that of the oyo 
tron frequency and the pumping wave ia applied from 
the time tf to the time t 2 ; 12.G paec/div. 
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FIG. 3. Frequency spectrum of the delayed emission 
for (a)/«“5/ cel and (bj/ 0 = 4/ ee . 


he simultaneous emission that is observed dur- 
ng the pumping time. First, the width of the 
-esonance (/ 0 =>i/ cc ) for simultaneous emission 
a very broad (15%), but the delayed emission re¬ 
tires a much more severe resonance condition; 
be magnetic field strength should be tuned wlth- 
n 3% of the resonant-field strength In order to 
ibtain the delayed emission. Second, the delay 
missions appear only when the pumping fre- 
luency Is near the plasma frequency (/„= f^.), 
vhile the simultaneous emission Increases as 
he plasma density Is Increased (Fig. 4). Third, 
he power of the simultaneous emission Increases 
ilmoet linearly with that of the pumping wave In 
he measurable microwave power region of our 
receiver, but for the delayed emission there 
sclsts a clear threshold level of the pumping 
»ave power (5 kW). When the pumping power is 
increased above this critical level, the delayed 
mission appears and Increases sharply. Fourth, 
he simultaneous emission does not change very 
Buch even when the mirror ratio of the magnetic 
Held is varied. The delayed emission, however, 
leer eases as the mirror ratio Is decreased and 
toes not appear at all In a straight magnetic 
Held. This Implies the existence of hot electrons 
seated by the pumping wave; these should play 
tn Important role in the delayed-emission mech- 
udstn. Diamagnetic-signal and x-ray observe- 



FIG. 4. Dependence of the delayed emission and 
simultaneous emission on the plasma density;/g = 3/ ce . 


tions also support this possibility, although the 
magnetic field strength at which the diamagnetic 
signal, the total amount of x-ray emission, and 
the power of simultaneous emission show their 
maximum values Is slightly, but definitely, dif¬ 
ferent from the magnetic field strength where 
the delayed emission appears. The electron heat¬ 
ing at electron-cyclotron harmonics has been ob¬ 
served in a number of experiments'and It is 
reasonable to believe that the pumping microwave 
power Is converted Into the energy of hot elec¬ 
trons confined in the magnetic mirror field and 
by some triggering mechanism, the stored ener¬ 
gy Is abruptly released accompanying the delayed 
emission. 

Although the relation between the delay time of 
the delayed emission and the experimental con¬ 
ditions Is Important In order to clarify Its mech¬ 
anism, no definite correlation has been observed 
within the present experimental accuracy and re¬ 
producibility. The polarization of the Incident 
and emitted wave cannot be specified because our 
experimental apparatus Is a multimode system 
due to the reflection from the metal wall. 

Including the above problems a more detailed 
mechanism Is now under Investigation. 
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Heating of a Fully Ionized Plasma Column by a Relativistic Electron Beam* 

C, Ekdahl, M. Greenspan, R. E. Krlbel.t J. Sethian, and C. B. Wharton 
Laboratory of Plasma Studios, Cornell University, Rkaca, New York 14850 
(Received 10 June 1974) 

A magnetized plasma column tftp * 6 MO** cm’*) is heated by the injection of an Intense 
relativistic electron beam along the magnetic field. The energy per electron-Ion pair 
transferred to the plasma increases linearly with the beazn-to-plasma density ratio * k / 
n f . The electron heating is attributed to the electron-electron beam-plasma interaction 
while the energetic ions are produced by an electrostatic acceleration. After heating, 
the plasma column oscillates radially at a frequency proportional to B/np 


Advances in electron-beam technology have 
made possible the production of very intense 
relativistic electron beams with power levels as 
high as 10” W. With the capability of delivering 
several megajoules of energy in a time less than 
100 nsec, these beams have several applications 
in fusion research. One of the more promising 
is in their use for rapid heating of plasma to 
thermonuclear termperatures. The coupling be¬ 
tween relativistic electron beams and plasmas of 
thermonuclear interest via Coulomb collisions Is 
rather weak, but collective interactions can re¬ 
sult in very significant energy transfer. Two col¬ 
lective interactions are expected, the electron- 
electron two-stream instability* involving the 
high-energy beam electrons streaming through 
the plasma, and the electron-ion streaming in¬ 
stability driven by the Induced return currents 
flowing within the beam. 9 There have been sev¬ 
eral experimental studies of plasma heating by 
relativistic electron beams in which significant 
heating has been observed,” 7 but as yet the dom¬ 
inant heating mechanism has not been positively 
identified. Most of the experiments were com¬ 
plicated by the presence of wall effects, un-lon- 
Ized gas, or uncertainties in beam or plasma 
parameters which made comparison with theory 
difficult. 

In the experiments described here, the plasma 
column Is fully ionized and confined in a hard 
vacuum (p * 2 x 10"® Torr) away from the vacuum 
chamber walls. The relativistic electron beam 


is produced in a diode having a foil anode which 
isolates the diode from the plasma, thus decou¬ 
pling the beam parameters from those of the 
plasma. The latter feature eliminates the am¬ 
biguity that existed in earlier experiments using 
foilless diodes.” Recent observations of very 
weak x-ray production and paramagnetic signals 
indicate that only a weak beam, if any, was pres¬ 
ent in the foilless diode experiments and the ob¬ 
served heating was due to plasma currents driv¬ 
en by large axial electric fields within the plas¬ 
ma column,' 

The experiments have been performed on the 
Cornell turbulent heating machine (THM) mod¬ 
ified by the addition of a relativistic electron- 
beam accelerator.® A plasmoid is injected into 
a magnetic mirror trap where a plasma column 
is formed having a length of 1,8 m, a mean dia¬ 
meter of 6-10 cm, and a density that can be 
varied from 10 ,9 to 6 xlO 19 cm" 9 on axis. R is 
confined by a 2.6-kG magnetic field in a cylindri¬ 
cal vacuum chamber of 40 cm. The device has 
the capability of beating the plasma column by 
the axial injection of a relativistic electron beam 
and by the application of a large axial electric 
field which produces current-driven turbulent 
heating.' The beam heating experiments are the 
subject of this paper. 

The electron-beam accelerator consists of a 
Marx generator driving a 6.8-0, water-filled, 
coaxial pulse line which feeds a diode. It is cap¬ 
able of producing an 80-kA pulse of 500-keV elec- 
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FIQ. 1. Typloal diamagnetic loop signal. Sweep 
■peed le 200 neeo/(large) dlv. 


trons lasting 00 nsec; however, the beam cur¬ 
rents In these experiments did not exceed 45 kA. 
The diode Is located at the peak of the downstream 
magnetic mirror field and consists of a tungsten- 
coated aluminum cathode and a thin metal anode 
foil. Several foil thicknesses have been used, 
ranging from 12.5-pm aluminized Mylar to 50- 
li m titanium. In most of the experiments the 
initial beam diameter Is 3 cm expanding to about 
6 cm In the midplane of the trap. The plasma Is 
monitored with 4- and 8-mm microwave Inter¬ 
ferometers, fast diamagnetic loops, capacitive 
wall probes, magnetic probes, charge-exchange 
neutral-energy analyzers, and x radiation from 
targets Inserted into the plasma. The net plasma 
heating Is determined from the diamagnetic loop 
output which measures the perpendicular energy 
transferred to the plasma. A typical oscilloscope 
trace of the diamagnetic loop output Is shown in 
Fig. 1. The energy Increase per electron-ion 
pair Is shown in Fig. 2, curve a, as a function of 
the beam-to-plasma density ratio njn r The de¬ 
pendence of the plasma heating on njn t is in 
agreement with observations in other heating ex¬ 
periments 4 and with the results of one-dimension¬ 
al computer simulation of the relativistic elec - 
tron-electron beam-plasma Interaction. 10 In ad¬ 
dition, the data in Fig. 3 show that there exists 
no threshold beam current for heating. Since 
magnetic probe observations show that the plas¬ 
ma column is at least 95% magnetically neutra¬ 
lised during the beam transit, these data also in¬ 
dicate that there Is no threshold return current 
lor heating In contrast to what has been observed 
In current-driven turbulent heating experiments. 
There currents In excess of 8 kA were required 
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F1Q. 2. The lnoreaae In net perpendicular energy 
per electron-ion pair (curve a) and perpendicular Ion 
energy (curve b) versus the beam-to-plasma density r*" 
tlo n t /np. These data obtained by varying the plasma 
density with the beam parameters held fixed. 


to produce significant heating. 11 Even when the 
plasma column was preheated by current-driven 
turbulent heating, no sharp threshold for beam 
heating was observed. Furthermore, the rate 
of plasma heating in the beam heating experi¬ 
ments is at least an order of magnitude greater 
than that observed in current-driven turbulent 
heating experiments on the same plasma column 
at comparable current levels. These bbserva- 
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FIQ. 3. The net perpendicular energy transferred to 
the plasma as a function of the diode current. 
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FIG. 4. Frequency of plasma column oscillations 
versus (a) plasma density and (b) magnetic field. The 
ourrents plotted in (a) and (b) are proportional to */ lA 
and B, respectively. 


tions Indicate that the electron-electron two- 
stream Interaction dominates the return-current 
Interaction In these experiments. Under these 
circumstances most of the energy deposited in 
the plasma should show up In the electron distri¬ 
bution with little heating of Ions. However, en¬ 
ergy analyses of the charge-exchange neutrals 
escaping from the plasma column Indicate that 
the ion energies, which are shown In Fig. 2, 
curve 6, are comparable to the electron temper¬ 
atures. It appears that Ion heating occurs during 
a second stage after the electrons have been heat¬ 
ed. The preferential electron heating results In 
the formation of positive plasma potentials of 
several kilovolts which have been observed with 
capacitive wall probes. The dominant radial elec¬ 
tric field then accelerates the Ions outward pro¬ 
ducing heating as the directed ion energies are 
randomized. 1 ’ 

The initial radial ion momentum leads to the 
excitation of m =0 oscillations of the plasma col¬ 
umn which are clearly evident on the signals 
from the diamagnetic loops (see Fig. 1). The fre¬ 
quencies observed are generally slightly greater 
than the ion-cyclotron frequency, l.e., ilj<ui 
<40,, where u> is the angular oscillation fre¬ 
quency and O, Is the lon-cyclotron frequency in 
the midplane. With the ordering of frequencies 
(O, «: w„ « 0« ** <*>,) which exists in the experi¬ 
ment, the angular frequency of radial oscillations 
for a magnetized plasma column Is approximate¬ 
ly 13 - 13 V A , where the proportionality constant 
depends on the relative magnitudes of h, and k 1 . 
Here O, Is the electron-cyclotron frequency In 
the midplane, and u>„ are the ion and elec¬ 
tron plasma frequencies, respectively, and 
Jb a are the components of the wave vector paral¬ 


lel and perpendicular to the magnetic field, V A 
Is the Alfvdn velocity V and n, 
Is the plasma density, The observed oscillation 
frequencies, plotted In Fig. 4, Indeed show the 
expected dependences on both the magnetic field 
and the plasma density. The radial oscillations 
damp out In less than 2 psec Indicating that the 
radial ion motion Is being randomized on that 
time scale. A time-dependent angular analysis 
of the charge-exchange neutral flux escaping 
from the plasma verifies this most clearly at 
low plasma densities, where energetic Ions are 
observed in the radial direction, i.e., 90° to the 
magnetic field, immediately after beam heating. 
However there Is a time lag of ~ 2 psec before 
the maximum flux of energetic Ions Is observed 
at an angle of 110°. The mechanism responsible 
for the ton scattering has not been identified. 
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Contribution to Sideband Instability Theory 
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The O'Neil trapping regime Is known to tike place only after a finite damping of the 
main wave. As a consequence of that finite damping, one obtains a beam-type distribu¬ 
tion function lor the dstrapped particles. By Including In the stability analysis this de¬ 
tailed distribution function, we give a new Interpretation of the sideband generation. 


The original observations by Wharton, Malm- 
berg, and O’Neil 1 that satellite frequencies of a 
large •amplitude collisionless electron plasma 
wave are unstable were Interpreted in terms of 
trapped-electron instability.* 1 ’ From that time, 
numerical simulations 4 and laboratory experi¬ 
ments 9 ' 7 have made more precise the features of 
this instability. This Instability is very sensitive 
to the time behavior of the main wave. It has 
been shown" that several regimes are passible 
according to the values of \y L /u t0 \, where y L Is 
the Landau damping rate and u t0 the initial elec¬ 
tron bounce frequency: ic ia =*„{ lel* 0 /m 4 } 1/a . 
Firstly, if l?i/v to l>l, the main wave is Landau 
damped. Secondly, if ln/cc, 0 l«l, 016 main-wave 
amplitude oscillates around a constant mean val¬ 
ue (O’Neil’s regime®). Lastly, If 0.2 & ly L /u) 4o l 
<.0.7, the potential-wave amplitude decreases 
first and oscillates after a while, whereas one or 
three sidebands grow with frequencies approxi¬ 
mately given by w~hV^±w bn , 2w to . Here, F» 0 
is the main-wave phase velocity. Measurements 
of the sideband growth rate 119 "" show that, depen- 
ing on the initial-wave potential, one obtains y t 
<x(o 4o " with 1 *n«2.4. Moreover, after the ini¬ 
tial main-wave damping, the electron distribution 
function exhibits an accumulation of untrapped 
particles at the edge of the well. 4 

These experimental features suggest the follow - 
ing mechanism to explain the sideband instability. 
For simplicity, we restrict ourselves to the case 
p ~ V*o“>o/W < 1 (Vi* Is the electron thermal 
velocity), which enables us to neglect the non¬ 
linear frequency shift. 10 Let us assume an ini¬ 
tially Maxwellian plasma where a monochromatic 
wave is injected at 1 = 0. During the first-half 
i bounce period, trapped electrons with velocities 
V < V 4o are accelerated by the wave electric field, 
whereas electrons with V > K* 0 are decelerated. 

U the damping rate is small compared to the 
; bounce time, the net energy exchange between 
j wave and particles tends to be null. Conversely, 

! if these two scales are comparable, many of the 


accelerated particles are not reflected during the 
second-half bounce period, and they become a 
beam of detrapped particles. On the other hand, 
reflected particles lose kinetic energy to the 
wave, inducing a new rise of the main-wave am¬ 
plitude. A lower-amplitude oscillatory regime 
takes place when the slope of the distribution 
function of the remaining trapped particles is 
small enough. Then the main effect of the wave 
damping is to give rise to a beam of detrapped 
particles, which we show to be .responsible for 
the sideband instability. 

Before proceeding with the stability analysis, 
we calculate the distribution function at the end 
of the damping stage. In order to be able to Bolve 
the particle equation of motion in the wave frame, 

jjl=-^k o m) ( 1 ) 

we choose a particular time dependence for *(f): 


1 

o V) 


»n (t) 

at 


= 2e = const, 


( 2 ) 


with 

Since in most experiments the oscillatory regime 
is reached after half a mean bounce period, we 
use Eq. (2) for 0 < / <sT/2, where 7/2 is defined by 
»= / o T/s 0(f)df. For l> T/2, we assume a constant 
amplitude, 4, = *(7/2). We have to assume I« I 
< 1, otherwise the wave will be completely damped 
before one trapping oscillation could take place. 

On the other hand, I e I must not be too small, 
otherwise the time variation of the potential is 
adiabatic, and only a negligible number of parti¬ 
cles are detrapped. The parameter * will be de¬ 
termined from the energy balance. 

First we consider Eq. (t) lor t<f/2. Setting 
y= [ g ‘ti(t)dt, we have to solve 



+ 2t 


dk o* 

dy 


+ sinfeo* = 0. 


(3) 
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This is the equation of a pendulum with a negative 
friction term. It has been solved by Bogolloubov 
and Mitropolski . 11 Expanding sinA^, one shows 
that the solution which is obtained when retaining 
only the linear terms describes the motion of 
95% of the initially trapped particles within an 
accuracy of better than 5%. Thus, in the follow¬ 
ing we use this approximation. If we set x 2 
= 2 lel*(/)/[W + 1*14(0], where W is the particle 
energy, we deduce, from Eq. (3), x t a = x*(T/2) 

= x a (01exp(2e»). For a stationary potential, one 
checks easily that x* < 1 for untrapped particles 
and x 9 > 1 for trapped particles. Here, because 
of the finite potential variation, we must distin¬ 
guish three kinds of trajectories in the phase 
plane ( x , V): (1) Particles with «,* <e*” are al¬ 
ways untrapped. For these particles we neglect 
the modulation of their velocity t> in the wave 
frame. Thus their distribution function remains 
Maxwellian. (2) Particles with x, a > 1 remain 
trapped, and e(T/2) = ~v(t (3) Particles 

with e a< *< x, a < 1 are trapped at / = 0 , and untrapped 
at t= T/2. Depending on their initial energy, 
these particles can suffer one or no reflection. 

For initially trapped particles, those having e 2 ** 

< x,* <e ct sire not reflected, whereas one reflec¬ 
tion occurs for those with e” < x , 2 < 1. Then 
e(T/2)= -e(/ = 0)e rw if 1 >x 1 a >c", and ti(T/2 ) = v{t 
= 0)e" if e" > x,’ >e"'’. Consequently the main 
wave energy absorption during the first-half 
bounce period is due to particles with x , 2 >e", 
the distribution function of which exhibits an in¬ 
verted slope at t= t/ 2, as shown on Fig. 1(a). 

From the energy balance equation we evaluate the 
amplitude characteristic scale of variation, 

The time development of the sideband instabil¬ 
ity can be studied when the oscillatory regime is 
established (i.e., for t * T/2). We use the same 
methods as Bud’ko, Karpman, and Shkylar.’ As 
in Ref. 3, we find that for p < 1, the main contri¬ 
bution to the growth rate comes from the ergodic 
terms of the distribution function. But as a re¬ 
sult of the detrapping process we have previously 
described, we get the ergodic distribution func - 
tlon shown on Fig. 1(b). As for 1 > x 2 >«**, the 
sign of the x-dependent term is opposite to the 
one obtained in Ref. 3, and the instability soon 



FIG. 1. Electron distribution In the wave frame aa a 
function of x* 1 (x having the sign of v). (a)Att-r/2 
the distribution exhibits an Inverted slope compared to 
the Initially Maxwellian function. (b) At l «= •», the elec¬ 
trons exhibit a beam-type distribution function. 


occurs even for n «1. Nevertheless, provided 
that the contribution of ergodic terms dominates, 
it is convenient to work in the asymptotic time 
regime. As long as *,/*„ = exp(»> t /io to ) is not 
too small, the energy of detrapped particles is 
sharply peaked ((*,/* 0 ) ,/4 < x 3 < l]. Then their 
distribution function may be regarded as identical 
to that of a beam and the hole from which the 
beam came, 

/o= *4K-(K)flll*,V /i,6( ' C_ '‘ I ' ) ’ 

0 

where K ts the complete elliptic integral and 2 n D 
is the number of detrapped particles, 


*o u/Wc \«» 0 / V *1 / 


(5) 


Here u>, 2 = 4im 0 e a /m,, o> 0 is the main wave fre¬ 
quency, and k d Is given by the balance equation 
which reads, with our approximation, \k p lAtxJ 
= €w)‘ 1/a . 

Because of the spatial periodicity In the wave 
frame, all the Fourier components of the per¬ 
turbed electric field £(A + nA 0 ) are coupled togeth¬ 
er through the periodic modulation of the suscep¬ 
tibility. u In the laboratory frame the equation 
for £(A, <i>) has the form 


£.l«(A + sA 0 , w+sw 0 )6(f, s)+X,.,l£(* + s*o> <*> + sw o ) = 0, (6) 

where the fluid dispersion relation <$(*, <*>) = ! -<*>//(w* - 3A*V r 2 ) describes the initially untrapped parti¬ 
cles, for which we kept only zeroth order terms in The ergodic trapped-particle distribution 
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function ifl Independent of x to the lowest order in / x. Then the only contribution to the susceptibility 
Xi, j comes from detrapped particles. We retain the most important components of the field, E(k, w) 
Und E(k -2* 0 , u -2u g ). Limiting ourselves to terms up to second order in ? i) =exp[- 
the susceptibilities Xj,, read 


**E w*k„V 


x,..—Xn,-.—fer A =KZT- + T(w 


1 6?n 2 


Xo.-i 3 -X-, 


_ *EufkMw-kV tn ) 


2A 5 (1 - x B ') l(<u-*„>!/» J” 


(7) 

(8) 


where o> e is the beam plasma frequency, V = tw il /\K c lK(K L )k a is the averaged velocity of the beam, 
and K and E are complete elliptic integrals. Setting u) = w 0 + 6 u> and k-k a +tk, the dispersion equation 
is solved to the first order in q„ The maximum growth rate is obtained for fife = ±* 0 l/(V* 0 /3V r 2 ). In 
the laboratory frame 


VT ( Eli 1 e 3 “ /nW) 1 * 

2 "*0} 8K*iT7?[u> t0 ) Z? J * 


ta) - W„ = ± I 


(9) 


Retaining now the second-order terms in q D , we find that sidebands with frequencies u; - w 0 “±20, 
are destabilized. Since Y t a t s (24o) 1 ,t Ya,> they will be observed only if k d is not too far from unity. 
Let us now take into account the sideband amplitude coupling terms. Solving the set of equations ( 6 ), 
E{k, u>) and E(k - 2 k 0 , w - 2b) 0 ) are coupled through the second-order terms in q^ 

E(w„ ± n„ k) = {- Xo. - 2 /l(0<S) a + Xo. - 2 Y n **$E(k - 2*0, ± o, - co 0 ), 


where 

««=. [(Oo))’-3(6*) , V rt “]a) > ‘ 2 . 

Then, in the laboratory frame, die red satellite 
has larger amplitude than the violet one, if V* 0 * 
>3V' JV 2 , which is the usual experimental case. 

The ratio of E(w a - 0„ * 0 ) to £(<*)„ + 0,, ft 0 ) de¬ 
pends on q D through Xo. g- For very small values 
of q b , lx,,. -,l<lfi«SI and o(o) 0 + 12,) «S(w 0 - O,); 
while for ^ B <l,_but not too small, Ixo, „,l> I6£l 
and E(w„ -a t )-E(w 0 + O,). 

Collecting the previous results, three side¬ 
bands should appear if y L /o), 0 is small (x c 2 si). 
Conversely, if > L /a) to ia large (* B 2 «1), only 
one sideband should appear. In this case the 
beam is wider, thus explaining the broadening of 
the spectra when only one sideband is observed.’ 
This regime is rather limited in y L /<u, 0 , at least 
if we maintain p «t. If p ~1, nonlocal damping 
effects and nonlinear frequency shift will occur. 10 
Then there should be one enhanced beam with 
k d «1, inducing a large-amplitude unique side¬ 
band wave. This regime Is the natural extension 
of the regime p<t, x c 2 <1, where only one side- 
oand was found. Furthermore, when p ~ 1, one 
oan expect that the sideband growth rate will not 
e proportional to * 0 in .* 


We gratefully acknowledge useful discussions 
with T. M. O’Neil and J. H. Malmberg. 
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We observe a low-frequency Instability with w in a steady high-density plasma 
fr,“10 u - 14 ooi'V This instability has components of magnetic field fluctuations as well 
as density fluctuations. By Introducing the dispersion relation, the Instability is inter¬ 
preted as the coupled mode of the coltlslonal drift wave and the Alfvfrn wave. 


There have been many works on the colllsional 
drift wave in rather low-density, low-0 plasmas 
(0 in which only an electrostatic mode 

is precisely considered. 1 In rather high-density 
plasmas with 1 however, the hydro- 

magnetic mode must be taken into account as the 
electrostatic approximation breaks down. 0 is 
the ratio of the plasma pressure to the magnet¬ 
ic pressure, and m and M are the mass of an 
electron and an ion, respectively. Kadomtsev’ 
has shown in a collisionless plasma the exis¬ 
tence of the normal mode of the coupled Aflvfin 
wave and collisionless drift wave, but no ex¬ 
perimental verification has been reported. 

Woods* extended a theory on the current-con¬ 
vective instability presented by Kadomtsev 4 to 
that of the hydromagnetic wave, and has shown 
that the hydromagnetic mode is unstable if a ra¬ 
dial resistivity gradient and/or a steady current 
along the magnetic field exists. But this mode 
is different from the drift-wave branch charac¬ 
terized in Refs. 1 or 2. 

In the present Letter, we show that a low-fre¬ 
quency oscillation (w «w ci ) observed In a rather 
high-density, large-0 (1 »0 »m/M) plasma with¬ 
out a current along the magnetic field may be 
interpreted as the coupled mode of the collision- 
al drift wave and the Alfven wave. The same 
kinds of experiments have been reported, 5 8 but 
all of them have not necessarily satisfied the 
large-0 condition mentioned here, and no obser¬ 
vation of the colllsional drift wave in such a high- 
density plasma has been reported. But in fusion 
devices in which high-density high-temperature 
plasma is produced and in which 0 is high, the 
coupled colllsional and Alfvfen waves may be ex¬ 
pected to be unstable, resulting in reduced con¬ 
finement of the plasma by the magnetic field. 


Experiments are performed on the “TPD-1” 
machine of Nagoya University. 7 A helium plasma, 
which is produced by an arc discharge of a maxi¬ 
mum current of 100 A in a high-neutral-pressure 
region (p“ 0.5-1 Torr) under a strong magnetic 
field, diffuses Into a low-pressure experimental 
region with weak magnetic field through an anode 
orifice (diameter 8 mm), and ends on the floating 
target electrode. So, the fully ionized, current- 1 
free plasma exists in the experimental region. 

The magnetic field B 0 in the experimental regio 
is varied up to 4.0 kG. The plasma density w 0 
measured by a HCN laser" ranges from 10** to 
2 x 10 14 cm'* in the column center, with a back¬ 
ground neutral pressure of (8-7) xlO' 4 Torr. 

The plasma diameter is about 15 mm. Langmu 
probes are used for measuring plasma parame 
ters. The electron temperature T, is about 6-! 
eV, and the temperature ratio R = T ,/T, is abou 
0.5-1 depending on the discharge conditions, 
where T , is an ion temperature. 

Plasma profiles of the steady state and of flui 
tuations are measured by optical probes which 
are constructed with an optical guide and a phot 
multiplier. The optical guide has a collimating 
slit with a hole 2.0 mm and a length 42.3 mm. 

The optical signal detected is the Hell (4686 A) 
line. The fluctuating signals are analyzed by a 
real-time autocorrelator and cross correlator 
and a spectrum analyzer. The velocity of the 
plasma rotation around the axis is measured by 
the Doppler shift of the Hen line.* Fluctuation* 
of the magnetic field are detected by a water- 
cooled magnetic probe which, unfortunately, ca 
not be inserted into the center of the plasma co 
umn because the probe would melt, although tht 
wave dominated region can be measured. 

In the region where the radial density gradler 
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FIG. 1. (a) Dispersion relation of the collialonal drift 
mode coupled with the Alfven mode. Dot-daahed lines 
show the results for D,«0 (see text). * x - 2.5 cm' 1 , h„ 

= 1.5 cm" 1 , *,“2.0 cm" 1 , 1*1.2 cm" 1 , B 0 = 1.5kG, x g 
=3.0x10** cm”*, and T,“10 eV. Closed circles show 
experimental results, (b) Growth rate y as a function 
of parallel wave number for the eollislonal drift mode 
obtained from Eq. (1). Parameters are the same as in 
(a). Closed circles are the Instability amplitude A=x,/ 
* g obtained experimentally. 


Is maximum, 4-6 mm from the column center, 
there exists typically an ~50-kHz oscillation (/, 
mode) at the magnetic field intensity of 1.5 kG, 
while in the column center there exists an ~10- 
kHz oscillation (/, mode). Here, we are interest¬ 
ed in the mode. The maximum relative density 
fluctuation of the/, mode is 10-15%. The varia¬ 
tion of the frequency is measured as a function 
of the steady magnetic field intensity. The fre¬ 
quency of the instability increases almost linear¬ 
ly with the magnetic field strength till about 3 kG, 
but it becomes almost constant under stronger 
: field. The amplitude becomes larger until B a 
“1.8 kG, and decreases gradually with increas¬ 
ing magnetic field strength, although the spec¬ 
trum becomes broader. 

The mode number in the azimuthal direction 
Is found to be m = 1, from the cross-correlation 
measurement, and the wave travels in the direc¬ 
tion of the electron diamagnetic velocity. A high¬ 
er mode (rw = 2) is also observed, but Its ampli¬ 
tude is much smaller than the fundamental mode. * 
rhe instability amplitude is also measured along 
the plasma column (z direction), and is found to 
j minimum near the anode and target electrodes, 
nd maximum near the middle of the column. 

’he phase is constant over the whole of the plas- 



FIG. 2. (a) Frequency u versus the plasma density. 
Solid lines are obtained from Eq. 0), and dot-dashed 
lines from Z> g =0. Upper branch is the AlfvCn branch 
and the lower ones are for the oolllslonal drift mode. 
The parameters are the same as In Fig. 1 except with 
*1=0.06 cm" 1 . Closed circles are the experimental re¬ 
sults. (b) Growth rate y versus foe plasma density cal¬ 
culated from Eq. 0) for lower-branch mode with the 
same parameters as in (a). Closed circles are the In¬ 
stability amplitude. 

ma column length at fixed radial and azimuthal 
position. Thus, the half wavelength along the 
plasma column should be determined by the 
length between the anode and target electrodes. 
When the column length is made shorter, the 
frequency increases, while the instability am¬ 
plitude decreases. An example of the disper¬ 
sion relation is shown in Fig. 1, which is ob¬ 
tained by changing the plasma column length, 
after correcting for plasma rotation which will 
be mentioned later. In this example, the insta¬ 
bility disappears at *,=*8.0x10”* cm” 1 as seen 
in Fig. 1(b). 

Steady-state plasma rotation has been ob¬ 
served, 9 and it has been found that the rotation 
angular velocity In the electron diamagnetic di¬ 
rection is constant at about (4-5) x 10 s cm/sec 
within 2.5-3 mm from the column axis at B 0 
= 4.0 kG. Outside of this region where the wave 
amplitude is maximum, a small obscure rota¬ 
tion of the plasma column is observed [(1-2) 
x 10 s cm/sec]. 

When the discharge current I t is changed from 
10 to 100 A, the plasma density can change from 
1 xlO 1 * to 2xl0* 4 cm** in the column center. The 
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density is not necessarily proportional to the dis¬ 
charge current. Hie present Instability onsets 
at about « 0 i3xio“ cm'* at R 0 = 1.5 kG, and 
the instability amplitude njn 0 increases until n 0 
t»4xio ls cm"*, as shown in Fig. 2(b). After that 
the amplitude decreases strongly, being extin¬ 
guished at « 0 “ 7 x 10 15 cm"*. The instability fre¬ 
quency decreases monotonlcally from 53 to 42 
kHz as the discharge current increases. 

Fluctuations of the magnetic field are mea¬ 
sured on the azimuthal Re and axial B, compo¬ 
nents, as there is the possibility of hydromag- 
netic instability or of plasma rotation. An ex¬ 
ample of the results is shown in Fig. 3. We can¬ 
not measure the values in the plasma column 
center, because the water-cooled magnetic probe 
would melt and, farther, it would disturb the 
plasma strongly. Figure 3 shows that both B e 
and B r are larger than B z , although B e is a lit¬ 
tle larger than B r . These facts are consistent 
with the theoretical results, and indicate the 
existence of a nonelectrostatlc instability. 

The interpretation of this instability is based 
on the coupled mode of the colllsional drift mode 
and the Alfvdn mode. By starting with the ion 





FIG. 3. Magnetic field fluctuations measured by the 
magnetic probe at «j“4.6xlo u om'* and kO. 


and electron fluid equations with Ion viscosities 
across and electron collisions with ions along 
the magnetic field, and without current, we ob¬ 
tain the dispersion relation 10 

D 0 (fc,u>) + I> A (*,«) = 0, (1) 

where 


D A (k, w) = w* + j(R - !)<*>. +1 - k 6ui c( ^ j w* 


f 0 a 1 

I mm . ir ^ (h . ftW 

+ K r x + l 

^ ^ + K ^ \° j J 


- K - — to>„jU>jw» - i(^ u) x w.* +»c(l +R)u) cJ oi.*^ , 


K = k,(k,-k y )/k j.*, and k ± * = k* +k?. 

Here, we assume that the fluctuating electric 
field is nonelectrostatlc, i.e., E = -V<p - (l/c) 
x(8A,/9i)*4, and 1 »p »m/M and Vn 0 /n 0 » VT/T 
are the experimental conditions. Further we as¬ 
sume k t » A, although in the experiments k, 

* A. ip is the scalar potential, A is the vector 
potential, b = p?kj/ 2, w„ v.,, 

= b*v,,/ 4, <*>a = V a * b , V A is the Alfv<n speed, X 
=-(8-'8A)ln« 0 , H = w A 3 b/w f , and u, is the drift 
frequency caused by the density gradient. Other 
notations are standard. From the experimental 
results the effect of parallel motion of the ions 
and VT/T can be neglected, but strictly these 


should be taken into account. 11 If we use the 
electrostatic approximation, Eq. (1) reduces to 
the dispersion relation of the colllsional drift 
wave obtained by Hendel et al., n l.e., D 0 = Q. 

Examples of numerical values of Eq. (1) are 
shown in Fig. 1 by the solid lines, which are ob¬ 
tained by the use of experimental parameters. 

In the same figure the results obtained from D 0 
= 0 are also shown by the dot-dashed lines. 

We Airther mention that the growth rate of this 
mode increases with density, to a maximum at 
about 2xl0 11 cm"*, and decreases rapidly to be- 
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come negative for n 0 z 5x10“ cm"'. The calcu¬ 
lated frequency is almost constant for n 0 «l xlO 11 
" cm** and decreases for densities above this val¬ 
ue. These characteristics agree with those ob¬ 
served experimentally as also shown in Fig. 2. 
Little differences between the theory and experi¬ 
ments may depend on the fact that the plasma 
density in the experiments is taken for the values 
in the column center. The lower branch of Rem 
in Fig. 2(a) seems not to be a pure collisional 
drift mode but a mode coupled with the Alfvdn 
mode, and the upper one is the Alfvfin mode mod¬ 
ified by the collisional drift mode. The Alfv4n 
mode always damps in die present conditions. 

In conclusion, the unstable mode of the colli¬ 
sional drift wave coupled with the Alfv5n mode 
would be observed in a steady high-density plas¬ 
ma with 1 »P »m/M, although the Alfvdn mode 
is not unstable in under these conditions. In a 
large-jS plasma with an axial current both the 
Alfv£n and the collisional drift modes may be 
unstable,' resulting in reduced confinement of 
the plasma by the magnetic field. More precise 
experiments on coexcitation and control of these 
modes are now in progress. 
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Magnetic Compression of Intense Ion Rings* 


R. N. Sudan and Edward Ott 

Laboratory of Plasma Studies, Cornell University, Ithaca, New York 14850 
(Received 10 June 1974) 


It Is shown how Lawson criterion for controlled fusion might be achieved by magnetic 
compression of intense ion rings to field reversal. 


It Is well known that Astron E layers 1 consisting 
f relativistic electrons are not practical as a 
islon-reactor concept because at the required 
lectron energy (>100 MeV) and magnetic fields 
»e synchrotron radiation Is prohibitive. This re- 
triction does not apply to the use of protons or 
eavier Ions as pointed out by Christofilos. Giv- 
n a sufficiently powerful ion source intense Ion 
bigs could be created by exploiting the injection 
Jchniques successfully used for electron rings.' 


The possibility of producing intense ion beams 
by modern high-power electrical pulse technology 
has been suggested.' Indeed Humphries, Lee, 
and Sudan 4 have recently reported 50-nsec proton 
pulses of 500 A at 100 kV and 5000 A at 300 kV 
at current density ~ 10 A/cm a from a triode con¬ 
figuration in which the net electron current was 
suppressed by a factor of 20-30. With the ad¬ 
vent of these powerful ion sources the possibility 
of creating ion rings intense enough to cause the 
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reversal of magnetic field in the ring ana tnus 
provide ideal magnetohydrodynamic stability for 
a confined thermonuclear plasma deserves seri¬ 
ous attention. By increasing the axial magnetic 
field an ion ring can be compressed in both its 
major and minor radii, thus increasing the cir¬ 
culating current and ion energy. Furthermore 
since protons are practically nonrelativistic at 
energies up to a few hundred MeV the field re¬ 
versal factor amB‘/B increases with compres¬ 
sion; B is the axial Z component of the external 
magnetic field and B* is the magnitude of the 
self-field at the surface of the ring. This is a 
significant point because an ion ring which at in¬ 
jection misses field reversal (a = 1) by a large 
factor can by subsequent compression reach 
field reversal.’ In what follows we discuss the 
dynamics of such an adiabatic compression of an 
ion ring and the subsequent plasma heating by 
the beam. 

Ion beams are observed to emerge electrostat¬ 
ically neutralized 4 from the ion source by drag¬ 
ging along an equivalent number of electrons. 

We will therefore assume that an ion ring of ma¬ 
jor and minor radii R and r, respectively,® is 
electrostatically neutral, i.e., Zn = n. where n 
and n, are beam and electron densities and Ze is 
the ion charge. The external field is pulsed to 
increase from B 0 to its final value fl, in a time 
t v and it is maintained at this level for a period 
i t . For adiabatic compression the azimuthal mo¬ 
mentum balance and radial force balance for a 
nonrelativistic ion ring are given by 


Ze d 
mcR dt 


(*A„) 


Ze d 
mc2nRdt 


[vR‘B + L{I + 




R 


^ = ^{E r +UuJ,B + B.*))}, 


(1) 

( 2 ) 


where 

<« „fl/> * (tv®) '* ftps u (p A „) 

=« le)/2vf? (2a) 

for r « /t; the integral is over the cross section 
of the ring and u ¥ is assumed approximately con¬ 
stant over this cross section, the ring inductance 
L = (4«/c)ft{ln(8A/r) -$}■*/, 1 = ZNeu JZ*R is 
the beam current, N is the total number of beam 
ions, 1, = - ZNev JZ iR is the electron current, 
and E, is the radial polarization field. It is rea¬ 


sonable to assume that L/&L»t e (compression 
time) where the ring resistance <H*ZR/or*, a 
=w f e s T„/m,, and t ( , is the momentum exchange 1 
time between the electrons and the beam ions. 

In this case the electron equation is simply &+ (v 
x(3+ 3*))/c = 0. The electrons drift radially in¬ 
wards with the beam and the ip and r components 
of the electron equation furnish 

+ 0, (3) 

E r -R(B + B,Vc = 0. (4) 

Equation (4) states that the azimuthal electric 
field in the frame moving radially inwards with 
the beam vanishes which ensures that the flux 
linked by the ring [see Eq. (1)] remains constant, 
i.e., 

vft'B + L(; + 1.) = * 0 « *RJB 0 + ioV (5) 

The electron current is taken to vanish in the 
initial state. From Eqs. (1) and (4) we obtain 


m ( 6 ) 

^I=Ro\. (7) 

Substituting for E r in Eq. (2) from (3) and taking 
the averages in the sense of (2a) we obtain’' 


R= 


u r (1 + W/K) 

~n (i+ /,//) 


(8) 


with H= ZeB/mc; W*(l/2c)L{U 1.)* and K= iNmuJ 
are the beam Be If-magnetic and kinetic energies, 
respectively. Equations (5), (7), and (8) com¬ 
pletely define the problem of beam compression. 

It is possible to show that R/Rq scales as (JB 0 / 
B) in for low compression and as (B 0 /B) J/5 for 
large compression. Combining Eqs. (6) and (7) 
we find that the external flux linked by the ring 
varies as 


&B = R*B 0 (1 + W/K)\(l + H'o/A’oHl + J./I) l] M . (9) 

It can be readily checked by appealing to the prin¬ 
ciple of adiabatic compression that the minor 
radius also shrinks such that the aspect ratio 
scales as 


(,r/R)=(r g /R 0 )(l + 1,/!)' 1 . (10) 

The field reversal factor a = 2(/+ l,)/crB scales 
as 


*/cr 0 = (1 + I'/tfRjBjlfB. 


Notice also that, 

W/K »(1 + l,/I?NZ % e*l/(2tfmRc 

-(V^XWo/IToKl+ /.//)’, 


( 11 ) 


( 12 ) 
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negative, l.e., it opposes the beam ourrent. 


since l*L/R is relatively insensitive to changes 
In the aspect ratio. Figure 1 shows the variation 
of I,/l, W/K, a/a 0 with Ii/B 0 from a nu¬ 

merical solution of Eqs. (5), ( 6 ), and ( 8 ). 

Towards the end of the compression phase the 
plasma is created In the ring possibly by the in¬ 
troduction of a pellet which is rapidly ionized. 

The electron current decays quickly because of 
the high resistivity of the low-temperature plas¬ 
ma," which results in a shrinkage of the minor 
radius and an increase in the field-reversal fac¬ 
tor. The beam delivers energy to the plasma 
electrons and, since the beam ion velocity is 
much greater than the electron thermal speed, 
the heating time is given by the characteristic 
slowing down time of the ions,” vie., r,= 0.63 
xlO u (m/m p ,)W* n /n t sec, where W is the ion en¬ 
ergy in MeV, *n P r is 010 proton mass, and n, Is 
‘he density of the plasma electrons in cm* 3 . The 
>eam ion deflection time T a »=(»i/m # )T s so that 
here is no significant scattering of the beam dur- 
ng this heating period. As the plasma heats up 
o keV temperatures its resistivity drops rapidly 
ind L/<& » t,. In this stage the flux linking the 
'lng is again conserved but the canonical azi- 
nuthal momentum is not. Introducing the slow- 
ng down time r, in Eq. (1) yields 

Ru „= *,«,(!(13) 

vhere the subscript 1 denotes quantities at the 
>eginning of the heating stage. The mechanical 
nomentum of the beam is picked up by the plas - 
na ions since [d/dt)(Nmu 9 +N i m l u l ) = 0. For N , 

the bulk of the beam energy is transferred 
o the thermal energy of plasma electrons which 


eventually equilibrates with the ion thermal en¬ 
ergy. As the beam slows down the major radius 
R does not shrink to zero because the flux will 
now be sustained by an induced plasma current 
The asymptotic limit of this radius obtained from 
Eqs. ( 8 ) and (13) and flux conservation is 

R I = R l \l-W 1 /K l \ v *Al + W,/K t ) l » (14) 

The number of beam ions needed for or»1, i.e., 
for creating closed lines of force in the ring is 
easily computed to be 

NZ^/mc 2 *vr/[l-l.4r/R], for r/R~l. (15) 

To achieve Lawson condition the following addi¬ 
tional requirements have to be satisfied: 

HT=10 U 

(Lawson criterion), 

2nT = (B*f/Sv 

(plasma pressure balance), 

NE>2v*r a RnT 

(heating energy requirement), 
nr= 2.5 xl0 13 / a 7' l/2 

(pseudoclasslcal diffusion), 10 where / is in MA, 

E is the ion energy at the end of the compression 
Stage, and n and T are plasma density and tem¬ 
perature, respectively. Assume that by the in¬ 
jection of a 10 ' 7 sec, 160-kA pulse of 5-MeV pro¬ 
tons containing A~ 10 17 ions, a ring with initial 
parameters 4 = 125 kA, r o = 20cm, /4 = 60cm, 
a 0 = 0.226 in a field B 0 = 5.5 kG and with W/K 
= 0.08 is created. A compression in radius by a 
factor of 10 results in the following final ring 
parameters (after decay of the electron current 
induced in the compression phase): E ~ 500 MeV, 
/-10 7 A, r = 2 cm, B = 6 cm, W/K~ 0.80, B-0.55 
MG, a = 2.26. A plasma density -10'" cm * 3 at 
10 keV can be confined in such a ring, t 4 s10 * 3 
sec, and the confinement time obtained from the 
pseudoclasslcal diffusion formula far exceeds 
the Lawson time. The stability of such an ion 
ring to the equivalent of the Kruskal-Shafranov 
mode looks good because of the stabilization pro¬ 
vided by the axial magnetic field B through the 
finite ion gyroradlus effects. The optimization 
of such a scheme, the stability of the plasma 
loaded ion ring, and the role of microinstabilities 
if any will be discussed in a more detailed publi¬ 
cation. However, it is noteworthy that since al¬ 
most all of the beam energy is provided by mag¬ 
netic compression the efficiency of the ion source 
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la not a serious consideration. One technique 
available for compression to megagauss fields Is 
to adopt the approach of magnetically Imploding a 
cylindrical metallic liner, the so called LINUS 
concept 11 Static, spatially varying, magnetic 
fields can also be considered for compression. 1 * 
Finally, we wish to state that the possibility 
of delivering the compressed ring energy to a 
DT pellet is available to achieve fusion by pellet 
compression as in electron-beam or laser fu¬ 
sion. 1 * However, the following must be kept in 
mind: (a) The ring would have to be accelerated 
axially to impact the pellet in a time of a few 
nanoseconds (moving the pellet into a stationary 
ring would probably require unrealistically large 
pellet velocities), (b) Suitable hlgh-Z, stripped, 
ring ions with appropriate stopping lengths with 
respect to the pellet size would be required . 14 

We wish to acknowledge the help of Or. R. L. 
Ferch in computing the curves of Fig. 1 and in¬ 
teresting discussions with Dr. R. V. Lovelace, 

Dr. S. Humphreys, Jr., Dr. H. P. Furth, and 
Dr. M. N. Rosenbluth. 
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Observation of Large Electron-Hole Drops in Germanium* 

Bernard J. Feldman 

Department of Physics, University of Califo rni a, Berkeley, California 94710 
(Received 25 March 1974) 


This Letter reports the first direct observation of electron-hole drops (EHD) In ger¬ 
manium. An Intense, focused laser beam creates a single, large EHD, whose shape and 
else are determined by the spatial distribution of Its luminescence. The observed drops 
are spherical In shape with radii that Increase from 0.26 mm to over 1 mm with Increas¬ 
ing laser power. These results confirm size measurements of the EHD by recent decay- 
klnettos and dimensional-resonance studies. 


This Letter reports the first direct observation 
of electron-hole drops (EHD) In germanium. An 
intense, focused laser beam creates a single, 
large EHD, whose size and Bhape are determined 
by the spatial distribution of its luminescence. 

The observed drops are spherical in shape with 
radii that Increase from 0.25 mm to over 1 mm 
with Increasing laser power. Previously, the 
drop size was inferred by Rayleigh scattering, 1,1 
charge pulses In p-n Junctions,*•" far-infrared ab¬ 
sorption," and cyclotron resonance"; these ex¬ 
periments gave drop radii from 1 to 20 pm. 

Very recently, decay-kinetics 7 and dimensional - 
resonance" studies suggested the existence of 
large EHD radii of the order of 0.2 mm; those 
latest drop-size measurements are confirmed by 
this work. 

The experimental procedure consists of the 
following": A 2-W Ar-Kr Ion laser beam is fo¬ 
cused onto the germanium samples by a lens 
mounted on an x-y micrometer translator. The 
two samples used are 2.5-cm-dlam disks with 
thicknesses d of 0.5 and 1.0 mm of very high-pur¬ 


ity p-type Ge 10 which are optically polished and 
etched In a CP-4 solution. The crystals are 
mounted on an aluminum flange with a 0.15-mm- 
thick vertical slot (see Fig. 1), and then Immersed 
In liquid He In an optical cryostat. The EHD re¬ 
combination luminescence (709 meV) that passes 
through the slot Is collected and focused onto the 
entrance Blit ot a monochromator, and then col¬ 
lected from the monochromator exit slit and fo¬ 
cused onto a Ge photodetector. In an arrangement 
similar to that previously reported. 11 

The theory behind this experiment Is very 
straightforward. The translating lens moves the 
focused laser beam—and with it the one large 
EHD—across the vertical slot. If the drop radius 
is much greater than the slot width, the EHD 
luminescence through the slot, /, is proportional 
to the cross-sectional area of the drop subtended 
by the slot (see Fig. 1). For a spherical drop of 
radius R and a lens position x, measured from 
the center of the slot, I(x)<xR*-x* for Ixl *R, 
and/(x) = 0 for lrl>R. The volume of the drop, 

V, is proportional to C m Hx)dx, and the cross- 



FIG, X, S chematic diagram of the Ge aample and 
ample holder sbowliy the optical geometry of the 

xperlment. 



FK>. 2. The luminescence Intensity/ as a function of 
the lens position x for three laser powers P. The cir¬ 
cles are the experimental points; tbs soHd line Is the 
theory/ M x R , -x t . The sample temperature Is 2.0*K 
and the simple thickness is 1 mm. 
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sectional area at the drop, A, Is proportional to 
/(x-0). 

A typical spectrum of f(x) Is shown In Fig. 2(a). 
The circles are the experimental points, and the 
solid line is Just the function R a —x 3 , with R 
» 0.28 mm chosen for the best fit to the data. 

Even without a slit function folded into the theory, 
the agreement between theory and experiment is 
excellent. 

As the laser power p is Increased,” the drop 
radius increases as shown in Figs. 2(b) and 2(c). 

A plot of R(P) for the d =» 1 -mm sample Is given 
In Fig. 3, which also Includes the experimental 
values of V^(F) and A' m (P). The fact that R(P), 
A' fi (P), and V lfi (P) have the same dependence on 
P, namely P 0 ’* 10,1 , is further evidence that the 
drop is spherical. 

The interesting behavior of I(x), R, and A' 13 at 
high values of P Is due to the fact that the drop 
diameter becomes greater than the sample thick¬ 
ness. Then the EHD growth is limited by the 
sample surfaces in one direction and expands in 
the other two dimensions; the drop keeps its den¬ 
sity fixed and starts to resemble a pancake. The 
flattening of the peak of l(x) in Fig. 2(c) is just 
the flattening of the pancake. The relative de¬ 
crease in A^ and increase in R in Fig. 3 cor¬ 
respond to the bounded growth of the drop in one 
dimension and the Increased expansion In the 
other two. Notice that the divergence in A^(P) 
and R{P) starts approximately at ft =0.5 mm, one 
half of the sample thickness. In the i = 0.5-inm 



pample, this behavior starts at F *0.26 mm. 

The free-exciton (FE) luminescence (714 mev) 
is unobservable at 2.0°K because the FE equili¬ 
brium concentration is so low at that tempera¬ 
ture . 11 However, at 4.2°K both the FE and EHD 
luminescence are observed as shown in Fig. 4. 
The spatial distribution of the FE has an expo¬ 
nential behavior characteristic of a diffusion pro¬ 
cess and is in sharp contrast to that observed for 
the EHD. 

These experimental results are Inconsistent 
with the idea of a gas of small EHD. The spatial 
distribution of such a gas would follow that of the 
FE gas, namely exponential in shape and relative¬ 
ly insensitive to P. This model cannot explain 
the observed spherical distribution. Its expan¬ 
sion with increasing P, and its interaction with 
the back surface of the crystal. All these results 
strongly suggest the existence of one large, 
spherical EHD. 

There is one primary reason why such large 
single drops are created in this experiment: An 
Intense laser beam of the order of 0.1 W that is 
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FIG. 3. The experimental values of the EHD radius 
R, area A, and volume fait function of the incident 
laser power P. 


FIG. 4. The FE and EHD luminescence intensity / as 
a function of the lens position x. The eolid line is the 
EHD line-shape theory with R -0.25 mm. 
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ell focused to a spot else of about 0.1 mm xo.l 
im creates an extremely high and localized con- 
3 ntration of free excitons that can condense Into 
ae large drop. Many of the previous expert- 
tenters*that measured much smaller drop 
izes worked with lower light Intensities and 
irger spot sizes which could create many small 
rops Instead of one large drop. 

There Is one serious problem with this large 
HD model: The maximum drop radius calcu- 
ted from knowing the incident laser power 13 is 
ypraxlmately one half of that measured by fitting 
*). There are a number of possible ex plana - 
one for this disagreement: ( 1 ) an underestlma- 
on of the laser power or its electron-hole con- 
•rslon efficiency; ( 2 ) an overestimation of the 
■op radius; (3) the existence of voids inside the 
HD occupied by free excitons; (4) an enhance- 
ent of the EHD lifetime for such large drops; 

• (5) some combination of the above. This ques- 
Dn is being presently investigated. 

1 am very grateful to W. L. Hansen and E. E. 
tiler for providing the Ge samples and to C. D. 
iffries, R. S. Markiewlcz, and T. K. Lo for both 
perlmental assistance and stimulating discus- 
one. 
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Model for Electroluminescence in GaN 
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A model to explain dc electroluminescence in GaN diodes is presented. The voltage 
applied to the diode is partially localized at Bharp points and ridges at the cathode. Elec¬ 
trons, tunnel-injected into the active material at the points and ridges, gain sufficient 
kinetic energy in the high field to cause Impact excitation of the luminescent center ei¬ 
ther directly or indirectly (electron-hole—pair impact excitation across the GaN gap with 
subsequent bole capture by the luminescent center). 


Electroluminescence (EL) from GaN diodes 
without p-n Junctions has previously been report¬ 
'd, but the mechanisms of charge transport, ex- 
ltation, and de-excitation were not clearly un- 
lerstood. More recent work has made possible 


new Insights into the properties of GaN m-i-n 
(metal-insulator-w-type) diodes. 

The GaN EL diodes are made by a technique de¬ 
scribed earlier*: First, undoped s-GaN Is grown 
by chemical vapor deposition* onto a sapphire 
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FIG. 1. Fowler-Nordhetm-llke plot of the I-V char¬ 
acteristic for a typical Za-doped diode with m biased 
positively. The diode structure is shown in the upper 
inset. The band diagram under the m-positive bias 
condition is shown in the lower Inset. The proposed 
model for the process is (1) tunneling; (2) Impact ex¬ 
citation (direct case); (3) radiative recombination. 


substrate; then, a Zn-doped compensated insulat¬ 
ing layer, which contains the light-emitting re¬ 
gion, Is grown on the n-GaN; finally, indium 
electrodes are soldered both to the n region and 
to the insulating layer to complete the m-i-n 
structure. Such a diode can, depending on the 
doping, emit blue, green, yellow, or red light at 
room temperature. 3 Violet emission has been 
obtained In GaN diodes where the Insulating re¬ 
gion was doped with Mg. 4 In the green, external 
quantum efficiencies of 1.1% and power efficien¬ 
cies of 0.1% have been obtained with selected 
crystals. 

A typical I-V (current-voltage) characteristic 
for a Zn-doped diode Is shown In Fig. 1, plotted 
to exhibit its Fowler-Nordheim-like tunneling be¬ 
havior,* namely, with ln(//V) versus 1/W. The 
previously reported 1 quadratic dependence, I 
<* V 3 , approximates the data only over a relative¬ 
ly narrow range of biases as compared to the 
range in Fig. 1. We conclude that tunneling rath¬ 
er than space-charge limitation is the mecha- 


L* 



FIG. 2. Scanning-electron-microscope photograph 
of the nH interface at the free surface of a typical m- 
t-n diode. Scale bar Indicates 1 pm. 


nism controlling the current. The high fields re¬ 
quired to yield the observed tunneling currents 
have their origin In partial localization of the ap¬ 
plied voltage at numerous sharp points and ridges 
at the growth interfaces. A typical scanning- 
electron-microscope photograph of the growth 
interface Is shown in Fig. 2. The topography of 
the n-i and i-m Interfaces are similar. Clearly, 
the current carriers (electrons) enter the active 
region of the diode at very high fields. Our mod¬ 
el for the observed EL assumes that in these 
high-field regions the tunnel-injected electrons 
acquire sufficient kinetic energy to cause impact 
excitation of the luminescent centers, either di¬ 
rectly or possibly Indirectly, by initially impact 
exciting electron-hole pairs across the GaN en¬ 
ergy gap. (In the competition between the direct 
and the Indirect processes, relaxation of the 
crystal-momentum conservation requirement 
favorB the direct process,® while the larger num¬ 
ber of valence-band states, as compared to Zn 
centers, favors the Indirect process. Further 
work Is necessary to settle this question.) It will 
be shown below that other conceptually possible i 
mechanisms, not Involving hot electrons, are to-' 
tally unlikely. 

Several experiments have directly determined 
the critical role of the cathode Interface. First, 
the voltage for the onset of EL does not depend 
on the thickness of the insulating region, an ob¬ 
servation very difficult to understand except on 
the basis of localization of part of the applied 


362 




vta 33, Numb 6 


PHYSICAL REVIEW LETTERS 


5 Avavrr 1974 




FIG. 3. Potential scans, for both polarities, across 
a typical m-i-n diode. The region of light emission Is 
delineated by the double-headed arrow, L+ at positive 
metal polarity and L- at negative metal polarity. The 
Inset figure schematically Illustrates the likely role of 
distributed series resistance In desharpenlng of the 
potential step at the points In the n-i Interface. 


voltage. Second, In diodes which have a very 
thick i layer, the depth resolution of a stereoscop¬ 
ic microscope enables one to determine the re¬ 
gion of origin of the light: With the In dot nega¬ 
tive the light is emitted at the m-i interface, and 
with the polarity reversed the light is emitted at 
the i-n interface; i.e., the light is always gener¬ 
ated at the negative electrode (cathode), as indi¬ 
cated in Pig. 3. Third, the experimental poten¬ 
tial profile across the diode, Pig. 3, exhibits 
considerable localization, particularly at the 
metal electrode. This measurement was made 
with a tungsten probe moved by a differential mi¬ 
crometer and connected to an electrometer. Res¬ 
olution on the order of 0.5 nm was obtainable. 

With positive bias on the metal electrode, a lo¬ 
calization of potential gradient is obtained at the 
»-> interface and, correspondingly, a sheet of 
light is generated in this region. We believe that 
the potential rise in the region of light emission 
is considerably more abrupt than revealed by the 
probe scan, and that Its sharpness Is obscured 
by distributed series resistance of the material 
between the probe and the subsurface local re¬ 
gions of high current density—an effect not en¬ 
countered at the metal electrode. (This effect 1 b 
schematically illustrated in the inset in Fig. 3). 
The precise thickness of the luminous sheet Is 
H, fflcult to determine because of the transparen¬ 


cy of the crystal; however, no light is generated 
in the s-substrate material. With the polarity of 
the bias reversed a large potential drop appears 
at the m-i Interface and light is emitted at this 
interface. Note that localization of the applied 
potential at the contacts leaves large field-free 
and low-field regions in the Insulating material, 
with both polarities—a matter we return to be¬ 
low. Finally, the importance of the cathode in¬ 
terface region is brought out by electron-beam 
experiments on a sectioned m-i-n diode, in which 
it is shown that bombardment-induced conductivi¬ 
ty occurs only at the cathode. 7 

An Important consequence of the localization of 
the high-field region is the relatively low quan¬ 
tum efficiency of the EL process—low compared 
to the efficiencies obtainable with p-n Junctions 
in other direct, but lower, band-gap semiconduc¬ 
tors. The reason for the reduced efficiency is 
that the transit time of an injected electron across 
the high-field region, and hence its dwell time in 
the vicinity of an empty radiative center, is much 
shorter than its time for capture by the center 
(recombination time). Here, “full” or “empty" 
shall refer to electron occupancy. The emission 
efficiency can be estimated as follows: First we 
shall overestimate the transit time by Inferring 
it from that geometry which favors the thickest 
depletion region for a given voltage drop, namely, 
the plane-parallel geometry (infinite radius of in¬ 
jecting point). For a 10-V drop and an assumed 
donor-acceptor pair concentration of 10“ cm' 3 , 
corresponding to that in working diodes, the de¬ 
pletion region thickness is 10' 5 cm. A factor-of- 
10 change in concentration would correspond to a 
factor-of-3 change in depletion width. Taking a 
saturated drift velocity for electrons of 10 7 cm/ 
sec, 8 we find that the electron transit time across 
the depletion region is 10* u sec. A reasonable 
value for a neutral capture cross section is 10'“ 
cm 1 . This value leads to a capture time of r Kcap( 

= \/Nva a ‘ 10'* sec. These numbers lead to an es¬ 
timate for the capture, and hence emission, ef¬ 
ficiency of 10'*, consistent with measured re¬ 
sults. Note that a neutral capture cross section 
for a hot electron cannot be significantly greater 
than 10'“ cm*, so that our efficiency estimate is 
a rather good one. 

In addition to the proposed hot-electron, im¬ 
pact-excitation mechanism two other conceptual 
models might be considered candidates to account 
for the observed dc EL: conventional double in¬ 
jection and direct-field-induced (nonimpact) ex¬ 
citation of the luminescent center. Double injec- 
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tlon 1 b highly unlikely on several accounts: (1) It 
cannot be reconciled with the observation that 
light is emitted only near the cathode interface. 
Double Injection would necessarily lead to a re¬ 
gion of light emission also near the anode inter¬ 
face, as well as diffuse emission throughout the 
interior of the i region, (il) Double-injection cur¬ 
rents would have to be field driven throughout 
most of the i region. Substantial field-free, or 
very low-field, regions, such as are evident in 
Fig. 3, are totally incompatible with bulk, field- 
driven currents, (ill) The low-injection-level 
hole lifetime, T^ lrnt , in the heavily Zn-doped i re¬ 
gion is readily estimated to be -10' 1 * sec, corre¬ 
sponding to a Zn concentration of 10“ cm' 9 and a 
hole capture cross section ~10'“ cm* corre¬ 
sponding to a Coulomb-attractive, filled Zn cen¬ 
ter. On the other hand, the shortest possible 
hole transit time, f*, m | n , between anode and cath¬ 
ode is also readily estimated to be L/v litl , t ~2 
xlO'VlO T ~2xlO‘ 10 sec. This result, T K]mi 
«makes it impossible for holes to pene¬ 
trate significantly beyond the anode, (iv) If a sig¬ 
nificant hole current were indeed possible, it 
must invert the Initially electron-filled Zn-center 
population. This population inversion must. In 
turn, produce a large drop in voltage, 9 l.e., a 
pronounced current-controlled negative resis¬ 
tance. No such negative resistance is seen ex¬ 
perimentally. 

A model based on direct-field-induced (tunnel¬ 
ing) excitation of the Zn center must also be re¬ 
jected. The electron ground state of the Zn cen¬ 
ter is at least 2.5 eV below the conduction-band 
minimum of the GaN host. Concomitantly, the 
empty (hole-occupied) ground state of the Zn ac¬ 
ceptor is less than 1 eV removed from the val¬ 
ence band of the GaN host. Thus, at any speci¬ 
fied high field, the lifetime of an electron in the 
ground state of the Zn acceptor against tunneling 
into the GaN conduction band is orders-of-mag- 
nltude larger than the lifetime of the hole in the 
ground state of the same center against tunneling 
into the GaN valence band. Consequently, a neg¬ 
ligible fraction of the Zn centers would be empty, 
whatever the field, and observed luminescence 
efficiencies would be orders-of-magnitude small¬ 
er than observed. 

On the positive side, there is very strong evi¬ 
dence for electron-impact excitation of the lumi¬ 
nescent center in the dc EL cells involving other 
host materials, tn particular sulfide crystals. 

For a ZnS host, this mechanism has been estab¬ 
lished for Tb,“ Er, u and Mn centers.“ It is pos¬ 


sible that the same mechanism is operating in 
ZnSe m-i-H diodes where EL has been observed 
at the cathodic i-n interface. 1 * For CaS (band 
gap “ 5 eV) this mechanism has been established 
for Ce and Er centers. 1 * For the rare earths in 
CaS, the argument we have given above, against 
a model based on direct, tunneling excitation, Is 
supplemented by an equally strong, related argu¬ 
ment—namely, If the ground state could be emp¬ 
tied by tunneling into the conduction band, then 
the excited state for the bound-to-bound transi¬ 
tion yielding the observed light would be emptied 
by the identical mechanism in a time orders-of- 
magnitude shorter. Consequently, a negligible 
fraction of the luminescent centers would have an 
electron occupying the excited state, and the ob¬ 
tainable emission efficiency would be exceedingly 
small. 

In conclusion we wish to note that although wc 
may be completely confident that the basic excita¬ 
tion mechanism for dc EL in GaN:Zn involves hot 
electron Impact excitation of the Zn center, Im¬ 
portant details remain to be filled In. We do not 
know, at this writing, whether the impact excita¬ 
tion is a direct process or an indirect one involv¬ 
ing Initially electron-hole lmpact-excltatlon 
across the GaN gap, with subsequent capture of 
the hole by a filled Zn center. Closely related to 
this uncertainty 1 b another one, namely, whether 
the luminescent transition is a free-to-bound or 
a bound-to-bound transition. These problems are 
under active investigation. 

The authors are grateful to E. A. Miller for 
growing the material, to Mrs. M. Harvey for 
sample preparation, to J. E. Berkeyhelser for 
assistance with the measurements, to E. R. Levin 
for the scanning-electron-microscope topograph, 
and to I. Ladany, P. D. Southgate, H. Kressel, 
and A. M. Goodman for valuable discussions. 
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Measurement of Selected Phonons in Rubidium as a Function of Temperature and Volume* 
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The first measurements of phonon frequencies in a metal as a function of temperature, 
at constant values of the atomic volume, are reported. The ItOOlT, l “0.2 mode exhibits 
considerable temperature dependence at constant volume, whereas modes in the ICOOlL, 
ICCOlL, and IftOlTl branches show little such dependence. The mode Griinelaen param¬ 
eters are also determined. 


In this Letter we report the first neutron-scat¬ 
tering measurements of normal modes of vibra¬ 
tion in a metal, as a function of temperature from 
80 to 295 K, for fixed values of the volume be¬ 
tween (79 and 89)x lO’* 4 cm* atom' 1 . The temper¬ 
ature dependence of the phonon spectrum at at¬ 
mospheric pressure has been studied in many 
materials. Including Rb, 1 and the pressure depen¬ 
dence of selected normal modes, at room temper¬ 
ature, has been measured In a few crystals, In¬ 
cluding Rbl, a Pb, 3 NaV and Na, 5 In addition, ex¬ 
periments to determine anharmonlc effects at 
constant volume In Ne 8 and He 7 have been report¬ 
ed. Rubidium was selected for the present study 
because the harmonic dynamical properties are 
reasonably well understood, and there exists a 
volume-dependent effective potential* which has 
been successfully used to compute a number of 
properties In both the solid*' 10 and liquid 11 states. 
Furthermore the metal has a large compressibil¬ 
ity 1 * and thermal expansivity, 1 * as well as favor¬ 
able neutron cross sections. 

The sample, a single crystal of Rb 5.2 cm long 
and 1.6 cm in diameter with a [ 001] direction 
close to the cylindrical axis, was grown by a mod¬ 
ified Bridgman method. 14 The crystal was con¬ 


tained in a 7075-T6 aluminum pressure vessel 
with a minimum outer diameter of 6.4 cm, which 
was designed and lent to us by Professor W. B. 
Daniels of the University of Delaware. The ves¬ 
sel was housed In a variable-temperature liquid- 
nitrogen cryostat, and hydrostatic pressure was 
applied using a two-stage helium-gas-generating 
system, 1 ' on loan from Argonne National Labora¬ 
tory. The measurements were made using the 
HB-4A triple-axis spectrometer at the hlgh-fhix 
Isotope reactor, Oak Ridge National Laboratory. 
We used a fixed incident energy of 13.6 meV (3.30 
THz), produced by Bragg reflection from a pyro¬ 
lytic graphite (002) monochromator; a pyrolytic 
graphite filter was employed to remove higher 
orders, and a zinc (002) crystal was used as ana¬ 
lyzer. The measurements were made using the 
constant-Q mode of operation. 

Data were obtained at four temperatures. At 
each temperature T the pressure P was adjusted 
to obtain selected values of the lattice parameter 
a (Table I). In each case a was determined by 
measuring the scattering angles for various 
Bragg reflections. By extrapolating our 295-K 
data to 5 kbar, we obtain a = 5.400 A giving a ra¬ 
tio of 0.854 for the atomic volumes at 0 and 5 
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TABLE I. Measured values of the Uttloe perimeter a for various tem¬ 
po nturee r and pressures f 3 . The estimated errors for a and P are bet¬ 
ter than ±0,006 A and ±0.01 kbar, respectively. The values of a for R«0 
were obtained by interpolation of the numbers given In Ref. 10. 
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kbar, whereas Valdya, Getting, and Kennedy 1 * 
obtained a value of 0.862 for this quantity. Our 
data at 80 K are insufficient for us to make a use¬ 
ful comparison with the work of Gutman and Triv- 
l 80 nno. 11 ’ 

In Fig. 1 we show some neutron groups for the 
best-determined mode, [£00 ]t at £ = 0.2. Clear¬ 
ly the frequency of this mode changes both with 
V at constant T and with T at constant V. There 
Is also evidence of an increase in the width of 
this mode with Increasing T. Figure 2 shows a 
selection of our results for the frequencies of 
four normal modes. Since the results for a - 5.41 
A were In fact obtained for slightly different val¬ 
ues of a (see Table I), small corrections (<0.01 
THz) were applied to these data, using mode Gru- 
nelsen parameters determined from this experi¬ 
ment (see below). Note that our results have not 
been corrected for instrumental resolution: Only 
the [££0]T1 mode would be significantly affected. 1 



FIG. X. Neutron groups for the ItOOjT, £“0.2 mode, 
measured at Q“l2,0.2,0] X2«r/a, normalized to the 
same number of monitor counts. The lines are drawn 
to guide die eye. 


From Fig. 2 it is clear that only one mode, [£00 ]t 
at £“0.2, shows a definite change in phonon fre¬ 
quency with temperature, at constant volume. Us¬ 
ing our data at the four temperatures we have 
computed average values for the zero-presBure 
mode Gruneisen parameters y t ■ - »lnv ( /8 lnV, 
as follows: l£00]L, £ = 0.2, 2.15*0.23; ff£0]L, 

£*0.2, 1.65 * 0.07; [£00]T, £ = 0.2,0.99*0.13; 
and [££0]T1, £ = 0.3, 1.31*0.25. Copley 10 com¬ 
puted Gruneisen parameters of 2.1, 1.7, 1.1, and 
3.4, respectively. The calculated parameter for 
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FIG. 2. The temperature dependence of four norms! ! 
modes, for three values of the lattice parameter. Typi¬ 
cal error bars are shown.' Note the different ordinate 
scales. The modes shown in (a), (b), (c), and id) were 
measured at Q’s of {[2.2,0,OJ, [1.2,1.2,0], (2,0.2,01, 
and 10.7,1 J,0]}x2r/«, respectively. The lines are 
drawn to guide the eye. 
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he [ttO]Tl mode is clearly far too large, but for 
he other modes the agreement between calcula- 
ion and experiment Is very encouraging. 

Since the [fOO]T, £ = 0.2 mode shows definite 
lependence on T at constant V (Fig. 2), it is clear 
hat the quasiharmonic approximation is insuffi- 
:ient. It should be remembered that, to first or- 
ler in enharmonic perturbation theory, two con- 
ributions to the phonon self-energy must be In- 
:luded. Calculations 1 * 17 have shown that for most 
iranches the two contributions are of opposite 
sign and 'largely canceL Thus the absence of a 
letectable shift in a mode’s frequency, with T at 
;onstant V, does not imply the absence of anhar- 
noniclty. Though we cannot explain the fact that 
inly the [£00]T mode shows an appreciable shift, 
ve would offer two comments. First, the con- 
itant-volume anharmonlc shifts in neon," for the 
£00] branches at small £, show a similar behav- 
or to that observed in Rb. Second, the present 
■esults are consistent with the fact that the cal- 
dilated 1 * 17 cubic and quartic shifts in Rb and K, 
or the [£00]T branch, are of the same sign (neg- 
itive with increasing T ), whereas the correspond- 
ng shifts for the [£00]L, [tt0]L, and ft£0]Tl 
iranches are of opposite sign. However, it is 
lot clear why this particular result follows from 
he anharmonlc calculations. 

This Investigation represents the first attempt 
it a detailed study of the lattice dynamics of a 
metal as a function of both temperature and vol- 
lme. Considerable experimental difficulties ex- 
st because of inevitable scattering from the pres¬ 
sure vessel and demands on Instrumental resolu- 
ion. Nevertheless the measurements clearly 
irovide valuable data for comparison with anhar- 
nonic calculations. Further measurements are 
) fanned for the near future. 
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(Received 6 May 1974) 


By using a simple hydrogenlc model, we are able to account for the magnitude, sign, 
and tensor character of the exciton contribution to the nonlinear optical susceptibility 
in CuCl and ZnO. 


Haueisen and Mahr, 1 and more recently Kra¬ 
mer, Parsons, and Bloembergen, 3 have done a 
beautiful series of experiments on the excltonic 
contribution to the nonlinear optical susceptibili¬ 
ty. By tuning a dye laser (at frequency to) so 
that the generated second harmonic frequency 
(2to) swept through the exciton resonances, Hau¬ 
eisen and Mahr 1 were able to experimentally 
determine the magnitude, the sign, and the dis¬ 
persion of the exciton contribution to the second- 
order nonlinear optical susceptibility d Uk *, in 
CuCl and ZnO. Kramer, Parsons, and Bloem- 
bergen 3 also measured the dispersion of the ex¬ 
citon nonlinearity in CuCl using a different tech¬ 
nique, namely resonant third-order mixing. We 
suggest below an extremely simple and physical¬ 
ly transparent model which adequately accounts 
for the magnitude and sign of the exciton nonlin¬ 
ear polarizability and Its close relationship to 
the exciton linear polarizability. 

However, before describing this model it Is 
instructive to examine first the equation of mo¬ 
tion of the exciton and the total polarization P t 
of the crystal. Following Yablonovitch, Flytz- 
anis, and Bloembergen 3 and Kramer, Parsons, 
and Bloembergen’ these are given by 

M(§, +TQ, ruiSQ,) = c t *E, + i a,, k E,E t (1) 

and 

Pi f'i*Q i + XiiI 1 'i Qk + d tl i,EjE k , (2) 


where Q, T, w T , e*, M, N, and ai jt are the ex¬ 
citon internal coordinate, damping, transverse 
resonant frequency, effective charge, reduced 
mass, number density, and transverse "Raman” 
coefficient, respectively; Xu and d llh are the 
electronic linear and second-order susceptibili¬ 
ties, respectively. By combining Eqs. (1) and 
(2) to second order, the total linear Xii ,n, (u>) and 
nonlinear susceptibility can be obtained 

as*’ 5 


Xi< M M=X<i + 


a) r * - w* + iwT ’ 


(3) 


and 


di)k° > (9)) = d lill + 


iNe,*a IJk /M 
ti> r a -u>*+uor ’ 


(4) 


where the second terms in Eqs. (3) and (4) are the 
resonant exciton contributions. At high frequen¬ 
cies (w »u» r ) only the nonresonant electronic con¬ 
tribution remains whereas in the low-frequency 
limit (u> «fu r ) the exciton contributions to the 
linear Xm” and nonlinear d iJt c * susceptibilities 
tend toward constant values, 

Xi/ o, (0) = Xu +N(e l *Y/M(jj T ‘ 3 Xii +Xu", (5) 

d,* , ‘' , (0) = d„ t+ ! + (6) 


In the notation of Haueisen and Mahr 1 these low- 
frequency excitonic contributions are denoted as 
A and B, i.e., 


8 2 4xXn e ’' = inN(e l *f/M<i>T 

I 

(7) 

1 

A ~zBe,*a ilk /Mu r 3 . 

(6) 


By fitting the expressions for the frequency-de- 
pendent susceptibilities and d Uk ' ot {w) 

[i.e., Eqs. (3)—(8)] to their resonant second-har¬ 
monic measurements, Haueisen and Mahr 1 deter¬ 
mined the excitonic linear and nonlinear polariza¬ 
bilities B and A, 

Because of the complexity of CuCl and ZnO, 
wave functions of sufficient accuracy are not 
available (I.e,, CuCl has Important d-band con¬ 
tributions and the Zn and O atoms have much dif¬ 
ferent covalent radii), and thus a fundamental 
microscopic quantum mechanical calculation of 
d u , e * would be difficult. We are therefore led to 
attempt a much simpler macroscopic approach. 

For the basis of our model we assume that the 
origin of the exciton nonlinearity, i.e., the ori¬ 
gin of the electric field dependence of the exciton 
polarizability, is associated with the dependence 
of the core screening on the applied electric 
field. That is, an applied optical field changes 
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the crystal dielectric constant e (via the elec¬ 
tronic nonlinearity d ljt ) and hence changes the 
effective core charge Z^Z/t of a hydrogenic- 
llke exciton (where Z Is the unscreened core 
charge). The hydrogenlc problem can of course 
be solved exactly, and it is trivial to show that 
the linear polarizability of a hydrogenic system 
Is proportional to (Z tff )‘ 4 , and therefore 

(9) 

Physically the reason that x" increases as e" is 
that the exciton binding energy E a decreases 
with « [£ ox oc (^«ff) Soc£ * > ], while the exciton ra¬ 
dius increases with e [a„ a:Z eff oce], both of 
which Increase the exciton polarizability [x' x 

«e 4 J. Thus, since € is a function of 
field (via dui,) the exciton screening and polariza¬ 
bility are nonlinear. More precisely, an exami¬ 
nation of the d tik E,E k term in Eq. (2) shows that 
the change in the electronic dielectric constant 
Ac caused by an optical field E t can be written as 

A£ ( , = 8 j rd llk E k . (10) 

As Eq. (9) shows, this change Ac of the electron¬ 
ic polarizability will produce a corresponding 
change in the exciton polarizability Ax“ of an 
amount 

AXu“=(4x« e y«)(8*d„»E*). (11) 

Using the definition of the exciton nonlinearity 
d tJk cx corresponding to that for the electronic 
nonlinearity of Eq. (10), namely 

A(4 »Xo")*arfia“B tl (12) 

yields our final result, namely 

4(4«x.i“/«V* 1J ». (13) 

In the notation of Haueisen and Mahr , 1 i.e., Eqs. 
(7) and ( 8 ), and defining d l)k ~d"‘, Eq. (13) can be 
written as 

(A/d“) = 4(B/e). (14) 

Our expression for dm” [Eqs. (13) and (14)] 
redicts a number of remarkably simple results . 4 
’irst the exciton nonlinearity is proportion- 
1 to both the electronic linear Xu and nonlinear 
ijt susceptibilities. Thus, the selection rules 
or the allowed d ljk ** coefficients are deter¬ 
ged by the requirement that both d, Jt and Xn 
ot vanish. For example, the A exciton In CdS 
a only strong for E perpendicular to the c axis 
X„ CT *0, Xm““ 0). Therefore, d 5M " »0, 
ni** ** 0 , but dji,” a 0 which is, of course., a 
trong violation of the Kleinman symmetry rela- 


tlon d t) " = d wl ". Further, for nonzero Xu“, 

Eq. (13) implies (a) that the absolute signs of 
the excitonic and electronic nonlinearities are 
the same, (b) that all the different tensor com¬ 
ponents of dirt" have nearly the same propor¬ 
tionality constant, i.e., the ratio d,^ KX /d llk is 
almost independent of the tensor indices i)k 
(since Xii" is quite isotropic for zinc-blende 
and wurtzite crystals), and (c) that the ratio of 
the fractional contribution of the exciton nonlin¬ 
ear polarizability [i.e., d tlk e */d iJi *A/d'°) to the 
fractional contribution of the exciton linear po¬ 
larizability [i.e., 4axn* x /« *B/e ] is independent 
of any crystal parameters and is, in fact, a.pure 
constant, I.e., ( d, lk a /d i j k )/(4irxii' n /e) = +4 , as 
shown by Eqs. (13) and (14). 

We can now compare the experimental values 
of Haueisen and Mahr 1 with our theoretical pre¬ 
dictions based on Eqs. (13) and (14), for the var¬ 
ious components d tJt n for both CuCl and ZnO. 

In this connection it is Important to note that the 
crystal dielectric constant e appearing in Eqs. 
(13) and (14) (and elsewhere) is that appropriate 
to the particular exciton of interest for which the 
linear and nonlinear susceptibilities Xn cx and 
dirt*’ have been determined. The reason for this 
is that it is well known that the appropriate ef¬ 
fective dielectric screening is a function of the 
exciton radius,i.e., e =e(r). This is true 
since for large-orbit excitons the lattice motion 
can follow the slowly moving exciton and hence 
the relevant dielectric constant is the static one 
€ 9 . However, for small-radius excitons the ex¬ 
citon motion Is too rapid for lattice screening to 
be effective and hence the optical-frequency di¬ 
electric constant e . is appropriate. For excitons 
of intermediate radius, the effective dielectric 
screening constant varies smoothly between 
these limits. 

Table I shows that the magnitude and sign of 
the experimental values of d (ik ex /d ijt are in good 
agreement with the predicted value of 18nxn"/ 
e . 11 It is especially noteworthy that the experi¬ 
mental values of d Uk n /d ijt are the same for both 
the djjj" and d 9I1 " exciton resonances as pre¬ 
dicted by Eqs. (13) and (14), even though the non¬ 
linear coefficients d^** and d ul ra differ not 
only In magnitude by a factor of 2 , but also in 
sign (i.e„ d 1 SJ <a '/d m ex =-2). Further, it is 
worth mentioning that this good agreement is ob¬ 
tained in spite of the complexity of the electronic 
nonlinearity in CuCl and ZnO. That is, CuCl and 
ZnO are among the few negative nonlinear sus¬ 
ceptibilities [i.e., d JJS (ZnO)<0, d lM (CuCl)<0j In 
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TABLE I. The experimental measurements of Hauelsen and (Ref. 1) for 
the ratio of the excttonic to electronic seoond-order nonlinear auaceptlbllttlee 
are compared with our theory lEqs. (L3> and (14)], and are seen to 
be In good agreement. The experimental absolute signs of d {jk are shown (note 
especially d m and d ttl ot ZnO) to Indicate Oat the ratio d ii ^ i /d ijk la Independent 
of these signs as predicted by Eq. (13). 


Cryutal 

Co*TMdl*nt 

(OlRn) 

Exclton 

Syrweti? 

+P 

(«V) 

c 

(10-3) 

d “*' d ljk 

(10-3) 

Theory 

<10'3) 

Experiment 

w'' 1 



ir(r c xr 7 ) 

3.?c4 

5.4 

20 

♦15 

+17 

CUfl a » b 


•w-> 

“(Vb) 

3.368 

6 

50 

+33 

♦24 

Znu*' 


d 3J3 ( *> 

cCr.^xr,) 

3.420 

8.6 

30 

4-14 

♦ 17 

ZnO a ’ c 


W 1 

c(r.^r ; ) 

3.420 

8.6 

30 

+14 

♦17 



W> 


1.515 

12.6 

1.6 

♦0.51 


ii.F* 


1 ) 


1.419 

12.1 

2.35 

♦0.78 




w> 

A 

3-790 

8.1 

io.4 

+5.1 


7.nSo f 



A 

2.799 

8.7 

5.4 

♦2.5 





A 

2.381 

9 .r 

4.4 

41.8 


C»lTu r 


-W> 

A 

1.596 

9..’ 

4.8 

rf.O 


tus r 


d u 3 W 

A 

2.554 

0.5 

12.6 

• 5.9 




1 

W ! [ 

R 

2.569 

3.5 

8.2 

43.'l 











*Ref. 1. 
b Hef. 6. 
c Ref. 7. 




11 Ref. 
'Ref. 
f Ref. 

8. 

9. 

10. 




the class of tetrahedral semiconductors; most 
of the other compounds such as GaAs are sim¬ 
pler and positive. 11 This unusual behavior for 
these two crystals arises from unrelated com¬ 
plications. In CuCl there Is a significant rf-band 
contribution from the noble-metal d electrons, 15 
whereas in ZnO it is the unequal covalent radii 
of the Zn and O atoms which produce the nega¬ 
tive nonlinearity. 15 Therefore, it would certainly 
be of great interest to do this type of exclton- 
resonance experiment on a simpler crystal such 
as GaAs which has an extremely well character¬ 
ized* and closely hydrogenlc exclton, and for 
which <f„, > 0. To encourage such measurements 
we have listed our theoretical predictions for 
GaAs as well as for other common zinc-blende 
and wurtztte semiconductors In Table L The 
predicted large differences between the IH-V, 
n-VI, and I-Vn semiconductors provide good 
opportunities to test this theory. 

In conclusion, by the use of an extremely sim¬ 
ple physically transparent model [i.e., Eq. (9)] 


we have been able to adequately account for the 
magnitude, sign, and tensor character of the ex- 
citon contribution d IJt a to the second-order non¬ 
linear optical susceptibility In CuCl and ZnO, 

We have also predicted d i)k a for a variety of 
common m-V, n-VI, and I-VH zinc-blende and 
wurtzlte semiconductors. 


*D. C. Hauelsen and H. Mahr, Phye. Rev. B 8, 734 
(1973), and Phye. Rev. Lett. 26, 838 ( 1971 ). 

! S. D. Kramer, F. G. Parsons, and N. Bloembergen, 
Phys. Rev. BB, 1863 (1974). 

*E. Yablonovttch, C. Flyttards, and N. Bloembergen, 
Phys. Rev. Lett. 29, 866 (1972). 

4 Of course these simple expressions can only be ex¬ 
pected to hold for the ground state »l exclton). The 
excited states t«”2,3, etc) are obviously more oom- 
plax and a quantum mechanical treatment would be re¬ 
quired. For example, the s *2 C exclton In ZnO 
■ 3.466 eV) has a nonlinearity (from Ref. 1) of (rfy.®/ 
d ljk ) “ - 0.06, whereas the value calculated from Eq. 
(13) Is +0.006. This sign change and order of magnl- 
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trie Increase (for the * ”2 excited state) over the 
ground state 4«“1) calculation may be related to the 
nearly degenerate 2a and 2p axctton energy levels 
E( 8«) and £(2/>). In fact l£(2/>)-£(!«)]/[£(2/4-F(2s)J 
» —17 IR. Dlnges, D. Frohlloh, B. Staglnsus, and 
W. Staude, Phys. Rev. Lett. 25, 622 (1970). 

*H. Haken, Fortschr. Fhys. 38, 271 0.968). 

*J. Rlngelseen, A. Corot, and S. Nlldtine, In Local¬ 
ised Excitations in Solids, edited by R. G. Wallin 
(Plenum, New York, 1988). 

’Y. 8. Park, C. W. Litton, T. C. ColUns, and D. C. 
Reynolds, Phys. Rev. 143. 612 096$; W. Y. Liang and 
A. D. Yoffe, Phys. Rev. Lett. 20, 69 096$. 

"D. D. Sell, Phys. Rev. B 7, 4668 0973). 


*F. Evangellgtl, J. U. Flechbach, and A. From, Phys. 
Rev. B9, 1618 0974). 

"B. Segall and D. T. F. Marple, in Physics and Chem¬ 
istry ef n-Vl Compounds, edited by M. Avon and J. 8. 
Prener (North-Holland, Amsterdam, 1967), Chap. 7. 

n lt might be noted that the CuCl Id (diffuse) exoiton 
la over 2 orders of magnitude more highly damped than 
the If (sharp) ex cl ton. Perhaps this affecta the re¬ 
sults slightly. 

U R. C. Miller and W. A. Nordland, Phys. Rev. B 2, 
4896 0970); R. C. Miller, 8. C. Abrahams, R. L. 

Barns, J. L. Bernstein, W. A. Nordland, and E. H. 
Turner, Solid State Co minim. 9, 1463 0971). 
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New Bond-Charge Model for the Lattice Dynamics of Diamond-Type Semiconductors 

W. Weber 

Max-Planch -PtstiM fur Fssthorpgrforsckung, 7 Stuttgart -1, Bundesrepublih Deutschland 

(Received 26 February 1974) 

A new bond-charge model for phonons in semiconductors of diamond structure la pre¬ 
sented. I show that the flattening of the transverse acoustlo phonon branches In these 
materials can be understood by Interactions Involving the bond charges, when these 
move adtabattcally. The phonon spectrum of Ge is calculated using only four parameters, 
all of which are physically meaningful, and very good agreement with experimental val¬ 
ues Is obtained. 


The phonon dispersion relations of all semicon¬ 
ductors with diamond or sphalerite structure 1 ex¬ 
hibit one characteristic feature, from which only 
diamon d itself le excepted; The transverse acous¬ 
tic (TA) phonon branches have very low frequen¬ 
cies and are very flat away from the zone center, 
although the corresponding shear moduli have 
rather high values. In the following, I show that 
this can be understood by interactions Involving 
the bond charges (BC’s), if these are allowed to 
move adlabatically. My model also enables us to 
elucidate the differences in the nature of the bind¬ 
ing forces In the group IV materials. 

Baaed on Phillips’s bond-charge model 8 for co¬ 
valent crystals, Martin 8 has used a dielectric 
screening model to calculate the phonon spectrum 
of Si. He assumed that the bare-lon-core poten¬ 
tials are screened In a nearly free-electron-like 
manner; l.e., by the diagonal elements of the in¬ 
verse dielectric function € "Hq +G, q + 5'). This 
metallike binding gives rise to short-range cen¬ 
tral forces between the ions, which die out rapid¬ 
ly beyond nearest neighbors. The effect of the 
off-diagonal elements of e" 1 is described by Cou- 
lomblc Interactions Involving the BC’s. These 
forces represent the covalent character of the 


binding; they lead to effective noncentral forces 
between the ions, which produce the stability of 
the diamond structure against shear. The specif¬ 
ic assumption was made that the BC’s were fixed 
midway between the Ions, even when the latter 
are displaced. Martin obtained fair agreement 
with experimental dispersion curves, except that 
the flattening of the TA phonons could not be re¬ 
produced. 

In 1959, Cochran 4 pointed out that this flatten¬ 
ing of TA branches, which In a Bora and von Kir- 
main model requires very long-range force con¬ 
stants, 9 is in fact due to mainly short-range ion- 
electron and electron-electron Interactions. 
Cochran’s shell model (SM), however, has many 
drawbacks. The noncentral two-body forces, 
which are crucial for the stability against shear, 
are not adequately understood.” Further, the 
electrons in a bond are shared by two atoms and 
It Is unphysical to divide them between the two. T 
Finally, It turned out to be Impossible to extend 
the SM to m-V compounds without introducing 
many new parameters, although the phonon spec¬ 
tra are very similar. 1 

The starting point of my work is the bond- 
charge model; l.e., I describe the effect of the 
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metallike binding by central forces between near¬ 
est-neighbor ions; the covalent binding shows up 
in interactions Involving the BC’s. However, I 
relax the constraint that the BC's are fixed mid¬ 
way between the ions. Instead, I allow that the 
BC’s move adlabatically like the electronic shells 
in a SM. As a consequence, I have to Introduce 
short-range ion-BC forces in order to stabilize 
the BC's on their sites. I also take into account 
interactions between neighboring bonds. 

The dynamical matrix in my model is derived 
in the usual way* by treating the BC’s as indepen¬ 
dent lattice particles. In the harmonic and adia¬ 
batic approximations, the Fourier-transformed 
equations of motion for diamond-structure crys¬ 
tals may then be written as 

m^u- [R + (4e , A)C r ]m + [r-(2*7«)Cj.]s, (1) 

c = Ir*-(2a7e)C/Ws+(a a A)C,js. (2) 

Here m, z, and e are the Ion mass, the value of 
the BC, and the dielectric constant, respectively. 
The hypervectors u and s denote the displace¬ 
ments of the (two) Ions and (four) BC’s. R, T, 
and S are the respective Fourier-transformed 
force-constant matrices of the short-range ion- 
ion, ion-BC, and BC-BC interactions. £*, C r , 
and C s denote the corresponding Coulomb matri¬ 
ces. The adiabatic approximation is expressed 
by having put the mass of the BC’s equal to zero 
on the left-hand side of Eq. (2). Thus, we are 
able to eliminate the BC degrees of freedom s in 
Eq. (1). 

We have limited the short-range ion-BC and 
BC-BC interactions to nearest neighbors. The 
corresponding force-constant matrices are of 
the same form as those between nearest and next- 
nearest neighbor ions, respectively.® Moreover, 
one can show that they enter the expressions for 
the elastic constants in the same manner as those 
lon-ion force constants, although divided by a 
factor of 2 or 4, respectively. This comes from 
the fact that, in the long-wavelength limit, the 
BC’s move in phase with the ions, as if they were 
fixed midway between them, just as in the Phil- 
lips-Marttn model. At shorter wavelengths, how¬ 
ever, the BC’s move adlabatically under the in¬ 
fluence of net forces acting on them. 

This is a crucial point for the understanding of 
the dispersion of TA phonons. To illustrate this, 
let us consider a monoatomic linear chain with 
BC’s midway between the ions. We assume a 
short-range ion-BC force constant/, and for the 
sake of simplicity we neglect the Coulomb forces. 


The Interactions between two neighboring bonds 
are described by a potential as first used by Keat¬ 
ing: 


V=0/n a )(x o4 .5 0/+ nV4)». (3) 


Here Xt, t = r oi +u 0 -Uj is the distance vector be¬ 
tween atom 0 and BC f, with r o4 being the equilib¬ 
rium value; further a*/4 = - r Q( • r al . In the linear 
case, V yields only a force constant /' * P/2 be¬ 
tween neighboring BC’s. Proceeding then along 
the lines sketched above, one finds the disper¬ 
sion equation 


mu> 2 = 2/ 


(/+2/')8in*(jgo) 
/+2/'sin*(iiw) ‘ 


(4) 


The Phillips-Martin constraint leads to 

mu)*= 2/sin*(i^B) +/' sin*(^u). (5) 


In Fig. 1, various dispersion curves are shown 
for the two approaches. The elastic constant 
oc /+2/' is kept fixed for all curves, while the ra¬ 
tio/'// is varied. If f'/f »1, Eq. (4) depicts the 
typical flattening of the dispersion curve away 
from q w 0. In this case, the ions are coupled 
only weakly to the BC’s, which form an almost 
rigid lattice. The ions vibrate like Einstein os¬ 
cillators In this lattice, and their frequency is 
given by the weak ion-BC force constant /. Only 
in the long-wavelength limit, where the BC’s 
move in phase with the atoms, does the strong 
bond-bond Interaction contribute to the dynamics 
of the atoms, thus producing the high value of the 



FIG. 1. Dispersion curves for a monoatomic linear 
chain with bond charges. Solid and dashed lines depict, 
respectively, the curves according to Eq. (4) (adtabati- 
cally moving bond charges) and Eq. (5) (Phillips- Martin 
constraint). The elastic constant is kept fixed for all 
curves. 
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FIG. 2. Phonon dispersion curves for Ge. Solid cir¬ 
cles represent the experimental values of Ref. 11. Solid 
lines show the results of my four-parameter bond- 
charge model. Dashed lines depict the results from the 
shell model of Ref. 4. The unpublished curves In the 
(t ,£, 0) direction were kindly provided by W. Kress and 
K. Kune. 


elastic constant. 

In our calculation for Ge we have used four 
types of interactions: (a) a central potential 
<p t . t (T) between nearest-neighbor ions; (b) Cou- 
lombic Interactions of point charges at the sites 
of the Ions and the bonds; (c) a central potential 
<P,. bc (t) between nearest-neighbor ions and 
BC’s; and (d) the interactions between two adja¬ 
cent bonds described by Keating’s potential as 
given in Eq. (3). The condition of stable equilib¬ 
rium relates the first derivatives of the short- 
range potentials with the Madelung energy of the 
system (see Ref. 3). 

The phonon dispersion curves of Ge, as calcu¬ 
lated with this model, are shown In Fig. 2. They 
are compared to Cochran’s five-parameter SM, 4 
which also has the merit of limiting the short- 
range force constanta within nearest neighbors. 10 
In our model four parameters are used; their 
values have been found by a least-squares fit 
rom the neutron data of Nilsson and Nelin. 11 As- 
mmlng <pj. bc' = 0 , we have obtained 
= 10.15, j - b c''( t 0 /2) = 8.78, (3 = 4,3 (all in units 
1 O 4 dyn/cm); x'/c = 0.1610. The equilibrium con- 
lltlon leads to <? ( . t '/T 0 =- 1.13. The average de- 
'iation from experimental values of Ref. 11 is 
ibout 2%, while the maximum error at some fre- 
(uencies is 5%. We may also compare the elas- 
ic constants (in units 10“ dyn/cm*): c„= 1.326 
1.28), c u -c u = 0.825 (0.81), c« = 0.65 (0.87); 
he experimental values as quoted in Ref. ,8 are 
liven in parentheses. 


The direct ion-ion force constant <p t ." domi¬ 
nates in all phonon branches except in the TA 
modes, which are independent of it. Thus, the 
TA phonons depend only on the Interactions in¬ 
volving the BC’s. Just as for the linear chain 
model, we obtain the peculiar shape of the TA 
branches if the interactions between neighboring 
bonds are rather strong as compared to the lon- 
BC coupling. The latter consists both of the 
short-range and the Coulomb part, which cancel 
each other partially, so that the effective lon-BC 
force constants are small: </> eff " = 0.61 and / 
r 0 = 2.03. The Coulomb Interaction between more 
distant neighbors turns out to be Iobs Important; 
one can show that a short-range model with ef¬ 
fective lon-BC force constants, but without a 
Coulomb term, yields very similar dispersion 
curves. The contribution of ip t . due to the equi¬ 
librium condition also turns out to be small and, 
moreover, destabilizing. Furthermore, In the 
short-wave TA modes, the BC’s approximately 
move on surfaces where the potentials of Eq. (3) 
remain constant. Therefore, in these modes, 
only very small forces are transmitted between 
the ions. Thus the ions vibrate like Einstein os¬ 
cillators, and their frequencies are given by the 
magnitude of the effective ion-bond coupling. 

In the long-wavelength limit, the strong bond- 
bond coupling yieldB the high values of the shear 
moduli. As was indicated above, in this limit the 
interactions involving the BC’s can be written as 
effective interactions between the atoms. Apart 
from some Coulomblc term, we obtain the bond- 
stretching and bond-bending force constants a,., 

= 4,84 (3.8), (3,.,= 1.07 (1.3). These values are 
quite similar to those of Keating," which are giv¬ 
en in parentheses. Moreover, concerning more 
elaborate valence force field models,** the trans¬ 
mission of forces due to the adiabatic motion of 
the BC’s provides a physical understanding of 
terms which correlate bond lengths and bond an¬ 
gles of adjacent tetrahedra. 

Furthermore, the BC has the value of x “1,6, 
which is comparable to z = 2 used by Phillips and 
Martin. However, in my model the BC’s do con¬ 
tribute to the electronic susceptibility x = U - 1)/ 
4». I have obtained 4 jtxbc = I- 7 - This number, 
which represents the off-diagonal contribution to 
£, is small compared to 4ffx„ p = 15 in Ge. Thus, 
my result confirms the assumption of Phillips 
and Martin that the dominant part of e comes 
from the diagonal or metallike screening. This 
is also corroborated by band-structure calcula¬ 
tions. “ 
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Detailed calculations for all diamond-type crys¬ 
tals will be presented elsewhere; here we sum¬ 
marize the most important results. When scaled 
with the ion plasma frequency, SI and a-Sn are 
very similar to Ge, In diamond, the ion-BC cou¬ 
pling is much stronger than in the other materi¬ 
als; the bond-bond interaction increases to a 
lesser extent. According to the above discussion, 
this can be seen from the variation both of the TA 
zone boundary frequencies and of the shear modu¬ 
li. Furthermore, the direct ion-ion forces due 
to the metallike binding show up only in semicon¬ 
ductors; in diamond, however, all forces be¬ 
tween the ions act via the bonds. Altogether, we 
find that, with the increase of the metallike bind¬ 
ing, the sublattices of the ions and the BC’s tend 
to decouple from each other. 

1 have presented a new bond-charge model for 
the phonons in tetrahedrally coordinated semicon¬ 
ductors. For Ge, I have obtained very good 
agreement with experimental phonon curves, us¬ 
ing a four-parameter theory. The parameters 
describe the two types of binding In Ge. The met¬ 
allike binding shows up in central forces between 
nearest-neighbor ions. These forces influence 
dominantly the longitudinal acoustic and the optic 
modes. The covalent binding is represented by 
interactions involving the BC’s, only these forc¬ 
es determine the dispersion of TA phonons; they 
are essential for the stability of the diamond 
structure against shear. When the BC’s are al¬ 
lowed to move adiabattcally, the typical flatten¬ 
ing of TA branches away from the zone center is 
obtained, if the lon-BC coupling is weak com¬ 
pared to the interactions between neighboring 
bonds. Thus, in the short-wave TA modes, the 
atoms vibrate like ElnBteln oscillators; at long 


waves, however, the strong bond-bond coupling 
contributes to the dynamics of the atoms, thus 
producing the high values of the shear moduli. 

It is a pleasure to thank H. Bilz, W. Kress, 

K. Rustagi, and R. Zeyher for many helpful dis¬ 
cussions, and also K. Rustagi, R. M. Martin, 
and B. Szigeti for critically reading the manu¬ 
script. 
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Observation of Covalency Effects in K 2 CuF 4 by Critical Scattering of Neutrons 

K. Hirakawa and H. Ike da 

The Institute for Solid State Physics, The University of Tokyo, Roppongi, Minato-ku, Tokyo, Japan 

(Received 20 May 1974) 

Direct evidence of covalency effects on spin densities of the Cu 5+ - F* antibonding orbital 
in ferromagnetic K,CuF, has been observed by means of critical scattering of neutrons. 

The form factor observed was in good agreement with the one calculated based on linear 
combination of atomic orbital wave functions using covalency parameters determined by 
NMR, 

According to Hubbard and Marshall, 1 the form should be observed directly by neutron scattering- 

factor of a magnetic ion surrounded by ligand This effect should produce on the form factor a 

Ions Is modified by the covalency, and such effect forward peak at small scattering angles less than 
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Bine/ A - 0.1, which is attributed to the ligand con¬ 
tribution for moat fluorides. It also makes the 
form factor at higher scattering angles appear 
(latter than would have been expected for an iso¬ 
lated Cu** ion for reasons to be discussed later. 

As Is well known, most fluorides become antifer¬ 
romagnetic and ligand ions lie, in many cases, 

In between the two magnetic ions, their spins 
being antiparallel with each other. In such a case, 
the spin moment on the F" ion is more or less 
canceled out because of the nature of the antipar¬ 
allel spin configuration. Accordingly, the for¬ 
ward peak and the moment value obtained from 
magnetic reflections would be reduced by a factor 
dictated by the covalency and the resulting form 
factor looks much flatter. 

In a ferromagnetic fluoride In which no such 
cancelation occurs, we could directly observe 
the above-mentioned covalency effect, and in 
such a case, paramagnetic disorder scattering 
would be of great use 1 because of the easy access 
to extremely small scattering angular region con¬ 
trary to the use of Bragg scattering. We have, 
however, several disadvantages when such disor¬ 
der scattering is employed; extremely small 
scattering cross section, short-range-order ef¬ 
fect, simultaneous reflection effect, phonon scat¬ 
tering effect, etc., have to be properly taken Into 
account. In our previous paper,* these difflcul- 
es were successfully avoided by making use of 
le two-dimensional character of ferromagnetic 
,CuF« whose T c = 0.25 K. 4 It is well known that 
two-dimensional ferromagnet would manifest 
sharp critical scattering in the form of a ridge 
long one of the reciprocal lines. In K,CuF 4 , the 
Idge appears along the [00£]. However, in the 
resent case, the system is not of an ideally per- 
>ct two-dimensional character. The scattering 
ross section scanned along the [00f] line should 
e expressed as a product of two parts, one pro- 
artlonal to /‘(if), which is /*(t) in this case, 
nd the other depends on 5. The 9 dependence of 
>e latter is symmetrical around each magnetic 
ragg point giving rise to periodically modified 
Idge in the reciprocal space. Intensity measure¬ 
ments were made along the ridge at T * T c and 
Iso well above T c . By taking the difference of 
le two cases, most of the troublesome effects 
mentioned above were removed, and we were left 
dth a quantity proportional to /*(8)*{a periodic 
motion along t with a period of 2c*}. The de- 
ired/(t) would then be deduced rather easily, 
i applying the present method, resolution correc- 
Ion has to be carefully assessed. Fortunately, 



FIG. 1. Open circles, observed form factor by criti¬ 
cal scattering; closed circles, observed form factor 
by Bragg scattering. The full .form factor calculation 
using Eq. (3) Is shown by the full line. The numbered 
broken Hcbb are the contributions from the successive 
terms In Eq. (4). 

however, when the 8! dependence of the cross sec¬ 
tion is expressible in a ridgelike shape in recip¬ 
rocal epace, it has been proved* that the inte¬ 
grated intensities across the ridge are indepen¬ 
dent of the change of resolution function, and they 
can be expressed simply as/*(£)x{a periodic func¬ 
tion with the period of 2c*}. 

In Fig. 1, the form factor thus obtained is shown 
by the open circles, where it is normalized with 
respect to the extrapolated (000) value. In the 
same figure, the form factor observed for (002) 
and (006) Bragg reflections using the polarized 
neutrons is also given.* For the latter, it is nor¬ 
malized by the bulk magnetization value. The 
agreement 1 b quite satisfactory. In the following, 
we shall see how the above form factor can be ex¬ 
plained by the theory proposed by Hubard and 
Marshall. 

K,CuF 4 has the K t NlF 4 structure. In K,CuF 4 , the 
Cu’* Ion Is surrounded by the deformed 0F* octa- 
hedra in the way shown in Fig. 2,* where Cu**- 
F* distances are also indicated.* The deforma- 
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tion of the octahedra results In the tetragonal lo¬ 
cal symmetry, and the ground-state d wave func¬ 
tion may well be approximated by the form x’ - i 1 . 

The d wave function situated at the nearest-neigh¬ 
bor positions can be obtained by rotating the cen¬ 
tral local coodinates by jr/2 around the c axis. 7 
As the (00£) reflections see the Fourier-trans¬ 
formed spin densities projected on the c axis, 

Cu* 4 - 6F* clusters lying In the basal plane would 
appear equivalent for these reflections. Conse¬ 
quently, we need to discuss the effect of covalen¬ 
cy only for one Cu 24 - 6F' cluster. Furthermore, 
since the p wave function of the F" ion lying on 
the b axis is orthogonal to the d wave function of 
the centered Cu* 4 we could safely neglect the 
overlap effect of these orbitals. We thus calcu¬ 
late only for the Cu 24 - 4F' cluster. The frac¬ 
tions of spin densities A * and A/ on the 2 p 0 and 
2s orbitals are already determined by NMR mea¬ 
surements and they are given as 10 

(A/)* = 0.43% and (A 0 *) 2 = 5.76% for F/ , 

(A/)* = 0.46% and (A„«)* = 6.52% for F.\ 

Since the spin densities on the 2s orbitals are 
very small, we are justified In assuming that the 
whole unpaired spin density on the F' ions is of p character. Hereafter we shall use 

(A n c >* = 6.19% and (A „«)* - 6.98%. (2) 

The antibonding orbital (linear combination of atomic orbitals) may be written as follows using the 
atomic wave functions d{r) and p(r): 

*a» = n .>{ rf ( r ) “ A c C P c (r)+A n c p c '(r)+A„ t pJr) - A 0 'p t '(r)}, (3) 

where N a Is the normalization constant. 

Direct calculation of the form factor from the is indeed possible. However the expansion of 
+ AJ1 J would give the better physical picture in understanding the resultant modification of the isolated 
Cu 14 ion form factor by the covalency effect, and the spin densities D(r ) correct to the second order 
are given as 

I>(r) = * Aa J s^(,-)fl-2(A 0 ') 2 - 2 (A „•)»] + 2A 0 C {2S „ c d*(r) - d(r)p c (r) + d(r]p e '{r )} 

+ 2A n 4 {2S 0 <I d J (>') - d(r)p a (r) + d(r)p a '{r)} + [A„ c ) a {p*(r)+p c ,i (r){+{A a , Y{p?(r)+p a ' 2 (r'ft, (4) 



FIG. 2. The crystal structure of KjCuFj, in which a 
cooperative Jaho-Telier distortion can be seen. The 
crystal is composed of distorted Cu 2 ’ - 6F" octahedron 
giving rise to a superlattioe structure with the cell di¬ 
mensions C ”2c and A* 2a. In the figure, the funda¬ 
mental cell in which K’ ions are omitted is shown. 
Note the slight displacements of F“ Ions in the basal 
plane. On the left, a deformed Cu 1 ’ —8F* octahodron 
with the associated orbitals to be calculated Is shown. 


where S 0 e =(rf(r) I p c '[r)) and S„ l, = <d(r)\p u (r)). 

The Fourier transformations of the successive 
terms in Eq. (4) have been computer calculated 
using the unperturbed wave functions of Cu 84 in¬ 
cluding the angular factor given by Watson, 11 and 
of F' given by Froese. u The results are shown 
by the broken lines in Fig. 1. The first term in 
Eq. (4) is simply a form factor of an Isolated Cu 24 
ion reduced by a factor of 2(A„ c ) 2 + 2(A 0 *) 2 . The 
second and the third terms come from overlap 
densities and, In particular, the former Is re¬ 
sponsible for flattening of the form factor. The 


last two terms originate from the spin moment 
remnants on the F" ions; of these the former is 
responsible for the observed forward peak. Som< 
of these terms are shown by the dotted line in 
Fig. 1. In view of the approximate nature of Eq. 
(4), we have made a full calculation using Eq. (3 
the result of which is also shown by the full line 
in Fig. 1. Without any adjustable parameters, v 
could obtain rather satisfactory agreements be¬ 
tween the calculated and the observed values as 
Indicated. Some systematic deviations manifest 
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at higher angles Indicate about 10% expansion of 
the calculated values compared with the observed 
one. Further, about 4% expansion may be ex¬ 
pected 1 * from the orbital moment since g = 2.30, 
We believe the above-mentioned expansion of the 
calculated form factor would be attributed to the 
approximate nature of the Hartree-Fock atomic 
wave functions. It should be noted that even in 
an ionic crystal such as K,CuF 4I covalency effect 
on the form factor is quite large and one tends to 
overlook such an effect with the use of conven¬ 
tional Bragg scattering technique. 

We are grateful to Professor Y. Ito, Dr. J. Aki- 
mitsu, and Dr. S. Wako for useful discussions. 

We are also grateful to Dr. G. Shlrane for the 
critical reading of the manuscript. 
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Phase Separation in the Two-Dimensional Ising Ferromagnet 
D. B. Abraham* and P. Heed 

Department of Theoretical Chemistry, Oxford 0X1 3TG, England 
(Received 1 May 1974) 

The interface density profile of the two-dimensional Ising ferromagnet is investigated 


for all temperatures below the critical point, 
thermodynamic limit. 

The phase-separation phenomenon in the Ising 
nodel of ferromagnetism with dimensionality d 
= 2,3 has recently been Investigated. It has been 
shown 1 * * that symmetry-breaking boundary con- 
iitlons can induce phase separation with an asso¬ 
rted surface tension. Gallavotti 1 then demon¬ 
strated that the interface for d = 2 is very diffuse, 
inlike the situation for d- 3, where the Interface 
was shown by Dobrushln 4 to be localized. These 
results were obtained for O' 5 T<T 0 (d) with T 0 (d) 
«7’ c (rf), where T c (d) is the critical temperature 
■or dimension d. This shows, contrary to folk¬ 
lore, that the existence of surface tension Is not 
aecessarlly concomitant with the existence of a 
iharp interface. Subsequently Weeks, Gilman, 
md Leamy* investigated the interface profile for 
he three-dimensional system at higher temper- 
tures [0< T < T c (<f)] than Dobrushln considered 
ping a series-expansion procedure. They found 
ke interface to be well defined tor 0 *T <T’ but 
l#«se for T'<T*T e (d), where T'~T C (2), These 


The width of the Interface diverges In the 


results motivated a more detailed investigation 
of the d = 2 separation phenomenon, valid for 0 
« T <T t (2), the results of which are reported 
here. 

We consider a vertical-right-cylindrical lattice 
with Af columns and 2IV +1 rows. There is a spin 
<7( =± 1 at each vertex, labeled i- (m,n) in Car¬ 
tesian coordinates, where n*-N, - N+l ,... ,N 
and m = 1. M. The energy of a spin configura¬ 

tion is 

A' A ({a ( }) = -*/£a ( o,, d) 

where the first sum is over nearest-neighbor 
pairs of spins on A and the second sum is over 
spins in the top and bottom rows; «/>0 is a ferro¬ 
magnetic coupling. The second term represents 
fields hj acting on the top and bottom boundary 
rows of A, denoted 8A + and 8A_. Two different 
boundary conditions are considered: On both 8A* 
and 8A. we have either (1) = + «> for i = 1,... ,s 

and*, = -« for j = s♦!,... ,M, denoted + - , or 
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(11) A j * + *® lor all i , denoted + +. In the thermo* 
dynamic limit, the ++ boundary conditions should 
lead to a pure state with magnetisation +m*,’ 
whereas in the + - case as s - « we should have 
a macroscopic region with magnetization +m* 
lying between regions with magnetization -m* 
to the left and right. There will be two interface 
regions; with each of these we may associate a 
long contour on the dual lattice separating oppo¬ 
site spins on A, in the sense of Ref. 2. The con- 


= lim lim[£* ¥ *"(/3)]* , Tr{exp(- ^E A )o w ]. 

l— • n- » 


tours, whose ends are pinned, cluster (become 
Independent) as s — •». 

The canonical partition for a lattice at temper- 4 
ature fi' 1 ib denoted where 6« + - or 6 

= + +. The surface tension t is defined by*** 

(2) 

and the interface profile is described by the mag¬ 
netization 

(3) 


These quantities have been obtained rigorously using the transfer matrix V along the cylinder axis and 
the matrix element techniques of Abraham. 7 Our results are 




(4) 


and 

<••>*— 7 g{trm ) 'iif dtt '' t * (t) *iii§(rh z "'- dx 



with 

/<f)*-f*(f)/[l-<4.(0P, 

where y(f)M) for If 1 = 1, 

coshy(/) = coah2A* coeh2A - (f + f' l )/2, 


and 


*(/) = - 


A u * 1 ( (t-A-'Ht -B) V'* 
B t \(t -A)(f - B~‘) ) 


withA = (a/, exp(- 2K*) = tanhA, A = exp(2{A + A*)], 
and J3 = exp[2(A - A'*)]. Therefore, A >B >1 for 
T<T C . 

Finally, 




4>(z) f z-B-' V' 1 

-e*(z)\z-A‘ l / ’ 


and 


E*ft(*)T(*) = /(2). 

All the contours are the positive unit circle, and 
principal parts are to be taken where appropriate. 
In (4) and (5) there are corrections due to addi¬ 
tional bands in the spectrum of V but these are 
0(exp{-4Wy<0)]) and may be neglected as N- « 
compared with the given terms. 


*s(*)''[Ef(*)r(f)+C/«)7’(e)], (5) 


Asymptotic analyBlB gives the result 

r=- y (0), (8) 

in agreement with results based on different def¬ 
initions.* With the scaling p = aN s , fl > 0, (5) 
gives 

lim{e,*>, = 0 if 8<i, 

'■*" (7) 

lim<o a# ) # =M*sgnp if 6>i 

at-« 

for T C (2)>T> 0. When T = 0, we have 

(o M ) # = m*sgnp for all d, AT. (8) 

Thus for d = 2 we obtain a rigid Interface only 
when T = 0. For T e ( 2) > T > 0 the interface has 
width ~ Af l/ * in agreement (in an appropriate do¬ 
main of T) with the analysis of Gallavottl.* One 
cannot induce a translationally noninvariant equi¬ 
librium state for T> 0 with the type of symmetry 
breaking boundary conditions considered. Never 
theless, we suspect, but cannot prove, that sup¬ 
pression (in a suitable sense) of the long-wave¬ 
length Fourier components of the "long contour" 
would make the Interface sharp, possibly withou 
affecting the surface tension appreciably.* 
Identical results may be obtained using a rec¬ 
tangular lattice with + (-) boundary in the upper 
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(lower) half. 10 
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Search for Evidence of a A(1236)-A(l 236) Component of the Deuteron* 
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Evidence for a bound A 13 U236)-Asj(1236) component of the deuteron Is sought by using 
t 4 , ir", and K* mesons as probes of nuclear structure. Events are observed which 
might contain a(1236) “spectators" In the breakup of a deuteron in a AA state. However, 
other mechanisms may contribute to the signal, and we cannot unambiguously ascribe 
our events to a AA contribution in the deuteron. With certain assumptions we obtain an 
upper limit of ~ 0.7% for the AA component of the deuteron. 


It has been known for some time that the con¬ 
ventional nuclear theory which assumes nuclei to 
be composed of weakly bound protons and neutrons 
has some small but persistent discrepancies with 
experiments. It has been suggested 1 that these in¬ 
consistencies may be explained by the presence 
of nucleon isobar components In the nuclear wave 
function. Kerman and Klsslinger 2 have proposed 
such a model to explain the large backward “pick¬ 
up” peak in fid scattering. 

We have searched 5 for direct evidence of a AA 
component of the deuteron wave function (note: 
an N A component Is forbidden by isospln) by look¬ 
ing for the process diagrammed In Fig. 1(a). In 
this model, a beam meson (m) scatters “elasti¬ 
cally" on a virtual A' from a deuteron In a a 44 a* 


bound state. If the impulse approximation Is qual¬ 
itatively valid, this yields a "spectator" A 44 (a, 44 ) 
on breakup. For a discussion of this point see 




FIQ. 1. Diagrams for (a) AA model, and (b ) N* mod 
el. 
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FIG. 2. PHtm*) versus cos (/w + , beam) In the lab for 
where mIs (a) r + , (b) s', (c) K*. 
irvefl show kinematic boundaries. 


sf. 2. We use the presence ol nir~ and pit* com- 
natlons simultaneously in the A mass region 
L _eflned here as M(Nn) < 1360 MeV], with the pv* 
combination backward in the laboratory frame, 
as the signature of this process. We estimate 
background from competing processes to be less 
serious for this case than for other AA states 
available to this experiment. 

The channel md~ms*n'pn (with visible proton), 
where m la the beam meson, has been studied In 
three independent experiments performed with 
the Stanford Linear Accelerator Center 82-ln. 
deuterium-filled bubble chamber: 15-GeV/c v* 
(350000 photos analyzed by Florida State Univer¬ 
sity-University of Pennsylvania), 15-GeV/c s’ 
(500000 photos, University of California, Berke¬ 
ley-University of Washington, Seattle), and 12- 
GeV/c K* (500000 photos, Lawrence Berkeley 
Laboratory-California Institute of Technology). 
Channel ambiguities are reduced by cuts on miss¬ 
ing mass, confidence level, fits to alternative 
channels, and lonlsation-density measurements 
of positive tracks, as appropriate for each exper¬ 
iment Proton-v 1 ' Identification ambiguities are 

I smail for backward-going v*p combinations. 

Evidence for AA events .—Figure 2 shows the 
cosine of the laboratory angle between the mo¬ 
mentum vectors of the v*p combination and the 
earn (with no restriction on masses) versus the 
*P mass. We observe events In the backward 
emlsphere (cos0<O) In the A mass region. 

The combined r*s mass distribution for events 
lth a backward A** candidate is shown In,Fig. 

(a). A peak In the A* mass region suggests that 




FIG. 3. Sum of the data from the Mr’ir'p* channel of 
all three experiments: (a) Mpt'n) for eventa with pr* In 
backward A* + region, (b) ooe9„(pr*) =£•(>, where la 
the proton direction In the pit* rent frame and 0 la the 
direction of the pr* combination In the lab frame, for 
events In the A 44 (baok)A’ region. The N* model curves 
(broken) are normalized to ooa0 a <0; A,* use* the pure 
HuKhen spectrum, N u * uses die modified spectator pro¬ 
ton spectrum. The AA model curve (solid) Is norma¬ 
lized to oobB m >o. 


the ns" combination Is a A resonance a substan¬ 
tial fraction of the time. Table I lists the num¬ 
bers of events found. 

Backgrounds .—Nucleon dissociation Into Av 
states (here referred to as N*’ s, even though not 
necessarily resonant), well known In hydrogen 
and deuterium data, 4 Is probably the major back¬ 
ground for the A ++ (back)A* signal. We have cal- 


TABLE I. Results for the reaction md—air 4 r*/S| 
m~**,w~,K*. 



r*d 

w'd 

K*d 

Total events 

1809 

3474 

12093 

A* + (back) 

66 

48 

132 

A ++ (backto" 

20 

26 

73 

pfAAj) (mb) 

0.04* 

0.03* 

0.06* 

R <*) 

0.6 b 

0.6 b 

1 J b 


‘Upper limit, statistical error Ml.01 mb. 
b Upper limit, statistical error s±o J.6 (aaa Ref. 10). 
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culated* the expected shape using the model of 
Fig. 1(b) assuming the same mass, width, and mo¬ 
mentum-transfer distributions found In hydrogen 
data at similar energies. 4 Two different “specta¬ 
tor" proton momentum spectra are used in the 
impulse approximation. One is based entirely on 
the Hulthdn wave function; the other modifies this 
spectrum above 200 MeV/c to resemble the back¬ 
ward proton spectrum from the K*d~K°pp (fC° 

— r*v') reaction of the K* experiment, in attempt 
to include contributions in the high-momentum re¬ 
gion from double scattering and possible inade¬ 
quacies of the Hulth^n wave function. In the K°pp 
channel contamination from other reactions is 
quite small, and isobar terms in the deuteron 
wave function are not expected to contribute sig¬ 
nificantly to the spectator spectrum. 

This model gtves a backward pi* mass distri¬ 
bution in good agreement with the data. Further 
evidence for an N*-model contribution is the 
asymmetry of the decay angular distribution of 
the backward A 44 candidate, Fig. 3(b). The for¬ 
ward component of this angular distribution is In 
poor agreement with the N* model using the pure 
Hulthln spectrum (curve labelled N t *) but consis¬ 
tent with the model using the modified spectrum 

In the AA model (solid curve) this distribution 
is expected to show forward-backward symmetry 
if the A 4 * does not decay until leaving the inter¬ 
action region. The spectator A 44 , generated by 
using the d(AA) wave functions according to Klss- 
linger 7 (neglecting double scattering), was given 
a 1 +3cos 3 0 fi decay angular distribution. The re¬ 
sult is insensitive to the details of mA elastic 
scattering. Events with nonstopping protons are 
lost in the i*d and K*d data; simulation of this 
loss (done for all models) results in the asymme¬ 
try of this curve. This effect alone is not ade¬ 
quate to explain the observed asymmetry and N* 
contribution is needed. 

Within the approximations, we cannot distin¬ 
guish the contributions of the AA model and the 
S* model with the modified Hulthen spectrum. 
Basing this calculation on the K°pp data, while 
probably an Improvement over a pure Hulthen 
spectrum, neglects final-state interactions (other 
than those in the K°pp channel) and possible sig¬ 
nificant variation with channel of double-scatter¬ 
ing contributions. In addition, the Impulse ap¬ 
proximation may not be adequate in the region of 
large (<s 300 MeV/c) spectator momenta, where 
the greatest sensitivity to differences between the 
models may lie. 


Probability of d( AA).—If we assume that the 
cross section for off-mass-shell mA elastic scat¬ 
tering leading to deuteron breakup is equal to the 
mS elastic cross section 8 (leading to breakup), 
then the ratio R = o(md - AA,)/o<md - mpn) is a 
rough estimate of the AA fraction of the deuteron. 

The cross sections o(mrf- mp») are not mea¬ 
sured but may be estimated by using Glauber the¬ 
ory.* We find for ai* i d-T! i pn) at 15 GeV/c and 
<*k*d-K*pn) at 12 GeV/c the estimates 6.8*0.6 
mb and 4.8 ±0.5 mb, respectively. We obtain an 
upper limit to o(md - mAA,) by counting all the 
A 44 (back)A* candidate events. Correcting this 
number by factors of (i) 2 for the probability that 
A' is the spectator, (il) 3 for the approximate 
probability that the spectator travels forward, 8 
(lit) 2 for the equal probability of d(A 4 A 9 ) and 
d( A ++ A'), and (lv) 1.2 for nonstopping proton 
events lost in ir *d and K*d —loss of protons too 
short to be seen 1 b neglected (based on the AA 
model)—we obtain the upper limits shown in Table 
I. A statistically weighted average gives R <(0.7 
± 0 . 1 )%.“ 

Neglecting final-state interactions and interfer¬ 
ence between the N* and AA models, we obtain a 
more restrictive upper limit to R by Integrating 
under the (properly symmetrized) AA curve of 
Fig, 3(b) (which was normalized to cose H >0). 

This more model-dependent limit is -60% of the 
above limit for R, with the difference possibly 
due to the N* contribution. It is probable that the 
N* background relative to A A production vartes 
with the bombarding particle. Our results are 
compatible with theory. 7 The “spectator” method, 
with further refinements, may prove valuable in 
other situations where possible isobar effects 
may be more easily distinguished. 
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Nuclear-Coulomb Interference in Inelastic Scattering of a Particles from 168 Er, 1 M W, and IM Wt 


I. Y. Lee, J. X. Saladln, C. Baktash, J. E. Holden, and J. O'Brien 
Scaifo Nuclear Physics Laboratory, University of Pittsburgh, Pittsburgh, Pennsylvania 15260 

(Received 10 June 1974) 

Excitation functions for the 0 + , 2* , and 4* states of 1H Er, ls4 W, and IM W were mea¬ 
sured at 140* and 173.S* with Incident a-particle energies between 12.5 and 19 MeV. 

Strong destructive nuclear-Coulomb Interference effects were observed. A coupled- 
channels oode was developed and the deformation parameters P* and pf of the optical 
potential were determined and are compared with those of the charge distribution, P° 
and pf. 


In recent years systematic experimental infor - 
mation has been accumulated concerning quadru¬ 
ple and hexadecapole deformations In the rare- 
earth region using two different methods, l.e., 
Coulomb excitation by means of a particles 1 ' 4 
and inelastic scattering of a particles well above 
the Coulomb barrier.“•* From Coulomb excitation 
experiments It Is possible, after making some 
reasonable model assumptions, to extract defor¬ 
mation parameters /3,° and /3« c for the charge dis¬ 
tribution. Experiments far above the barrier, on 
.the other hand, yield the deformation parameters 
of the optical potential. Early comparisons be- 
jtween the two types of experiments seemed to In¬ 
dicate that the deformation parameters obtained 
from high-energy (a, a') scattering were substan¬ 
tially smaller than those obtained by electromag - 
letlc methods. This difference may, In principle, 
>e attributed to one or both of two reasons: 

(1) There Is no a priori reason why the electric 
barge distribution and the optical potential need 

9 have exactly the same deformation parameters, 
hough one would certainly expect them not to be 
>0 different. 

(2) It in wall known that the quantities deter¬ 


mined by inelastic scattering are not the 0 x ’s 
rather something like a deformation length j9 x A, T 
where it is the nuclear radius. The extraction of 
P x 8 from electromagnetic moments, on the other 
hand, depends critically (approximately like R ' x ) 
on the radius parameter chosen for the charge 
distribution. Thus some care must be exercised 
In comparing 0 x ’s obtained by these two different 
classes of experiments. 

The question of the connection between the de¬ 
formation of the charge distribution and that of 
the optical potential Is an intriguing one. We ex¬ 
pected experiments in the interference region be¬ 
tween Coulomb and nuclear excitation to be most 
sensitive to possible differences or equalities in 
the two types of deformation parameters. Exper¬ 
iments were carried out at laboratory scattering 
angles of 140 s and 173.5 s in the energy range from 
12 to 19 MeV on the Isotopes I— Er, 1 **W, and 
U *W. The experimental setup was similar to that 
used in earlier work of our group.* Its salient 
features are an annular surface-barrier detec¬ 
tor at 173.5 s , two surface-barrier detectors at 
9:140 s , and another pair of detectors at ±30* which 
served as monitors. All detectors were cooled to 
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~ - 20°C and overbiased. Spot targets of 3 mm 
dlam, about 20 /ig/cm* thick, cm 20-Mg/cm* car¬ 
bon backing were produced by vacuum evapora¬ 
tion of the enriched Isotope oxides. The energy 
resolution for all detectors was ~ 25 keV full 
width at half-maximum. The yields of the elastic 
and inelastic peaks were evaluated by means of 
an iterative computer program which Is based on 
the assumption that all peaks have the same shape. 
The overall uncertainty In the 2* and 4* yields Is 
about 2% and 3-5%, respectively. In the sub-Cou¬ 
lomb region the uncertainties are smaller, about 
1% and 3%. The values of the reduced matrix ele¬ 
ments <0*m(E2)H2 + > and <0 + ll9R(£4)IU + > were ex¬ 
tracted from the low-energy cross-section ratios 
with the help of the quantum-mechanical coupled- 
channels code arosa for Coulomb excitation. 1 
Prom the moments, charge deformation param¬ 
eters PS were derived within the framework of 
the axially symmetric rigid-rotor model, using 
a deformed Ferml-charge distribution 

p(r, dJ’-PoU+expflr-RfflJJ/a})' 1 , 
with 

*(0) = R‘[1 + / VY*,W) + /Vr 4 o(«)l- 

The procedure for choosing the parameters R 0 , 
p B , and a was Identical to that used in earlier 


work of our group.* The experimental points in 
Fig. 1(a) represent the ratios do tJJ /do eS of the 
experimental elastic cross section to the elastic * 
cross section calculated under the assumption of 
pure Coulomb excitation. The experimental points 
in Fig. 1(b) are the double ratios 
do t */do t +) cg plotted as a function of energy. Fig¬ 
ure 1(c) Is an analogous plot for the 4° double ra¬ 
tios. The most conspicuous feature of the data 
Is the sharp Increase in destructive Interference 
of the excitation of the 4* state between “'Er and 
the W isotopes. This is In agreement with recent 
results of Bemls et al .* on U4 Sm, “"Er, and “*W. 

In order to Interpret the data In the Interference 
region we expanded the coupled-channels Cou¬ 
lomb excitation code arosa to Include excitation 
via a deformed optical potential. We found It nec¬ 
essary to Integrate the radial equations out to ar¬ 
guments p*kr = 450. In the region of nonvanish- I 
ing optical potential a Numerov Integration rou¬ 
tine is used. Further out a Taylor expansion Is 
employed which is particularly fast In regions 
where the interaction is purely electromagnetic.' 
The convergence in the sum of partial amplitudes 
from different channel Bpins is considerably im¬ 
proved by using a procedure which is related to 
the Pad4 approximation.*’ 10 Thus in a typical 
case only about 45 partial waves need to be cal- 
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HQ. 1: Coulomb-nuclear interference in the elastic and inelastic scattering of a particles. The solid curves 
represent die results of ooupled-channel calculations. For details, see text. 



Volumi 33, NiKin 6 


PHYSICAL REVIEW LETTERS 


5 August 1974 



*. e 


£ 


- 0.24 

0.20 

- 0.099 

- 0.10 

- 0.24 

0.20 

- 0.099 

- 0.03 

. 0.24 

0.20 

“ 0.099 

-009 

- 0.24 

0.33 

- 0.099 

- 0-10 


V • 45.0 M«V W • 11.20 M«V 

R ■ 1.4 1 A 1 '* • 6-02 o ■ 0.605 


E a (M«V) 


FIG, 2 : Sensitivity of ooupled-oharmela calculations to the relative sine of oharge and optical potential defor¬ 
mation. 


culated explicitly where about 300 partial waves 
would be needed without the use of the Pad£ ap¬ 
proximation. 

In fitting the data, the following procedure was 
adopted. We started out using essentially the 
same optical potential used by Aponick et at. for 
the Interpretation ol (a, a') scattering far above 
[the Coulomb barrier.' This potential was orlgl- 
ally derived from elastic scattering on nuclei 
i8t before the onset of permanent deformation, 
he Interaction radius and potential depth V were 
len slightly adjusted such as to fit the elastic 
mattering. The final parameters were V- 47 
lev, 11.2 MeV, and o = 0.805 fm. The other 
igredlents of the calculations are the reduced 
latrbc elements <0*IIW(E2)II2*) and <0*II3R(E4)II4*) 
nd the deformation parameters and ol the 
ptical potential. The Coulomb-excitation contri- 
ution from the Interior of the nucleus was calcu- 
ited by assuming a uniform charge distribution 
“/»„ for r <fl*(0) with ft“<e)=R“(l ++ 

(here ft* and the are adjusted Buch as to give 
correct charge and reduced matrix elements, 
position, depth, and shape of the interfere 


ence minimum for the 4* state is very sensitive 
to both the nuclear deformation parameter 0/ 
and the reduced matrix element (0*U9)1(E4)II4*), 
Thus the Interference data permit a more pre¬ 
cise (though somewhat more model-dependent) 
determination of the £4 moments than do sub- 
Coulomb measurements alone, particularly In the 
region of negative 0 4 values where the sub-Cou- 
lomb cross section is rather insensitive to the 
E4 moment. Figure 1 shows the best fits to the 
data. The sensitivity of the calculations to the 
parameters is shown In Fig. 2. The sensitivity 
ol the experiments Is -20% In the /?«* and the /3 4 ° 
deformations. It has been pointed out earlier by 
Bruckner et al. n and is confirmed by the present 
investigation that measurements In the Interfer¬ 
ence region permit an unambiguous determina¬ 
tion o! the sign of the 0 4 deformation which is not 
possible from sub-Coulomb data alone. Table I 
summarizes the results. The deformation param¬ 
eters /3> c are those derived from the £> moments, 
whereas are the optical potential deforma¬ 
tion parameters derived from tne Interference 
data. R* is the radius of the optical potential. 
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TABLE I. Reduced B2 sod E 4 transition moments and charge and optic al-poteettsl deformation parameters. For 
details, see text. 



<0*|*(E2)i2 t ) 

(ah) 

f*i C 

fit* 

0,*“ 

<0l|*(E4)l4*> 
tr b*> 

04° 04*’ 

04*“ 

R‘ 

(Fin) 

R*‘ 

R *** 

“*Er 

2.42 (0.03) 

0.336 

0.280 

0.263 

0.179 (0.054) 

-0.019 -0.025 

-0.028 

8.07 

7.92 

7.91 

>“W 

1.94 (0.03) 

0.254 

0.192 

0.192 

-0.243 (0.09(9 

-0.089 - 0.076 

-0.076 

6.267 

8.09 

8J7 

***w 

1.83 (0.03) 

0.239 

0.181 

0.182 

-0.266 (0.096) 

-0.090 -0.076 

-0.077 

6.28 

8.11 

8.18 


Our 0 4 deformation parameters for W 1 * 4,ua are 
considerably smaller than those obtained by 
Bern is et at.* from sub-Coulomb data on W 1 **. 
However If one includes in the analysis of the Oak 
Ridge National Laboratory data the interference 
results, one obtains a 0 4 c value of -0.11. 

Hendrle u has recently proposed a method of 
scaling between the two types of deformation pa¬ 
rameters which takes into account the geometry 
of the situation. The parameters 0/' and R*‘ are 
those calculated from the 0/ and R c using Hen- 
drie's prescription. The agreement between the 
fix"' and the 0 x * -lm is extremely good, showing 
that the two types of deformation parameters are 
in the sense of Hendrie’s model very consistent 
with each other. It should be pointed out that the 
expressions of Ref. 12 are derived under the as¬ 
sumption that projectile and target have sharp 
surfaces. They are therefore not strictly correct 
but they are probably a pretty good approximation 
for the geometrical aspects of the situation. A 
more rigorous approach would involve the use of 
folded potentials which has been successfully 
employed by West, Cotanch, and Robson. 1 * 
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Remarks on Dirac's New Theory 
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(Received 20 May 1974) 

We show that Dirac's proposed scalar-tensor theory of gravitation and electromagnetism 
can be rewritten in such a way that the scalar field decouples from the rest of the world. 

The symmetry breaking Implicit In the formalism Is shown to be unobservable. 


Recently, Dirac has proposed a foundation for 
a new theory of gravitation and electromagnetism, 
The fundamental objects of the theory are a met¬ 
ric teaBor g in/ :n g vll , a vector field x p (to be iden¬ 
tified with the electromagnetic potential), and a 
scalar Held 0 (assumed to be everywhere posi¬ 
tive). The equations of the theory are obtained 
from an action functional which is required to be 
invariant under gauge transformations in the 
sense of Weyl: 

g l J(x) = X i (x)g ia ,(x), 

K II '(x)=Kjix) + B II ln\(x), 

where A Is an arbitrary positive function. The 
metric and the vector field form the basis of 
Weyl'8 geometry, while the 0 field la Introduced 
in order to avoid fourth derivatives of the metric 
; ln the field equations. 

Our purpose Is to point out that the theory can 
•'e recast In a form such that the scalar field Is 
nnpletely decoupled from the other dynamical 
iriables. 8 We define a new set of variables as 
illows: 

*,,»(*) „„(*), 

-4 (,(*) = «!■ + ln 0M- 

hese relations are Invertible (because 0 * 0 ), so 
at Instead of g P¥ , k „, and 0 we can just as well 


take h pv , A p , and 0 as Independent field variables. 
1 Under a Weyl gauge transformation, we have 

A p '(x)=A p (x), 

(J'(r)-A ■ , (x)0(x). 

Thus, In terms of the new variables, an action 
functional I Is Weyl gauge Invariant if and only If 
It is independent of g. The field equation, 61 /6g(x) 
= 0 then reduces to the Identity 0 “ 0, while the 
other field equations are Independent of 0. The 
Weyl gauge Invariance of the theory thus seems 
to be devoid of physical content. 

In general, there will be additional dynamical 
variables to describe the source. If these are 
Weyl gauge Invariant, the foregoing argument 
still holds. If they are “cotensors”, say, 

q'(x)*\Hx)q(x), 
we can define new variables 

Q(x) * p*(x)q(x) 

and then apply the preceding argument to the set 
of variables ft„„, A„, 0, and Q. (Even If the 
transformation law of q should be more compli¬ 
cated then that of a cotensor. It suffices to define 
Q as the value taken by q In the gauge where 0 
* 1 .) 

Dirac’s action functional for the vacuum (his 
j equation 6.3), 


f * $$g» x g* o F„F Xo -pR + Og*PfP,Sc0*V :: gd*x, 


F^K ptV -K 




hen re-expressed In terms of the new variables, becomes 


/ = /(i*"V°F, y E' Xa -.R )l +c)’/^A<f\ F pv ^A PiV 

E ire R k is the Bcalar curvature associated with 
, and a divergence has been dropped from the 
Ion density. Apart from numerical coeffl- 
nta, this is Just the usual action for general 

E ivity with cosmological constant and electro¬ 
nic field. Likewise, the proposed action 
charged particle (Dirac’s equations 8.1 and 


-A 

v.»’ 

1 8.3), 

/,+/,= -m fpds + ejxfdx*, 
becomes 

/,+/,= -« Jds„+ ejA p dx*, 
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with neglect of a total differential, and again we 
have the same expression as in the standard the¬ 
ory,’ 

Dirac suggests that an observable violation of 
charge-conjugation and time-reversal invariance 
will result If the particle action contains a term 
of the form (his equation 10.1) 

In terms at the new variables this becomes 

l^aJh^A.A.ds, 

and, while such a term does violate ordinary 
gauge Invariance (which is equivalent to Dirac’s 
"transformations of the type 3"), it does not vio¬ 
late invariance under C or T. Dirac’s contention 
that it does rests on the assertion that, while one 
may always work in the “Einstein gauge” 0 »1, 
one must first obtain the field equation from the 
variation of 0 before putting 0=1, and "this field 
equation will still show symmetry breaking.” 4 
But we have shown that 61/50 => 0 is an identity for 
one set of Independent variables, and It is clear 
that, for any choice of variables, this equation 
cannot be Independent of the other dynamical 
equations. We conclude that the symmetry break¬ 
ing, while undeniably present In Dirac’s formal¬ 
ism ,■ is unobservable. 

Despite the pessimistic nature of our remarks, 
it is tempting to try to salvage something from 
Dirac’s theory. In section 2 of his paper, he 
proposes two special gauges: an "atomic" gauge 
corresponding to the space-time interval defined 
by an atomtc standard; and an Einstein gauge, in 
which the Schwarzschlld solution is valid and in 
which a test particle follows geodesic motion. In 
this way it would be possible to accommodate a 


variable gravitational constant (expressed In 
atomic units), as suggested by numerical coin¬ 
cidences among certain large dimensionless 
quantities,’ without spoiling the prediction of gen¬ 
eral relativity for the perihelion precession. Un¬ 
fortunately, the atomic metric is never intro¬ 
duced Into the formalism; moreover, to do so 
would obviously break the Weyl gauge Invariance 
by singling out a particular gauge, which is Just 
what Dirac wishes to avoid. 7 

Nevertheless, It is interesting to try to Incor¬ 
porate the two-metric idea into a theory (without 
Insisting on Weyl gauge Invariance), and an at¬ 
tempt In this direction will be published else¬ 
where.' The theory the one is led to gives the 
same predictions as general relativity for the 
classic tests, but suffers from at least one ser¬ 
ious disease: It seems Impossible to Incorpor¬ 
ate ordinary electromagnetic gauge invariance in 
a satisfactory way. 


f P. A. M. Dirac, Proc. Hoy. 8oc„ Ser. A 383, 403 
(1873). 

2 A similar observation. In die context of the Brans- 
Dlcke theory, has been made by J. L. Anderson, Phys. 
Rev. D 3, 1688 (1871). 

’Except that the sign of the mass term seems to be 
inconsistent with the overall sign of the vacuum action. 

4 Ref. 1, p. 417. 

’For example, in Dirac’s formalism the charge * is a 
dimensionless number, so dint the two signs of charge 
are formally inequivalent. 

’P. A. M. Dirac, Proc. Roy. Soo., Ser. A 166. 199 
(1938). 

'Ref. 1, p. 409. 

*J. L. Pletenpol, “A New Scalar-Tensor Theory of 
Gravitation’’ (to be published). 
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Evidence for a New Scaling Hypothesis in High-Energy Collisions* 

F. T. Dao, R. Hanft, J. Lach, E. Malamud, and F. Nezrick 
Fermi National Accelerator Laboratory ;f Batavia, Illinois 60510 

and 

V, Davidson, A. Firestone, D. Lam, F. Nagy, C. Peck, and A. Sheng 
California Institute of Technology, Pasadena, California 91109 

and 

R. Poster, P. Schlein, and W. Slater 
University of California, Los Angeles. California 90024 

and 

A. Dzlerba 

Indiana University, Bloomington, Indiana 47401 
(Hoceived 3 June 1974) 

Single-particle distributions in transverse and longitudinal momenta have been studied 
in pp interactions at 300 GeV/c. By comparing these distributions for different multi¬ 
plicities of produced particles and with published low-energy data, we put forth the hy¬ 
pothesis of a new type of scaling: The shape of distributions in p T and p L are indepen¬ 
dent of multiplicity and incident energy. 


The scaling behavior of a distribution /(r„r,) 

’1th Independent variables *, and x t can be do¬ 
med In terms of a homogeneous equation, 

f(Vi. V») = V(*i,*»)- w 

'he distribution / scales If there exist scaling pa- 
ameters A„ A„ and A for which Eq. (1) Is satis- 
ied. For the special choice A, = l/(.v 1 ) 1 A, = 1/(x 2 ), 
nd A = <x l ><x J ), we obtain the scaling equation 


/(*!,*») = 



( 2 ) 


le propose a new hypothesis of scaling for hlgh- 
nergy collisions: Distributions resulting in mul- 
particle production at high energies satisfy Eq. 

!) when x,*/> r and x x a p L . In other words, the 
stributlons maintain their shapes If they are 
otted against the mean variable xj (x ( ) and pro- 
irly normalized. The energy, Initial Btate, and 
ultipllclty dependencies lie In the average value 
,). It can be shown that Eq. (2) maintains Its 
rm when It is Integrated over either one of the 
riables. 

n this Letter we present an analysis of the ln- 

P single-particle distributions In the trams- 
[p r ) and the longitudinal (p L ) momentum 
lea In the c.m. system. These events were 
ed by 300-GeV/c protons In the 30-ln. hy- 
bubble chamber at the Fermi National Ac¬ 
tor Laboratory. A sample of 877 events 


(see Table I) with prong multiplicity as high as 
26 prongs were track matched In three views by 
physicists and scanners on the high-magnification 
(v72) Ferml-Lab-designed "MOMM" tables using 
the bubble pattern of the charged track. These 
events were then measured and processed through 
the program TVGP. In this study we restricted 
ourselves to the negatively charged secondary 
tracks, to which we have assigned the pion mass. 
Based on our previous determination of the K s ° 
inclusive cross section* at this energy, we estl- 


TABLE I. Events from 300-GeV/c pp Interactions 
used In this analysis. 


Prong 

multiplicity 

*c 

Number 

of 

events* 

(GeV/c) 

<Pl) 

(GeV/c) 

4 

516 

0.34 ±0.02 

0.93*0.04 

6 

248 

0.35 ±0.02 

0.72 ±0.03 

8 

69 

046 ±0.03 

0.64 ±0.06 

20 

17 

0.33 ±0.02 

0.41 ±0.04 

22 

17 

041 ±0.02 

0.43 ±0.04 

24 

7 

0.28 ±0.08 

0.44 ±0.04 

28 

6 

0.33 ±0.03 

0.41 ±0.06 


*To increase statistics, we have in our subsequent 
analysis combined these events Into two groups, 

*8 and 20 *n c , and properly weighted them aooorcttng 
to the topological cross sections (see Ref. 1). 
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FTO. 1: Plot of ( (p^fa)d<j/dp T versus fir/ipj) for the 
reactions pp — s'. Low-energy data at 13, 21, and 28.S 
GeV/c are from Ref. 3. 

mate our kaon contamination as about 10% of the 
negatively charged tracks. 

According to the hypothesis mentioned above, 
we should test the following scaling equation: 

2 ..■***?.- =- 2 - & (P* P-L-\ ( 3 ) 

*dp T dp L {p T 'Xj>J V \{p r Y<J>,))’ x> 

where <p la a function independent of incident en¬ 
ergy, initial states, and prong multiplicity. 

In Fig. 1 we examine the a" spectra in trans¬ 
verse momentum from pp interactions at 13,’ 

21,* 28.5,* and 300 GeV/c by plotting (da/dp T ) 
*(Pt)/° versus p T /(p T ). We observe that the 
data are remarkably similar and strongly hint at 
a universal function despite the fact that a wide 
range of incident momenta and prong multiplici¬ 
ties were selected. 

In Fig. 2 we plot (do/dp L )(p L )/o versus p L /{p L ) 
(where the forward and backward hemispheres 
are folded together) and show again that the data 
are consistent with a universal function. We note 
that If these data are plotted in the Feynman vari¬ 
able x (=2 p L /Js, where /s is the c.m. energy) 
instead of the mean variable p L /{pj), the distri¬ 
butions will not scale for such diverse prong mul¬ 
tiplicities as we have presented In Fig. 2. The 
fact that the shapes of the distributions are simi¬ 



(P L > 

FIO. 2 : Pint of (< pj)/a)do/dp L versus p L /(Pj) for 
pp — Low-energy data at 13, 21, and 28.5 GeV/c 
are from Ref. 3. 


lar leads ub to speculate that (a) there is one 
dominant production mechanism in high-energy 
collisions, and (b) dependences in Incident ener¬ 
gy, initial state, 4 and prong multiplicity are man! 
feBted only In the average values. 

To show that the data presented In Figs. 1 and 
2 follow a universal distribution, we fitted the 
data to two functions suggested by the thermody¬ 
namic model, 5,5 

aud obtained the following results: a- 6.23±0.! 
h = 2.37 ±0.04, c* 1.37±0.03, rf=0.91±0.15, e 
= 0.83 ±0.04, and/= 0.03 ±0.01. The x*P«r de¬ 
gree of freedom are 104/109 and 134/100, re¬ 
spectively.* If the average values are not divii 
out, the shapes of the distributions are dtffere 
To test this point, we fitted the same data wit! 
out dividing them by the average value [namel; 
the distributions ld<r/dp T )/v versus p, and (da 
dp L )/a versus p L ] and by using the same funct 
al form given by Eqs. (4) and (5). The result! 
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FIG. S: Plot of (p^p L ))/(pj) versus p L /(p L ) , where 
{p^.t i» */ 0 "<4 V<lf>r dp L )p r dpr/l'id'o/dpr dp L )dp T , 
for pp —x*. Data at 19 GeV/c are from Ref. 8. 


were poor and we obtained X* of 757 and 1509, 
respectively. 

The correlation between p T and p L can be stud¬ 
ied in terms of the ratios of moments ( Pt'Pl )/ 
whlch are constants according to 
Eq. (3). We examine the first moment of this 
correlation. From Eq. (3) one can derive 


( PAPl )>* 


XT PrifPo/dPrdp r.)dpT 

!q {d*Q/rfp r tip l )dp j. 




(8) 


In Fig. 3 we plot 300-GeV/c data and data at 19 
GeV/c. T The figure shows that within the present 
statistics Eq. (6) Is satisfied. Thus the shape of 
the well-known “seagull effect” ( p T and p L cor¬ 
relation) as given by g(p L /(p L )) Is also shown to 
be Independent of energy and prong multiplicity. 

Other variables can be used In Eq. (2). For 
example, If x l = n e , the number of charged parti¬ 
te, and x, = n„, the number of neutral particles, 
hen we have the fam liar Koba-Nielsen-Olesen 
KNO) scaling.' It may further be possible to gen- 
rallze Eq. (2) to more than two variables. 

In summary we note the following: 

(1) The scaling hypothesis proposed In this Let- 
>r should be regarded as an attempt, without re¬ 
nting to specific theoretical models, to summa- 
ke the bulk of the plon production data presently 
callable from high-energy hadron collisions. 

|(11) Insofar as these distributions are universal 
Ad Independent of energy and Initial Btate, we 
vcluds that there Is one dominant mechanism 
V plon production at high energies and the pro¬ 


cess can be described In terms of a few parame¬ 
ters. One such candidate is the thermodynamic 
model In which a very important concept (param¬ 
eter) Is the temperature of the hadron system. 

(Ill) The scaling hypothesis makes no mention 
of the energy dependence of the average value In 
the distribution. Consequently, one can study 
this dependence on energy and initial state as a 
separate problem (for example, to Bee whether 
(j> T ) Increases logarithmically or as a power). 

We are grateful to the Fermi Lab Film Anal¬ 
ysis Facility staff for their careful and painstak¬ 
ing work in track matching and measuring the 
hlgh-multipllcity events. 


•Work supported in part by die U. S. Atomic Energy 
Commission and the National Science Foundation. 

tOperated by Universities Research Association Inc. 
under contract with the U. S. Atomic Energy Commis¬ 
sion. 

>A. Firestone el al., Phys. Rev. D (to be published). 

J F. T. Dao et al., Phya. Rev. Lett. 30, 1151 (1973). 

3 D. B. Smith, Ph. D. thesis, Lawrence Berkelsgr Lab¬ 
oratory Report No. UCRL-20632, 1971 (unpublished). 

See also D. B. 8inlth et a 1., Phys. Rev. Lett. 23, 1084 
(1969). 

‘There are no published data on single-partiole distri¬ 
butions from high-energy (>100 GeV/e) xp Interactions. 
However we have studied the initial-state dependence of 
the functions <Pr and <p L given in Eqs. (4) and (5), using 
the 25-GeV/c x"p data of J. W. Elbert at at. [Phys. Rev. 
Lett. 20, 124 (1968)] and J. W. Elbert iPh D. thesis. 
University of Wlsoonsln, 1971 (unpublished)]. We found 
that the x + (nonleading particle) spectra In this case 
have the same functional dependence as the x* spectra 
from pp collisions. Since In xp collisions there is an 
asymmetry In p L between forward and backward hemi¬ 
spheres, we aoale p L In each hemisphere by (p L ), the 
average value In that hemisphere. 

5 R. Hagedorn, Nuevo Ctmento 26, 1017 (1962). 

*The uae of the ratios of momenta may be a more 
sensitive test of this scaling hypothesis and possible 
systematic deviation from it. For example, the ratio 
of moments {pj)/{{pi*) - (p^} 3 ) 1 ^ 3 has the following 
values: 0.98 ± 0.04 (300-GeV/c pp, * e »20), 1.10 ± 0.02 
(300-GeV /c pp , 2*s e *10), 1.16±0.01<13-GeV/c pp. 
n c =4), 1.11 ±0.01 (21-0eV/cpp, »„«8), and 1.14 
±0.02 (28-GeV/c pp, n c =8). 

7 H. Bdgglld et al., Nuol. Phya. B57 , 77 (1973). 

*Z. Koba, H. B. Nielsen, and P. Olesen, Nuol. Phya. 
B40 . 317 (1973). For an experimental review at KNO 
scaling, see P. Slattery, Phya. Rev. D 7 , 2073 (1973); 

F. T. Dao and J. Whitmore, Phya. Lett. 46B . 252 (1973), 
and references therein. Of oourse KNO scaling is used 
here in the general sense where some sealing 

law of the same general type may be more applicable, 
for example, with Wroblewald’s modification *,«»,- 1 
instead <rfx, = » e . 
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Upper Bounds on Massive-Lepton-Pair Production, pN -»l * /" X, in the Quark-Parton Model 

Robert Savlt and Martin B. Etnhorn 
National Accelerator Laboratory, Batavia, Illinois 60510 
(Received 30 April 1974) 

We present rigorous bounds on the process pN — 1*1'X derived in the context of tpiark- 
parton models. As constraints we use the positivity ot die partem probability functions 
and data on deep inelastic leptoproductioo. Generally, our upper bounds fall below the 
Brookhaven National Laboratory data on muon-pair production. This result forces us to 
conclude that the Brookhaven data do not represent the scaling limit for this process, 
and/or that the usual Ideas of the (colored) quark-parton model are not all oar red. 


The Intriguing successes of parton models for processes involving large spacelike momentum trans¬ 
fers, especially deep inelastic lepton scattering, have been well demonstrated over the past several 
years. In stark contrast are the results on annihilation from the Cambridge Electron Accelera¬ 
tor, and more recently from SPEAR. These results are in groBs disagreement with parton-model ex¬ 
pectations. Another process which has been the subject of much theoretical and experimental Btudy Is 
the production of massive lepton pairs in hadronic collisions. This process, first discussed in the 
parton model by Drell and Yan, 1 Is supposed to occur when a parton from one Incident hadron annihi¬ 
lates with an anliparton from the other incident hadron, producing a heavy photon which finally decays 
into a lepton pair. The cross section for this process in proton-proton collisions is given by 

Q*do/dQ 2 = yirar’r f r '(dx/x)£ l e l 2 [q l <*'ff i (T/x)+ir l {x)q i (7/x)], (1) 


where r = Q*/s, e t is the charge of parton of type 
i, and q,(x) [^(x)] is the probability of finding a 
parton (antiparton) of type i with a fraction x of 
the parent proton’s longitudinal momentum. 

The rates for this process as measured at 
Brookhaven National Laboratory (BNL) by Chris¬ 
tensen et at .* have generally been larger than the¬ 
oretical estimates, but no firm conclusions about 
whether the parton model could describe these 
results have been drawn. In this Letter we pre¬ 
sent some rigorous bounds on this cross section 
and compare them with the BNL data. The bounds 
are based on the positivity of the parton probabil¬ 
ity distributions and the constraints on these dis¬ 
tributions imposed first by the Stanford Linear 
Accelerator Center (SLAC) electroproduction da¬ 
ta’ and, later, by the neutrino experiments at 
Gargamelle.’ The probability distributions are 
regarded as generalized coordinates in a varia¬ 
tional problem, and constraints are imposed by 
using the method of Lagrange multipliers gener¬ 
alized to incorporate inequality constraints.’ 

The positivity requirements are 

<L(x),y, C*)*0, (2) 

for all x and i. 

In the first problem that we consider, we use 
only the data from SLAC on vW t for protons and 
neutrons.’ These data are quite good, and so our 
bound will provide a very clean test of the parton 


model. In the parton model these structure func¬ 
tions are given by certain linear combinations of 
the parton probability distributions. Specifically, 
if the partons are quarks and carry, in addition, 
SU(3) color, we have 

uW„ y»fr)/x = }U(?) + i D(x) + lS(x), 

WM/x = f DM + IUM+ kSM, 

where 

U(t) =«,■(*) +«,(*) +««,(*)+«7»(x)+«»(x)+ff»(x), 

and similarly for S(x) and D(*). The subscripts 
refer to the color degrees of freedom. 

When combined with the inequalities (2), thesi 
constraints provide rather severe restrictions • 
the crass section (1). The full derivation of thi 
bound Is too long to describe here, and will be 
presented In detail (along with a number of add 
tional results) elsewhere.’ The result is show 
and compared with the BNL data in Fig. 1. Cu 
A is the bound computed with the constraints d 
scribed for the process pU-fi*n"X, since the 
target used was uranium. That is, it Is a wei 
ed average of the upper bounds for pp - p*li‘X 
and pn-v.*{LX. Curve B is the same as curv 
corrected to incorporate the detection efficiei 
of the BNL experiment, and curve C is the 2f 
GeV/c data from BNL.’ For 0,2 s Q */s S 0.5 
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FIG. 1. Curve A, upper bounds for the process pV 
calculated as a weighted average of bounds on 
ip-~p*p~X and pn—p*li~X. Curve B, same bound oor- 
■ected to Include detection efficiency at BNL. Curve 
20.6-GeV/c data from BNL. 


upper bound falls significantly below-the data 
proving that the colored-quark-parton model can- 
aot possibly describe the result. 

Corresponding bounds for the quark-parton 
model without color are obtained by multiplying 
curves A and B by a factor of 3. Even in this 


theory, the data come dangerously close to vio¬ 
lating the bounds. 

In the problem considered above, the q t and tf t 
distributions enter symmetrically. However, for 
nonzero x, the usual notions of the parton model 
suggest that there is a significant difference be¬ 
tween the quark and antiquark distributions. To 
Implement this difference In our variational prob¬ 
lem, we turn to a consideration of neutrino scat¬ 
tering. Using the preliminary data on neutrino- 
nucleon scattering from Gargamelle,® and the 
SLAC data on vW t for protons and neutrons, one 
can deduce the four different linear combinations 
of quark probability distributions shown in Fig. 
2(a). In the colored-quark-parton model, the 
labels of the curves In this figure should be un¬ 
derstood as sums over color, e.g., u(x)=u r (x) 

+ m„(*)+m 6 (x), etc. There are many reasons to 
be skeptical about the preliminary data from Gar¬ 
gamelle, and their Interpretation in terms of 
parton distributions (for instance, most of the da¬ 
ta are not at large enough Q* to expect scaling), 
but at the very least, they are probably indica¬ 
tive of what cleaner data will show. Interpolat¬ 
ing these points and modifying slightly the curves 
at small Q* (i.e., x)‘ we take as our "data" the 
curves of Fig. 2(b). A detailed discussion of the 
Gargamelle data and further elaboration of Fig. 
2(b) may be found in Ref. 6. 

We can now use these data, which distinguish 
between quarks and antiquarks, as constraints 
in a new variational problem. Again we impose 
the positivity requirements (2), and maximize 
the functional. The result of this tedious, but 
straightforward, calculation® is shown in Fig. 3, 



G. 2. (■) Parton distribution functions gleaned from SLAC and Gargamelle data, (b) Modified version of (a) 

I 
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FIG. S. Upper bound derived using data of Fig. 2 
(solid line) compared with BNL data (dashed Use). 


where It is compared with the BNL data.® Again, 
the upper bound falls far below the data leading 
to the conclusion that the parton model and the 
BNL data are incompatible. As before, the same 
bound derived in the uncolored-quark model is 
precisely 3 times as large as the bound of Fig. 3. 

One might worry that, since the Gargamelle 
data have such large error bars, and since the 
process in question is so sensitive to the size of 
the antiquark distributions at large x, the bound 
of Fig. 3 could change drastically within the er¬ 
ror bars of the data. However, model studies* 
indicate that while the upper bound does change 
significantly when one changes the data, it is 
still at least 1 or 2 orders of magnitude smaller 
than the data for 0,2 & r% 0.6. In any event, no 
matter what the neutrino data eventually turn out 
to be, the bound can never rise above that of Fig. 
1 which depends only on electron scattering and 
makes no assumptions about the weak interac¬ 
tions. We also want to stress that the method of 
solution for this problem, which is given in Ref. 
6, does not depend on the form of the data in Fig. 
2(b) and can easily be applied to other data when 
they become available. 

These bounds, whlch are perfectly rigorous in 
the context of the usual parton models, force us 


to conclude that at least one of the following state 
ments is correct. (1) The BNL data for the ex¬ 
perimentally observed cross section per nucleon 
are not the scaling limit for the process pN 

— n*n'X. (ii) The Drell-Yan formula for pp 

— p V X must be modified, (ill) The colored- 
quark-parton model is wrong. 

Let us briefly comment on each possibility: 

(i) Nuclear effects which were thought to be 
well understood may, in fact, significantly alter 
the observed cross section per nucleon. Inas¬ 
much as experiments on hydrogen will not be 
available for quite some time, an experiment uti¬ 
lizing different nuclear targets is urgently need¬ 
ed. Another effect which may be Important at 
large t is the interactions of secondary mesons 
produced in the target. Since mesons are sup¬ 
posed to have many more antiquarks at large x 
than baryons, this effect may be Important in a 
thick target such as that at BNL. It must be re¬ 
marked, however, that model-dependent esti¬ 
mates suggest that this contribution is still at 
least an order of magnitude below the observed 
signal. 10 Finally, It Is possible that the Brook- 
haven experiment Is not the scaling limit for this 
reaction. Similar experiments at other energies 
such as those being planned and carried out at tb 
National Accelerator Laboratory are obviously a 
great Interest. 

(ii) Theoretically, the most unsatisfactory as¬ 
pect of the Drell-Yan formula is its apparent ne 
gleet of strong interactions. Such interactions 
are generally required In deep Inelastic phenorr 
ena, especially In a quark-parton model, to die 
pose of the isolated quark quantum numbers. H 
ever, these effects may leave the parton-mode 
results for deep Inelastic lepton scattering un¬ 
changed, but alter the predicted cross section: 
for processes, such as the one discussed here 
which involve more than one hadron in both th< 
Initial and final states. 11 Our results make th: 
fundamental and unresolved question that muc 
more salient. 

(ill) The colored-quark-parton model may t 
incorrect in one or both of two ways. On the 
hand, the correct parton model may have cor 
8tituents other than colored quarks. For sue 
theories, bounds similar to those presented 
can be derived. In general, we can anticlpat 
that the greater the mean squared charge, t! 
smaller the bound will be, so the situation v 
be worse In most such models. On the othe 
hand, the ideas of the naive parton model m 
not be applicable in their present form to p: 
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ceB0 es Involving time like photons. [This possl- 
iblllty is related to option (li), discussed above. ] 
^Indeed, it is intriguing that in the two large-$* 
processes involving timelike photons which have 
been measured— e*e~ annihilation and massive* 
muon-pair production—the observed cross sec¬ 
tions are larger than the predictions of the par- 
ton modeL 

The ideas of the parton model, which have 
worked so well in describing processes with 
large spajcellke momentum transfers, seem to 
fail, in their present form, in the tlmellke re¬ 
gion. We have shown in this paper, by present¬ 
ing rigorous bounds in the context of parton mod¬ 
els, that the most popular versions cannot de¬ 
scribe the BNL data on pN~ ii*n‘X. The Cam- 
j bridge Electron Accelerator and SPEAR results 
in e*e~ annihilation, and the present bounds on 
nasslve-lepton-palr production, make It ex- 
remely Important to carry out further expert - 
nents in the deep tlmellke region, and to focus 
mr theoretical attention on the exciting paradox¬ 
's presented by the parton model. 

One of us (M.B.E.) would like to thank Profes- 
,or G. C. Fox for conversations and for his hos- 
iltality during his stay at the California Institute 
,f Technology, where part of this work was done. 
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’in presenting the data, we have drawn a smooth 
curve through the data points and have not indicated 
statistical errors, which range between S and 26% for 
0.02 * t * 0.46 and are larger tor larger r. However, 
the dominant errors are ayatematio, ranging between 
25 and 66% tor 0.02 *t« 0.61, and are correlated from 
point to point. Consfcleratlon of these errors does not 
vitiate our conclusions. We also point out that die dif¬ 
ference between calculating the average of the upper 
bounds on p and a targets and the upper bounds on the 
average nucleon in uranium la negligible tor our pur¬ 
poses. For further details, see Ref. 6. 

“The modification is desirable tor several reasons: 
for example, to make Hie probability distributions non- 
positive. 

“Actually, the curve in Fig. 3 ie a bound tor the pro- 
cees pp-pV*. not pU-|»V-* an in Fig. 1. However, 
the bounds tor proton end neutron targets typically dif¬ 
fer by a factor of 2 or so, and tor the purpose of Fig. 

3 this difference is Insignificant. See Ref. 8 tor more 
details. 

**G. Farrar and G. C. Fox, private communication. 

"Different points of view on this question are sug¬ 
gested by R. P- Feynman, Photon-Hadrtm JotoyacttoM 
(Benjamin. New York, 1972). p. 162; and P. V. Land- 
shoff and J. C. Polkinghome, Nuol. Phys. B33. 221 
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Alkali-Metal Hyperfine Shift in the Van der Waals Molecule KAr 

Richard R. Freeman, Edward M. Mattison,* David E. Pritchard, and Daniel Kleppner 
Research Laboratory of Electronics and Department of Physics, Massachusetts Institute of Technology, 

Cambridge, Massachusetts 02139 
(Received 28 May 1974) 

The hyperfine Interaction of K in KAr has been measured in several vibrational states of 
KAr. The results yield a value for the hyperfine shill a as a function of lnternuelear sepa¬ 
ration R given by a «- 116(K -Rj) kH*, where A is In bohrs and A 0 =*12.0 bohr, valid over 
the range 10.25 bohr<12.0 bohr. 


The problem of how the hyperfine Interaction in 
i alkali atom Is modified by the proximity of a 
ire-gas atom has been the subject of lively (he¬ 
retical Interest ever since the experimental dis- 
ivery that the inert gas used as a buffer in opti- 
tl-pumping experiments causes a shift in the 
"tali hyperfine separation. 1 This so-called 
treasure shift” arises from two competing in- 
rnctkms; long-range polarization effects that 
.duce the density of the alkali valence electron 
the nucleus, decreasing the hyperfine interac- 
n, and short-range overlap effects that tend to 
Kentrate the valence electron near the alkali 
:leus, increasing the hyperfine interaction. 

'h light rare gases, such as He and Ne, the 
-rt-range forces dominate and produce a posi- 
pressure shift; for the heavier rare gases, 
h as Kr or Xe, the pressure shifts are gener- 
negative. This suggests that the competition 
reen the long- and short-range effects may 
a rapid change in the hyperfine coupling 
*nt with lnternuelear separation. Unfortu- 
a precise comparison between experiment 
ooretlcal predictions of the dependence of 
perfine shift on lnternuelear separation has 
» far, been possible because optical-pump- 
aasurements necessarily involve a broad 
>al average over angular momenta and ener- 
* obscures many of the details of the inter- 

i 


action. 

We report here the observation of the hyperfine 
shift in the bound alkali-rare-gas molecule KAr 
by molecular-beam magnetic resonance.* KAr 
is a particularly interesting system to study be¬ 
cause the polarization and overlap effects are ap¬ 
proximately equal, yielding an anomalously small 
pressure shift. 9 The experimental results (see 
Fig. 1) have a well-resolved structure which can 
be identified with the vibrational states of the 
molecule. The observed strong variation of the 
hyperfine shift with vibrational level is an indica¬ 
tion of a rapid variation of hyperfine interaction 
with intermiclear separation, and offers the pos¬ 
sibility of determining the hyperfine interaction 
strength as a function of the lnternuelear separa¬ 
tion R. 

The principle magnetic interactions in an alka¬ 
li-rare-gas Van der Waals molecule Immersed 
in an external magnetic field H 0 are described by 
the Hamiltonian 

X = h [a + a(R)] T-S +g, p b3 -i? 0 + hy{R) S - 3 , (1) 

where h L, US, and fiN are, respectively, the an¬ 
gular momenta of the alkali nuclear spin, the al¬ 
kali valence electron spin, and the molecular ro¬ 
tation. g, \i bS is the magnetic dipole moment of 
the valence electron; a is the hyperfine coupling 
constant of the free atom; a{R) is the shift in the 

SOT 

• i 
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FIG. 1. Magnetic resonance aurvo for the transition 
(F**2,m,--1) -*(#■«In KAr at a field of S2.6 
G, where atruoture due to the spin-rotation Interaction 
vanishes to first order. If there were no shift In a, the 
molecular and atomic resonance curves would be identi¬ 
cal . Hie atomic resonance, due to residual atoms in 
the molecular beam, appears at the left; the peaks iden¬ 
tified with the first three vibrational states of the mole¬ 
cule are marked v -0,1,2. 

alkali hyperfine constant a; ft is the Internuclear 
separation, and y(R) Is the molecular spin-rota¬ 
tion coupling strength. 

The energy levels of Eq. (1) are similar to 
those of atomic potassium, but have an additional 
line structure due to the spin-rotation interaction 
and the hyperfine shift. In zero magnetic field 
the hyperfine interactions couples T and S to form 
F *T +5; In the fields used in this experiment the 
condition g,^BH 0 »Ny holds, so m r is still an ap¬ 
proximately good quantum number, and the mo¬ 
lecular states may be labeled (F, m r , m A ). The 
spin-rotation Interaction splits the observable 
transitions of KAr by separating states of differ¬ 
ent m„, broadening the spectrum, and reducing 
the signal intensity. 1 In addition, the strong state 
dependence of the spin-rotation constant y{R) ob¬ 
scures the contribution of o(ft), whose measure¬ 
ment is the aim of this experiment. Fortunately, 
in a magnetic field given by 

H 0 *ah/ln B (2) 

the frequency of the hyperfine transition (F= 2, 
-1)-(F = 1, wi, = -1) U independent of field, 
the spin-rotation splitting is eliminated to first 
order, and the quantum number m# can be ig¬ 
nored. Under this condition, any displacement 
or broadening of the KAr spectrum relative to 


the atomic-potassium spectrum Is due to the hy. 
perflne shift o(ft). 

Figure 1 is the observed spectrum for the tnuw 
sitton (2, -1) -(1, -1) In a field that satisfies Eq. 
(2) for potassium, 82.5 G. The peak marked 
“atomic transition” is due to residual potassium 
atoms not removed from the beam; its width is 
characteristic of Che apparatus resolution. The 
peaks marked v = 0, 1, and 2 are caused by KAr 
molecules in the lowest three vibrational states, 
while the smearing on die low-frequency side of 
each peak is due to the rotational structure of the 
vibrational level. | 

To determine the R dependence of a, we have 
compared the experimental data with a spectrum 
computed from a simple analytic model for or. 
Eigenvalues and wave functions were computed 
using Baylis’s potential, 4 and expectation values 
of R were computed numerically. In an Initial 
attempt we approximated a(R) by a straight line, 
shown in Fig. 2(a) (solid line). The relative popu¬ 
lations of the molecular states were assumed to 
be described by vibrational and rotational tem¬ 
peratures T vlb =25K, T^o^lSK, values which 
are consistent with our most recent data on the 
spin-rotation interaction. The resulting line 
spectrum [Fig. 2(b)] agrees well with the observ 
spectrum in the region of positive shift This 
suggests that for 10.25 bohr <R< 12,0 bohr, a[R 
can be described by 

a(R)=-M(R-R 0 ) (: 

where Af=115 kHz/bohr, and Rq =* 12.0 bohr. 

Clearly the linear model for a(R ) cannot be 
valid for ail interatomic separations: While th 
hyperfine interaction is expected to be negative 
at large ft, eventually it must vanish, implyinf 
a negative shift that decreases to zero for ver; 
large ft. The dashed curve in Fig. 2(a) shows 
expected form for a(R) for large ft. The mini 
mum in a has two implications: It sets a lows 
limit on the possible KAr hyperfine seperatkn 
and It produces a bandhead In the spectrum at 
ing from states with negative shifts. The exp 
mental spectrum has a cutoff approximately 5 
kHz below the atomic value, confirming the e 
tence of a minimum value of a at least 25 kH 
deep. Unfortunately, the vibrational levels g 
rise to the negative shifts are the highest-lyt 
states, which are weakly populated, so the s 
drops rapidly near the bandhead. In addition 
the unwanted atomic line further obscures th 
structure of the bandhead. 

More detailed analysts of our data and exp 
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TRANSITION FREQUENCY SHIFT (kHz) 


(b) 

TO. 2. (a) Tlie functional form of u (N) used to cal- 
ate the spectrum In (b). The solid line corresponds 
nternuolesr separations well resolved in this experl- 
nt. The dashed line Is an Indication of the form for 
t) for large R extracted from the cutoff bandhead 
,r aero shift shown In Fig. 1. (b) Calculated line 
drum assuming o (ft) given by solid line In (a). The 
36 In each grouping are rotational structure of each 
rational level. The rotational number N Is labeled 
the v "0 state. The solid curve shows the result of 
igratlng the line spectrum over the apparatus reso¬ 
on (approximately 26 kHz). The populations of the 
rational and rotational levels are taken to be given 
rrt,-26K, T t0t -16K. 


ments In progress on the large-/? contribution to 
a should determine a(R) with sufficient accuracy 
that the size and temperature dependence at the 
KAr pressure shift can be calculated. At present, 
the pressure shift in KAr is known only approxi¬ 
mately (-0.4 ±1.4 Hz/Torr),’ and Its temperature 
dependence has not been determined. We hope 
that these results will encourage more detailed 
measurements of the pressure shift In KAr, and 
more detailed theoretical calculations on the 
radial dependence of the pressure shift 
We should like to thank the National Science 
Foundation for supporting this work, and to ac¬ 
knowledge the assistance of Richard S. Goldhor 
in carrying out the numerical computations. 


'Present address: Smithsonian Astrophyslcal Ob¬ 
servatory, Cambridge, Mass. 
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Dynamics of Freedericksz Deformation near a Nematic-Smectic-A Trawition* 


Cheng- Cher Huang, T Ronald 8. Plndak, T Philip J. Flutdert, and John T. HoTI 
Laboratory for Rt starch on tkt Structure of Matitr, OHvontty of Ptmuyivmtit, 
TMlaMpMo. Pmnuytvanta 19174 
(Received 6 May 1974) 

We have used the dynamic Freederlokea-deformatioc method to meaeure In detail the 
temperature dependence of the twist viscosity y ( In N-^-cyanoben*ylideoe~p-octyloxy- 
anlline near the nematlo-smeotlo-^4 transition. We have demonstrated that the intrinsic 
contribution y t ° can be determined Independently by extrapolating data on doped samples. 
Our analysis shows y t to diverge with a critical exponent { «=£>.37±0.08, In agreement 
with theoretical expectations. 


There has been considerable Interest In static 
properties near the nematic-smectic-A transi¬ 
tion in liquid crystals. These properties are re¬ 
lated to the smectic correlation length 4 which 
diverges near an apparent transition temperature 
T a In the form 1 

i=UT/T.-D' v , U> 

where the critical exponent v Is estimated to be 
0.87. The bend and twist elastic constants are 
also expected to diverge with the same exponent 
v. Various theoretical considerations have re¬ 
cently been made to extend these discussions to 
dynamic properties near the transition. 8 ' 4 One 
result of these theories Is the prediction that the 
twist viscosity y, in the nematic phase should di¬ 
verge like 

yi = y°+C(T/T c - l)' c , (2) 

where y,° Is the "intrinsic" twist viscosity In the 
absence of the smectlc-A transition, and the ex¬ 
ponent £ Is given by 

£ = v/2. (3) 

We report here a detailed measurement of y x in 
nematic N-p-cyanobenzylldene-p-octyloxyanlllne 
(CBOOA) near the smectic-A phase using the dy¬ 
namic Freedericksz-deformation technique, and 
the comparison of the results with theoretical ex¬ 
pectations. 

The material CBOOA has been studied widely 
because of Its nearly second-order nematic- 
smectlc-A transition.*'* An anomalous Increase 
in y t near the transition has been observed in ro- 
tatlng-field measurements, u ' a but these results 
have not led to convincing data analysis. Our ex¬ 
perimental setup is similar to that In geometry I 
of Pieranaki, Brochard, and Guy on. u A planar 
•ample Is formed between two glass slides coat¬ 
ed with obliquely deposited SIO thin film,* 4 sep¬ 


arated by a Teflon spacer of thickness d* 116 
nm. We obtain a well-aligned sample with an ex¬ 
tinction ratio at 500. The sample is situated be¬ 
tween crossed polarizers whose transmission ti¬ 
es are oriented at 45° to the molecular alignment 
axle of the sample. An electromagnet supplies a 
magnetic field up to 4 kG normal to the sample. 
A light beam at a wavelength « 8328 A from a 
He-Ne laser is incident perpendicular to the sam¬ 
ple and parallel to the field, and the transmitted 
light Is detected by a photodiode. The incident 
light is modulated with a mechanical chopper and 
the detector signal is analyzed with a lock-in am 
pllfler. The sample temperature is controlled b 
a stability of 3 mK and measured with a platinun 
resistance thermometer. 

In zero magnetic field the phase difference 6 1 
tween light polarized parallel and perpendicular 
to the sample axis has the value 

6 g = 2nd Oh A, 1 

where On "i,- n 0 Is the birefringence of the sat 
pie. Freedericksz deformation occurs when a 
field larger than the critical value 

is applied, where lf„ is the splay elastic cons! 
and Ax * Xu - Xj. the anisotropy of the dlamaf 
netic susceptibility. In our experiment, a fie) 

H 1 slightly larger than H c is first applied, cau 
ing a distortion of the molecular alignment of 
sample and a reduction In 0. After allowing M 
sample to come to equilibrium, the field Is qi 
ly reduced to a value U t less than B,. To avo 
domain formation, the sample is tilted away < 
its normal orientation while the field Is being 
creased to „ and then adjusted to be perpen 
ular to the light beam before the field is lowe 
Following the derivation of Ref, 13, is a time 
after the field la set at U v we expect the ph» 
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difference s to reUx exponentially toward its un- 
diBtorted wains: 

* fl(0 - ^ - Kfi,) expt- </T(fl.) 1 (8) 

A maximum (minimum) In the transmitted in ten- 
S ity occurs whenever 6 is an odd (even) multiple 
of g. The time dependence of the maxima and 
minima in the measured intensity, as displayed 
with a chart recorder, is fitted with Eq. (6) to 
yield both fi„ and r(fl,). The former quantity al¬ 
lows us to determine the detailed temperature de¬ 
pendence of As in CBOOA using Eq. (4). u Typi¬ 
cal relaxation times of several seconds are ob¬ 
tained. For a given temperature, the measure¬ 
ment is repeated with different values of the final 
field H r The relaxation time depends on 
U t in the form 1 * 

*T'*(0)[1 - (fl t /H c Y\, (7) 

tere 

t'W-UT/Ax/Vi. (8) 

le data are fitted with Eq. (7) to obtain U c and 
0), from which the twist viscosity y x can be 
lculated using the relation 

Yi * 2t(0)H 0 *Ax. (8) 

though data on Ax in CBOOA are available in 
f. 10, we have used instead the temperature de- 
ndence of As that we have measured aimultane- • 
sly. In the temperature range of interest, the 
nperature dependences of the two quantities 
ree to within 2%. The actual values of y t are 
talned by comparing the As and Ax data, and 
3 consistent with rotatlng-fleld results. The 
solute calibration is probably good to about 2%. 
e expressions used in the above analysis are 
ained by neglecting any backflow effects, which 
3 expected to be unimportant in this experimen- 
geometry and have been found to be small with 
nethoxybenzylidene-p'-s-butylanlline (MBBA). U 
our data are fitted by Eqs. (6) and (7) very 
)1, showing that backflow effects are Indeed 
llgible for CBOOA. This geometry also has 
advantage that the critical field H c depends on 
and is therefore not expected to change dras- 
lly with temperature. 

be temperature dependence of y l in the nemat- 
Ptase of CBOOA is shown in Fig. 1. Our data 
kin fair agreement with those of Hardouln 
musing the rotatlng-fleld method, “ but con- 
■three times their density of points and con- 
m*bly less temperature uncertainty. The 
|*tais Increase of y, near the smectlc-A 
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FIG. 1. Temperature dependence of twist viscosity 
Yt of CBOOA. 


phase at 82.8°C is evident. 

The major difficulty in attempting to compare 
the data with Eq. (2) is associated with the large 
background term y,°. While various proposals 
have been made for the temperature dependence 
of the intrinsic twist viscosity of a nematic liquid 
crystal,the evidence from a large amount of 
experimental data”’**’* 0 on nematics that do not 
possess a smectic phase is that, except in the vi¬ 
cinity of the Isotropic phase, yf is well described 
by the activation-energy form 

y°=Ae* ,r . (10) 

Because of the large contribution of yf, any 
least-squares fit of the data on CBOOA by ex¬ 
pressions such as Eqs, (2) and (10), with five ad¬ 
justable parameters, would not produce unambig¬ 
uous results. It is also not possible to obtain the 
values of A and B directly from the high-temper¬ 
ature y, data, because of the uncertainty about 
the contribution, however small, of the pretran- 
sitional behavior to these data. Therefore we 
have attempted to determine independently by 
an extrapolation scheme involving data on doped 
CBOOA, similar to a method that has been used 
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successfully to analyse the pitch divergence near 
a cholesteric-smectlc-A transition. 11 

Samples of CBOOA are doped with different con¬ 
centrations x by weight of MB BA. Both the iso¬ 
tropic-nematic and the nematic-smectic transi¬ 
tion temperatures decrease with increasing x. 
When x exceeds about 0,04, no smectic phase is 
found. The twist viscosity is measured in four 
mixtures with * between 0.110 and 0.2S8. Since 
these measurements demand less stringent tem¬ 
perature stability, we have used the Tsvetkov ro- 
tating-field method 11 ' 11 because of its simplicity 
of calibration. We find that not only do the doped 
samples not exhibit a smectic phase, but there is 
also no tendency toward a smectic transition. 

This is evident from the fact that while a plot of 
Inf! versus 1/T for the undoped sample Is non¬ 
linear and shows strong divergence near the 
smectic phase, the plots for the doped samples 
are linear up to the solid phase. As these data 
are free from smectic pretransttional effects, it 
is hoped that, when extrapolated to x = 0, they will 
give a realistic estimate of y,° in pure CBOOA, 
The activation energy fl(x) is found to be essen¬ 
tially independent of x, with an average value of 
5.28 x 10* K. The coefficient At*), on the other 
hand, decreases linearly with x, extrapolating to 
a value of 1.75 x 10* T p at x * 0. It is therefore 
reasonable to expect the intrinsic twist viscosity 
y° in pure CBOOA to follow Eq. (10) with param¬ 
eters A - 1.75x10 - 7 P and B=5.28xl0*K. We es¬ 
timate the uncertainty in the values of y° found 
in this extrapolation scheme to be about 6%. 

Using the above determination of y°, a least- 
squares fit of the data in Fig. 1 on undoped 
CBOOA by Eq. (2) yields the optimum parameters 
T c *=355.84 K, C*=2.7xl0'* P, and £*>0.37±0.05, 
as illustrated in Fig. 2. The uncertainty in £ is 
due mainly to the estimated errors in the back¬ 
ground term y,°. Our result for £ is in agree¬ 
ment with the prediction of 0.33 by JUhnig and 
Brochard. 5 The value of C is higher than the the¬ 
oretical estimate of 5 xl0‘ 4 but this estimate 
is derived from a Ginzburg-Landau formalism 
and may not be directly applicable here. In ac¬ 
cordance with Eq. (3), the value of £ also appears 
to be consistent with the values of the exponent v 
reported in the elastic-constant measurements 
on CBOOA by Cheung, Meyer, and Gruler T and 
Delays, Rlbotta, and Durand, 1 and in some of the 
samples of Cladis. 1 We have mainly demonstrat¬ 
ed here the feasibility of accurately measuring 
y, and self-consistently analysing the data to ob¬ 
tain £. Obvious extensions of this work include a 



used for yj # . The straight line has a slope t -0.37. 


more precise measurement on the doped samples 
to determine y t ° better and a study of possible ef¬ 
fect of sample purity on the divergence of y,. 

We would like to thank W. J. Romanow for ad¬ 
vise on thin-film technique and Professor T. C. 
Lubensky for helpful discussions. 
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Theory and Experiments on Configurations with Cylindrical Symmetry 
in Liquid-Crystal Droplets 
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Elasticity theory is applied to nematic liquid crystals with particular boundary condi¬ 
tions. The oalculus of variations Is used to derive the torque equations, tbe solutions 
of which are found by relaxation methods on a digital computer. These solutions are 
used to draw pictures of the molecular arrangements and with the aid of Maxwell's 
equations to predict the observed optical patterns, Including the case of magnetlo fields 
applied along the symmetry axis. 


We have obtained agreement between elastic 
ontinuum calculations and optical patterns ob- 
Brved with crossed polarizers in nematic liquid - 
ystal droplets. We started with the simple 
uestion: What is the minimum-energy configu- 
ation of a drop in which the molecules within the 
rop tend to be parallel to one another, yet are 
nned at a definite angle to the surface of the 
rop? It is a simple conclusion that these drops 
Jiould show surface singularities of molecular 
ze in extent, and that a cylindrically symmetric 
glutton would put the singularities (point dis- 
ations) at the north and south poles of the 
ops. To observe the molecular configurations 
out these poles we floated droplets on the sur- 
pe of water. This procedure has the three im- 
rtant advantages that the droplets are lens 
>ped resulting in better optics than obtained 
spheres, the water provides a very homoge- 
us and reproducible substrate which for many 
aid crystals gives droplets with cylindrical 
ametry in the molecular alignment, and for 
hoxybenxylidene butylaniline (MBBA, the liq- 
[ crystal we use most often) the drops remain 
he nematic state for many hours despite some 
absorption of water. Figure 1 shows 
> droplets similarly prepared and of similar 
| which when viewed between crossed polarlz- 
hibit three distinct patterns: a right-hand- 
left-handed, and a normal configuration. 

patterns have been observed for almost 
ury, with Lehman 1 devoting a lifetime to 


such studies. The theory of such observations 
has received little attention despite the possibil¬ 
ity that such a macroscopic element with three 
states might have some technological interest. 

The successful analysis of thiB problem yields 
the computer graphics of Figs. 2 and 3 for the 
orientation of the molecules. To obtain the opti- 
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FIG. 1. MBBA droplets on a water substrate o bs er v e d 
between crossed polarizers with white light displaying 
the three different configurations. 
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FIG. 2. View of a layer In the p-v plane Just below 
the water surface for the twisted configuration with 
S/B = 0.8 and I'/B «0.B with The Inserted 

crosses Indicate those molecules whose projections In 
the p-v plane He within 7’ of either the polarizer or file 
analyzer axis. 


cal patterns observed with the droplets between 
crossed polarizers one should solve Maxwell’s 
equations In the medium. This is carried out un¬ 
der the assumption of local translational invarl - 
ance in the plane perpendicular to the light path.* 


This assumption is not quite adequate at the cen¬ 
ter of the droplets, but nevertheless is sufficient¬ 
ly valid to yield agreement between theory and 
experiments for the molecular configurations. 
Crudely one can see the effect by considering a 
representative Biice parallel to the water sub¬ 
strate near the water interface as in Fig. 2. 
Where the light is polarized parallel or perpen¬ 
dicular to the projections of the molecules, its 
polarization is maintained and it is absorbed in 
the analyzer. The result is the “brush” pattern 
indicated by the darkened molecules. The brush 
pattern referred to as the normal configuration 
corresponds to the molecules confined to the ra¬ 
dial-vertical plane. 

The principal source of the problem is that the 
boundary conditions are not compatible with the 
vanishing of the derivative in the bulk. For the 
water interface the molecules are pinned to lie 
in the surface. For the air surface the molecules 
are pinned to lie in a cone making an angle of 15 
deg between the molecular axis and the normal 
to the surface. Minimization of the energy in the 
bulk proceeds primarily by a process which is 
here termed "splay canceling”. A radial compo¬ 
nent of the directrix produces a term in the di¬ 
vergence which offsets the contribution to the di¬ 
vergence from the variation in the directrix from 
the top surface to the bottom surface. 

The elastic continuum theory starts with a di¬ 
rectrix A which describes the mean orientation 
of the molecules at each point The energy in the 
bulk is given by* 


E = nffdpdz[s\v-A\* + 7'|*MVXd)| :, + fl|dx(vx#)| :, ]p, (1! 

where cylindrical symmetry has been imposed in correspondence to the direct observation that rota¬ 
tion of the drops between crossed polarizers causes no change in the optical patterns. S, T, and B re 
fer to the splay, twist, and bend elastic constants, respectively. 
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FIG. 3. The molecule* In the P-* plane of the twisted configuration with 5/11-0.8 and T/S "0,6 with P*/*|-4. 
OO la the axis of symmetry. 
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With the directrix expressed in terms of the usual two polar angles 8 and <p and using the cylindrical 
coordinates p and t, one finds that the energy expression contains 24 terms, or 25 when we include 
the effect of a magnetic field along the symmetry axis. A typical set of three terms is 


p sin 1 8 <p p a (S sin 3 <p * T cos* 6co8 2 c/>+- fl sin J 6cos», 

where <p p is a partial derivative. 

Carrying out the calculus of variations pro¬ 
duces two torque equations, one with 31 and the 
other with 27 terms plus boundary conditions. 

The torque equations are simultaneous nonlinear 
second-order partial differential equations. The 
olutions we report here are for the simple case 
here the upper and lower boundaries are flat, 
orizontal, and separated by a distance z 0 , and 
He outside boundary is cylindrical, vertical, and 
t p - p 0 . We use hard pinning on the horizontal 
oundarles. On the upper one we take 6 = »/2, 

;ith if to be determined from a first-order non- 
inear partial differential equation with 5 terms, 
hile on the lower one we take 8 = f /12, again 
/ith tp to be determined from this partial differ- 
ntial equation. On the outside surface we use 
ree boundary conditions, and thus two simulta- 
eous first-order partial differential equations, 
ach with 8 terms, must be satisfied here. The 
hoice of e = »/2 corresponds to the water-liquid- 
rystal interface with the liquid-crystal mole- 
ules strongly attracted to the polarizable water. 

’he choice erf 6= w/12 corresponds roughly to the 
bserved behavior of MBBA at an air interface/ 

'he free boundary conditions at p = p„ are an ap- 
raxlmation that produces a small amount of arti- 
ce into the behavior near p = p 0 . But we are con- 
emed primarily with the behavior over the cen- 
ral “flat” portion of the drop, so this is of little 
onsequence. 

Our assumptions of a flat surface, of hard pin¬ 
ing at other than 8 = 0, and of cylindrical sym¬ 
metry are not compatible at the center of the sur- 
kce. We treat this part of the problem in detail 
sewhere. Here it is sufficient to say that on 
e scale of 100 nm to 100 pm in which we treat 
e present problem it Is adequate to ignore the 
tails of how the Infinite energy density of the 
ngularity is relaxed. 

Ihe torque equations with the above boundary 
ndltions have been solved by relaxation meth- 
l using typically a grid of 30 by 39 points, with 
■table grid spacing, becoming finer near the 

P ies and the z axis. The relaxation is ade- 
ter 1000 to 2000 passes. We have results 
0 “2, 4, and 8 for several values of the ra- 
> and T/S. The behavior of the region p 
comes independent of Pg/z 0 for #,/*„ > 4. 


At p = 2 z„ the 8 values are within 1% of the values 
calculated for p-®. For T/S* 1 we find the nor¬ 
mal configuration which has <p = 0 everywhere. 

For T/S < 0.9 we find the three solutions which 
we are seeking. The degree of rotation of the 
cross decreases with increasing T/S for T/S 
*5 0.9. The two solutions with handedness, which 
are mirror images of each other about <p = 0 with 
the same energy, differ from the normal solu¬ 
tion primarily in the <p values. The 8 values are 
quite close. The energy of the normal solution, 
while higher, is only slightly higher. Extrapola¬ 
tion to infinite radius suggests that the energy 
difference is no more than 10"• erg for the whole 
drop (for 7=0.4 pdyn, S = 0.85 pdyn, and B = 0.8 
pdyn which are suitable choices for MBBA 5 ). 

A much more important saving in energy com¬ 
mon to all three cases occurs in the cancelation 
of two terms in the divergence: 

divrf = [sine(cosv>)/p-sine 8 € + ...]. 

This cancelation occurs for tp= 0, but not for 
<p = x (also a solution) in the case where 8, is 
positive as it is here. It is this that requires 
(p to go to zero as the terms in 6 p and tp^ be¬ 
come negligible at larger radius. It should be 
recalled that 8, remains large because of the 
conflicting boundary conditions. That this cancel¬ 
ation is most effective when p~z 0 results in a 
minimum in the energy density in this region, 
and even the total energy per unit area of the drop 
goes through a minimum with increasing radius. 
Thus there is a possibility that a large-area lay¬ 
er might achieve lower energy by supporting an 
array of point disclinations. 

We have also studied the effects of vertical 
magnetic fields both under the microscope and 
on the computer and have obtained quantitative 
agreement. 

The full equations, the optical calculations, the 
comparison of theory and experiment, and the de¬ 
tails of the phase diagram will be reported else¬ 
where. 

We wish to acknowledge the helpful advice of 
Dr. R. D. Russell concerning relaxation methods 
and the encouragement of Professor P. G. de 
Gennes in the initial stages of this work. This 
research has been supported by the National Re- 
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g Tensors and Tensor Interactions-Their Effect on Conduction-Electron 

Spin Resonance* 


M. B. Walker 

Department of Physics and Scarborough College, University of Toronto, Toronto MSS 1A7, Ontario, Canada 

(Received 1 April 1974) 

Conduction-electron g tensors depending on electron momentum can (through the cyclo¬ 
tron motion of the electron) cause transitions between spin Zeeman levels which broaden 
and shift the conduction-electron spin resonance. Tensor quaslpartlcle Interactions are 
capable of similar effects. The relaxation time and exchange parameter controlling mo¬ 
tional and exchange narrowing of the conduction-electron spin resonance are precisely de¬ 
fined. 


Lubzens, Shanabarger, and Schultz* have re¬ 
cently reported detailed measurements of the 
frequency dependence, temperature dependence, 
and dependence on resistivity ratio of the g value 
and linewidth of conduction-electron spin reso¬ 
nance (CESR) in aluminum. The Initial report* 
of CESR in aluminum led Dupree and Holland* 
to suggest that g anisotropy might be important, 
and theories of motional and exchange narrowing 
of g anisotropy have been formulated by de Bol¬ 
ton' and Fredkin and Freedman. 5 The results of 
Lubzens, Shanabarger, and Schultz* fit very well 
the predictions of these latter theories. 

In the present work, the tensor nature of the 
g value is explicitly considered (for the first 
time) and such considerations lead to new pro¬ 
cesses affecting the linewidth and g shift of the 
CESR. In the light of this development, a rein¬ 
terpretation of the results of Lubzens, Shana¬ 
barger, and Schultz* would be useful, as it is 
believed that these new results may strongly 
affect the value of the parameter B (defined 
below). 

Also, the motional-narrowing relaxation rate 
is given in terms of a weighted average of the 
impurity scattering cross section,” the weight¬ 
ing factor being different from that determining 
the resistivity relaxation rate. Similarly, the 
exchange parameter B controlling exchange nar¬ 
rowing is precisely defined. 

Finally, we follow up a remark of de Botton* 
that the influence of spin-orbit coupling on the 


quasiparticle interaction can produce effects 
qualitatively similar to those produced by g an¬ 
isotropy. A new type of tensor quasiparticle In¬ 
teraction is introduced and is shown to give rise 
to contributions to the effective g tensor. Nothing 
is presently known about the magnitude of such 
tensor interactions, but It is known that the mag¬ 
nitude of the g anisotropy required to account for 
the aluminum results Is surprisingly large. 1 A 
first-principles estimate of the magnitude of the 
tensor interaction would thus be of value. 

We shall study in detail an isotropic electronic 
Fermi liquid. For a Zeeman Hamiltonian of the 
form H z =-g( p)p B s *H to be Invariant with re¬ 
spect to simultaneous rotations of I, H, and p, 
we must have g( p) independent of the direction p. 
Anisotropy in g can only be introduced by the us< 
of a g tensor, and we therefore assume a Zee- 
man Hamiltonian 

H v =~n t s-f-H, g=gJ+'ig a T, ( 

T=3pp-T. ( 

The quantity 1 is the unit dyadic, and p denotei 
a unit vector in the direction of the electron m 
mentum. 

The tensor part of the Zeeman Interactional 
be written in the form -gjPgS'H^f, where H r 
is an effective magnetic field given by H eff 
= H 3p(p • H) - Hj. The effective field has a co 
ponent In the direction of the momentum of thi 
electron, as well as a component along the ex 
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ternal field. Since the electron momentum pre- 
cesses around the external field at the cyclotron 
frequency, w c , the effective magnetic field has 
a time-dependent component which can cause 
transitions between the spin energy levels. As 
a result of collisions of the electron with im¬ 
purities or phonons, however, the cyclotron 
frequency is not sharply defined, and H efr pos¬ 
sesses a spectrum of frequencies lying in the 
range w e - t‘‘ <u <u c + t* 1 , t' 1 being the collision 
frequency. So long as the electron spin-reso¬ 
nance frequency lies within this range, H tff can 
mit the lifetime of the spin by causing transi¬ 
ons between its energy levels. The precessing 
smponent of H eff also gives rise to a g shift, 
s will be seen below. Thus the tensor nature of 
le g value gives rise to new effects which are 
at present in previous theories 4 ’ * assuming a 
ealar g value. 

Following Silin , 1 and making use of the Zeeman 
iteractlon as defined by ( 1 ), the spin-dependent 
art of the quasiparticle interaction is written 
e op (P.r,F) = 5 op *? a (p, r,F), where the compo- 
ents of 5 op are Pauli matrices, 

? a (p,r,F) = -ipgiT-H 

(3> 

nd i 5®, f, F) is the spin density in phase space 
t time /. As a result of the assumed isotropy, 
depends only on the angle 0 between p and p' 
nd can be written 

p^(e)=2yi(2/ + l)B,P,(cose), (4) 

here p is the density of states. 

;Now let 5 = 5 0 + 65 , where j 3 0 is the spin density 
(duced by the static external field H 0 , and write 

65 = -(9/ 0 /8e)g(p, r, F), (5) 

lere /„ = 2[expG9e,) + 1] *•. We shall look for the 
imogenous normal modes only (i.e., assume 
at g is Independent of r). The components G a 
! = 0, ±1) of 2 are defined by G 0 = G, u and G. i 
l/i/lr)(G X ±»G V ); the external field H 0 is as- 
med along the z axis. G a (p) can be expanded 
spherical harmonics, i.e., 

G «(P)=£ G Y,m(6, <t >). (8) 


where5w„*-{g 0 fi s tf 0 /(l+.B B )J (note<0 for 
electrons), 5w a = -i[g a /(l+5 a )Jp B T-to. and 5' 

= G + 6? a . Collisions of electrons with impurities 
are described by the t,’s in (7) following Wilson 
and Fredkin,* the r,’s being defined as in the 
electrical-resistivity problem (e.g., see 
Peierls*), i.e., 

T i‘ 1 = /[l--P/(cose)jw(9)dn, 1*1. (8) 

The resistivity is controlled by r,.® r 0 ** as de¬ 
fined by (8) is zero, but is assumed to have a 
small nonzero value arising from spin-orbit 
coupling. 

The tensor g value couples the different com¬ 
ponents, G a , of g In Eq. (7), and thlB makes the 
solution of (7) more complex than in cases pre¬ 
viously considered. 4 ’ 10 Therefore we intro¬ 
duce a different method motivated by the approach 
of Wangsness and Bloch, and Redfield 11 to the 
general motional-narrowing problem. The start¬ 
ing point is a transformation to an interaction 
representation in which & r is defined by 

G,(/) = £,(/) exp(/w r /), 

/g\ 

where r = (a, m ). Matrices 

A „.(!) = exp (-/ u> r l)A rr .[ 0) exp(i u> r ,/) (10) 

are defined by the equation 

exp(-t i» r I) fan Y, m *[ w a •< 5' j „ 

= iS,A rr .(/)g r .(/). (11) 

Equation (7) now becomes, in this interaction 
representation, 

dG r (D/dt = >Tj r .A„\l)GAt ). (12) 


We are interested in the frequency and decay rate 
of the CESR mode which, in the limit u> a = 0, is 
an oscillation of G. IOO ; we call this the r = 0 
mode [i.e., (o, = 1,0,0) implies r = 0]. 

Therefore, Eq. (12) is solved by iteration to 
second order in A „• subject to the initial condi¬ 
tion that. at 1=0, G r =^ o (0)6 ri0 . This yields the 
expression 



T 0 r m o “ ^0 


(13) 


I equation of motion for G atm is [from Eq. 
of Silin] 

K ^f M = (iaQ 0 - itnw c - 1/t,)( 1 + B,)G a ,„ 

+ /‘»T,.*[w a xg'] a , (7) 


for the frequency, and transverse -relaxation 
time, T a , of the CESR. This solution is valid 
when |A^|« |w r -(j 0 |, where r*0; this inequali¬ 
ty implies, for example, that our results have 
no significance In the limit Bj — 0 first, and r, 

- ® later. The result (13) is valid, however, 
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for cases 1 of current interest experimentally. The values of r contributing to (13) are r *= (0,2,1) and 
r* (-1,2,0) and the explicit evaluation of (13) leads to the results 

, u[W)+<*,»»> iv» (1 

OI 0 1 +(Bu»„T 1 ') a ttj 1 + ( w o - ' 

1 . 1 ( 1 +B 0 )(l + B.)<u, ») Tl > <WR fl )(l[<a> tt ») 4 .<«.,»)] V (1 

T a T„' l+(Ba> 0 T,') 4 l+(w 0 -u> c ') a T s '* ■ 

The notation (• • • ) = (4ir)" 1 / (• • • )<Kl giving 

< «,, “> = f < w g ,») = f < o. a> *> = i (ftM /(l + -B a )» ] * • 

Also T 0 ' = r 0 /(l +B 0 ), r a ' = r a /(l +B a ), u> e '=u c (i +B a ), and 


B = B 0 -B„ = (4ir) M p / [l-B a (cose)ji/)(e)(fn. 

A Zeeman Hamiltonian of the form 

Hz - -K(P b s 4 H = -[ ft + i ft T„(p ) ] p „ s • H 

would give the terms in (14) and (IS) linear in 
((ft, 1 ); these are thus formally analogous to re¬ 
sults obtained previously. 1 ’ ’ The terms linear 
in i[(a> ai a ) + (t«J 2 , a )I give the contribution of the 
new lifetime effect. Note that the latter terms 
can be obtained from the former by replacing B 
with [(iD 0 -u> c ')/<ir 0 ], and <o> 2 , a ) with £[<w ai a ; 

+ <»»% 

The value of B for Al obtained by Lubzens, 
Shanabarger, and Schultz 1 is unreliable as they 
were not aware of the possible influence of a g 
tensor in producing the lifetime effect described 
here. 

In the case of a nonspherical Fermi surface, 
there will be a distribution of cyclotron frequen¬ 
cies depending on the external field direction; 
this will cause the g shift and linewidth to be 
anisotropic (anisotropy is observed in Cu and 
Ag‘). 

The experiments of Lubzens, Shanabarger, 
and Schultz 1 show that the motional-narrowing 
relaxation rate differs from the resistivity re¬ 
laxation rate. Both rates are weighted averages 
of the impurity scattering cross section ui(6) 

[see Eq. (8)|, but the motional-narrowing rate 
t," j uses a weight factor [ 1 -P a (cosfl)] which 
weights most heavily collisions which signifi¬ 
cantly change the g value, whereas the resistiv¬ 
ity rate T t * 1 uses the weight factor [1 -P^cobB)} 
which favors backward scattering. These weight 
factors are compared in Fig. 1. The weight fac¬ 
tor [ 1 -P a (cosfi)] also determines the exchange 
parameter B responsible for exchange narrowing; 
this is consistent with the fact that exchange be¬ 
tween electrons with equal g values is unimpor¬ 
tant in the exchange-narrowing process. The re¬ 


fit 


cent progress in determining impurity scatter¬ 
ing cross sections* means that one might soon 
be able to calculate r s from Eq. (8) for specific 
impurities, and this would be useful in inter¬ 
preting CESR experiments. 

The preceding discussion assumes an lnterac 
tion between quasiparticles with momenta p an 
p' of the form ^(p, p')$ *<?' [see Eq. (3)]. For i 
Isotropic model, however, interactions betwec 
quasiparticles of the form 

p- l D<H*(5>+*(P'>l ,ff ' 

are allowed by symmetry (0 is a dimensionle 
parameter which characterizes the strength c 
this interaction, which se call the tensor inte 
tion). Following Silin 7 [but including the tens 
interaction (17)] the energy of a quasipartick 
an external field Hj is written e when 

integral equation [Silin’s Eq. (6)] is found to 
termine ? 20 . The solution of this equation is 

f so =-* lo'M b Ho - i ft' k b Y'3 0 , 



FIO. 1. Comparison of the weight factor* ll 
and ll -Pjfc*)) used to define the resistivity am 
al-na r r ow ing relaxation rates) p»ooa8 and 8 1 
scattering angle. 
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■rhere 


go' 


&A- 
1 +B 0 


_ 


2D* 


g 0 (\ +B 0 ) (1 +£„)(! +B, 


j]- 




1+B 


>rrect to second order in D end g. 

Since tensor quasiparticle interactions con- 
■ibute tog,' in (19), they can be expected to 
-oduce effects similar to those produced by a 
uizerog, in Eq. (1). A complete analysis of 
ese effects bears out these expectations. 

Since the g tensors and tensor interactions 
msidered in this paper limit the lifetime of a 
>in, a contribution to 7\* x similar to the final 
rm in (15) will result. No such contribution 
T,* 1 will result in the case of the scalar g 
msidered in Refs. 4 and 5. A measurement of 
l would thus distinguish between models em- 
oylng a scalar g and those employing a tensor g. 
In summary, the above results [ Eqs. (14) and 
5)] provide a basis for a qualitative interpre- 
tion of motionally and exchange narrowed CESR 
ntlar to that observed in Cu, Ag, and Al. 1 To 
ike the interpretation quantitatively accurate, 
sever, the true Fermi-surface geometry must 
considered (because of its effect on the cyclo- 
n frequency, for example); this would be of 
ticular interest in the cases of Cu and Ag 
ch display anisotropic CESR. 
inally, we note that the question “which has 
dominant effect on CESR, the momentum- 
sndent g tensor, or tensor quasiparticle in- 
:tion?” has yet to be answered. 
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to me that a solution to the problem of the cor¬ 
rect definition of the motional-narrowing relaxa¬ 
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like to thank Mme. Lewiner (n6e de Botton) for 
sending me a copy of her thesis. 4 
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Angular Forces in Tetrahedral Solids* 

Walter A. Harrison and J. Christopher Phillips 
Applied Physics Department, Stanford University, Stanford, California 94305 
(Reoeived 3 June 1974) 

The bond-orbital model is generalised to the treatment of elastic shear constants by as¬ 
suming a reduction in covalent energy V, proportional to the square of the angular mis¬ 
alignment of the two hybrids forming a bond. The result, proportional to 1(1 —a t ^ l/>l — A ] 
gives a good account of the shear constants in all zinc-blende and wurtzite crystals 
for which they are known, except for the noble-metal halides. 


The bond-orbital model 1 ■* provides a sufficient¬ 
ly simple description of the electronic structure 
of tetrahedrally coordinated solids that one can 
calculate a very wide range of properties in 
terms of it. By comparison of the calculated 
and experimental optical properties it has been 
possible to obtain* the three parameters (cova¬ 
lent, polar, and metallic energies) for each ma¬ 
terial, in terms of which each of these proper¬ 
ties is given. Few of the properties which have 
been considered involved displacements of the 
atoms from their equilibrium positions and for 
those that did an understanding was possible in 
terms of the measured shift in covalent energy 
with change in bond length. However, tetrahe¬ 
dral structures can be deformed without chang¬ 
ing bond lengths and stability itself requires an¬ 
gular forces. Thus an extension of the model is 
required for a discussion of the elastic shear 
constants. 

In the bond-orbital model each bond orbital is 
constructed from two s/>* hybrids extending Into 
that bond. The total energy contains a sum of 
bond energies, 

€ t =vy>-(vy + v s 1 ) 1 ' 2 , (i) 

where V 2 is the covalent energy, V, is the polar 
energy, and S is the overlap of the two hybrids, 
taken as 0.5 in Ref. 2 but not included explicitly 
in Ref. 1. This value of e 6 was obtained by mini¬ 
mizing the energy with respect to the linear com¬ 
bination of atomic orbitals making up the bond 
orbital. 

We now seek the change in energy when the 
lattice is deformed without changing the bond 
length. If we retain the same tetrahedral angles 
between hybrids we may expect a decrease in the 
covalent energy proportional to the square of the 
angle of misalignment of the two hybrids in each 
bond. We in fact find that a single proportional¬ 
ity constant, and the assumption that this is the 
only Important contribution to the angular force, 


yields quantitative agreement with experiment 
for all of the m-V, n-VI, and elemental semi¬ 
conductors for which we have data. 

The calculation in the zinc-blende structure iB 
most conveniently performed by applying a strain 
field 5 


e, = e„ = 8M/8x = e, 
e a = €„ = sw/By=-e. 


The symmetry of the distortion around each ion 
guarantees that there is no tendency for rotation 
of the rigid tetrahedral hybrids on that ion. 
Thus the angle of misalignment 0 of the fill] 
hybrid with the corresponding neighbor is ob¬ 
tainable from 


CO80 = 


Ihl 


, lHl+e.l -e, lj 
3 l ' a (3 + 2e*) 1 ' s ’ 


(.< 


(Note, in passing, that the change in bond lengt 
1 b of order e* so the radial interaction energy, 
of order e\ is negligible.) Expanding Eq. (3) 
for small £ and small 6, we obtain 0* = 2e a /3. 
The same result applies for every bond. Thus 
the assumption that the covalent energy change 
according to 


and that any change in V, is negligible, may b 
combined with Eq. (1) to give a change in enei 
per electron of 




8e t 

8F, 




= 3 V% ( S_ (V, i +V , s *) i/s ) e *- 

Noting that there are 32 electrons per unit o 
of edge a, the same change in energy may b< 
written in terms of the elastic constants: 


Aex-jjjten-c,,)**; 
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only the Blngle scale parameter A is required to 
make the predictions quantitative. Note, how¬ 
ever, that CuCl is not well described, presum¬ 
ably because of force contributions from the 
copper d states. It iB interesting that Eq. (7) 
indicates, and Fig. 1 confirms the trend, that 
the shear constant would be negative for a cova¬ 
lency less than one half. This result is consis¬ 
tent with the observation that the covalency for 
all tetrahedral solids is greater than one half. 

The above angular forces may be interpreted 
as a change in energy i C,(AO^)* due to the de¬ 
viation AS (> of each angle between adjacent bonds 
from the tetrahedral angle.' Then 


FIC. 1. Experimental shear constant {as compiled 
y R. M. Martin, Phys. Rev. B 1^ 4005 (1970)] plotted 
gainst the bond-orbital model form [Eq, (7) with A tak- 
n as 4.3] for fifteen zinc-blende structures. Note that 
le experimental and theoretical values for four male- 
ials have been reduced by a factor of 10 for plotting. 
Effective cubic constants” were also plotted, as trlan- 
les, for the wurtzlte structure. They were taken from 
lartln (Ref. 4). Covalent and polar energies, as well 
a S, were taken from Ref. 2. 


{pmbining Eqs. (5) and (6) we have 

64A . , 

f u” c w = 3 a a ^i(°c■••*), 


(7) 


re the covalency <*„ is related to the polarity 
by 1 -’ 


= (1 - = V 3 /(V a * + V,’) 1/s . 


( 8 ) 


'he parameters V, and V, were obtained from 
|dcal properties and tabulated In Ref. 2; S was 
n as 0.5 In Ref. 2. Thus we may directly 
the experimental e M - c u against die coeffi- 
it of A in Eq. (7) and obtain A from the slope, 
i is done in Fig. 1 leading to the value A = 4.3. 
ms fit to give a best “experimental” value 
leads to 0.47, within experimental error of 
io we retain the value 0.5. 
ie same analysis could be carried out for the 
tte structure but it was more convenient to 
e "effective” cubic elastic constants for the 
ite structures obtained by Martin,' which 
then directly included In Fig. 1. 

:e that the model predicts the correct de- 
pnce upon metalliclty, or row of the peri- 
ble (e.g., see C, Si, Ge) as well as upon 
Ity (e.g., see Ge, GaAs, ZnSe). These two 
follow from the form of the model and 


C 1 = 2A[a c -S]F,/3. (9) 

Similarly a change In energy iC 0 (Ad/d)* may be 
associated with the fractional change Ad/d of 
each bond length. There are important contribu¬ 
tions to C 0 which have not yet been incorporated 
in the bond-orbital model. However, C 0 may be 
obtained from a measurement of the bulk modu¬ 
lus (or guessed since It 1 b near 50 eV for most 
tetrahedral solids) and all three elastic constants 
estimated for the zinc-blende structures, or all 
six for the wurtzite structures. Indeed there 
have been a variety of calculations of vibrational 
frequencies and modes based upon such force 
constants. These may be combined with effective 
chargee, 1 also obtainable in the bond-orbital mod¬ 
el, to obtain properties such as the piezoelectric 
constant. It Is also possible, using the bond-or¬ 
bital model, to add the corrections for long-range 
forces which arise from electrostates and quad¬ 
ripole interactions. However, it Is clear that 
the principal angular rigidity is due to the cova¬ 
lent bonding. 


‘Work supported in part by National Science Founda¬ 
tion Grant No. PG 25945 and In part by the National 
Science Foundation through the Center for Material! 
Research at Stanford University. 

! W. A. Harrison, Phys. Rev. B 8, 4487 (X973). 

2 W. A. Harrison and S. Ciracl, Phys. Rev. B (to be 
published). 

s We use the notation of C. Kittel, Mroductim to 
Solid Stats Physics (Wiley, New York, 1987). 3rd ed„ 

pp. 1118. 

'R. M. Martin, Phys. Rev. B 6 , 4546 (1972). 

*We choose to use the parameter Cj which reflects 
purely angular forces rather than the more customary 
p which Includes some radial interaction in addition. 
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Neutron Inelastic Scattering by Coupled Defect-Phonon Modes in KC1-CN 

D. Walton* 

Department of Physics and Institute for Materials Research, McMaster University, Hamilton, Ontario 


and 

H. A. Mook and R. M. NlcklowT 

Solid State Division, Oak Ridge National Laboratory,! Oak Ridge, Tennessee 37850 
(Received 23 May 1974) 

A clear splitting, present only at low temperatures, is observed where the unperturbed 
phonon curve crosses the CN* T tu and T tv levels In a KC1 crystal doped with 6x 10" CN~ 
cm' 1 . Calculated dispersion curves require coupling constants which agree within experi¬ 
mental uncertainty with those determined ultrasonic ally. The absence of the splitting at 
high temperatures can be explained because the phonon gain and loss processes in the inter¬ 
action with the CN* level cancel almost completely. 


It is well known that the resonant scattering of 
excitations otherwise descrlbable as plane waves 
leads to coupled inodes which can be described as 
a mixture of the wave functions of the excitation 
and the scattering system. For light, the phonon- 
photon coupled modes are referred to as the “po- 
larlton,'* and similar effects occur with magnons, 
etc. Coupled modes can also arise from a ran¬ 
dom distribution of defects, even at low concen¬ 
trations. For sound, or phonons, the coupling 
to the spin of magnetic defects leads to coupled 
modes as was first shown by Jacobsen and Ste¬ 
vens.* This Is still an active subject for theoret¬ 
ical research, but a general result common to 
all approaches Is that close to resonance the nor¬ 
mal modes of the crystal cease to be simply ex¬ 
citations In the displacement field txit contain a 
magnetic contribution as well. Furthermore a 
phonon contribution also appears In what could 
otherwise be described as the normal modes of 
the paramagnetic defect.’ 

It Is clear that similar behavior can be expected 
for phonons Interacting with any resonant scat¬ 
tered Thus It has been shown that similar dis¬ 
persion relations can be obtained for scattering 
of phonons by nonmagnetic defects. We wish to 
present here the first direct experimental evi¬ 
dence for the fact that a low concentration of de¬ 
fects does Indeed lead to coupled modes. We will 
show that It 1 b possible to scatter neutrons from 
the phonon component of the coupled mode. 

The system chosen was KC1-CK because of the 
large Interaction which exists between the pho¬ 
nons and the llbrational modes of the CN* Ion. 

The lowest energy levels for CN* In KC1 consist 
of a ground state, spilt by tunneling into three 


states separated by 1.1 and 2.0 cm* 1 from the 
ground state.* Above these tunneling states there 
are three llbrational levels 4 at 13.5, 16.4, and 
18.6 cm* 1 . 

Results obtained by Byer and Sack* reveal a 
large change In velocity of sound (~2% in the low- 
temperature limit for 1.65x10** cm"* CN*) for 
phonons of fi g symmetry In KC1 doped with vari¬ 
ous concentrations of KCN. The data reveal that 
the change increases as the temperature 1 b low¬ 
ered until a temperature of roughly 15°K Is 
reached. As the temperature Is lowered still 
further an additional Increase occurs, but it Is 
smaller. This behavior may be understood if It 
is assumed that the major Interaction occurs'be¬ 
tween the £ g phonon and the llbrational levels 
—the change In self-energy of the phonon will 
tend to saturate when the temperature becomes 
sufficiently low for Mu >,/kT> 1, where Mu> t Is the 
energy of the llbrational level. 

Viewed in a similar fashion, Byer and Sack’s 
results indicate that an even stronger Interaction 
exists between phonons of T, p symmetry and the 
lower tunneling states at 1.1 and 2.0 cm* 1 ; how¬ 
ever, these are too low in energy to be accessi¬ 
ble with neutron inelastic scattering and will have 
no effect on these experiments. The experimen¬ 
tal task then is not only to obtain the dispersion 
curves In the crossover region, but also to com- , 
pare the neutron data with the ultrasonic results. 

It should be noted that these effects will only ap¬ 
pear at low temperatures, that is, at tempera¬ 
tures such that Mutf/kTzl, where Mw t Is the en¬ 
ergy of the llbrational levels. 

The specimen used in these experiments was 
grown by G. Schmidt of Cornell University. It 
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M FIG. 1. Phonon peaks at room and liquid-helium temperatures for KC1 * 6x 10 1 ' CN cm" 1 . The data were taken 
at various monitor counts. The solid lines were not calculated and are Included only to guide the eye. 


was a single crystal of KC1 doped with CN'. 

From infrared absorption" a concentration of 6.0 
x 10“ ions/cm* (0.4%) was obtained. The approx¬ 
imate dimensions of the sample used were 2 cm 
x 2 x 5 cm. The experiments were performed on 
the Oak Ridge high-flux isotope reactor on a tri¬ 
ple-axis spectrometer of conventional design. We 
have studied phonons of £„ symmetry with wave 
vector in the (110) direction polarized In the 
(llO) direction. The polarization and wave vector 
are identical to those studied by Byer and Sack." 

Results for four phonons in the crossover re¬ 
gion are shown in Fig. 1. The dispersion rela¬ 
tions at 4°K in the vicinity of the cross over re¬ 
gion are shown in Fig. 2. 

It Is clear from Fig. 1 that the neutron peaks 
show structure at 5°K which is nonexistent at 
room temperature. The structure Is consistent 
with the presence of one strong peak and two 
weaker peaks. Although the resolution is only 
barely adequate (at best) to resolve the two weak¬ 
er peaks, their presence Is expected when the 
dispersion relations for the coupled modes are 
calculated. 

It can be shown 7 that the shift in phonon frequen¬ 
cy due to the interaction with a resonant scatter- 



FIG. 2. Experimental (points) and calculated (solid 
line) dispersion relations for phonons in KCl + 6x 10 1 ’ 
CN cm' 1 at ~ 6*K. 
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A clear splitting, present only at low temperatures, Is observed where the unperturbed 
phonon curve crosses the CN' T |„ and T tu levels In a KC1 crystal doped with 6X10 1 * CN* 
cm' 1 . Calculated dispersion curves require coupling constants which agree within experi¬ 
mental uncertainty with those determined ultrasonloally. The absence of the splitting at 
high temperatures can be explained because the phonon gain and loss processes in the Inter¬ 
action with the CN' level cancel almost completely. 


It Is well known that the resonant scattering of 
excitations otherwise descrlbable as plane waves 
leads to coupled modes which can be described as 
a mixture of the wave functions of the excitation 
and the scattering system. For light, the phonon- 
photon coupled modes are referred to as the “po- 
larlton,” and similar effects occur with magnons, 
etc. Coupled modes can also arise from a ran¬ 
dom distribution of defects, even at low concen¬ 
trations. For sound, or phonons, the coupling 
to the spin of magnetic defects leads to coupled 
modes as was first shown by Jacobsen and Ste¬ 
vens. 1 ThiB is still an active subject for theoret¬ 
ical research, but a general result common to 
all approaches is that close to resonance the nor¬ 
mal modes of the crystal cease to be simply ex¬ 
citations In the displacement field but contain a 
magnetic contribution as well. Furthermore a 
phonon contribution also appears In what could 
otherwise be described as the normal modes of 
the paramagnetic defect.* 

It Is clear that similar behavior can be expected 
for phonons interacting with any resonant scat¬ 
tered Thus it has been shown that similar dis¬ 
persion relations can be obtained for scattering 
of phonons by nonmagnetic defects. We wish to 
present here the first direct experimental evi¬ 
dence for the fact that a low concentration of de¬ 
fects does indeed lead to coupled modes. We will 
show that It Is possible to scatter neutrons from 
the phonon component of the coupled mode. 

The system chosen was KC1-CN because of the 
large interaction which exists between the pho¬ 
nons and the Ubrational modes of the CN' ion. 

The lowest energy levels for CN' In KC1 consist 
of a ground state, split by tunneling Into three 


states separated by 1.1 and 2.0 cm' 1 from the 
ground state.* Above these tunneling states there 
are three libratlonal levels 4 at 13.5, 16.4, and 
18.6 cm' 1 . 

Results obtained by Byer and Sack* reveal a 
large change in velocity of sound (-2% In the low- 
temperature limit for 1.65x 10“ cm'* CN') for 
phonons of Eg symmetry In KC1 doped with vari¬ 
ous concentrations of KCN. The data reveal that 
the change increases as the temperature Is low¬ 
ered until a temperature of roughly 15°K is 
reached. Ab the temperature Is lowered still 
further an additional Increase occurs, but It Is 
smaller. This behavior may be understood If It 
is assumed that the major interaction occurs be¬ 
tween the E g phonon and the libratlonal levels 
—the change in self-energy of the phonon will 
tend to saturate when the temperature becomes 
sufficiently low for Hw ( /kT > 1, where Hw, is the 
energy of the libratlonal level. 

Viewed In a similar fashion, Byer and Sack’s 
results indicate that an even stronger interaction 
exists between phonons of T 1R symmetry and the 
lower tunneling states at 1.1 and 2.0 cm' 1 ; how¬ 
ever, these are too low In energy to be accessi¬ 
ble with neutron inelastic scattering and will have 
no effect on these experiments. The experimen¬ 
tal task then Is not only to obtain the dispersion 
curves in the crossover region, but also to com¬ 
pare the neutron data with the ultrasonic results. 
It should be noted that these effects will only ap¬ 
pear at low temperatures, that Is, at tempera¬ 
tures such that KtOf/kTzl, where Aa> ( is the en¬ 
ergy of the libratlonal levels. 

The specimen used in these experiments was 
grown by G. Schmidt of Cornell University. It 
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FIG. 1. Phonon peaks at room and llquld-hellum temperatures for KCl-i 6x 10 1 ' CN cm' 1 . The data were taken 
at various monitor counts. The solid lines were not calculated and are Included only to guide the eye. 


was a single crystal of KC1 doped with CN'. 

From Infrared absorption 8 a concentration of 6.0 
x 10“ lons/cm* (0.4%) was obtained. The approx¬ 
imate dimensions of the sample used were 2 cm 
x 2 x 5 cm. The experiments were performed on 
the Oak Ridge hlgh-flux Isotope reactor on a tri¬ 
ple-axis spectrometer of conventional design. We 
have studied phonons of symmetry with wave 
vector in the (110) direction polarized In the 
(llO) direction. The polarization and wave vector 
are Identical to those studied by Byer and Sack. 8 

Results for four phonons in the crossover re¬ 
gion are shown In Fig. 1. The dispersion rela¬ 
tions at 4°K In the vicinity of the cross over re¬ 
gion are shown In Fig. 2. 

It Is clear from Fig. 1 that the neutron peaks 
show structure at 5°K which Is nonexistent at 
room temperature. The structure is consistent 
with the presence of one strong peak and two 
weaker peaks. Although the resolution is only 
barely adequate (at best) to resolve the two weak¬ 
er peaks, their presence is expected when the 
dispersion relations for the coupled modes are 
calculated. 

It can be shown 7 that the shift in phonon fTequen- 
cy due to the interaction with a resonant scatter- 



>0 

Zr 


FIG. 2. Experimental (points) and calculated (solid 
line) dispersion relations for phonons In KCl+6x 10** 
CN cm'* at-BW. 
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er Is given by 



1 


) 


1-exp(-/3o),) 
T+S,^ ( exp(- /3w ( )’ 


( 1 ) 


where in, Is the frequency of level of degener¬ 
acy # p-K/kfiT, A, is the coupling constant to 
evel i, w„ is the unshlfted frequency, u is the 
hifted frequency, and p t Is the number of defects 
Jer unit volume. At high temperatures, the fac- 
or 1 -exp(- pd> t ) weakens the dispersion intro- 
uced by the Interaction. The resonant frequen¬ 
ces are - 20°K and therefore the effect would be 
xpected to become unobservable at room tem - 
terature, and a single phonon peak would be ob- 
erved. 

When all the energy levels of the CN" ion in 
Cl are considered, a large number of potential 
ransitlons are revealed. Although symmetry 
onsideratlons can be expected to reduce their 
lumber, it should be recalled that Byer and Sack’ 
ave noted that in some respects this system is 
nomalous. Nevertheless, if group theory is ap- 
lied in a straightforward manner, we note that 
n E f phonon can only induce transitions between 
le T lu levels in the tunnel-split multiplet and the 
and T ai , llbrational levels. Therefore if the 
omplexities peculiar to the CN" are neglected, 
e obtain two possible transitions: 

*<Vr = 16.4 -1.1 =15.3 cm' 1 , 

ft ay r= 18.6-1.1 = 17.5 cm* 1 

In the low-temperature limit, close to reson- 
nce, Eq. (1) becomes approximately 

U) J - ui, 8 )" 1 f/yU) a - u>,,®)' 1 . (2) 

y using this expression, and leaving B l and B a 
8 adjustable parameters, the solid lines in Fig. 
were obtained. The value of 8 ,/uj,* Is 0.008 
nd of is 0.07, if w, and w 2 are in tera¬ 


hertz. 

From Byer and Sack’s ultrasonic results we 
obtain a value for the sum B,/w l s +fl I /w,*= 0.08. 
Considering the difficulty in making an absolute 
determination of CN* concentration, we consider 
the agreement to be satisfactory. 

We conclude that the extra peaks which appear 
at low temperatures are due to neutrons lnelas- 
tically scattered from the phonon component of 
levels which would be the CN* llbrational levels 
in the absence of any phonon-defect interaction. 
At room temperature the phonon virtual gain and 
loss processes cancel almost completely and the 
extra peaks disappear. Because of the low con¬ 
centration of CN in the sample, the CN" modes 
themselves are unobservable. Therefore the ex¬ 
tra peaks that appear at low temperature must 
be due to the mixing of phonons into the CN* li- 
brational levels. 

The authors wish to express their gratitude to 
B. N. Brockhouse and R. F. Wood for the many 
very helpful suggestions they have made. 
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Exciton-Enhanced Photoemission from Doped Solid Rare Gases* 
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Department of Chemistry, Tel-Aviv University, Tel-Aviv, Israel 
(Received 9 April 1974) 

We report the observation of exciton-lnduoad photoemission resulting from electronic 
energy transfer from "free” exclton levels to impurity states in solid Xe and Kr. A dif¬ 
fusion length of Z # “76 A for Wannler ejections In solid Xe was deduced, corresponding to 
a diffusion coefficient of 0-0.6 cm 1 sec* 1 . The energy of the bottom of the conduction 
band la V,-—0.48 *0.1 eV for Xe and V ( --0.23 *0.1 eV for Kr. 


The physical Information available concerning 
exclton dynamics in simple insulators such as 
solid rare gases Is rather meager. The vacuum - 
ultraviolet luminescence spectra of pure solid 
Ar, Kr, and Xe exhibit the emission from rare- 
gas diatomic molecules, which results from an 
efficient exclton-trapping process. 1 No emission 
could be detected from exciton states in these sol¬ 
ids.*’* Thus, from the exciton radiative lifetime 
r r o<io‘* sec, we infer that exclton trapping oc¬ 
curs within t o <t,/100“10" 11 sec. Relevant in¬ 
formation regarding exciton dynamics can be ob¬ 
tained from experimental studies of photoemis¬ 
sion resulting from electronic energy transfer to 
impurity states in solid rare gases. The impur¬ 
ity energy gap £ c ‘ in these simple solids is E c ‘ 

= l / 4 P + ‘ 4 V 0 , where l t ‘ is the impurity gas- 
phase Ionization potential, P+* Is the medium po¬ 
larization energy by the Impurity positive ion, 
and V 0 represents the energy of the matrix con¬ 
duction band (relative to the vacuum level).* The 
photoemission threshold from the impurity is 
E , 1 =Eg* - V 0 . The lowest Wannler exciton states 
of the matrix, characterized by the energy levels 
E„ (n-1,2,. ..), can be located either above or 
below £„*. In the former case, l.e., E n >E t i , one 
will observe direct photoemission from impurity 
states in the energy range E,* < E * £,. In the lat¬ 
ter case, when A'j* £,*, one can expect photo- 
emission due to energy transfer from free exci¬ 
ton states, £„ (n* 1), of the Bolid to the impurity. 
This Auger-type impurity ionization process can 
result only from the “collision” of a free exciton 
with the impurity. The electronic energy E„ of 
the trapped diatomic molecule 1 * 1 is too low, i.e., 
£**£,*, to induce impurity ionization. We have 
observed a dramatic enhancement of the photo- 
emission yield of lightly doped solid rare gases 
(doping level <1%) when excited into the exciton 
manifold of the host crystal. Exclton-Induced 
photoemission was reported twenty years ago in 
alkali halides containing P centers. 1 The present 


experiments on solid rare gases provide informa¬ 
tion regarding free-exciton dynamics on the time 
scale r 0 - 1 psec,“ prior to exciton trapping. 

The systems studied were C,H,/Xe (E 0 '-7.75 
ev’ andE, =8.40eV*), and Xe/Kr [E c *-10.4 eV 
and £j(*P,) = 10.17 ev].* Photoemission studies 
were carried out in the energy range 6-11.5 eV. 
The vacuum-ultraviolet light source consisted cl 
a high-pressure (2-5 atm), high-intensity, gas 
pulBed discharge lamp. 1 * The light was passed 
through a 0.3-m Czerny-Turner monochromator 
employing a spectral resolution of 5 A (-0.025 
eV). The monochromator was separated from 
the sample chamber by a L1F window. The opti¬ 
cal arrangement allowed for a simultaneous mea¬ 
surement of optical absorption and photoemission 
yield. The emitter electrode consisted of a 3- 
mm-wide gold strip evaporated on a LiF window. 
The collector electrode was a. gold ring 15 mm 
in diameter, located 30 mm from the emitter. 

The signal was amplified in two stages and inte¬ 
grated by a boxcar integrator. A noise level ol 
5X10* 1 * A wbb achieved. The samples were pre¬ 
pared by deposition of a gaseous mixture on the 
emitter electrode mounted on a variable-temper¬ 
ature helium-flow cryostat at 30-40°K. The gas¬ 
eous mixtures were prepared and handled in an 
ultrahigh-vacuum system previously pumped 
down to less than 10** Torr. The sample cham¬ 
ber was pumped by an ion pump and a cryogenic 
pump down to less than 10** Torr. 

The curve of photoemission yield, 11 for pure 
Xe, Fig. 1, agrees with previous work. 1 *’ 11 A 
square-root extrapolation of the yield versus en¬ 
ergy (see Fig. 1) results in£„ = 9.74±0.05 eV 
which together with the spectroscopic value Eg 
= 9.28*0.05 eV results in V 0 = -0.46*0.10 eV for 
pure Xe. At energies lower than the threshold a’-, 
structure is observed (photoemission yield ~ 1%) ?< 
at 1380 A, which coincides with the E t exclton 
states of Xe. Several possible interpretations of 
this effect are as follows: (1) Impurity ionlza- 
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FIG. 1. Hiotoemlsslon yield from solid Xe at 40*K. 
Upper Inset: square-root extrapolation of the yield 
versus energy. 


tion. 14 On the basis of our data for the CjH./Xe 
we infer inter alia that the (unidentified) impur¬ 
ity concentration should exceed 5 ppm, which is 
rather high under our experimental conditions. 

(2) Nonlinear processes such as exciton-exciton 
collisions 1 * or exciton photoionization, 14 which 
can be ruled out for the low light intensity em¬ 
ployed in these experiments and in view of our 
observations that Y is independent of the light in¬ 
tensity. (3) Exciton diffusion to the gold substrate 
followed by electron ejection from the electrode. 

A preliminary result indicating that the 1380-A 
photoemission peak decreases with increasing 
the sample thickness tends to support this mech¬ 
anism. 

In Fig. 2 we display the photoemlssion-yield 
curves for C.Hg/Xe and for Xe/Kr. The emission 
onset for C,H,/Xe occurs at E* =8.15*0.05 eV 
which together with the spectroscopic value 7 Ej 
“7.75 eV results in V o =-0,4±0.1 eV for solid 
Xe in good agreement with the result for the pure 
solid. For Xe/Kr the onset E* = 10.68 ± 0.1 eV 
together with E c * = 10.40 eV results in V 0 « - 0,28 
±0.1 eV for solid Kr. 

The most prominent feature of these results in¬ 
volves the large photoemission yield in the ener¬ 
gy range where light absorption occurs predomi¬ 
nantly into the host-matrix exciton states below 
the photoemission threshold for the pure solids. 
The absolute quantum yields for photoemission 
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FIG. 2. I%otoemiSBlon-yield curves from dilute (ll) 
impurity states in solid Xe and solid Kr measured at 
30"K. Dashed curve, photoemission bom benxene/Xe; 
dotted curve, photoemlsBion from Xe/Kr. A photo- 
emlsslon-yield curve (hatched) for pure Xe is present¬ 
ed in the same arbitrary units as that for C f H,/xe. The 
ptaotoemission-yield curves are compared with the ab¬ 
sorption spectra of pure Xe (dot-dashed curve) and of 
pure Kr (solid curve). Upper inset: the dependence of 
the photoemission yield on the benzene concentration C 
in C|H(/Xe solid films. 


from C,H„/Xe are estimated 14 to be approximate¬ 
ly F® 20% at 1455 A and F*80% at 1380 A. The 
photoemission originates from exciton-lnduced 
Auger-type Impurity ionization. 

The line shapes of the emission curves are ex¬ 
pected to provide pertinent information regarding 
exciton dynamics. The C„H,/Xe system exhibits 
a minimum in the Y curve at 1480 A which coin¬ 
cides with the maximum of the n-1 exciton state. 
The photoemission peaks at 1380 and 1350 A prac¬ 
tically coincide with the exciton energies E t (1380 
A) and E, (1345 A). The dip in the photoemission 
curve at 1480 A cannot be adequately explained in 
terms of the “dead-layer" theory, 14 which results 
in L » 150 A for the electron escape length and In 
the unphysically large value h >70 A for the width 
of the dead layer. 

An attractive alternative approach to this prob¬ 
lem Involves a kinetic picture where competition 
between exciton trapping and energy transfer 
from excitons to homogeneously distributed Im¬ 
purities is considered. The number density n(x, 
t ) of “free" excitons at the distance x from the 
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surface Is governed by the diffusion equation 

p(-kx) 

-^^■-S[x]H0c,t), ( 1 ) 

T o 

where D Is the exclton diffusion coefficient, k the 
absorption coefficient, l g the Incident light Inten¬ 
sity, S the rate constant for impurity ionization, 
and [X] the impurity concentration. Under steady- 
state conditions, n(*,t) = n(x), and Eq. (1) is read¬ 
ily solved using the appropriate boundary condi¬ 
tions n(0) = n(«°) - 0. The photoemission quantum 
yield ¥ can be expressed in the form 


Sjx]r f kL M l 
l-dkD’LlkL + l (I /L) + l J ’ 


( 2 ) 


where the effective exclton lifetime is t = (1/t 0 
+ Stx])-‘ and 1 = [D(1 /t 0 + S[x])- 1 ]w« is the exclton 
diffusion length in the doped crystal, which is 
related to the diffusion length /„= (Dr 0 ) l,t in the 
pure crystal via l = f 0 (l + St 0 [X])' 1/1 . 

In the limit 1 = 0, YackL(kL + 1)' 1 and a mono¬ 
tonic increase of Y with k is exhibited. Thus our 
observation of the splitting of the Y curve about 
the « = 1 exclton state implies that l is finite. Nu¬ 
merical calculations of Y=Y(k) were performed 
utilizing the experimental absorption spectrum 
of solid Xe and employing a wide range of param¬ 
eters fe rnu (1) £ and l/L. These calculations result 
in the following conclusions: (1) For > 2 

and I/L>0.03 the Y curve around the n = l exclton 
band exhibits a symmetric splitting revealing a 
minimum at E l m ". (2) The Y curve around the n 
‘ = 2 exclton band peaking at E,™*, which is char¬ 

acterized by a lower absorption coefficient 
“0.25fe mB (I) , is unsplit, its maximum coinciding 
with for * imx (1> L<8. (3) The Y value at 

and the maximum value of Y around « = 1 
are practically identical for the range of param¬ 
eters mentioned in point (1). Our experimental 
results are in qualitative agreement with these 
features. The asymmetric splitting observed 
around Ej 1 ™* results from the energy dependence 
of L about the threshold, while the ratio F(1370 
^ A)/F(1450 A) “1.5 which is larger than the ex¬ 

pected value of unity may originate from the in¬ 
efficient electronic relaxation of the it > 2 state 
to the n * 1 state on the time scale of t 0 “ 10* 11 
sec, whereupon the parameters l 0 and L for the 
two electronic states may be somewhat different. 

A semiquantitative fit of the Y line shape, the 


concentration dependence of Y, and the absolute 
Y values was accomplished using Eq. (2) with the 
parameters * TO (,) L = 2.5, l,/L = 0.2, and Sr 0 » 5 
xiO'" cm**, all of which are reliable within a 
numerical factor of 2. The parameters l 0 and $r 0 
for the n «1 excltons and for the it * 2 excltona are 
identical within this margin of uncertainty. From 
* nKI <1> «6xiO* cm* 1 , we estimate a mean value of 
L « 380 A, which is reasonable for Bolid rare gas¬ 
es at sufficiently high energies. The “free”exci- 
ton diffusion length is ! 0 “75 A. 

The diffusion length of excitons in solid Xe is 
lower than the corresponding values in organic 
crystals, i.e., f 0 = 150 A for singlet excltons 17 
(t 0 . 25X10** sec) and f o «10* A for triplet exci¬ 
tons 1 * (t 0 = 25x 10** sec) in crystalline anthracene. 
However, the exciton diffusion process in the sol¬ 
id rare gas occurs on an extremely short time 
scale, r D “10‘ l * sec, which implies that />“0.5 
cm* sec* 1 in this system. The rate constant S 
“ 5X10* 7 cm** sec* 1 is consistent with this high 
D value. We now focus our attention on the inter¬ 
esting question of whether the excited motion is 
coherent or diffusive. Setting S«*R*(V*) 1/ * and 
D -A(V*) t/, I where R is the reaction radluB, 

(V*) w * the rms exclton group velocity, and A the 
exclton mean free path, we get A «= (D/S)*R*, 
which with R = 10 A results in A “ 3 A. Thus A 
is of the order of the lattice spacing and the excl¬ 
ton motion is diffusive (at least above - 20HK). 

Complementary Information concerning dynam¬ 
ics of free excitons is obtained from optical line- 
shape studies. 1 ** 0 The Wannier exciton results 
in an n»l exciton optical linewldth #T=3.19 
xlO-Sif^E,* (eV) for weak exciton-phonon cou¬ 
pling. 1 * Taking the experimental value m « 0.5 
for the effective mass*** and E** 1-3 eV**“ for 
the deformation potential, we estimate *r“10* 4 - 
10* 9 eV which is appreciably lower than the ex¬ 
perimental value *T = 0.075 eV for the »«1 (*/’,) 
state. Thus the solid-rare-gas exciton states ar 
close to the limit of Btrong exciton-phonon cou¬ 
pling which together with the low value of A pro¬ 
vides a posteriori justification for the diffusion 
model adopted herein. 

The photoemission yield of Xe/Kr (1% xenon), 
portrayed in Fig. 2, reveals that light absorption 
into the low-energy « = 1 (*/*,) exciton state of sol¬ 
id Kr does not lead to impurity photoemission. 

The » = 1 pPj) state of solid Kr is active in Auger* 
type energy transfer to the Xe Impurity state. 
Thus the nonradiatlve n = 1(*P,) — n-l(*Pj) multi*-, 
phonon relaxation process in solid Kr is slow oa 
the time scale of energy transfer from the mdBfle 
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"free" excitons to the Xe impurity. 
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Temperature Dependence of Conductivity of Tetrathiafulvalene-Tetracyanoquinodimethane 

(TTF-TCNQ) Single Crystals 


R. P. Groff, A. Suna, and R. E. Merrlfleld 

Central Research Department. E. I. dk Pont de Nemours and Company. Wilmington, Delaware 19898 

(Received 22 May 1974) 


The conductivity of single crystals of tetrnthlafulvnlene-tetracyBnoqulnodlmethane (TTF- 
TCNQ) was measured over the temperature range 40—300 K. The maximum low-tempera¬ 
ture conductivity parallel to the b axis ranged from 12—35 tlmea the corresponding room- 
temperature value. The temperature dependence of the intrinsic conductivity (after reeld- 
ual resistivities were excluded) was the same for all crystals measured and was fitted by 
a dependence for 60*T« 300 K. 


Extraordinary maxima' In the apparent elec¬ 
trical conductivity of single crystals of tetrathia- 
fulvalene-tetracyanoqutnodlmethane (TTF-TCNQ) 
have alternately been ascribed to the presence ol 
superconducting fluctuations' or experimental 
artifacts." There is considerable disagreement 
on the experimental results for the conductivity 
obtained in different laboratories. 3 ’ 4 We have 
measured the conductivity along the a and b axes 
of a number of TTF-TCNQ single crystals. Our 
measurements show that the temperature depen¬ 
dence of the 6-axls conductivity of TTF-TCNQ 
can be described by a single function, even for 
crystals whose conductivity enhancement differs 
by a factor of 3. 

Solution-grown TTF-TCNQ crystals were pre¬ 
pared under argon, at room temperature, in 
acetonitrile, by diffusion of 5 xlO' 3 A7 solutions 
of the two components into an equal volume of 
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pure solvent. Both the TTF and TCNQ had been 
twice gradient sublimed under argon. Crystal 
growth was allowed to proceed lor five days be¬ 
fore harvesting. These crystals grow prefer¬ 
entially along the 6 axis with a laminar structure 
in which individual laminae are oriented parallel 
to the a-6 plane. In order best to deal with the 
problem of nonuniform conductivity between lam¬ 
inae for ft-axis measurements, crystals were 
selected with one perfectly developed a-b face 
and as free as possible from defects. Inclusions, 
etc., visible In transmission microscopy with 
collimated incident light. Conventional dc mea¬ 
surement techniques were adopted with four sil¬ 
ver-paste (Du Pont No. 7941 thinned wtth octyl 
acetate or hexyl acetate) electrodes attached to 
the beat developed a-b face. This arrangement 
gave more reproducible results than such alter¬ 
native electrode configurations as wrapping the 
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FIG. 1. (a) Normalized conductivity measured paral¬ 
lel to the 6 axis tor four TTF-TCNQ crystals, (b) Mea¬ 
sured resistance versus temperature for the same 
crystals. (Vertical scale expanded 10 * for the orosses). 
Solid ourves In both parts of the figure are fits by p 

=P 0 + >IT 1 * m . 

electrodes around the crystals. Crystals with 
resistances not reproducing to better than 2% 
upon warming and cooling the sample were dis¬ 
carded. Room-temperature conductivities' along 
the b axis (a»") typically ranged from 250 - 500 
(ft cm)* 1 . 

All conductivity measurements along the a axis 
(a/) were made on single crystals grown from 
the vapor which grew preferentially along the a 
axis. These crystals were prepared In sealed 
Pyrex ampules under 1-10 Torr He at ca. 400 K. 
Room-temperature conductivities were typically 
1 (O cm)* 1 , Increasing to ca. 2.2 (ft cm)* 1 at the 
transition.' 

Figure 1(a) shows a plot of the conductivity 
c/ versus temperature for four crystals with 
low-temperature maxima ranging from 12 to 35 



FIG. 2. Plot of ln[l - o k "(300)/o/<r)l versus tem¬ 
perature for the four crystals In Fig. 1 (see text for 
explanation). 


times the corresponding values at 300 K. Al¬ 
though we show only data above the apparent tran¬ 
sition, none of the samples shown here exhibited 
any traces of the “double maximum” reported In 
Ref. 4. Figure 1(b) shows the same data plotted 
as resistances. 

If we suppose that we can separate the sample 
resistivity p(T) into a sample-dependent residual 
component p 0 and some unknown function f(T) 
which describes the Intrinsic temperature depen¬ 
dence of the material, i.e., 

p(T)*p 0 +/(T), (1) 

we can write 



where T, is some conveniently chosen normalisa¬ 
tion temperature. The Important feature here Is 
that properties having to do with a given crystal 
appear in the second term on the right-hand side 
while the first term contains only the Intrinsic 
temperature dependence of the material. Hence 
a plot of ln[l -ct(7’,)/c(T)] versus T should yield 
a series of Identical curves displaced parallel to 
one another along the vertical direction. (A sim¬ 
ple plot of p versus T would also have this fea¬ 
ture; however, it is not possible to determine 
absolute valueB of p accurately.') Figure 2 shows 
such a plot using data shown In Fig. 1 and choos¬ 
ing T, = 300 K. The curves have been displaced 
vertically to make comparison easier/ 

The bottom curve of Fig. 3 shows typical re¬ 
sults of conductivity o t *(T) plotted In a similar 
fashion. For comparison the points in the middle 
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FIG. 3. Comparison of functional forms of (bottom 
curve) conductivity parallel to the a axis, (middle 
curve) conductivity parallel to the b axis, and (top 
ourve) intentionally generated “false" conductivity data 
of Ref. 2. 


curve show a sample from Fig. 1 with a low- 
temperature conductivity maximum ca. 12 times 
its room-temperature value. The different func¬ 
tional forms are clearly evident. The top curve 
shows the intentionally generated “false” con¬ 
ductivity data of Ref. 2 plotted in this fashion. 

The method outlined above provides a sensitive 
test for making quantitative comparisons between 
theory and experiment. For example, it has 
been suggested 4- " that 

/(T)»ATexp(B/T). (3) 

However, a plot such as shown in Figs. 2 and 3 
demonstrates dramatically that Eq. (3) does not 
fit the available data (with 7\ = 300 K), although a 
limited region can be fitted if T, is chosen to be 
below 200 K (cf. Ref. 4). 

We have found that a remarkably good fit (2% 
standard deviation) to all our data, over the tem¬ 
perature range 60 to 300 K, can be obtained with 

/(JV/W-fr/T,)* (4) 

where X = 2.33. The solid curves of Fig, 1 have 
been obtained from Eqs. (1) and (4), by least- 
squares adjustment of p„ and the normalization 
of /(T). The mean square relative deviation* has 
been minimized, so that an equally good fit ap¬ 
pears in plots of the conductivity [Fig, 1(a)] and 
at the resistance |Fig. 1(b)j. Somewhat improved 
fits can be obtained by optimizing X for each crys - 
tal separately. The resulting values of X were 
2.23, 2.35, 2.36, and 2.40 for the crystals in 
Fig. 1, with normalized conductivity maxima of 
35, 12.5, 12, and 15, respectively. In each case 


the standard deviation in the value of X was about 

O. 14. 

The original data of Ferraris et at .* on less 
highly purified samples were fitted by a X ■ 2 
power law for T z 120 K. This is not inconsistent 
with x = 2.3 in view of their experimental uncer¬ 
tainties and lack of reproducibility upon heating 
and cooling. 

A power-law behavior of the conductivity has 
been calculated by Luther and Peschel 10 in the 
Tomonaga model at a one-dimensional metal. 

It is also implied in the second-order renormal¬ 
ization-theory calculations of Sfilyom. 11 In a 
theory similar to that of Luther and Peschel, 

Matt is 1 ’ finds 

o (T)=o 0 [T/(T + B)Y. * (5) 

Our data are fitted by this form only in the limit 
of Infinite 9, although a fit with 9 ~ E r /k t ~3000 K, 
g ~ - 2.5 cannot be ruled out. Although Mattis’s 
result was evaluated only for Igl«1, no such 
restriction on the temperature exponent seems 
to be present in Ref. 10, while Sdlyom 11 argues 
that this exponent Bhould be a universal number, 
independent of the electron-electron coupling. 1 * 
The power law, Eq. (4), with X” 2.33, is further¬ 
more consistent with a prediction of Cohen et al.'* 
that resistivity in a one-dimensional Bystem sub¬ 
ject to dynamic disorder should vary as T® times 
a slowly varying function of T. 

We also attempted to fit /(T) by the form (T 
- T c ) \ with both T c and X variable, but found that 
only negative values of T c could Improve the fit 
over the obtained via Eq. (4), and then only slight¬ 
ly. The fact that f(T) thus seems to depend only 
on T, and not on T - T c , T c ~ 58 K, strongly sug¬ 
gests that the rise in conductivity above the met¬ 
al-insulator transition near 58 K is not related to 
this transition but rather is an intrinsic rise 
which is Interrupted by the transition (as, for 
example, suggested in Ref. 8 and by Lee, Rice, 
and Anderson 18 ). 

By setting p 0 -0, we find the maximum expected 
conductivity enhancement at 58 K: For X ■ 2.47, 
the largest value consistent with our measure¬ 
ments, we have a(58)/a(300) n>l = 58, a result 
which contradicts greater values reported by 
workers at the University of Pennsylvania. 1-4 

We wish to thank L. R. Melby and O. J. Sloan 
for providing the crystals used in this study and 

P. C. Hoell for use of a computer program. 


1 L. B. Coleman, M, J. Cohen, D. J. Sandman, F. G. 
Yamaglshl, A. F. Gartto, and A. J. Beeger, Solid State 
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‘Because of uncertainties in where the electrodes 
actually make contact, these values could be at least a 
factor of 2 in error. Nevertheless, relative conductiv¬ 
ities can be measured with great precision. 

'Measurements of a* tended to be exceptionally re¬ 
producible. This Is quite unlike the case with tr t ' 
where ma ny crystals had to be discarded to obtain 
measurements reproducible to ±2%. 

’The shape of ourves such as those shown in Fig. 2 
Is extremely sensitive to the values of T, and trlT,); 
hence, reproducible measurements are essential. 
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Hyperfine Studies of Site Occupation in Ternary Systems 


T. J. Burch* and T. Litrenta 

Fordkam University, t Bronx, Neu> York 10458 

and 

J. I. Budnickt 

University of Connecticut, Storrs, Connecticut 06268 
(Received 4 June 1974) 


The analysis of spin-echo spectra of V, Mn, Co, Ru, Rh, Os, and Ir In Fe,81 shows 
that these Impurities unexpectedly enter one of the two available Fe sites In a selective 
manner. Those Impurities to the left of Fe In the periodic table prefer the Fe site with 
eight first-neighbor Fe atoms. Those beneath and to the right of Fe in die periodic table 
enter the Fe site with four Fe and four SI first neighbors. 


From a pulsed NMR study of dilute transition- 
metal Impurities In Fe 3 Sl and slightly Iron-rich 
off-stolchiometrlc Fe,Sl, we report an unexpect¬ 
ed selective site occupation. Fe,Sl exhibits long- 
range crystallographic order with a bcc structure 
and therefore two Inequivalent Iron sites. In Fig. 


• Fflj atom* 

• Fej atoms 
O SI atoms 








FIG. 1. An element of the FejSl structure showing 
the Fe;, Fe n , and SI sites. One Fe site, Fe,, Is on 
the cube edge and has eight Fe first neighbors; the 
other Fe site, Fe,,, Is at the body center and has four 
Fe and four SI first neighbors; SI Is on a cube edge 
with eight first neighbors. 


1 an element of the Fe,Sl structure is shown. Ta¬ 
ble I gives the near-neighbor configurations for 
both Fe and SI out to the third neighbor. Fe,Sl 


TABLE I. The first-, second-, and third-nearest- 
neighbor (nn) configurations for both the Fe and SI sites 
in Fe,Si. We specify whether the Fe neighbors are in 
Fe, or Fe„ sites. If the alloy is slightly Fe-rioh, the 
extra Fe atoms occupy SI sites randomly, producing 
Fe,, sites with not only four but also five, six, and 
seven Fe firet neighbors. 



1 on 

2 nn 

3 nn 

Fe„ 

4 Fe, 

4 SI 

6 Fe„ 

12 Fe,, 

Fe, 

8 Fe,, 

6 SI 

12 Fe, 

Si 

8 Fe„ 

6 Fe, 

12 SI 
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alloys have been investigated In a number of 
NMR,*• * Mossbauer, 1 * 4 and neutron-scattering 
studies.*•* Previously, it was believed that dilute 
concentrations of transition-metal atoms added 
to an Fe,Si matrix would enter the two Iron sites 
randomly. The NMR experiments reported in 
this paper for the 3d impurities V, Mn, and Co, 
the 4d impurities Ru and Rh, and the 5d impuri¬ 
ties Os and lr and Fe,Sl show for the first time 
that in each of these cases the impurity atoms 
enter only one of the two iron sites. 

Small amounts of the desired ternary impurity 
were combined with master ingots of Fe,Si and 
iron-rich off-stoichiometric Fe,Si by arc melting 
to provide alloys of the desired concentrations. 
Care was taken to Insure that little sample loss 
occurred during comixing. The resulting ingots 
were powdered by crushing and subsequently an¬ 
nealed at 600°C for 2 h and then slowly furnace 
cooled to produce well-ordered Fe,Si. Homogeni¬ 
zation of several Co samples prior to the order¬ 
ing heat treatment indicated no significant differ¬ 
ence in the results compared to samples not ho¬ 
mogenized. 

The spin-echo spectra were taken with a vari¬ 
able-frequency spectrometer at about 1.4°K. A 
measurement of the echo amplitude, when suita¬ 
bly corrected, 7 provides a measure of the hyper- 



FIG. 2. Plots of the normalized echo amplitude ver¬ 
sus frequency: (a) FejSi; (b) Fe 0>n S4 >n . 


fine field distribution in the sample. 

In Fig. 2, we show two previously published 
spectra Important for the understanding of the 
new NMR results for the substitutional impuri¬ 
ties. 1 Figure 2(a) shows a spectrum of Fe,Si in 
which the peaks at 30.05, 31.47, and 48.57 MHz 
arise from the Fen, Si, and Fei sites, respec¬ 
tively. In Fig. 2(b), a spectrum for Fe^^i^, 
is presented. We note particularly that the peaks 
at 29.9, 37.0, and 42.7 MHz have been clearly 
identified as originating from Fen sites with 
four, five, and six Fe first neighbors.*•* We al¬ 
so note that a satellite on the Fei line at 47.2 
MHz corresponds to Fei sites with a single Fe 
second neighbor.* 

In Fig. 3(a), the spectrum arising from Co in 
(Fe^ +Co (u ,,)Si OJ# is presented. Only a single 
sharp line with a center frequency of 195.0 MHz 
is observed. An intensive search from 10 to 420 
MHz indicated that no other Co line was present. 
The spectra for Fe and Si (not shown) are similar 
to the spectra shown in Fig. 2(a) and confirmed 
that the alloys were well ordered and of approxi¬ 
mately the desired composition. If Co entered 
the Fe] site, the spectrum of the stoichiometric 
sample would show a clear Co-Co third-neighbor 
interaction. Furthermore, the spectrum of Co in 
the iron-rich off-stoichiometric sample would 



MHz 

FIG. 2. Plots of the normalized echo amplitude ver¬ 
sus frequency: (a) (Fe^ + Co e#01 )S4(b) (Fe,.,, 

+ £00.01)81^55. 
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show a line arising from the Co atoms haring as 
neighbors iron atoms which replace some Si. If 
* Co entered the Fen site, the spectrum of Co in 
the stoichiometric sample should contain a single 
peak. The spectrum of Co in the off-stolchlome- 
trlc sample should then contain peaks correspond¬ 
ing to first-near-neighbor configurations of four 
Fe and four SI atoms, five Fe and three si atoms, 
and six Fe and two SI atoms. Figure 3(b) shows 
a spectrum of Co In (Feo. w +Co aol )8i OJS . The Co 
spectrum Is similar in distribution and relative 
Intensity to the spectrum of the Feu sites In this 
alloy and in the Fe (vn Sl 0 .„ spectrum shown In Fig. 
2(b). Thus we identify the lines at 192.5, 237.5, 
and 270.0 MHz as arising from Co atoms which 
have entered the Fen sites and have four, five, 
and six Fe first neighbors in the off-stolchiomet- 
rlc sample. 

Figure 4 shows a spectrum of Mn In (Fe 0 . M , 
+Mn (u)0B )Sl O j S . The spectrum shows a series of 
three almost equally spaced peaks. This spec¬ 
trum can be explained only if Mn entered the Fe t 
sites randomly. 

For stoichiometric (Fej-j + MnJSi, an atom on 
an Fe t site has eight Feu first neighbors, six Si 
second neighbors, and some combination of twelve 
Fej and Mn third neighbors (see Table I). The 



FIG. 4. Plots of the normalized echo amplitude ver¬ 
sus frequency: (a) (Fe^i + Mnd^Si^s; (M <F6 C , W 
4 MOfl.tilSla.a. 


relative Intensity of the lines in this spectrum is 
that of Mn In sites with zero, one, and two Mn 
third neighbors. This Is also found In spectra of 
other stoichiometric alloys with different Mn con¬ 
centrations. In Fig. 4(b), a spectrum of Mn In 
(F'e 0 . w + Mn ao ,) SIqjo is presented. The peaks at 
273.2, 267.0, and 260.8 MHz are from Mn atoms 
with eight Fen first neighbors, six SI second 
neighbors, and zero, one, and two Mn third 
neighbors, respectively. The peak at 276.B MHz 
Is from Mn atoms with eight Feu first neighbors, 
five SI and one Fe second neighbors, and twelve 
Fe third neighbors. This satellite is similar to 
that produced by second-neighbor iron atoms at 
47.2 MHz in the Fe 0-71 S1 0JJ spectrum shown In 
Fig. 2(b). Peaks corresponding to Mn atoms with 
eight Feu first neighbors, five SI and one Fe sec¬ 
ond neighbors, and eleven Fe and one Mn as well 
as ten Fe and two Mn third neighbors exist at 
about 270.6 and 264.4 MHz, respectively. How¬ 
ever, these peaks He underneath the main lines 
at 273.2 and 267.0 MHz and therefore are not evi¬ 
dent. 

The spectra for V impurities In FejSl alloys be¬ 
have In the same way as those for Mn. Thus, for 
the 3d Impurities we have studied, we conclude 
that those to the left of Fe In the periodic table 
enter the Fei site and those beneath and to the 
right enter the Feu site. 

This observation can be confirmed by a neutron- 
scattering study of the site occupancy in the two 
magnetically inequivalent Fe sites. A prelimi¬ 
nary study carried out In cooperation with Dr. S. 
Ptckart of the U.S. Naval Ordnance Laboratory 
at the National Bureau of Standards reactor has 
already verified the selective site occupation de¬ 
duced from the NMR spectra for the V, Mn, and 
Co substitutions. 8 Farther neutron studies are 
in progress. 

To explore further the possible systematlcs for 
the substitutional transition-metal Impurities, 
we have found NMR signals arising from the Ad 
lmpuritiea Ru and Rh, and the 5d impurities Os 
and Ir, For both Ru and Rh, the spectra clearly 
suggest that they enter the Fen site as does Co. 
However, from studies of iron-rich off-stolchlo- 
metric samples, a strong preference is observed 
for the Fei, site with four Fe t first neighbors. 

We find that both Os and Ir enter the Fen site. 

At present with the experimental results al¬ 
ready obtained, we can clearly conclude that for 
the 3d, Ad, and 5 d elements studied, those to the 
left of Fe on the periodic table enter the Fei site 
exclusively. Those beneath and to the right of 
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Fe on the periodic table enter the Fen site ex¬ 
clusively, but different elements show different 
near-neighbor preferences in Iron-rich off-stoi- 
chiometrlc samples. On the basis of these Inves¬ 
tigations, we conclude that an additional param¬ 
eter which specifies the selective site occupation 
In Fe,Si when transition-metal impurities are 
added could shed some light on the ternary phase 
diagrams 8 of these systems. 

The regularity of these results suggest a direct 
relationship to the large class of magnetic Heus- 
ler alloys. 10 If one writes Fe,Sl as (FeiJ.Fe^l 
the similarity to the Heusler structure, A^BC, la 
clear. 11 In the known Heusler alloys, the transi¬ 
tion metals most to the left In the periodic table 
prefer the B site, while those to the right enter 
the A site. Our results that V And Mn enter the 
Fe ( site whereas Co, Ru, Rh, Os, and Ir enter 
the Feu site suggest a basis for the systematlcs 
of the transition-metal site occupancy of the 
known Heusler alloys. An interpretation of these 
results based on siee and valency factors is ac¬ 
tively being pursued. 

During the course of this Investigation, a simi¬ 
lar conclusion for the (Fe,., + Mn,)Si system was 
reached on the basis of a neutron experiment 
which concluded that Mn entered the Fei site. 12 

We would like to thank Dr. J. H. Wernlck for 
providing the master ingots used in the initial 
phases of this study. Dr. S. Pickart for his help¬ 


ful collaboration, and Dr. S. Skalski for his com¬ 
ments. 
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Anomalous Small-Angle Magnetic Scattering from Amorphous TbFe 2 and YFe 2 t 


S. J. Pickart, J. J. Rhyne, and H. A. Alperln 
Naval Ordnance Laboratory, Silver Spring, Maryland 20910, and 
National Bureau of Standards, Washington, D, C. 20234 
(Received 24 June 1974) 


Small-angle quaeielastic neutron scattering measurements hare revealed an intense 
magnetic component at low temperatures in amorphous TbFej and YFoj, In addition to 
a weak critical divergence at T e In TbFe;. These observations are interpreted as evi¬ 
dence that spatial fluctuations remain “frozen in" below the Curie point id TbFe 2 , and 
that only short-range order is achieved in YFej. 


Recent neutron scattering measurements on 
sputtered, amorphous magnetic alloys have pro¬ 
vided information on the atomic and spin correla¬ 
tion functions 1 and excitation spectra 2 of these 
novel materials. Small-angle quaslelastic scat¬ 
tering provides additional Information about the 
longer-range, spatial fluctuations in the magneti¬ 
zation, particularly In the critical region near 
the transition temperature. We report here the 


observation by this method of an intense, strongly 
temperature-dependent small-angle component of 
magnetic origin in amorphous TbFe, and YFe„ 
accompanied by a weak divergence near T c in 
TbFe,. We believe that these phenomena provide 
insight into the anomalous nature of the phase 
transition in amorphous magnets. 

The measurements were taken at the National 
Bureau of Standards reactor with a double-axis 
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FIG. 1. Small-angle neutron scattering from amor¬ 
phous TbFe, In the critical region, corrected for ab¬ 
sorption and Instrumental background. (Data taken for 
q ”0.02 A' 1 would be off scale and are not {dotted for 
convenience, while data at higher q continue to de¬ 
crease slightly and are essentially flat with T J The In¬ 
dicated T e la the average derived from Ref. 3. 


spectrometer using a 20'-10'-10' collimator se¬ 
quence. This allows observations without exces¬ 
sive background contamination down to a momen¬ 
tum transfer q “0.02 A‘ l , with the Incident wave 
vector of 2.577 A " 1 obtained from a curved graph¬ 
ite monochromator. 

Data obtained In the critical region for TbFe, 
are presented In Fig. 1. Two Interesting features 
are visible in these data: a weak “critical" anom¬ 
aly near T c and a further precipitous rise as T 
decreases below T c 

Measurements at closer intervals than Indicat¬ 
ed In the figure at a fixed q of 0.04 A‘‘ demon¬ 
strate that the anomaly Is not at all sharp, as ex¬ 
pected in a normal ferromagnetic second-order 
phase transition, but rounds off and transforms 
smoothly Into the unexpected small-angle compo¬ 
nent. If the hlgh-temperature asymptotic level 
of the scattering Is subtracted (a somewhat arbi¬ 
trary procedure because the highest safe temper¬ 
ature to avoid recrystallizatlon does not reach 
Into the completely paramagnetic regime), the 
shape of the angular dependence above and im¬ 
mediately below T e in Fig. 1 is closely Lorentz- 


lan. The correlation length obtained by fitting 
the resolution-corrected Intensity Increases from 
* 15 A at the highest T to » 70 A Just below T e 
This slower than normal divergence, plus the 
rounded character of the anomaly, suggest that 
the fluctuations are "frozen In” at T e and never 
become long range. 

On the other hand, the angular dependence of 
the small-angle component below T e is for from 
Lorentzian. It is strongly temperature depen¬ 
dent, Increasing at q = 0.02 A ' 1 by over 2 orders 
of magnitude as T foils from room temperature 
to 4 K. It is found to scale very nearly with the 
square of the spontaneous magnetization,’ which 
suggests an interpretation in terms of magnetic 
InhomogeneitleB or clusters, l.e., the magnetic 
analog of particle size broadening effects. 4 Since 
the forward beam, the (000) reflection, is the 
only in-phase component in the scattering from 
an amorphous medium, it is the only region In 
scattering space that will reflect InhomogeneitleB 
on a scale large compared to the Interatomic 
spacing. It Is important to note, however, that 
the Intensity far above T c shows no rapid falloff 
with q; thus, since the nuclear and magnetic 
cross sections are comparable, there Is no simi¬ 
lar small-angle scattering of nuclear origin. 
Hence these magnetic clusters are apparently not 
connected with chemical or structural inhomo- 
geneltles. 

We have attempted to analyze the small-angle 
scattering below T c by the methods 4 of Gulnier 
and Porod; although these theories apply strictly 
only to noninteracting particles, a sufficiently 
random distribution may minimize Interference 
effects. For a collection of N identical particles 
with moment p. and radius R the Intensity is 

Hq) ~Np' exp(- q i R*/3), 

where the factor in the exponent, but not the 
Gaussian dependence, is modified by resolution 
corrections. We find on plotting the Intensity on 
a logarithmic scale versus q * that the curves 
have a continuous upward curvature at small q, 
thus indicating a distribution of radii and effec¬ 
tively preventing determination of an upper limit 
to R by extrapolation to q = 0. We find, however, 
that for temperatures below room temperature 
the data exhibit a q dependence with s = 2.4, in 
remarkable agreement with Porod's limiting 
formula 4 for a distribution of particle sizes with 
total surface area S and magnetization density m, 

Hq) - lvm*S/q*, 
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where the q~* dependence is reduced to q' 1 ’’ af¬ 
ter correction for vertical and horizontal resolu¬ 
tion. Using the theoretical magnetization density 
(rare-earth and iron spins antiparallel) we obtain 
from the absolute intensity at q = 0.02 A* 1 a spe¬ 
cific surface area of w 4 A*/ atom, almost exact¬ 
ly the same value as a spherical particle with a 
diameter equal to the correlation length above T c 
The agreement is probably fortuitous, since we 
have no idea of the shape and distribution of the 
particles, but does lend credence to the model. 

In order to Investigate the effect of substituting 
a nonmagnetic rare earth, we have also measured 
diffraction patterns and small-angle scattering 
from sputtered YFe a , which is nonmagnetic at 
room temperature. Fourier transforms of the 
nuclear scattering observed at 300 K are striking¬ 
ly similar to our previous TbFe a data, 3 with peaks 
corresponding to combinations of the ionic radii 
of Y and Fe pairs and clusters, as expected for 
a dense random-packing model. 9 Small-angle 
scattering data exhibited a temperature-depen¬ 
dent component in this material as well (see Fig. 
2), but less intense than in TbFe, and with a Lo- 
rentzlan angular dependence at all temperatures. 
The correlation length ranges from te 6 A at 175 
K to “ 8 A at the lowest temperatures. These re¬ 
sults suggest that YFe a is not ordered magnetical¬ 
ly on a long-range basis, as confirmed by subse¬ 
quent magnetization measurements. 3 The broad 
peak at -40 K for <7 = 0.04 A -1 corresponds to the 
appearance of hysteresis in the magnetization, 
and may result from anisotropy effects. 



FIG. 2. Small-angle scattering observed in amor¬ 
phous YFs t as s function of temperature. 


A question naturally arises as to the inelastici¬ 
ty of this small-angle scattering, as could hap¬ 
pen for instance If the counter angle is at all tem¬ 
peratures below the spin-wave cutoff given by 6 C 
* H*/2mD, where D is the spin-wave stiffness. 
Under these conditions, if D renormalizes as T 
- T„ the spin-wave cone opens up and the intensi¬ 
ty decreases because of the finite vertical colll- 
mation. There are two pieces of evidence against 
this interpretation. First, our previous* elastic 
and total scattering measurements on TbFe a in¬ 
dicate that the energy-integrated inelastic scat¬ 
tering decreases with T, and, in fact, is hardly 
observable at 4 K. Second, with a strongly tem¬ 
perature-dependent D one would expect renormal¬ 
ization effects near T e to be visible; however, 
data taken on a triple-axis spectrometer (shown 
in Fig. 3), although extremely limited in energy 
range by geometric factors, show no evidence 
of energy broadening. We therefore conclude 
that the small-angle scattering is primarily elas¬ 
tic. 

As a result of these data, we have arrived at 
the following tentative model for the qualitative 
nature of the phase transition in these amorphous 
magnets. Fluctuations begin to build up as T ap¬ 
proaches T c from above in the normal manner, 



FIG. 3. Energy dependence of die small-angle scat¬ 
tering component in ThFe* in the critical region. The 
oolllmatlon was greatly relaxed (40' throughout) from 
die data in Fig. 1. Since die scans overlap, the scale 
la shifted up progressively by one ordinate unit. 
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but are Interrupted by the spatial disorder of the 
lattice and are ‘‘frozen in” at the ordering tem¬ 
perature with some finite mean correlation 
length, thus preventing the wavelength-dependent 
susceptibility from diverging.* These frozen-in 
fluctuations must In some manner be stabilized 
by the rare-earth-lron Interaction, since in the 
absence of a magnetic rare earth the fluctuations 
are of much shorter range and never spontane¬ 
ously order. We are undertaking experiments on 
other rare-earth-lron compositions to corrobo¬ 
rate this model for the amorphous magnetic tran¬ 
sition and determine whether the exchange or 
crystal field interactions are predominantly re¬ 
sponsible for the anomalous behavior. 

We are grateful for helpful discussions on these 
results with Dr. J. Cullen and Dr. A. Clark. The 
samples were fabricated by Battelle Northwest 
under ARPA sup port. _ 
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Polycritical Points and Floplike Displadve Transitions in Perovskites 

Amnon Aharony and Alastair D. Bruce* 
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(Received 29 April 1974) 

The orttloal behavior occurring at dlaplaclve phase transitions In anlsotropicslly 
stressed perovaklte crystals is examined, ft is shown that, under varloua conditions, 
the asymptotic crltloal behavior may be of Islng, AY-model, or Helaenberg type. The 
existence of a “spln-flop u -like transition (at zero stress) between two differently or¬ 
dered phases Is predicted. An explanation of the discrepancy between the measured 
exponents and those predicted theoretically Is proposed, and several new experiments 
are auggeated. 

It is well known that stressed crystals undergoing dlaplaclve phase transitions exhibit phase diagrams 
with Interesting complexities.In this Letter we show that, under different stress conditions, perov- 
sklte crystals may display a variety ol types ol critical behavior. Including Iricritical and bicritical 
points, crossover phenomena, and floplike transitions of the type proposed recently for anisotropic an- 
tlferromagnets. M The analysis raises the Interesting possibility that the discrepancy between recent 
theoretical predictions*' T and measurements of the critical exponents characterizing the structural 
transitions in the perovskites SrTIO, and LaAlO, * arises through the existence of systematic residual 
strains in the crystals studied. We show that these (conjectured) strains precipitate a crossover from 
the Helsenberg-llke (or cubicllke) behavior, previously predicted,*' 7 to an Ising-llke behavior. We 
use scaling theory to study this crossover, and propose several experiments which should elucidate 
the situation. 

Our conclusions are based on an analysis ol an eflectlve Hamiltonian that Is a natural extension of 
the Landau-type potential used in previous mean-field Investigations of the 105% phase transition In 
8rT10,. w The Hamiltonian embodies a coupling between the local rotational coordinates of the charac¬ 
teristic perovaklte octahedra, Q„(x) (cr» 1,2,3), in which the primary ordering occurs, and the elastic 
strain coordinates e,(x) (i - 1,... , 6 In the Voigt notation). Allowing for an applied stress T, (i »1,..., 


427 



Volumi 33, Nuxan 7 


PHYSICAL REVIEW LETTERS 


12 August 1974 


6 ), we have* 0 

3C= fd*x {i [r 0 Q* + (V •Q)*] +uj? + u„E Q«* + i E c„*+ C u E«o* , + i C* E e* - £ e a T 0 

° *1 o"i ck$ oh a«i 

- B, E «a«»* -B *[*!«,* + <?,*) + •,(«,* + «,*) + «.(«,*+ «,’)] 

a'l 

~ + e.QrQ,+e &<?,)}, (1) 

where r 0 is proportional to T — T a , w while the remaining coupling constants are assumed to depend only 
weakly upon temperature and pressure. The C tj are to be regarded as "bare” elastic constants, ap¬ 
propriate in the absence at any coupling to the fluctuations in the Q a . The effects of such fluctuations 
are represented by the term [v>Q(f)J*; terms of the form [Ve ( (x)l* have not been included In (1), how¬ 
ever, since it is believed that they are irrelevant (in the renormalization-group sense), 11 so that the 
only source of divergent fluctuations in the strains lies in their coupling to the coordinates Q„. In the 
absence of such terms the strain coordinates may be integrated out of the partition function defined by 
the Hamiltonian (1), yielding a reduced Hamiltonian of the form 11 

K = Jd*x {i [r 0 Q* + (V • Q)*J + u<fr + v„ E Q a * 

a M 

- E 7' 0 [(L 1 -I,)Q 0 1 + L J ^]-Z. 1 (Q 1 Q 1 T B +Q !1 Q,r 4 + Q,Q 1 T 5 )}, (2) 

n-i 

where the new parameters are completely defined in ter rib of the parameters of the original Hamilto¬ 
nian. 

The primary effect of an isotropic stress (T ( = -p; i= 1, 2, 8 ) 1b merely to renormalize the parame¬ 
ter r a , and hence the transition temperature. In addition, however, although the symmetry of the 
Hamiltonian (2) remains the same as that of the stress-free crystal, an Isotropic stress may lead to 
a change in the critical behavior, through the pressure dependence of the elastic constants which 
leads, in turn, to a pressure dependence of « 0 and C 0 In (2). A renormalization-group analysis shows 
that, 0 for v 0 greater than some critical value f> e , u a second-order Heisenberg-like transition is to be 
Bxpected 14 ; for v 0 = t> c one finds a cubiclike tricritical behavior; while for f 0 < v c a divergence of the 
renormalization-group equations Is indicative of a first-order transition. 0 Note that the crossover ex¬ 
ponent tp c from the cubic tricritical behavior to the Heisenberg-like critical behavior is very small 0 ; 
thus, cubic corrections to the Heisenberg scaling behavior may persist very close to the critical 
point. 10 

The application of an anisotropic stress leads, through Eq. (2), to a Hamiltonian with a different 
symmetry from that of the stress-free crystal; the changes in the critical behavior are striking. For 
j stress alonti the [100| axis, T ( = -p6 n , the Hamiltonian (2) becomes 

^ 100 J = />* { i [y iQ 2 + r , (Qj a + Qj2) + (v .Qja| +/7 0 5* + r 0 £ <?„*], (3) 

with r, = r n + 2/>f. I and r 1 = r 0 + 2/>L a . Thus, the ef- |- 

Fects of such a stress are similar to those of an in (3) involving only Q v The transition is there- 

inlsotropic exchange in magnetic systems. The fore Islng like, into a tetragonal phase with an 

latter have recently been extensively Invest!- ordering along 1100J. Forp>0 the critical be¬ 
lated, using renormalization-group and series- havior is .XT-like, with an ordering perpendlcu- 

jxpanslon techniques 10 ; we thus use the results of lar to the [100] direction. The ordered state 

.hese investigations in what follows. asymptotically close to T c (p) has rotational ln- 

Certain aspects of the p-T phase diagram for variance in the (100) plane; for finite T c (p) - T, 

he Hamiltonian (3) depend upon the parameters however, cubic corrections to scaling, asso- 

n (3). We discuss first the case of SrTiO, (see elated with v 0 , will lead to predominantly [010] 

7ig. 1), where studies of anharmonic properties or [001] ordering. 

mve shown 17 that L, is positive, L % is negative, The line p = 0, separating the two ordered 

tnd r 0 is small and negative (but r 0 ^ r e , since phases, locates a first-order phase boundary, 

he transition seems to be of second order 11 ). at which the pseudospin order parameter (Q) 

Thus, for p <0 we have r, < r„ so that the asym- flops from the [100] direction to the (100) plane, 
otic critical behavior is dominated by the terms This is strongly analogous to the spin-flop tran- 
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FIG. 1. Schematic phase diagram for a pcrovaklto 
with a U.00] stress, assuming » e <v»<0 (SrTlOj). The 
arrow looatea qualitatively what we conjecture to be 
the position of the observed transition In monodomaln 
8rTlQ,. 

sltlon found In unlaxially anisotropic antlferro- 
magnets.* The flop line terminates at T=T e (p 
= 0), in a bicritical point. M 

The crossover (from Heisenberg to Islng or XY 
behavior), expected In the vicinity of the bicriti¬ 
cal point, is displayed In the scaling form of the 
free energy, given by a renormallzatlon-group 
analysis as*' 1 ” 

G(T,p)<*.ltr a "f(p/\tn. (4) 

Here we have Introduced f■ |T - T c {p = 0)]/fe B T, 
anAp m p/k B T, while a H is the Heisenberg specif - 
lc-heat exponent (c-0.10) 1 ’ and <p the crossover 
exponent (=* 1.25). 18 Following Fisher and Nelson* 
we conclude the following from (4): (a) At the 
flop line (/>» 0, t <0) the thermodynamic conju¬ 
gate to T x =~p, namely, the elastic strain *„ ex¬ 
hibits a discontinuity which varies with t as Ac, 

~ I/I*, with fT=2-<*-«> “0.85. (b) The compo¬ 
nents of the elastic compliance diverge, for p = 0, 
as with y = 2w+«~2 (“0.4). (c)At/ = 0, 

p~\e l \*, where 5« <p/P (“ 1.47). (d) The phase 
boundary lines near the bicritical point vary as 
p(f)«±w,<*, where are constants. 

To our knowledge, none of the experiments sug¬ 
gested by (a)-(d) has been performed, although 
Investigations of the ultrasonic properties of 
SrTiO t have succeeded In demonstrating the ex¬ 
istence of critical anomalies (in addition to the 
discontinuities expected from mean-field theory’) 
In the elastic constants. 10 Note that, In contrast 
to the system discussed In Kef. 3, the symmetry 
of our problem enables us to Identify the scaling 


field causing the crossover as being purely the 
pressure j>: This should make experimental ver¬ 
ification of the above predictions easier. 

The nature of the AfF-llke transition (p> 0), and 
the resulting ordered state, may change with the 
value of v 0 : For v 0 < v„ we expect the transition 
to be_of first order. Into a tetragonal phase, 
with Q along [010] or [00l]. For t> 0 >0, as Is ap¬ 
propriate In LaA10 ll * the transition remains of 
second order, and the cubic corrections to scal¬ 
ing lead to an ordering along [Oil], In this case, 
when the ordering tendency of t> 0 and of the ap¬ 
plied stress are in competition, a further de¬ 
crease In temperature may lead to additional 
phase transitions. 

A similar analysis has alBO been applied for the 
case of a [111] stress, with similar results. For 
SrTIO, (v 0 < 0), further first-order transitions 
may occur, as described above and as observed 
In Ref. 1. Such situations require further Inves¬ 
tigation. 

We now turn to review the existing experimen¬ 
tal resultB on the critical behavior of SrTIO,. A 
striking feature of the EPR experiments* (re¬ 
garded as the most accurate measurements of the 
critical exponents) Is that, in the interests of ac¬ 
curacy, they were performed on samples shaped 
in such a way as to transform into a monodomain 
low-temperature phase.* Moreover, subsequent 
experiments on these samples have clearly dem¬ 
onstrated a strong anisotropy In the order-pa¬ 
rameter fluctuations above T c , these fluctuations 
being preferentially about the ordering axes of 
the monodomaln sample. 11 We Interject the re¬ 
mark that this anisotropy, which clearly shows 
the presence of an "orienting mechanism’’ 1 ' that 
breaks the cubic symmetry. Is to be distinguished 
from the cubic anisotropic terms omitted from 
(1), but discussed elsewhere,** 7 which give rise to 
“pancakelike” anisotropy In the correlations: 

This anisotropy should not affect the asymptotic 
critical behavior. 7 Although the existence of an 
“orienting” mechanism In these samples has 
been recognized, 11 the Implications for the criti¬ 
cal behavior have, to our knowledge, not been 
examined. In the light of the above analysis we 
conjecture that this mechanism is simply a sys¬ 
tematic strain field which breaks the cubic sym¬ 
metry, as discussed above, and leads tp a cross¬ 
over from the purely Heisenberg critical behav¬ 
ior expected for a strain-free sample to an Ising- 
like behavior, as Indicated In Fig. l. n We note 
that the experimental value* of /3= 0.33 ±0.02 Is 
quite consistent with this suggestion since we 
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must presume that the experiments were per¬ 
formed in the crossover region, in which the ef¬ 
fective value of changes from its Heisenberg 
value, /9 H <x0.37, to that appropriate for the Ising 
system, /3, <*0.31. 10 A partial experimental check 
of this conjecture would be provided by a mea¬ 
surement of the exponent 0 in samples subjected 
to an external stress. Application of the appro¬ 
priate stress (e.g., a tensile stress along [100] 
or, equivalently, a biaxial stress along [010] and 
[0011 in SrTIO,) should reveal that the asymptotic 
exponents are truly of iBing type in this situation. 
In addition, specific-heat experiments on such 
stressed samples should reveal a divergence (a, 
«0.125“) in contrast to the behavior of well an¬ 
nealed crystals (that transform into a polydomain) 
for which a cusp is to be expected (a H <* -0.10).** 
Finally, experiments to test the predictions (a)~ 
(d), discussed above, would also provide a check 
on the overall picture that we have proposed. 
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Systematica of Nuclear Single-Particle States 
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Semiempirlcal model-independent formulas for single-particle energies of neutrons 
and protons In bound nuclei have been obtained as functions of nuclear parameters A 
and Z tor given states specified by nlj . These formulas are almost as convenient as the 
harmonic oscillator energy formulas to use. The single-particle energies oomputed 


from these formulas have been compared w 
- agreement for occupied states. 

In several recent workB, various models have 
been used to obtain the energy levels of nuclei 
along the line of fi stability and have yielded ex¬ 
tensive information on the energies of single- 
particle states. 1 *” These energies seem to fol¬ 
low some regular patterns from nucleus to nucle¬ 
us. Recently, Millener and Hodgson 1 have shown 
that the energies of 2s single-particle states 
vary in a regular and systematic way from nucle¬ 
us to nucleus in the range 35 < A* 65. 1 One would 
naturally think as a next step that a simple for¬ 
mula for the single-particle energies would be 
more convenient to use, for example, as an initial 
energy guess for an energy-dependent potential. 
The purpose of this study is to develop model- 
independent, semiempirlcal formulas for the sin¬ 
gle-particle energies of states for the entire 
range of nuclei. 

The semiempirlcal formulas for these single¬ 
particle energies are in terms of the nuclear pa¬ 
rameters {A,Z;n,l,j). Various combinations of 
these parameters have been tested for their cor- 


the experimental data and found In good 

relations with the single-particle energies. After 
a reasonably complete set of variables has been 
generated, the problem is to find the coefficients 
of the significant variables. This is accomplished 
by using a stepwise multiple linear regression 
analysis.” Only linear combinations of the vari¬ 
ables tn the given Bet are used in the analysis. 
Coefficients for the most significant terms are 
computed first, followed by the next most signifi¬ 
cant terms in the descending order of signifi¬ 
cance. The constants are reevaluated on the ad¬ 
dition of each term until there are no more vari¬ 
ables left or until the significance of the remain¬ 
ing variables is below some specified value. Sin¬ 
gle-particle neutron and proton energies for nu¬ 
clei along the 0-Btable line have been used as the 
input data” in the regression analysis. The sin¬ 
gle-particle energy states up to the Fermi level 
have been used in this analysis including 352 
states for neutrons and 250 states for protons. 

The resulting model-independent, semiempirlcal 
energy formulas for neutron and proton states, 
given by 


£„(MeV) - - 94.902 + 70.838//A 1 '* +17.951* + 90.000 n/A v * - 18.038 f (j + 1 )M* / * 

-2.572** +43.285/(/+ l)//t , 


and 

£,(MeV) = - 95.020 + 82.382//A 1 '* + 24.020» + 76.284*/A‘'» -17.540/(/ +1 )/A*>* - 2.954a*, 


( 1 ) 

( 2 ) 


have multiple correlation coefficients 0.9938 and 
0.9956, respectively. The first six terms of E„ 
and S p are the same, the neutron-proton differ¬ 
ences being reflected in the values of the coeffi¬ 
cients. The first two variables of Eqs. (1) and 
(2) involving the terms l/A vt and a as the pre¬ 
dominant terms are about equally significant and 
they account for the major effects, with their 
multiple correlation coefficient “0.92. 

The constant terms of Eqs. (1) and (2) place the 
energies at a very negative value. The next three 


terms (+/^4 l/, , +n, and +n/A 11 *) can be attribut¬ 
ed to harmonic oscillator effects and give the re¬ 
quired Increase (decrease in magnitude) in ener¬ 
gy as n and/or / Increases. The term - Hi + 1)/ 
A 17 * gives the spin-orbit splitting proportional to 
21 +1 , exhibiting the proper doublet sequence, 
and also shows the reduced spin-orbit effect as 
A Increases. The ** term illustrates a alight non¬ 
linearity in the principal quantum number. The 
/(/ + \)/A term in Eq. (1) accounts for a residual 
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TABLE I. Single-particle energies (MeV) of protone. 
Qneetlon marks Indicate level assignment Is uncertain. 


State 

Cal. 


Exp. 

1*0 

‘•1/2 

45. 75 


44*7 

lPJ/2 

21.35 


19.111.4 

*<*1/2 

1 1.0b 


12.7*1.4 

■*i n 

51.23 


- 

*'w 

">1/2 

30,50 

25.21 

<P> 

29.7*6.1* 


13.26 


16.2*1.6 

1*3/1 

4.55 


13.311.6 

2 *l/! 

12.05 


9.5*1.4 

fit 

1*1/2 

52.77 


b 

49.1*12 

‘P'J/2 

13.16 


77114 

11.1*6.) 

'"i/: 

2ft. 68 


37*4 C 

**V2 

16.59 


14.9*2.5 

1*3/2 

9.09 


13.8*7.5 

6.4*0.5 

2 *l/2 

15. 31 


7. 7 • 2.6 l 

10.6*1.1" 

‘*1// 

55. 12 


12.1*5.4 

b 

57.1*7. 5- 

‘*3// 

37. 35 

<P> 

37.6*7,9 

,p l/2 

33.84 


— 

‘*3/2 

21.97 

<«) 


‘*1/2 

16.(17 


U.72 1,f 

1*1/2 

20.. 1 '6 



"z/2 

8.84 


11.19* ,l 
10.1*5.6 


Scat* Cal. Ef. 


iiEia 


b 

1- l/2 

59.03 

54.0±8.IT 

1*3/2 

44.49 

{lp)40.2*7.27 

1*1/2 

42.33 

— 

**3/2 

31.39 

(d) 30.0*6.9 




2/2 

2 *l/2 

28.41 

29.0*6.8 

**3/2 

13.87 

16*6.3 

2 *l/2 

11.70 

— 

lf_ . 




1 f 3/2 

14.69(1f4|ft)16«6.8 

‘*2/2 

9.52 

— 

2 <>V 


t 

'»J/2 

13.33 

11.45 

2 *S/2 

9.61 

9.65 

"*11/2 

9.42 

9.30 

2 *3/2 

7.11 

8.30 

“l/2 

11.30 

7.95 

9.0 b 

1 ' , 0/2 

3.92 

3.8 


40.80 

2.9 

"lJ/2 

2.01 

2.2 

2, 3/2 

♦4.29 

o.a h 

’"l// 

+1.11 

0.5 h 


‘Quoted In Ref. 7. 
b Ref. 8. 
c Ref. 9. 

d Quoted In Ref. 10. 


‘Quoted In Ref. 11. 
f Ref. 11. 

R Quo ted In Ref. 12. 
h Quoted In Ref. 13. 


effect In the orbital angular momentum not taken 
care of by the l/A u * term. 

The nuclear systematica obtained from Eqs. (1) 
and (2) show the distinctiveness of the single- 
particle states, the increase in binding energies 
as A increases, and the tendency to level off for 
deeply bound states In heavy nuclei, thus exhibit¬ 
ing the saturation property of nuclear forces. 

Both the neutron and proton systematlcs show 
gaps In the shell structure at all the observed 
magic numbers. Gaps are also exhibited for all 
the semimagic numbers In the appropriate re¬ 
gion. 

Calculated and experimental single-particle en¬ 
ergies are listed In Tables I and II. There Is 
generally a reasonable agreement with the exper¬ 


TABLE U. Single-particle energies (MeV) of neu¬ 
tron*. The experimental value* are taken from Ref. 12. 


State 

Calc 

Expt 

*"iA 

«o 

45.94 

47.00 

l Pih 

20.94 

22.00 

x P\h 

12.41 

16.70 


**Ca 

18.78 

2130 

2»iA 

17.81 

18.20 

W| h 

11.07 

16.80 

1*»A 

,M Pb 

11.03 

10.70 


8.64 

9.60 

Nij/i 

8.91 

8.90 

apiA 

8.18 

8.20 

V,/t 

6.04 

7.80 

3 PtA 

6.64 

7.30 

4*iA 

3.88 

1.91 


imental data. 7 " 1 * Nevertheless, it BeemB appro¬ 
priate to make a few remarks In general on the 
discrepancies that one may observe between the 
results of thlB work and the experimental data 
compared with them. They are partly due to the 
errors associated with the experimental data 
themselves. The calculated levels are generally 
too low for unoccupied or partially occupied lev¬ 
els. This effect may be attributed to the Input 
data which were used for the occupied state pri¬ 
marily. Nevertheless, the semlempirical for¬ 
mulas for single-particle energies given by Eqs. 
(1) and (2) give an overall good description of the 
bound-state spectrum for occupied states In nu¬ 
clei and these formulas are almost as convenient 
to use as ones belonging to the harmonic oscil¬ 
lator potential. 
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Multinucleon Removal in the Absorption of ir' at Rest and at 60 MeV* 

H. UUrlch.t E. T. Boschitz.t H. D. Engelhardt.t and C. W. Lewie t 
tnstitut fUr Experimentelle Kernphytfk der OnhiersltiU tatd deg Kem/orechungseentrums 
Karlsruhe, Karlsruhe, Germany 
(Received 29 April 1974) 

Tbe intensities of y rays from »' absorption at rest on O, F, Mg, P, Ca. and Nb have 
been measured. ihe results are compared with those at 220 MeV, previously published. 
The a removal processes which have been reported to dominate at higher energies are 
not as pronounoed in the present work. 


Recent studies on the interaction oi 22D- V and 
380-MeV* negative pions with nuclei have shown 
unexpectedly large cross sections for Integral 
‘‘a-particle’’ (l.e., multiples of two neutrons 
+ two protone) removal. This Is surprising, eith¬ 
er as an intrinsic property of pion Interaction, 
or from the point of view of nuclear structure. 

The measurements have been made via the ob¬ 
servation of de-excitation y rays In the final nu¬ 
cleus, so that It is not possible to distinguish 
the course of the preceding sequence of particle 
emissions, or even their Identities (single nucle¬ 
ons or heavier particles). From the design of 
these experiments there has also been no distinc¬ 
tion made between absorption and nonabsorption 
processes. 

The purpose of this Letter Is to present results 
of a similar study with *' at rest for a range of 
nuclei and a case of s' interaction at 60 MeV ki¬ 
netic energy. In this study the plon Interaction 
Is clearly an absorption process for ir" at rest. 
Because of the experimental conditions, the re¬ 
sults for s' at 60 MeV are also due predominant¬ 
ly to absorption. 

The measurements were done with a negative 
plon beam from the CERN synchrocyclotron. Tar¬ 
gets with 5 g/cm* nominal thickness of natural 
11,0, LiF, Mg, P, Ca, and Nb were used In a 
standard stopped-plon experimental arrangement 
as described earlier. 1 y rays were detected by 
a 40-cm* Ge(Ll) detector (at 90° to the beam di¬ 
rection) in coincidence with stopped-pion logic 
(1,2,3,?) from the beam telescope. Tbe absolute 
yields per stopped pion were determined by com¬ 


parison with muonic x rays. 1 ' In Fig. 1 (upper 
curve), as an example, the prompt y-ray spec¬ 
trum from pions absorbed at rest on al P is shown 
with an energy resolution of 3 keV (full width at 
half-maximum) at 1 MeV. Background lines de¬ 
termined In a separate measurement are indicat¬ 
ed by arrowB below the spectrum. 

For the measurement with pions in flight the 
same arrangement has been used. Since counter 
4 was close behind the target, and both were tilt¬ 
ed by 45“ with respect to the beam direction, a 
(1,2,3, + 4) trigger condition covers all process¬ 
es where the pion 1 b scattered in the forward di¬ 
rection, and to some extent also pions with larg¬ 
er scattering angles. In a phosphorus target men 
eurement made under this trigger condition, none 
of the y-ray lines from residual nuclei present 
in the upper curve of Fig. 1 were observed. The 
y spectrum taken under the complementary con¬ 
dition (1,2,3,?), however, shows a striking sim¬ 
ilarity to the spectrum obtained with s' at rest 
from the same target (Fig. 1). The drastic re¬ 
duction of the plonic x-ray yield from phosphorus 
in the lower curve proves that the contribution 
from pions at rest 1 b negligible In this spectrum. 
In Table I the ratios of intensities of correspond¬ 
ing lines in the two spectra are listed, and are 
seen to be similar within about a factor of 2. 

This Indicates that absorption at rest and at 60 
MeV are similar processes. Also, since the or¬ 
der of magnitude of the 60-MeV absorption cross 
sections Is 10 mb, considerations 4 which neglect 
absorption at nonzero plon energies are question 
able. 
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FIG. 1. y-ray spectra from *’ Interaction on S, P with pions at rest (upper curve) and at 60 MeV (lower curve) 
under trigger condition (1,2,3,7). 


Table I also compares all cross sections given 
in Ref. 1 for multinucleon removal processes 
with 220-MeV pions with the respective yields 
per stopped pion from our measurements for the 
three targets common to the two studies. Sys¬ 
tematic uncertainties in all the yield values may 
be as large as 30%, but relative errors should be 
less than 10%. For meaningful comparison the 
conventions in the two sets of measurements are 
the same: (a) Only the lowest observed y-ray 
transition (usually first to ground) in each resid¬ 
ual nucleus is listed, and (b) the yield and cross 
section for each y ray listed is without regard to 
whether it occurs by direct excitation or by y- 
ray cascading. The comparison shows no simple 
proportionality between cross sections and yields 
for corresponding transitions. We must conclude 
that pion Interaction at 220 MeV is very different 
from absorption at rest. 

It should also be pointed out that Table I is not 
complete as far as our own results are concerned. 


This can be seen in Fig. 2, where the observed 
y-ray yields from n~ absorption at rest are show 
for six nuclei. Again, the same conventions as 
before are used. Lines with ambiguous assign¬ 
ments as well as lines from the target nuclei 
have been omitted. The complete results of our 
measurements will be presented elsewhere. 

In Fig. 2 it is apparent that x" absorption at 
rest leads very frequently to the emission of 
more than two nucleons. It can also be seen that 
most of the observed processes are found along 
the diagonal line, with the number of protons anc 
neutrons being about equal. The processes con¬ 
nected with the removal of one or two a particle: 
are, in fact, observed with relatively high abun¬ 
dance. For the three lighter nuclei they give 
rise to the strongest transition. For the heavier 
nuclei, however, they are less important. In the 
case of niobium, no removal of a particles has 
been observed. 

Multinucleon removal caused by pion absorptio 
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TABLE 1. Comparison of y-ray production by r" at 
rest and In flight. The ratio ofy-ray lntenelttee at 0 
and 80 MeV from Fig. 1 la given by A. The absolute 
value of R has no significance. The 220-MeV cross 
sections are from Ref. 1. 


Observed 

transition 

(keV) 

Nucleons 

removed 

0 MeV 
yield 
(2) 

R 

or 

o(mb) 


S1 P Target 



R 


**Si(1273-0) 

lp In 

3.4 

4.9 


**Si(1779-0) 

lp 2n 

5.0 

7.3 


27 Al(1014-0) 

2p 2n 

2.0 

3.8 


26 Mg(1809-0) 

3p 2n 

4.0 

4.9 


IS Mg( 585-0) 

3p 3n 

2.0 

7.4 


1 “Mg(1369-0) 

3p 4n 

2.9 

4.7 


2, Na( 440-0) 

4p 4n 

3.0 

4.9 


2l Ne< 351-0) 

5p 5n 

1.1 

3.4 


“0 Target 


0(220 MeV) 


1S C (3684-0) 

2p In 

1.3 

<1.4 


l2 C (4440-0) 

2p 2n 

4.0 

16.8 


2 “Mg Target 


o(220 MeV) 


zl Ne(2789-351) 2p In 

0.4 

6.3 


2, Ne(1634-0) 

2p 2n 

2.5 

18.4 


l, 0 (6131-0) 

4p 4n 

2.9 

0.5 


l *°Ca Target 


0(220 MeV) 


J7 Ar(1410-0) 

2p In 

0.7 

21.7 


ss Ar(1970-0) 

2p 2n 

1.5 

137.9 


S2 S (2230-0) 

4p 4n 

0.7® 

114.8 


2, Si(1779-0) 

6p 6n 

<0.1 

66.1 


2 "Mg(1369-0) 

8p Bn 

<0.2 

36.2 


2 °Ne(1634-0) 

10pl0n <0.1 

27.4 



‘Large uncertainty from line shape. 


may In principle be explained by the following re¬ 
action mechanisms: 

(I) The Initial plon Interaction involves more 
than two nucleons. Indications for such process¬ 
es have already been reported, 313 especially for 
the case of a-cluater absorption. 

(II) The pion Is absorbed by two nucleons with 
high separation energies, thus producing highly 
excited two-hole states. These states decay via 
nuclear Auger effects with the emission of, pref- 



NBJTRONS REMOVED 


FIG. 2. y-ray yields in residual nuclei from t" ab¬ 
sorption st rest, plotted versus the corresponding 
number of missing nucleons. Yields of the lowest ob¬ 
served y-ray transition only (usually first to ground) 
are shown. An entire square corresponds to 5% per 
stopped plon, 

erentially, two more nucleons. Since in the first 
step the removal of a neutron-proton pair seems 
to be dominant, the subBequential emission of a 
second neutron-proton pair Is likely. 

(Hi) The Initial plon Interaction leads to the 
emission of two loosely bound nucleons with high 
kinetic energy giving rise to an intranuclear cas¬ 
cade. Numerical calculations based on such a 
model show narrow 2. distributions for reBldual 
nuclei of the same mass. 3 

All three mechanisms can finally lead to evap¬ 
oration processes, where eventually a-particle 
emission is favored because of low thresholds. 
From our data, in fact, none of the three princi¬ 
pal possibilities can be excluded. 

The present results distinguish plon absorption 
from general Interaction in flight for the first 
time in this class of experiments. The main 
qualitative result is the small variation between 
“zero energy” and 60 MeV, and the large change 
between 60 and 220 MeV. Recent results from a 
radiochemical study 7 of v~ interaction at 65 and 
215-373 MeV on Cu also support the latter obser¬ 
vation. Finally, according to our results at low 
plon energies, cluster removal Is comparable to 
other reaction channels, while at higher energies 
(Refs. 1 and 2) the removal of a clusters seems 
to be dominant. 

♦Work supported In part by the Buodeemlnleterium 
fOr Forschung und Technologic of the Federal Republic 
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Size of Barely Bound Many-Body Systems 

F. Calogero* and Yu. A. Simonov 

Institute of Theoretical and Experimental Physics, Moscow, Union of Soviet Socialist Republic 

(Received 23 May 1974) 

It Is pointed out that. In contrast to the oase of S-wave two-boc(y bound states, the size 
of a many-body bound state remains finite (irrespective of Its angular momentum) even if 
its binding energy vanishes. Physical implications for barely bound many-body systems 
are outlined. 


The size of an S-wave two-body bound state di¬ 
verges as the binding energy of the bound state 
vanishes. 1 This has an important physical impli¬ 
cation, recognized long ago in connection with the 
first Investigations of the deuteron 11 : The size of 
an S-wave barely bound state is approximately 
1/(2/iIjEI) 1/, = 1/q, where p = + m z ) is 

the reduced mass of the two-body system and E 
is its binding energy (h = c = 1). Thus any (rea¬ 
sonable) model of the neutron-proton interaction 
that fits the deuteron binding energy yields a 
deuteron wave function having essentially the 
same extension, ~l/o (much larger than the 
range *•„ of the interaction*). Therefore any ad¬ 
ditional information on the neutron-proton inter¬ 
action, besides that implied by the value of the 
binding energy, can result only from measure¬ 
ments of the deuteron size that are sufficiently 
accurate to display corrections of order qr 0 rela¬ 
tive to the dominant term.*' 4 
This phenomenon is peculiar to S-wave two- 
body bound states. In fact, the wave function of 
a two-body 1-wave bound state is proportional, 
for r»r a (where r is the interparticle separa¬ 
tion, and r 0 is the range of the forces 5 ), to the 
(asymptotically vanishing) free solution of the /- 
wave SchrdcUnger equation, {qr)'' , *K l + ir} (qr), t 
and therefore it becomes c(2/-l)I!(gr)' <,4,, for 
r 0 «r «\/q and r(qr)’*exp( — qr) for r » i/q, c 
being a constant whose value is determined by 
the behavior of the wave function for r & r 0 , and 


by the normalization condition. It follows that, 
in the zero-energy case, the wave function is 
asymptotically proportional to r‘ (, + 1> , being 
therefore, for l > {, still normalizable, and im¬ 
plying that the expectation value of is finite 
for \pl<p 0 = 2/-1. Moreover, simple power 
counting shows that, for an /-wave two-body 
barely bound state (i.e., such that qr u «1 ), the 
expectation value of r'*' is of order r„ for \p\ 

</>o, - r o l>l ln (<7r 0 ) for I/>!=/>„, and r 0 ' >l (qr 0 ) # o-l>l 

for \p\>p a . These estimates refer to the case 
l > i, i.e., when the normalization integral re¬ 
mains finite for q = 0; note that in all cases the 
result depends on r 0 . For ! < j one finds instead, 
as a result of the divergence of the normalization 
integral for q =0, that the expectation value of 
is of order q i.e., independent of the 
value of r 0 (provided qr 0 «1). 

These results display the exceptional nature of . 
the two-body S-wave case, and imply that even 
rough measurements on two-body higher-wave 
barely bound states would yield more information 
on the forces than that conveyed by the binding- 
energy value—in contrast to the S-wave case. 

This property of higher-wave barely bound 
states originates from the normalizabillty of the 
bound-state wave function in the zero-energy 
case, or, equivalently, from the finite size of the 
zero-energy bound state. The purpose of this 
Letter is to point out that, in analogy to the two- 
body higher-wave case, and in contrast to Che 
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two-body S-wave case, Ms size of an N-body (N 
> 2) bound state 7 remains finite (irrespective of 
its angular momentum) when its binding energy 
vanishes, provided no (N -n)-body (0 <n <N -1) 
bound state exists .*■• We prove here this result 
for N ■» 3, and outline the proof for N > 3. For 
simplicity we prove the result for spinless iden¬ 
tical particles interacting via two-body poten¬ 
tials, but none of these restrictions is essential 


for its validity. 10 

The physical implications of this result refer 
to barely bound many-body bound states, and are 
analogous to those indicated above in the higher- 
wave two-body case. They are outlined in the 
last part of this Letter; we hope to be able in the 
near future to publish a more complete treat¬ 
ment. 

The proof lor the three-body case Is based on 
the homogeneous Faddeev equation 11 : 


X (E, p; E) = -mjd»p'[t (£, - ip -p',£ _ J./> 2 /m)x(p + ip', p', E) 

+ <(£, ip + p', E - hP*/m)x{-P-ip',V , ,E)]/(p t +p' a + p-p'-mE). (1) 

Here E and p are connected to the momenta of the three particles in the usual way, E = J{E, -E,), j5 
■ r(Sj +Sj - 2E,), E is the total energy in the c.m. frame, and x(E, p, e) is related to the Fourier-trans¬ 
formed three-body wave function *(*„ k a , h a ) by the relation 

♦(Ei.Ea.Ej) 3 l(l+i^a+J > M )x(E,P,£)]/(|■P ^ + * , -m£), (2) 


where P {J is the operator that permutes particles i and j, and m is the mass of the particles. Thus 
the normalisation condition for the bound state sets the integral 

y-/d , *d s plx(E,p,£)+x(-iE —f p, -i5+E,£)+x(-iE+ fp, - 3P-E,£)| 2 /( 2 .p , +* 2 -mEf (3) 

equal to a constant. The task is to prove that 1 remains convergent (at k *0, p 0) even for a solution 
of Eq. (1) with £ = 0. 

The function f(E, p, E') in Eq. (1) is the two-body off-shell / matrix, and it is certainly finite at k=0, 

P = 0. It is moreover nonsingular for £'<0, and finite for E ' = 0, provided there are no two-body bound 
states. But then Eq. (1) Implies that x(£, P, E) is also finite at k=p=E = 0, and then simple power 
counting shows that I remains convergent at k *0, p E 0 even for E = 0, Q.E.D. 

Using the fact that x(E, p, 0) is finite at k=p = 0, one can easily evaluate the asymptotic behavior of 
the three-body wave function *(r„ f„ ?,): 

r a , r s )~const(r 11 * + r 2S 1, + r, 1 ! ')* , l (4) 


Implying again convergence at large r it of the normalization Integral 


Jd s r l d a r 2 d a r 3 «(?, + ?,+ ?,)!*(?,, r„ r,)| 2 . (5) 

Note that Eq. (4) corresponds simply to the behavior at large r t) of the (asymptotically vanishing) free 
solution of the zero-energy three-body Schrtidlnger equation; indeed for negative energy E and in the 
N-body case, this solution is Just the free translation-invariant Green’s function 12 


GJE; r„..., r,) = -2m(2f 


( 6 ) 


-where m is the mass of the particles, q 3 = 2mlEl, 
and 

P* = Tj Ir^-r^IVN. 

< >j«i 

This remark displays the connection of the many- 
body case with the higher-wave two-body case 
discussed above, indicating the similarity of the 
mechanisms that bring about the convergence of 
the zero-energy normalization integrals. 12 This 
same remark indicates that the result must be 
true for N > 3; a formal proof can be based on 
the Faddeev-Jakubowskl equations, 14 the require¬ 


ment of nonexistence of (N - n)-body bound states 
being related to the occurrence of (N -«)-body 
off-shell t matrices as kernels in these equa¬ 
tions. 

The Faddeev (and Faddeev-Jakubowskl) equa¬ 
tions provide the most convenient tool to prove 
our result, since they neatly display the role 
played by the requirement that there be no (N 
-n)-body bound states. It is, however, illumi¬ 
nating to also try to understand in more physical, 
if less rigorous, terms the mechanism whereby 
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the presence of {N — n)~ body bound states alters 
the asymptotic behavior of the zero-energy many- 
body wave function. 

Let us refer, for simplicity, to the three-body 
case, and focus our attention on the physically 
more interesting case of a barely bound state 
(i,e., such that qr 0 « 1, with q* = 2mL£l). Then if 
a two-body bound state, with (negative) energy 
E, >E, exists, the three-body bound-state wave 
function contains asymptotically several terms 
(that give the dominant behaviors in different 
sectors of configuration space), 19 one of which is 
proportional to (q 1 £) M/ *A,4M*j), with, 
say, f= 6"'*(?* + ?,-2?i), r? = 2' 1/ *(r 1 -r s ), q* 

= mlE,l, and q* + iq 2 =q 2 . This term is of course 
to be interpreted as a quasi-two-body bound state 
of angular momentum l, composed of particle 1 
and the two-body bound state (with wave function 
<p) made up of particles 2 and 3. The size asso¬ 
ciated to this term will then be much larger than 
r„, if the bound state of particles 2 and 3 has 
zero angular momentum (in which case it would 
have a size of order l/q 2 >\/q »r 0 ), or if 1 = 0 
(in which case it would have a size of order l/q, 

> 1 /q » r 0 ), or if both things happen (in which 
case it would have a size or order 1/q, or 1 /q 2 , 
whichever 1 b larger). 1 " It is also clear, on the 
grounds of physical continuity, that similar esti¬ 
mates of the size of the three-body barely bound 
state obtained under the hypothesis that, in place 
of two-body barely-bound states, there exist two- 
body, very low-energy resonances or virtual 
states. >r But if instead no two-body barely bound 
states, nor virtual states, nor very low-energy 
resonances exist, then our result implies that 
the size of a three-body barely bound state is of 
order r 0 «l/q. iB 

As indicated by these considerations, the main 
phenomenological implication of our remark re¬ 
lates to the size of barely bound N- body systems; 
it would therefore lead to specific predictions for 
several observables involving such systems 
(form factors, vertex functions, transition proba¬ 
bilities, reactions). Suffice it here to note that 
the main parameters affecting such predictions 
are the expectation values of r^, and that for 
these quantities, under the conditions implied by 
the above discussion, exactly the same results 
as given above for a two-body l -wave barely 
bound state hold, except for a redefinition of p 0 , 
that now reads f> 0 = 2A n , ln + 3A -7. 1 ’ Here K n .|„ is 
a nonnegative integer that is uniquely determined 
by the angular momentum, parity, etc. of the A- 
body state, and by the properties of the particles 


that constitute it (in particular, the kind of sta¬ 
tistics they satisfy); it equals die minimal value 
taken by the sum of the quantum numbers lj char 
acterizing the angular momenta of the Jacobi co¬ 
ordinates.* 0 

Finally we mention that, while in this paper we 
have focused on bound states, many of the phe¬ 
nomenological considerations also apply to (very 
low-energy) A-body resonances. A convenient 
technique to display the analogy 1 b the Hllbert- 
Schmidt technique, that allows one to associate 
normalizable wave functions also to resonances, 
and therefore provides a firm ground for the dis¬ 
cussion of properties related to their size.* 1 

It is a pleasure to acknowledge useful conversa¬ 
tions on the subject of this paper with A. M. 
Badalyan. One of us (F.C.) would like to thank the 
Institute of Theoretical and Experimental Phys¬ 
ics for the kind hospitality provided during a one- 
month visit, effected in the framework of the 
Comitato Nazionale per t’Energia Nucleare- 
Goskomitet po Islol’zovaniyu Atomnaya Energii 
scientific exchange agreement. 


"Permanent affiliations: Istltuto dl Flsloa, University 
dl Roma, 00185 Rome, Italy, and istltuto Nazionale dl 
Flsica Nuoleare, Sezione dl Roma, Italy. 

'Throughout this paper, for simplicity of language, 
we refer to zero-energy two-body S -wave states, even 
though, as discussed below, the corresponding wave 
functions are not normalizable (so that, strictly speak¬ 
ing, one should refer to suoh states as zero-energy 
resonances). 

2 E. P. Wlgner, Z. Phys. 83, 253 (1933), and Phya. 
Rev. 43 , 252 (1933); H. A. Bethe and R. Pelerls, Proo. 
Roy. Soc., Ser. A 149, 176 (1935). 

3 For the deuteron, \/q = 4.3 fmj the pion Compton 
wavelength A, that sets die scale of the longer -range 
part of the nucleon-nuoleon Interaction, Is less than one 
third of that (X e- 1.4 fm). 

'The Wlgner-Bethe-Pelerls argument applies only to 
the S -wave part of the deuteron wave function (see be¬ 
low) ; Indeed any property of the deuteron related to the 
(small) D -wave part of the wave function does provide 
additional information on the nuoleon-nucleon potential, 
besides that implloit in the value of the deuteron binding 
energy. 

*We are assuming, for simplicity, that the potentials 
vanish exponentially at infinity; but for the validity of 
the main result it is sufficient that they be lntegrable at 
long range (l.e., in three-dimensional space, that 
r l * t vM vanish asymptotically for some c >0). The ex¬ 
clusion of long-range potentials (for lnstanoe, Coulomb) 
is at course essential. 

'Here, and in the following, K V (Z) Is the modified 
Bessel function of the third kind. Also note that, where- 
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ever we mention the wave function, we understand the 
full (three-dimensional) wave function, namely, that 
normalised by Af , r|*| , =l. 

’Here, and always In the following, we exclude the 
exceptional case of positive-energy bound states. 

'This result (for N = 3) Is Implicitly contained In a 
report given some years ago by one of us [Yu. A. Simo¬ 
nov, in Proceedings of the Problem Symposium of Nu¬ 
clear Physics, Tbilisi, V.S.S.R., 1967, Vol. 1, p.7], 
and has been explicitly evinced from this reference by 
V. N. Efimov, who (in an unpublished seminar) mo¬ 
tioned this fact as the reason why the Efimov effect 
(V. N. Bflhnov, IJETP Lett. 16, 34 (1972)1, and Nucl. 
Phvs. A210, 167 (1973)) is not expected to occur for N 
>3. It should be emphasised that the result reported 
here for zero-energy bound states cannot be obtained 
by a simple limiting process from the results given in 
the recent papers dealing with the asymptotic behavior 
of die three-body wave function, that consider only non¬ 
zero-energy states: S. P. Merkuriev, Teor. Mat. Phya. 
8, 236 (1971), and Yad. Fiz. 19, 447 ( 1974 ) [gov. J. 

Nucl. Phys., to be published]; R. O. Newton, Ann. 

PtayB. (New York) 74, 324 a972). 

*The condition excluding (N—n )-body bound states 
might appear trivial, as a result of the assumed exis¬ 
tence of a zero-energy N -body bound state (see also 
Ref. 7). But the critical assumption for the validity of 
the theorem consists in the exclusion of zero -energy 
(N-a)-body bound states; and this is not an altogether 
exceptional eventuality, since it is for instance known 
that a zero-energy two-body bound state Implies the ex¬ 
istence of an infinite number of three-body bound states, 
whose energies accumulate at zero (this is the Efimov 
effeot; see Ref. 8). The Importance of this oondition 
relates however mainly to the physically more relevant 
case of an JV-body barely bound state, l.e., a state with 
nonvanishing, but very small, binding energy (soe be¬ 
low) . Let us also emphasize that the A-body bound 
state under consideration need not be the ground state 
of the Af-body system. 

‘“We treat for simplicity only the case of ordinary 
(three-dimensional) space; tho structure of the proof 
implies that the main result remains valid In d-dimen¬ 
sional apace, provided d(N-l) >4. 

"L. D. Faddeev, Zh. Ekap. Teor, Flz. 39, 14 59 (1960) 
[Sov. Phys. JETP 12, 1014 (1961)). 


I *9ee, for lnstanoe, F. Calegero and Yu. A. Simonov, 
Nucrvo Cimento 66B . 71 (1966). We refer here, for 
simplicity, to the case of spinless bosons. For the 
more general case, one must introduce the quantum 
number (see below). 

"The connection between the many-body bound-state 
problem and the higher-wave two-body problem has been 
been already pointed out and exploited in a different, 
but related, context: F, Calogero and Yu. A. Simonov, 
Phys. Rev. 169, 789 (1968). 

14 0. A. Jakubowsky, Yad. Fiz. 5, 1312 (1967)[8ov. J. 
Nucl. Phys. 4. 937 (1967)1; L. D. Faddeev, In Three - 
Body Problem in Nuclear and Particle Physics, edited 
by J. S. C. McKee and P. M. Rolph (North-HoUand, Am¬ 
sterdam, 1970), p, 154. 

l5 See, for Instance Merkuriev, Ref. 8, where, howev¬ 
er, the function z" + ,/,(x) is replaced by its asymp- 
totio part«" 1 exp(-z). 

"An example of the last kind (and with q,ecq a ) Is hy- 
pertrltlum (E deut 2.23 MeV, -2.3 MeV). 

l, One such example might be the trineutron, if it ex¬ 
ists as a bound state (or resonance; see below). 

"These arguments indicate that, if selection rules 
prevent a barely bound state for dissociating Into S- 
state components, then its size would be of order r 0 
■xl/q even if two-body bound states or resonances ex¬ 
ist. A three-body bound state with odd angular momen¬ 
tum and positive orbital parity is one such example. 

"Of course the coefficient of tee term giving the domi¬ 
nant contribution for small q depends on N, and on the 
precise definition of r. 

"See, for lnstanoe, the report by Yu. A. Simonov, in 
The Nuclear Many -Body Problem, Proceedings of the 
Symposium on Present Status and Novel Developments 
in the Nuclear Many-Body Problem, Rome, 1972, edit¬ 
ed by F. Calogero and C. Ciofi degli Atti (Editrioe Com- 
poaltori, Bologna, 1974), Vol, 1, p. 527. For instance, 
for a 1* system composed of three pions (like tlw u 
meson), K mm -2; for a 0* state of four ldentloal fermi¬ 
ons, K mm =3; and of course for the two-body case, 

sl See, for Instance, S. Weinberg, Phya. Rev. 131. 440 
(1936), and, for a more detailed discussion of three- 
body resonances. A, M. Badalyan and Yu. A. Simonov, 
Yad. Flz. 17, 441 (1973), and 18, 73 (1973) [Sov. J. 

Nucl. Phys. 17, 225 (1973), and 18, (1973)). 
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The bound |S* <l> (/«4-)| Soonstl/jgl^l* , uniform as the lattice spacing t~'0 t la sufficient 
to yield construction of a <P* field theory. In perturbation theory, this bound holds in space¬ 
time dimensions d * 4. The bounds on the a-point Schwinger functions follow from the given 
bound by the use of Lebowltr’s inequalities. They yield the growth Is*"*] «ot»l), consistent 
with the Osterwalder-Schrader axioms, which allow reconstruction of a real-time theory. 


We remark that a uniform bound on the two- 
point Schwinger function (with a lattice approxi¬ 
mation) yields the existence of a ip/ - pip model 
without cutoffs, Including the case p * 0. We as¬ 
sume that the two-point functions are labeled by 
a cutoff parameter e, the lattice spacing, and 
that for some 8 norm, independent of e, 

|S t < * , (/«’jr)l* : l/lgllls* (!) 

Theorem 1 .—With the assumption of (1), there 
exists a set of Schwinger functions tf n) (x u ,. ,, x.) 

■lim, S, ^(x,.O which satisfy the Oster- 

walder-Schrader axioms, 1 with the possible excep¬ 
tion of Euclidean covariance and clustering. 

Here c t denotes a subsequence of lattice cutoffs, 
and 0. 

Remark .—As Wilson observed, 2 the nontrivial¬ 
ity at the ip/ model may be more difficult to es¬ 
tablish than its existence. In particular, the hy¬ 
pothesis of Theorem 1 does not require the cor¬ 
rect charge or mass renormalization, even in 
perturbation theory. Thus the limiting theory 
could describe a free field, and, still worse, the 
possibility Is not excluded. Correct mass 

(and field-strength) renormalization prevents 
the vanishing of S 1 * 1 . 

We obtain uniform bounds on the »-point func¬ 
tion in terms of the two-point function, and con¬ 
vergence of the .9, by compactness. The uni¬ 
form bounds depend on correlation inequalities > 


which were proved In statistical mechanics by 
Lebowitz, 5 and which follow In ip* field theory by 
the spln-i approximation of Simon and Griffiths. 4 
Our use of these Inequalities in field theory was 
suggested by the work of Feldman 5 and especially 
the work of Spencer” on the elimination of even 
bound states in the <p 4 model. See also Gllmm 
and Jaffe, 7 where the inequality on the connected 
four-point function, S r (4) ~0, yields bounds on 
critical exponents by their mean-field values. 

Proposition 1. —Under the above hypothesis (1), 
with /, * 0 and p i 0, 

0®- * •»/.)«2" -'(* - 1) lA |/,| g . (2) 

where l/,l g is the same norm as in (1). 

Proof. —The proof Involves an induction hypoth¬ 
esis. We assume p - 0 and use the Lebowitz In¬ 
equalities’ 

<«?(>-<<7></>*-0. (3) 

Here 

t(x) = \(tp+ %), q(x) = i(<p-ip), 

/=n,/(*,), q= n,?(*,), 

and ip denotes a duplicate Euclidean field vari¬ 
able. The restriction p • 0 is no loss of general¬ 
ity, by the <p- - <p symmetry. We take 

t =fl l(x,), q = ?(*„ ♦,)?(*„ „), 

i= 1 

and we write (3) as 


SrS(~ A-)(S(.Y, 

*»!♦ 1» *n+'l ) -S(A)S(x a ,|, L„, 2 ) + S{.\)S{x i " Si-’(A, x n+1 )iS(~ A, A,,,.,), (4) 

where A’ denotes a subset of ,v„ ..., x m , and ~ A’ the complement of X. By the Griffiths -Kelly-Sherman 
inequalities,” each term on the left-hand side of (4) is positive. Thus, in particular, 

0' S ( " +2, (x„ ..., x„ rl )-S<">(x l .-OS (2, (*„.„ .r„ + ,)+S*S(X, x m , 1 )S(~ X, *„„), (5) 

and we have bounded by a sum of products of lower-order Schwinger functions. 
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Tb« inductive hypothesis we use is (2) for /, » 0 and *>1. For »*= 2, the hypothesis follows from (1), 
while for n = l, it follows from the Schwarz Inequality and from (1): 

Assuming the inductive hypothesis for 5* °.S< we prove it for By (5), 

S^CTi®- • -®/J « 2"[(n -1) I +EM l(n - |X!) t] ft i/ t |g*2~‘(n + 1) iff |/i!g. 

X (ml 1*1 

Here we use the fact that with IXI=j there are (J) choices for the subset. This completes the proof of 
the induction hypothesis. 

We consider the norms on HR*), 

|/|>sup,|(l+z*)7-W|. . 

Proposition 2 .—With the assumption of (1), there exists r < “ such that 
|S < u, (/®x)|«const|/|,|^|„ 
with the constant uniform in e. 

Proof. —Because S**’ is positive, and defined on 8 ® 8, it is a positive measure. Let 0 - x>(*) “xO* ~j 
be a C 0 " partition of unity, with jc Z*. Then 

|S <1, (/®x)l«S(8up Iupi , xl . )(j |/®^|)5 <J> (x ( ®Xi). 

Since the x< are translates of a particular function, for some m <«°, 

< lx<lg bol,*const(l + mi +)T, 

with the constant uniform in e. By choosing r=m +d, the proposition follows. 

By linearity, we then obtain from Propositions 1 and 2 the following: 

Corollary. —With the assumption of (1), there exists r < », and c <such that 

lS t <"M/ 1 ®---®/ n )Hc”»lfl|/ i | r . (6) 

Here /,e 8(ft'), and the constants are uniform in e. 

Proof of Theorem 1 .—The existence of a convergent subsequence, as e- 0, follows from the Corol¬ 
lary to Proposition 2 by compactness, and the same bounds hold in the limit. The symmetry and Os- 
terwalder-Schrader positivity of the lattice Schwinger functions are known for a finite-volume theory® 
and easily extended to the infinite-volume and e = 0 limits. This completes the proof. 

Corollary. —With the assumption of (1), the generating function 

2{/} = SS<”(/»-•-«/)/» 1 

n«0 

is an analytic function for / in a neighborhood of the origin in 8(ft'). It is also the characteristic func¬ 
tion for a unique measure dq on 8'(ft'), i.e., 

Z{/}= Je« n dq, Sfi‘ ) {f l ,...,f K )*J<p{f l )---<p{fJdq. (7) 


Proof .—The existence and analytlcity of Z fol¬ 
low immediately from (6), while the existence 
and uniqueness of dq follow by Minlos’s theorem. 

We remark that a number of other known pro¬ 
perties of (?>' - are also a consequence of 
hypothesis (1). In two and three dimensions, 
Theorem 1 may provide an alternative method 
for proof of existence of the theory. In three 
dimensions, the finlte-Bpace -time -volume ip* 
theory exists 10 ’ 11 and is a limit as e-0 of a lat¬ 
tice theory. 1 * It is sufficient to verify hypothesis 
(1) in the finite-volume, e = 0 theory, since the 
Lebowitz Inequality (3) and the proof of (2) extend 


to the t = 0 limit. Then the norm |/|g must be 
uniform in the volume. 
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Death of White Holes in the Early Universe* 

Douglas M. Eardley 

California Institute of Technology, Pasadena, California 91109 
(Received 10 June 1974) 

A white hole (a compact, long-delayed region of the big bang) cannot exist, becauae It 
suffers an exponentially growing Instability that converta It into a black hole. Such Insta¬ 
bilities might have homogenized the early universe. 


Little is known about the dissipation of lnhomo- 
geneities In the big bang. 1 This Letter reports 
an analysis of one very simple class of Inhomo¬ 
geneous cosmological models, the “white-hole” 
or “lagging-core" models due to Novikov and 
Thorne’ -3 and to Ne’e man. 4 In such a model, a 
small region of matter emerges from the Initially 
singular state at a much later time than its sur¬ 
roundings do (emerging either all at once or, 
more generally, gradually). The main conclusion 
Is that a white-hole lnhomogenelty Is violently un¬ 
stable and Inevitably converts itself into a black 
hole. Detailed calculations leading to this con¬ 
clusion will be published elsewhere." The £ mod¬ 
els, mentioned below, suggest the general con¬ 
jecture that such Instabilities would have been a 
powerful dlsslpator of severe Inhomogeneities In 
'.he early universe, while leaving mild inhomoge- 
leltiea untouched. 

During Its lifetime, a white hole acts as a com¬ 
pact body of some mass M; M decreases as mat- 
:er flows out. The white hole attracts and is at- 
:racted gravitationally, and It has a finite cap- 
.ure cross section for photons, o = 27nAf’. (Units 
ire natural, G = c = 1. so M stands indifferently 
or mass, radius, or light crossing time. The 
white hole Is taken as nonrotating.) But the fate 
sf accreted matter (Ions, photons, neutrinos,...) 
Is unique: Matter cannot reach the initial singu- 
arity within the white hole; it plies up at a parti¬ 
te horizon' (one-way surface allowing only out¬ 
ward flow). Now, any physical agent which thus 
compresses photons must shift them to the blue. 


by conservation of phase space. In fact, calcula¬ 
tions show that photons are strongly compressed 
at the particle horizon, and blue-shifted 7 accord¬ 
ing to hv ■* exp((/4M). Other forms of matter, 
and also gravitational waves, suffer the same 
fate. So a white hole Is unstable to the formation 
of an exponentially strengthening "blue sheet” of 
accreted, highly accelerated mater at the parti¬ 
cle horizon. Even the minuteBt amount of accre¬ 
tion suffices, because of the exponential growth.' 
Two consequences ensue. 

Firstly, the blue sheet Interacts with and 
strongly heats any matter that emerges from the 
singularity and flows out of the white hole. But 
this heating process cannot go on for long. There 
is a second, dominant process. Even with the 
neglect of matter-matter Interactions, the gravi¬ 
tational field of the blue sheet becomes dynami¬ 
cally Important after a short time Interval, A/ 

* AM ln(A//6Af) (*a few hundred Af, at most); here 
SAf is the original mass energy of accreted mat¬ 
ter. 

The effect of this gravitational field is to focus 
outgoing null rays so strongly that they recon¬ 
verge. Therefore the entire white hole becomes 
sheathed in an event horizon 6- • outside the blue 
sheet. From the viewpoint of an external observ- ' 
er, it Is converted into a black hole. Matter 
which emerges from the singularity at still later 
times immediately recollapses, without being ex¬ 
ternally observable. (The Increasing stress en¬ 
ergy of the blue sheet does not change the exter¬ 
nally measured mass Af, because the blue sheet 
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The following Blmple model demonstrates the 
rravltatlonal ettect oi the blue sheet. Take maxi¬ 
mally extended Schwarzs child space-time In dou- 
ole-null Kruskal coordinates, 10 

ds J = - (3 IbP/r) exp(- r/2M)du dv 

+ >^(<3©* + 8ln 3 9 d<f ?), 

where r le related to « and v by uv = (1 - r/2Af) 
xexp(r/2M), and where v is constant on ingoing 
null rays, u on outgoing ones. Cut it into two 
pieces along the entire ingoing or particle hori¬ 
zon v = 0. Paste the pieces back together with a 
warp, 11 according to (u, v*0~, 8, <p) = (u + a, v 
= 0 + , 8, tfi), where a is a positive constant. 13 The 
horizon v = 0 thereby becomes a blue sheet: The 
Riemann tensor now has a term proportional to 
5(e); this term represents, through the Einstein 
equations precisely the gravitational 

field of a null stress, T r „ “ afl(v)p i(1 t> tt ,/[4ff exp(l)], 
due to matter streaming ultrarelativistically 
along the horizon v = 0. (This model is a limiting 
form of the Vaidya solution. “) A time transla¬ 
tion t~t*b (here t is Schwarzschild time, l = 2Af 
xln|e/«l, and b is a constant) has on this model 
the effect a-aexp(*/4Af); the blue sheet strength¬ 
ens exponentially In time. 18 

Now, a white-hole model 3 consists of a piece 
of the Schwarzschild solution, Interpolated be¬ 
tween the surrounding universe and the eventual¬ 
ly emergent matter; see Fig. 1(a). The unstable 
particle horizon is necessarily present, and any 
accretion whatsoever at sufficiently early times 
engenders a blue sheet (strictly speaking, not ex¬ 
actly on the particle horizon, but exponentially 
close). The model above then shows that an event 
horizon forma; see Fig. 1(b). So the lifetime of 
a white hole against turning into a black hole via 
the blue-sheet Instability is very short, say t 
£400A# ft >2xl0' a (Af/M o ) sec; white holes cannot 
exist in the present universe. 

Then, were dying white holes an important 
source of heat in the early universe ? The main 
difficulty with this Idea is that the resulting black 
holes are Implausibly large and numerous. In 
plausible models, such as the £ models below, 
thermal energy imparted to outgoing matter by 
the blue sheet cannot much exceed the rest-mass 
energy of the black hole. Cosmologically, ther¬ 
mal energy Is lost by adiabatic expansion, while 
black-hole mass Is conserved. 3 It follows that 
this process is barely adequate to explain the en- 




Space-time to the right at 
the emerging matter (arrows) la part of the Schwarss- 
chlld solution. The reat of the Schwarzschild solution 
is not physically present (dashed lines); it la replaced 
by some Interior solution for the sphere of emerging 
matter. The singularity (r=0) is a delayed part of the 
big bang; it is enclosed in a particle horizon (r» 2M>. 
The rest of the universe Ilea far to the right, (b) When 
a blue sheet (double line) forms at the particle horizon, 
an event horizon (r» 2M) appears, entailing the recol¬ 
lapse of the matter to a future singularity (v-0), and 
forming a black hole. 


tire present entropy content of the cosmic micro¬ 
wave background only If the process continued un¬ 
til nearly the time of recombination 13 (f »2xlO M 
sec); since only huge (M*10 17 Af e ) white holes 
could live even that long, equally huge black holes 
must presently he a major form of mean mass 
density (fl ^ 0.10), which can be ruled out obser- 
vationally. 18 

A white hole represents a very severe, local 
Inhomogeneity In the big bang; we discover a 
very violent instability. Can we now place a lim¬ 
it on the inhomogeneity of the early universe by 
distorting a homogeneous cosmological model to¬ 
ward more and more severe Inhomogeneity, and 
noting the onset of this instability ? In particular, 
consider a white hole of mass M 0 and total delay 

choose the single parameter £ = t 0 /M 0 as a di¬ 
mensionless measure of the severity of inhomo¬ 
geneity. 

Define the one-parameter sequence of cosmo¬ 
logical “£ models” 8 : These are Just spherically 
symmetric, 17 ' 18 marginally bound, similarity so¬ 
lutions 13 ' 30 of the Einstein equations for pressure¬ 
less matter (dust). The proper mass of each 
spherical dust shell is dM; M = jdM is the total 
proper mass within a given shell, and serves as 
a radial coordinate. The coordinate t measures 
proper time for each shell. The space-time met¬ 
ric is 

ds* - - dt* + X 1 dM* + Y^dP + sin 3 # d<p*), 
whereX-(f + 3£Jf)4flAf 3 (< + £ig)l 1/3 , F-[9JM(f+£ 
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xjw)*/2] l/ \ A shell M emerges from the singular 
state (marked by Y = 0) at time t = - £M; hence, 
during its lifetime, the white hole disgorges mat¬ 
ter at the constant rate dM/dt = - 1/i. For £ * 0, 
the £ model is identical with the homogeneous, 
spatially flat Friedmann cosmology; for £-«, 
it locally approaches a piece of Schwarzschild 
space-time. 

Consider distortions in causal structure, par¬ 
ticularly the appearance of horizons, as one 
moves along the sequence of £ models from £ = 0. 
For all £, there is a region of past-trapped* 
spheres to the past of the hypersurface ( = -(£ 

- 4/3)Af, keeping future-directed timelike curves 
from approaching the singularity. But for small 
£, there is no well-defined horizon where geo¬ 
desics pile up. For values £ * £ C rit = •?■ +5V3i 

a 17.327, there appears Just outside the past- 
trapped region a similarity horizon (that is, a 
null hypersurface, the generators of which are 
parallel to the "similarity vector,” 20 fSj+Afa^). 
This similarity horizon is the hypersurface l 
= -z(£)3f, where z(£ crlI ) = 7 + 4i/3, and *(£) = £ 

- B/£+0({~ a ) as £-«■. As £-«, the similari¬ 

ty horizon becomes the particle horizon in 
Schwarzschild space-time. This similarity hori¬ 
zon attracts photons, and shifts them to the blue 
according to u |“>**>, where p(£ crl ,)= 1, and 

/>(£) » £/4 - +0(£'*) as £ - «>. So it is unstable 

to the formation of a blue sheet. Therefore, 
along the sequence of £ models, a sufficiently 
mild lnhomogenelty (£ *■ is stable to blue- 

sheet formation. The value £ rr i t marks the onset 
of the blue-sheet instability; the instability is 
weak at onset l/»(£ C rit) = 1], but becomes increas¬ 
ingly violent as £ Increases further |e.g., £>( 100) 
*22.621. 

The gravitational effect of a blue sheet in a £ 
model for £ * £ cr)( can be treated exactly, by the 
method above; if the blue sheet becomes dynam¬ 
ically important at time /, the product is a black 
hole, Mae \t l/£, with no strong disturbance to 
dust outside M. 

The £ models motivate the general conjecture 
that blue-sheet instabilities limited the inhomo- 
genelty of the early universe to finite values, 
perhaps forming black holes. It will be of great 
interest to investigate the blue-sheet instability 
in other Inhomogeneous cosmological models, 
with noncompact particle horizons, 20 where there 


exists the possibility that no black hole forms, 
and that all of the strongly heated matter is dis¬ 
persed into the expanding universe. 

I am grateful to W. H. Press, M. Demianskl, 

S. A. Teukolsky, and K. 8. Thorne for discussion 
and comments. 


’Work supported in part by the National Science Foun 
d alloc under Grant No. GP-30687X. 

*C. W. Mlsner, in Battelle Rencontrea, 1967, edited 
by C. M. DeWltt and J. A. Wheeler (Benjamin, New 
York, 1968), p. 117. 

*1. D. Novikov, Aetroo. Zh. 41. 107B (1964) [Sov. 
Astros. AJ 8, 8S7 (1966)]. 

*1. D. Novikov and K. 8. Thorne, in Black Holes, Lea 
Houckea 1972, edited by C. DeWltt and B. DeWltt 
(Gordon and Breach, New York, 1973), p. 446. 

4 Y. Ne'eman, Astrophys. J. 141 , 1303 (1965). 

*D. M. Eardley, to be published. 

*W. Rindler, Mon. Notlc. Roy. Astron. Soc. 116 , 662 
(1956). 

T Such “blue-shifting horizons” occur in other space¬ 
times; see C. W. Mlsner and A. H. Taub, Zh. Eksp. 
Teor. Fiz. 56, 233 (1968) [Sov. Phys. JETP 28, 122 
(1969)]. 

'Accretion was discussed by Ya. B. Zel’dovlch and 
I. D. Novikov, Astron. Zh. 43, 758 (1966) [Sov. Astron. 
AJ ID, 602 (1967)], but the exponential growth was not 
discussed. These authors each have very recently dls- 
oussed quantum particle creation inside white holes, 

*S. W. Hawking and G. F. R. Ellis, The Large Scale 
Structure af Spacetime (Csmbrldge Univ. Press, Lon¬ 
don, 1973). 

">C. W. Mlsner, J. A. Wheeler, and K. S. Thorne, 
Gravitation (Freeman, San Francisco, 1973), p. 828. 

ll R, Penrose, In General Relativity: Fapera in Hon¬ 
our nfJ.L. Synge, edited by L. O’Ralfeartalgh (Claren¬ 
don PreBB, Oxford, England, 1972), p. 101. 

«A function a(6<p) describes an arbitrary anisotropic 
accretion, see Ref. 5. 

1S P, C. Vaidya, Proc. Indian Acad. Sci., Sect. A 33, 
264 (1951). 

,4 The observational interpretation of this statement is 
a little Involved; see Ref. 5. 

15 Compare M. J. Rees, Phys. Rev. Lett. 28, 1669 
(1972). 

* 6 W. H. Press and J. E. Gunn, Astrophys. J. 185 . 397 
(1973). 

lr R. C. Telman, Proc. Nat. Acad. Sol. 20, 169 (1934). 
“H. Bondi, Mon. Notlc. Roy. Astron. Soc. 107, 410 
(1947). 

**M. E. Cahill and A. H. Taub, Commun. Math. Phys. 
21, 1 (1971). 

~^D. M. Eardley, California Institute of Technology 
Report No. OAP-347 (to be published). 


444 



Volumi 33, Numui 7 


PHYSICAL REVIEW LETTERS 


12 August 1974 


Integral Formalism for Gauge Fields 

C. N. Yang 
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(Received 10 June 1974) 

A new Integral formalism for gauge fields la described. Further developments are 
presented, including gravitation equations related to, but not identical with, Einstein's 
equations. 


It was pointed out by Weyl many years ago 
that the electromagnetic field can be formulated 
in terms of an Abelian gauge transformation. 
This idea was extended 1 in 1954 to the concept 
of gauge fields for non-Abelian groups. That 
formulation, like the Weyl formulation for elec¬ 
tromagnetism, was based on the replacement of 
8 ii by 8 ii - ieB v . One might call such formula¬ 
tions differential formulations. It is the purpose 
of the present paper to reformulate the concept 
of gauge fields in an integral formalism. The 
new formalism is conceptually superior to the 
differential formalism and allows for natural 
developments of additional concepts. It further 
allows a mathematical and physical discussion 
of the gravitational field as a gauge field, re¬ 
sulting in equations related, but not identical, 
to Einstein’s. 

The basic point is the fact that electromagne¬ 
tism is a nonintegrable phase factor, a fact dis¬ 
cussed many years ago by Dirac, Pelerls, and 
others, and more recently by many authors. 9 
This fact is now generalized as follows: 

Definition of a gauge field. —Consider a mani¬ 
fold with points on it labeled by v* 1 (p. = 1, 2 ,..., 
n) and consider a gauge G which is a Lie group 
with generators X* {k = 1, 2,..., m). [For G 
=17(1) we have electromagnetism; for G non- 
Abelian we have non-Abelian gauge fields. ] De¬ 
fine a path-dependent (i.e., nonintegrable) phase 
factor (pjia as an element of the group G associ¬ 
ated with path AB between two points A and B on 
the manifold. The association is to have the 
group property: <Pabc » VabVbc. where the paths 
AB and BC are segments of ABC. Furthermore 
for an lnfinltlesimal path A to A+dx 11 the phase 
factor is close to the Identity / of G, so that* 

VAtA*«>=I+b fl k (x)X l ,dx'‘. (1) 

The function defined on the manifold will 
be called a gauge potential; <Pab will be called a 
gauge phase factor. 

With this definition additional concepts and the¬ 


orems are naturally developed. We summarize 
some of these below. Details will be published 
elsewhere. 

Gauge field strength. —Consider a path ABC DA 
forming the border of an infinitesimal parallelo¬ 
gram with sides dx and dx'. <p AS cda can be com¬ 
puted by multiplying four phase factors like (1) 
together, resulting in 

< pABCDA-i't-fiiJ‘X k dx 1 * dx 1 " ; ( 2 ) 

where 

f * - _ 8 b ■;* - ft 1 h ‘c *_ f * (q\ 

in which C,/ is the structure constant of G: 

X*X,-X,X,=C„'X,. (4) 

f v k will be called a gauge field, or gauge field 
strength. They are the Faraday-Maxwell fields 
when G =17(1). 

Gauge transformation. —A gauge transforma¬ 
tion in the Integral formalism is defined by a 
transformation 

<PaB~" <Pab' = iA<PABis 1 . (8) 

where {a is an element of G which depends on the 
point A. It is clear that under (5) 

PABCDA-" <PabCUa' = KaVabcDaKa l . (6) 

Thus 

V‘M*|A, dJ l.7>/,, 1 ,', (7) 

where B, dl is the adjoint representation for the 
element 4*. The simple transformation property 
(7) Is the definition for the concept that/ p „* Is 
gauge covariant. Generalization to other repre¬ 
sentations R of G for a gauge-covariant quantity 
4 1 asy'is immediate*: 

* is not gauge covariant; /„„* Is. 

Gauge-covariant differentiation .—To retain 
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gauge covariance in differentiation we define 




(9) 


where Z t is the matrix representation of X k . Gen¬ 
eralization to other cases is obvious. An inter¬ 
esting theorem is that 

/|li'|x* + /i<x|)i* + /xjji'* = 0 i ( 10 ) 

which is the gauge-Bianchi identity. 

Introduction of a Riemamtian metric .—So far 
we need no metric for the manifold. Now we in¬ 
troduce a metric for it and discusB arbitrary co¬ 
ordinate transformations. We come then natural¬ 
ly to Riemamtian covariant quantities and doubly 
covariant derivatives. b v k is Riemannian covari¬ 
ant, since <p AB is coordinate-system independent. 
f v „ k is doubly covariant. We have 

^•ii =i ^*lp • 


f , * \ a I»_ i « (,• * 

>•' 'Vl» 1 ,lA l trt" -j uX | -V , 


etc. It is easily shown that 

/ B i'H a* »■ xnu b "t/x(iit i* - 0 


( 12 ) 


which is satisfied by all gauge fields on all Rle- 
mannlan manifolds. 

Source of gauge fields .— We define, in analogy 
with electromagnetism, a source four-vector «/ M * 
for a gauge field: 


/ * _ „ " X , * _ , I 

"M -A /pern —(i v 


(13) 


After some computation one derives a theorem: 
g t,K J v m*=0 (conserved current), (14) 


which in electromagnetism states charge conser¬ 
vation. In Ref. I this was Eq. (14). One can also 
generalize Eqs. (15) and (16) of Ref. 1, leading 
to the concept of “total charge.” 

Parallel-displacement gauge field .—For any 
Riemannian manifold, the important concept of 
parallel displacement defines, along any path 
AB, a linear relationship between any vector V A 
at A and its parallel vector V B at B. Thus paral- 
el displacement is defined by an matrix M AB 
which gives this linear relationship. M AB is a 
representation of an element of GL(«). Thus we 
have the following: 

Theorem .—Parallel displacement defines a 
gauge field with G being GL(m). The index k has 
a* values and we write k = ( ad). The gauge poten¬ 


tial and gauge fields are respectively 



It is important to recognize that in this defini¬ 
tion we have chosen a fixed coordinate system. 

A coordinate transformation would generate a 
linear transformation in the vector spaces V A 
and V B . In other words AfxB—AxAfjiBfVa* 1 . Com¬ 
parison with (5) shows thus that a coordinate 
transformation generates a simultaneous gauge 
transformation of the parallel-displacement gauge 
potential. In fact, the usual nonlinear term in the 
transformation of { a “ r } is precisely the nonlinear 
term needed in the gauge transformation of the 
gauge noncovariant quantity h M (aS) . In this con¬ 
nection we observe that for GL(n), 

^"(xJutiC' = 6 M1 £ oX 6 Bc “ 6 Xt 5 ai, 6 dp • (16) 


Thus by definitions (9) and (11) 


A 

_ . I. (XlO r 

r lip" a,p v 

, a 

-v «:p . 


(nfll J,f »e> 

( XI.)(!,{) '>' 


(17) 


where the semicolon represents the usual Rie¬ 
mannian covariant differentiation with a and 0 
treated as usual contravariant and covariant in¬ 
dices. The rule works also in general. E.g., 

I V--R"bbi',X • (18) 


Nontrivial sourceless gauge fields .—Gauge 
fields for which f B ,. k * 0 and = 0 are of physi¬ 
cal interest. So far only nonanalytic examples 
are known.' 

We now can construct two general types of gen¬ 
eral types of examples. 

(a) Consider the natural Riemannian geometry 
of a semisimple Lie group. Its parallel-displace¬ 
ment gauge field is sourceless and analytic. 

(b) Consider the same Riemannian manifold of 

a group G as above in (a). Define <p AB as that for 
an infinitesimal path AB, <p AB = This 

gauge phase factor which is itself an element of 
G gives a gauge field which is analytic and 
sourceless. 

Pure spaces .—A Riemannian manifold for 
which the parallel-displacement gauge field is 
sourceless will be called a pure space. A nec¬ 
essary and sufficient condition for a pure space 

is 


R. 


fl ‘ 


: a 


( 19 ) 


A four-dimensional Einstein space, i.e., one for 
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which R aB = 0, Is a pure space. 

Gravitational field as a gauge field. —The elec¬ 
tromagnetic field and the usual gauge fields are 
special cases of gauge fields, satisfying (12) and 
(13). A natural question is whether one should 
identify these same equations for the parallel- 
displacement gauge field as the equations for the 
gravitational field. There are advantages in this 
identification and we shall come back to this topic 
in a later communication. 11 one adopts this iden¬ 
tification then gravitational equations are third- 
order differential equations 5 for g A pure 
gravitational field is then described by a pure 
space as defined above. 

Variational principles. —-Equation (13) with J * 

= 0 follows from a variational principle 
6 f ■f-gd” x - 0, where 

( 20 ) 

In the variation g is kept fixed and b u k is var¬ 
ied, and /„„* is given by (3); C,/ are not varied. 
One could also find a variational principle which 
is satisfied by a pure space (19). Choose C*,* to 
be the structure constants for GL(«), given by 
(18). Write the L of (20) as a functional of 6„ fa81 

andjr* 1 ': 

L=L{b< a 6 \g x ''), (21) 

which of course also contains derivatives of b v k 


and g Xv . Now form the variation 

i‘Vi ({„“}-»")] 

xS-yd" r=0, ( 22 ) 

in which b^ at) and g Kv are independently varied. 
The resultant equations are satisfied by (15) and 
(19). 

It is a great pleasure to acknowledge the warm 
hospitality extended to me during my visit to the 
Institute of Theoretical Physics at Wroclaw 
where this paper was written. 


’c. N. Yang and R. L. Mills, Phys. Rev. 96, 191 
(1954). — 

2 S. Mandelstam, Ann. Phys. (New York) 19 1. 25 
(1963). 1 . Biafynleki-Birula, Bull. Acad. Pol. ScL, 
Ser. Sci. Math. ABtron. Phys. _11, 135 (1963). 

use the summation convention for repeated in¬ 
dices, Greek Indices run from 1 ton. lower case 
Latin indices run from 1 to m. m of course is also the 
dimension of the adjoint representation of G. Upper 
ease Latin indices run from 1 to Af , where M le the 
dimension of a representation of G. 

4 T. T. Wu and C. N. Yang, in Properties of Matter 
ttndev Unusual Conditions, edited by H. Mark and 
S. Fornbach (Wiley, New York, 1969), p. 349. 

S R. Utiyama, Phys. Rev. 101, 1957 (1956). had con¬ 
cluded that Einstein’s equations are gauge-field equa¬ 
tions. We believe that was an unnatural Interpretation 
of gauge fields. 
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Observation of Single-Pion Production by a Weak Neutral Current* 


S. J. Barish, Y. Cho. M. Derrick, L. G. Hyman, J. Best, P. Schreiner, 

R. Singer, R. P. Smith, and H. Yuta 
Argottne National Laboratory, Argonne, Illinois €0439 

and 

D. Koetke 

Concordia Teachers College, River Forest, Illinois 60305 
and 

V. E. Barnes, D. D. Carmony, and A. F. Garflnkel 
Purdue University, Lafayette, Indiana 47907 
(Received 28 May 1974) 

In exposures of the Argonne National Laboratory 12-ft bubble chamber filled with hydro¬ 
gen and deuterium to a neutrino beam, we have observed events consisting of (1) a single 
r* meson originating In the liquid, and (2) a proton with an e*e~ pair pointing to it. Only 
a small traction of these events can be ascribed to known reactions such as np — nnr* and 
np — ups *. The remaining events, which correspond to a signal of about 4.5 standard de¬ 
viations , we ascribe to the reactions vp —* vnit* and vps 0 . 


In the conventional current-current theory of 
the weak interaction, only charge-changing lep¬ 
ton bilinear combinations (u^p“), etc., are used 
and, although the theory is not renormalizable, 
it accounts in a quantitative way for almost all 
experimental facts. Direct evidence for neutral- 
current combinations such as (v, v) is difficult to 
obtain, and it is only recently that experiments 
searching for the existence of the inclusive reac¬ 
tions vN — v + anything and vN - V + anything have 
reported positive results. 1 In strangeness- 
changing decays, no evidence has been seen for 
neutral currents and very stringent limits have 
been set. Formulations of weak interaction theo¬ 
ry that are renormalizable have been proposed 9 
and require the existence of neutral currents or 
heavy leptons. Thus, the question of the exis¬ 
tence and properties of the neutral-current inter¬ 
action is of paramount importance. 

Our experiment measures single-pion produc¬ 
tion through the reactions 3 

p - lytir * , (1) 

v t p-v u pa°. ( 2 ) 

Three separate exposures of the Argonne Nation¬ 
al Laboratory 12-ft bubble chamber were used: 
the first with a hydrogen filling and the other two 
with deuterium fillings. Each exposure consisted 
of about 300000 pictures and had about 4 x 10 17 
protons incident on the primary production tar¬ 
get. An analysis of single-pion production in the 


charged-current reaction 

vp-ppn* ( 3 ) 

and a brief description of the experimental ar¬ 
rangement have been published. 4 

The signal for Reaction (1) is a single n* mes¬ 
on originating in the chamber fiducial volume of 
11.1 no 1 . Ten events were uniquely identified as 
n * mesons because the single positive track 
stopped in the chamber and decayed via the chain 
Four events were identified be¬ 
cause the track scattered giving a unique kine¬ 
matic fit to v*p elastic scattering. In addition, 
four leaving n* tracks were uniquely identified 
on the basis of energy loss. If Interpreted as 
protons, they were overstopped by 5 or more 
standard deviations, and they are inconsistent 
with incoming ff". 5 

The signal for Reaction (2) is a proton track 
originating in the chamber fiducial volume with 
a converted y ray (e *e ' pair) pointing to the ori¬ 
gin of the proton track. We find thirteen events 
of thiB topology which we refer to as one-prong 
+y. Because our experiment is done near thresh¬ 
old, 99% of the protons from the vp — p 'pa * events 
have the azimuth and dip of the proton track with¬ 
in 60° of the neutrino beam direction, and we ap¬ 
ply this selection to the proton track of the one- 
prong +y events. In addition, 88% of protons 
from Reaction (3) have momentum <1 GeV/c, so 
we apply this cut. Eight one-prong +y events sat- 
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lsfy these criteria. 

Since the Reactions (1) and (2) are not con¬ 
strained, we cannot prove that any Individual 
event originates from these reactions and not 
from such processes as 

np — nnv*, (4) 

np-nfn 0 . (5) 

We measure the neutron background using events 
of the reaction* 

np~pp*~, (8) 

which are observed as three-prong events and 
are Identified by a one-constraint kinematic fit. 
Since the final states nnn*(rt°) and ppn ~(v°) are 
charge symmetric, the number of events fitting 
the ppn ' hypothesis is a direct measure of the 
number of v + mesons coming from the nnn* final 
state." 

In order to scale our observed number of np 
- ppm ‘ events to measure the background from 
Reactions (4) and (5) within our selection criteria, 
a number of correction factors are necessary. 
These corrections were measured In a separate 
experiment In which the bubble chamber was ex¬ 
posed to a 0- to 3-GeV/c neutron beam. This ex¬ 
posure well simulates the neutron background we 
observe In the neutrino exposure. 

Figure 1 shows the plon momentum spectrum 



400 600 1200 400 800 1200 1600 2000 


P T (Mev/c) fprotw < Uev/c > 

FIG. 1. Plon momentum spectrum for (a) the slngle- 
» + -meson sample, eighteen events; (b) vp — n~p** • 

133 events; (c) np-~ppr~ In the neutrino film, twelve 
events; and (d) np-’ppn' In the neutron film, 51 events. 
The shaded events In (b) represent the vp—p'pn* 
events after applying our detection efficiency on the 
single t* sample. Proton momentum spectrum for (e) 
the one-prong +y sample, nine events; (f) vp—ii’p**, 
102 events; (g) np-~ppr~ In the neutrino film, fourteen 
entries; and (h) np-~ppx m In the neutron film, 102 en¬ 
tries. 


for (a) the single-v + meson sample, (b) the n'ptr* 
events, (c) the ppn ' events in the v film, and 
(d) the ppt * events observed In the auxiliary neu¬ 
tron experiment. As seen In Fig. 1(b), only 12% 
of the charged-current events have plon momen¬ 
tum 3> 400 MeV/c; In addition, our detection effi¬ 
ciency for single n* is low above this momentum 
so we select as a neutral-current signal n* mes¬ 
ons with momentum below 400 MeV/c. Further¬ 
more, we find that 90% of the background neu¬ 
trons which give rlBe to Reaction (6) enter through 
the top of the chamber (where the shielding is 
weakest because of the camera ports), and pro¬ 
duce a n " which also goes downwards. Hence, 
we chooBe events with the plon traveling upwards 
in the chamber. These selections give a neutron- 
induced background from Reaction (4) of 0.55 
± 0.55 events. 

In order to measure the background from pho- 
toproduced meson ayp-nt*, etc., we use the 
e*e ‘ pairs found In a scan of 55 000 pictures. Al¬ 
most all of these palro are close to cosmic-ray 
tracks as the photon has been produced by brems- 
strahlung in the magnet iron above the chamber. 
By rejecting all events having the vertex within 
20 cm of any cosmic ray, we drastically reduce 
this background." After this selection, the mea¬ 
sured photoproduced background to Reaction (1) 
is 0.33 ± 0.10 events. 

For those events where the n * leaves the cham¬ 
ber, a possible background is P p — Using 

our P beam contamination, we calculate a back¬ 
ground of 0.04± 0.04 events from this reaction. 
Finally, /^"-induced background from, for ex¬ 
ample, K l °- An 1 has been measured and Is found 
to be negligible. 

We now discuss the background contributions 
to the one-prong +y events. Figure 1(e) shows 
the proton momentum distribution for these after 
the angle selections discussed previously. Fig¬ 
ures l(f)-l(h) show the proton momentum spec¬ 
trum from the vp -p 'pn* events and the np-ppn * 
events from the v film and the neutron film, re¬ 
spectively. Applying the same selections to the 
ppn " events as to the one-prong +y events, we 
are left with five ppn " events. We have mea¬ 
sured the empirical ratio of one-prong +y events 
to ppm " events to be 0.19 ± 0.04 In our neutron ex¬ 
periment, so after some small corrections, the 
neutron background to Reaction (2) Is 0.92±0.40 
events. 

The photoproduced background yp-pn° was 
measured as described above and Is only 0.02 
± 0.01 events. The probability of a converted y 
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ray accidentally pointing to a one-prong event 
waa determined to be 0.11 ± 0.11 events. The K L °- 
Induced background was again found to be negli¬ 
gible. Finally, for the one-prong + y events, 
there Is a background source consisting of an In¬ 
coming v ' that undergoes charge exchange with 
the subsequent conversion of one y ray from the 
n°. We have measured this background by analyz¬ 
ing «•>-»> scatters of all n ' that enter the 
chamber and whose tracks could not be distin¬ 
guished from a leaving proton. By scaling from 
the known elastic and charge-exchange cross 
sections, this background was measured to be 
0.52±0.23 events. 

Table I gives a summary of the events found. 

With the selections mentioned, we observe with 
no other corrections seven single-ff 4 events and 
seven one-prong +y events with a total measured 
background of 2.49 ±0.73 events. Folding the 
Poisson-distributed fluctuations of the background 
with the uncertainty of 0.73 In the measured back¬ 
ground level, the probability of seeing fourteen 
or more events when 2.49 are expected is 1.2 
x 10which corresponds to a 4.3 standard devia¬ 
tion effect. We conclude then that neutral cur¬ 
rents exist and are responsible for the exclusive 
reactions (1) and (2). 

In order to compare to the measured cross sec- 

TABLE I. Event and background summary. For the 
Hj exposure, all three tr* modes have been analyzed; 
for the D, exposure, somewhat different fractions of 
tha Him have been processed for the three modes. 


Events 

H, 


Sum 

Cosmic 

cut 

r 4 dip 
cut 

a* Events 






atop 

2 

8 

10 

7 

6 

Scatter 

3 

1 

4 

a 

1 

Leave 

3 

1 

4 

3 

0 

One-prong 






* y events 

3 

5 

8 

7 

7 

Total 



26 

20 

14 

Background 



w* 

One-prong + Y 

Neutron 


6.66 ‘0.66 

0.92 *0.40 

y Induced 


0.33±0.10 

0.02*0.01 

vp~a*s 


0.04 ±0.04 

•* 

• 

t'p — *-°n 



... 

0.62*0.23 

Accidental 






y pointing 



... 

0.11 *0.11 

Totals 


0.92 ±0.56 

1.67*0.47 

Total background 


2.49 ±0.73 



a on for Vp~p 'pH*, we must treat the i 4 and pro. 
ton tracks in the p 'p** events to the same way aa 
the neutral-current candidates and know the over¬ 
all detection efficiencies for the vnr* and yp»° fi¬ 
nal states. These are 75% and 6%, respectively. 
The number of p'pn* events on the sample of 
film is about 100. Applying the corrections, we 
obtain the ratios 7 


and 


Pi, <400 MeV/c, 


with ft o + ft + =0.68±0.28. The value of ft 0 +ft + is 
somewhat larger than, but not inconsistent with, 
the value predicted in the Salam-Wetoberg theo¬ 
ry," which gives 0.15<ft o + ft,<0.44 for our spec¬ 
trum. Our measured ratio 


up - upir 0 
up — vnv 4 


3 3.1± 2.1 


suggests isospto-1 dominance of the final state, 
which does not support the suggestion of Sakural" 
that the neutral current may be an isoscalar, but 
the errors on this ratio are too large to rule this 
out. 

Finally, we note that all other experiments on 
neutral currents have problems of muon identifi¬ 
cation and/or neutron background that must be 
estimated using a Monte Carlo calculation. The 
events of the present experiment consist of a sto¬ 
gie positive track and so the absence of a p' par¬ 
ticle is evident. In addition, we make direct 
measurements of all background contributions. 

We wish to thank the staff of the zero-gradient 
synchrotron and the bubble chamber operators 
for fine cooperation in obtaining the pictures. 

Our scanners, under Hope Chafee, have respond¬ 
ed well to a difficult and tedious job- J. Camp¬ 
bell, R. Engelmann, A. Mann, U. Mehtani, and 
B. Musgrave gave help in the earlier stages of 
the experiment. 
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*W« ar* really measuring the sum of the cross seo- 
tloat vp-tm**!** Vd rp-Wrt* 1 ' 1*0, but since our 
neutrino spectrum peaks at 800 MeV/c and is down by 
an order of magnitude by 1500 MeV/c, we expect the 
contribution of the final states with additional s to be 


very nnau. 

4j' Campbell at el** Pbys. Rev# Istt. 30 , 335 (1873)* 
tyore details of the experiment are given by S. J. 
Barlsh, Argoone National Laboratory Report No. ANL/ 
HEP 7418 (unpublished). 

‘Y. Cbo at at.* In Proceedings of the Sixteenth in¬ 
ternational Conference on High Energy Physics, The 
University of Chioago and National Accelerator Labora¬ 


tory, 1972 (unpublished), paper 472. 

T in doing this we ere tmpUsttty e—waning Itesfc the 
oharnoterlsttca of our neutral- and oharged-curreot 
events ars the tame. Thla la true on the Salam-Wein¬ 
berg model but may not be true In general. For (he 
charged-current events, we measure tbe ratio N(vp 
— 0» + »*)/y(t!p— u"pr*)’ , 0.1±0.0B and, therefore, 
we reduce tbe observed vNv/n'pe* ratios by 10%. In 
addition, for tbe one-prong +y events, a small contri¬ 
bution from the reaction vd — vxv^t pj haa been sub¬ 
tracted. 

®S. Adler, private cominunloatloo. 

*J. Salcural, Phys. Rev. D 9 , 250 (1974). 


Hierarchy of Interactions in Unified Gauge Theories* 

H. Georgi.t H. R. Quinn, and S. Weinberg 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138 

(Received 15 May 1974) 

We present a general formalism for calculating the renormallsatlon effects which make 
strong Interactions strong In simple gauge theories Of strong, electromagnetic, and weak 
interactions. In an SU(5) model the superheavy gauge bosons arising In the spontaneous 
breakdown to observed Interactions have mass perhaps as large as 10 ,r GeV, almost the 
Planck masa. Mixing-angle predictions are substantially modified. 


The scaling observed In deep Inelastic electron 
scattering suggests that what are usually called 
the strong interactions are not so strong at high 
energies. Asymptotically free gauge theories of 
the strong Interactions 1 provide a possible ex¬ 
planation: The gluon coupling constant g(n) (de¬ 
fined as the value of a three-gluon or gluon-fer- 
mion-fermion vertex with momenta character¬ 
ized by a mass u) Is small when u Is several 
GeV or larger, but becomes large when n Is 
small, through the piling up of the logarithms en¬ 
countered in perturbation theory. In one recent 
calculation 1 a fit was found for a gauge coupling 
[in a color SU(3) model}* with g*(i±)/4t “ 0.1 when 
2 GeV. 

If g(tx) Is small when ti Is large, then perhaps 
the strong gauge coupling at some large funda¬ 
mental mass Is of the same order as the cou- 
>lings In gauge theories of the weak and electro¬ 
magnetic interactions. 4 Georgi and Glashow* 
have recently gone one step farther, and pro¬ 
posed a model based on the simple gauge group 
SU(5), in which there naturally appears only one 
free gauge coupling. In their model, SU(5) suf¬ 
fers a spontaneous breakdown to the gauge sub¬ 
groups SU(3) and SU(2)$U(1), which are associat¬ 
ed respectively with the strong 1 and the weak and 


electromagnetic" interactions. In order to sup¬ 
press unobserved interactions, Georgi and Gla¬ 
show made the necessary assumption 7 that some 
vector bosons are superheavy. 

We find the notion of a simple gauge group unit¬ 
ing strong, weak, and electromagnetic interac¬ 
tions extraordinarily attractive. However, as 
emphasized by Georgi and Glashow, the success 
of any such scheme hinges on an understanding 
of the effects which produce the obvious disparity 
In strength between the strong and the weak and 
electromagnetic Interactions at ordinary ener¬ 
gies. We therefore wish to present In this paper 
a general formalism for the calculation of such 
effects. This will lead us to an estimate of the 
mass of the superheavy gauge bosons. Where a 
specific model of the gauge groups of the ob¬ 
served Interactions is needed as an example, we 
shall assume that the strong and the weak and 
electromagnetic Interactions are described by 
color SU(3) ’ and by SU(2)®U(1), respectively, 
and where a specific example of a unifying sim¬ 
ple gauge group Is needed, we shall use SU(6). 

If we neglect all renormalization effects, the 
embedding of tbe gauge groups G, of tbe observed 
Interactions In a larger simple group G Imposes 
a relation among their coupling constants. We 
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normalize the generator* T„ot C so that In any 
representation C of G we have 

Tr(T a Ti)= (1) 

where N D may depend on the representation but 
not on a and 0. We use the same normalization 
conventions lor the gauge groups of the observed 
Interactions. Then invariance under C implies 
that the coupling constants g 0 , g v g v and g x as¬ 
sociated with the group G and the subgroups 
SU(3), SU(2), and U(l), respectively, are equal. 
The usual SU(Z) and U(l) coupling constants' may 
be identified as 

8' tl sjL> ( 2 ) 

where C Is a constant entering the relation be¬ 
tween^ the charge Q and the SU(2) and U(l) genera¬ 
tors T and T 0 , normalized according to Eq. (1): 

Q*Tj - CT e . (8) 

The weak mixing angle* Is then given by 

sin*fl «=eV«* =g' t /{g? +g' M ) ■ (1 + C*) (4) 

In any representation of G, reducible or irreduc¬ 
ible, 

Tr(<?*) = (1 +C*)Tr(rj*). (6) 

If we take our representation to consist of the 
left-handed states of three quartets of colored 
quarks, three antiquark quartets, and v„ v u , 
e~, e*, p p + , then there are eight SU(2) dou¬ 
blets, and so TrtT,*) «= 4, while Tr(^*) so 
that 

C 3 = i, sln’fl = ■}. (8) 

This is the case for the 8U(5) model.* We shall 
leave C arbitrary In what follows, and will find 
that the choice of the simple unifying group G en¬ 
ters the calculation only through the single pa¬ 
rameter C. 

Now let us see how to take renormalization ef¬ 
fects Into account. The gauge couplings are func¬ 
tions of the momentum scale p, and the above 
relations among gauge couplings really only ap¬ 
ply when p Is much larger than the superheavy 
boson masses, where the breaking of G may be 
neglected. However, the observed values of the 
gauge couplings refer to much smaller values of 
p, of the order of the W and Z masses, or even 
smaller. The problem is to bridge the gap be¬ 
tween euperlarge values of p, where G Imposes 
relations among the gauge couplings, and ordi¬ 
nary values of p, where the gauge couplings are 
observed. 


In order to accomplish this, we make use of 
die theorem* that all matrix elements Involving 
only "ordinary” external particles with momenta 
and masses much lees than all superheavy mass¬ 
es may be calculated In an effective renormal- 
lzable field theory, which is Just the original 
field theory with all super heavy particles omit¬ 
ted, but with coupling constants that may depend 
on the superheavy masses. All other effects of 
the super heavy particles are suppressed by fac¬ 
tors of an ordinary mass divided by a superheavy 
mass. 

When p is large compared with all ordinary 
masses but small compared with all superheavy 
masses, the p dependence of the couplings Is 
governed by a renormalization-group equation, “ 

( 7 ) 

with 0, calculated In the effective field theory 
based on the "observed" gauge group G 0 . If all 
g{ p) are email, then 0, depends only on g„ with 10 

0i(g(n)>“‘fr|g r i s (4) for |g|l«l, (8) 

so that 

Si '*(m) * const - 26, lnp. (9) 

The Integration constants are determined by the 
underlying simple group G. Specifically, if we 
suppose that all super heavy gauge boecms have 
masses of the order of some typical superheavy 
mass M, and If we take p to be of the order of 
but somewhat smaller than M, then the g { {n) may 
be calculated perturbatlvely In the simple gauge 
theory based on G, and as long as g { (M) is suffi¬ 
ciently small, each gauge coupling will be essen¬ 
tially given by its group-theoretic value g 0 ne¬ 
glecting all renormalizations. Thus Eq. (B) gives 

«' < ' , (M)»4' 0 ' , (M)+26,ln(M/p) (10) 

for p «Af. 

The gauge coupling constants g io observed In 
present experiments are essentially given by the 
values of the g,(n) when p is some "ordinary" 
mass m , of the order of 10 GeV. Since all these 
couplings are small and therefore slowly varying 
in the range of Interest, our result Is not partic¬ 
ularly sensitive to the value of the "ordinary" 
mass at which we choose to study die couplings. 

Let us now specifically assume that the "ob¬ 
served” gauge group Is SU(3)$SU(2)$U(1), but 
for tbs moment leave open the choice of the group 
G. Choosing convenient linear combinations of 


4U 




Volckx S3, Nukui 7 


PHYSICAL REVIEW LETTERS 


12 August 1974 


(10) , we hare 

c» , i (i+c«) i (1+Q 

ft? <1. tu e 

= 2ta(~)[& 1 C , +0,-6,(l+C*)i (11) 

C*(ft/*-A/*) «e ’*[l - (1 + C*) sin'*] 

= 2C'(6 1 -6,)ln(M/w). (12) 

To calculate the b’a, we note that any multiple! 
of particles forming a representation of G does 
not contribute at ail to the b’s if all particles are 
super heavy, while it contributes equally to all 
b’s If no particles in the multlplet are superheavy, 
and therefore in either case has nq effect in Eqs. 

(11) and (12). We shall assume that the only mul¬ 
tlplet which contains both ordinary and super¬ 
heavy particles is the gauge multlplet itself, in 
which case 1 

6 f — ¥(4jr)-*+6 1( A ( —lKWP+ftj (13) 
so (11) and (12) give 



sin'9 = (1 + 3C*) ‘‘(I + 2 C'e'/A.'). (15) 

For C*-i [the SU(5) valuel, m =10 GeV, and 
reasonable values of g, 0 ’/4v f we obtain the re¬ 
sults displayed in the following table: 

At 

g^/tm (GeV) sin's 


0.6 

2 x 10» 

0.176 

0.2 

2 x 10 u 

0.187 

0.1 

5 x 10“ 

0.207 

0.05 

2 xl0 u 

0.248 


It is Intriguing that we are led to contemplate 
elementary particle masses as high as 2 x 10 “ 
GeV, of about the same order of magnitude as 
the Planck mass, G* 1/J =1.2206xl0 ls GeV. Per¬ 
haps gravitation has something to do with the 
superstrong spontaneous symmetry breaking, or 
perhaps the spontaneous breakdown of the sim¬ 
ple gauge group has something to do with setting 
the scale ol the gravitational interaction. 

Equation (15) predicts lower values for si nB 
than does Eq. (4). While the available data fav¬ 
or the higher value, they are rather preliminary, 
and the strong constraints cm sin's follow only if 
the z mass is assumed to satisfy the relation 
j* cos's,, which depends on the Biggs 
structure of the model. 11 If this relation la aban¬ 
doned, sin's, must be inferred from the ratio of 


the ratio of neutral- to charged-current events 
seen in neutrino scattering to that seen in anti- 
neutrino scattering. 11 

In the SU(5) example, it is not necessarily true 
that all effects ol order m /M are negligible, be¬ 
cause some of the superheavy vector bosons me¬ 
diate proton decay into lepton plus plons. Since 
the proton is otherwise stable, such very small 
effects may be observable. Calculation of the 
proton lifetime involves details of the strong in¬ 
teractions at small momenta, but we can give an 
order-of- magnitude estimate on dimensional 
grounds. The lifetime must be proportional to 
M* and so it must approximately equal Af'/m/. 
Taking M = 5x10“ GeV, for example, gives a 
proton lifetime of about 8x10" yr. The present 
experimental lower limit is lO* 1 yr. u The obser¬ 
vation of proton decay with a lifetime of this or¬ 
der of magnitude would be a startling confirma¬ 
tion of the ideas discussed here. 

Before concluding, we emphasize again the ap¬ 
proximation which went into the derivation of Eqs. 
(14) and (15). We have idealized the two transi¬ 
tion regions: the region in momentum scale 
around M where the three coupling constants are 
merging into me, and the region from m into the 
timelike domain where we actually measure e*. 
The corrections to (14) and (15) due to changes 
of the coupling constants in these regions can be 
calculated using perturbation theory in the rele¬ 
vant coupling constants. The corrections for the 
second region are electromagnetic and therefore 
small (g„ can in principle be measured directly 
in the spacelike region through the observation 
of logarithmic violations of scaling in electropro¬ 
duction) . The corrections from the first region 
will be small if g c (M) is small. To calculate 
g c (M) we need to know the fermion and scalar- 
meson content of the theory. For the SU(5) mod¬ 
el with M = 5x10“ GeV (see the table), g c '(M)/4i 
= (48±1)-*. 

We have also assumed that the lowest-order 
form for f) it Eq. (8), is valid down to p =m. 
Next-order corrections to p have been calculated 
by Belavin and Migdal. 1 ' We use their results 
and find the ratio of the correction to the lowest- 
order value in the SU(5) theory to be about 0.6g*/ 
4v. Such corrections are obviously only relevant 
for g,(n), and even for g,.'/4v =0.5, the largest 
value used in the table, the correction is only 
30%. 

Finally we want to emphasize what seems to us 
to be the most disturbing feature of the class of 
models discussed here, that is, the existence of 
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two stage* of spontaneous symmetry breaking 
characterized by radically different mass scales. 
In the context of the conventional Higgs mecha¬ 
nism, we can find no natural explanation of the 
enormous ratio of superheavy mass to ordinary 
mas s We have nothing quantitative to say about 
this mystery, but the following speculation seems 
attractive to us. Suppose that only superstrong 
breaking takes place via the Higgs mechanism. 
There Is only one mass scale In the theory and 
it is superheavy. All of the scalar mesons are 
either superheavy or Goldstone bosons (note that 
this obviates the difficulties associated with su- 
perlarge trlllnear couplings among ordinary- 
mass scalars). Well below the auperheavy mass 
scale the theory is an effective SU(S)®SU(2)»U(1) 
theory containing only gauge fields and fermions. 
The next stage of symmetry breaking Is dynami¬ 
cal and hence nonperturhative. The mass scale 
associated with this stage is the mass at which 
g,(p) gets large enough that nonperturhative ef¬ 
fects become Important. 

We are grateful for discussions with T. Appel- 
quiet, S. Coleman, S. L. Glashow, and H. D. 
Polltzer. 
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Gaussian Distributions in Electroproduction and Inclusive e*e~ Annihila tion* 
S. J. Orfanldls and V. RlttenbergT 

Rockefeller VnioerrUy, New York. New York 10021 
(Received 28 May 1974) 

In a large class at theories, including asymptotically free theories, and theories with 
an eigenvalue for the coupling constant, it is shown that under an Important uniformity 
assumption, die electroproduction and Inclusive annihilation structure functions should, 
for large Q*. be Gaussian in the variable y >lnu. The average and width of the distribu¬ 
tion are increasing functions of 9 1 * This result is compared with preliminary data from 
' SPEAR on the one-particle Inclusive distributions. 


Much theoretical activity has been devoted to 
the study of the moments of the electroproduction 
and Inclusive e*e~ annihilation structure func¬ 
tions, as a means of gaining Insight into the prop¬ 
erties of the structure functions themselves. The 
moments lend themselves particularly well to the¬ 
oretical treatment because renormalization-group 
techniques in conjuction with light-cone expan¬ 
sions can be applied directly to them, and their 
asymptotic behavior for large <?’ can be derived. 
However, the moments are not very useful from 
the experimental point of view, and one would 
prefer to make direct theoretical statements 
about the behavior of the structure functions. 

The purpose of this note Is to show that In a 
large class of models and independently of the de¬ 
tails of any particular model, the structure func¬ 
tions in electroproduction and the one-particle In¬ 
clusive distribution in e *e' annihilation should 
become Gaussian functions of the variable y = lnw 
when Q? becomes large, and to compare this pre¬ 
diction with recent results from SPEAR. 

We begin by considering the momentB of any 
positive-definite structure function. For definite¬ 
ness, we shall work with the structure function 
F,(w, Q 3 ) of the proton defined_to be equal to vW t 
in electroproduction and w’ 3 i>W t in annihilation 
and discuss later the changes that occur in con¬ 
sidering different types of particles. The mo¬ 
ments of F t are defined (for » = 0,1,2,...) by 

= Jfdoj w-'-’F.iu, 0 3 ) 

* J~dye' i ** 1), F a (y,Q 1 ), y-lnw, (1) 

where u> Is defined so that in electroproduction 
2p •q/Q* and In annihilation w = Q*/2p • q , where 
<l,p are the four momenta of the photon and pro¬ 
ton and Q-(|f , I) 1/1 . 

The class of models that we are considering is 
mich that the asymptotic behavior of the moments 
for Urge Q* and for each fixed n is of the 


form 

( 2 ) 

where the c „'s and a n 's are constants and v(Q*) Is 
an Increasing function of Q* such that o(Q*) - •» as 
Q* - *. We must point out that In most of the 
models that we are going to consider Eq. (2), be¬ 
ing an asymptotic expression, Is not exact, but 
there are correction terms in the right-hand 
side, which, for each fixed », can be neglected 
as Q* - •». For our considerations we must make 
an Important assumption of uniformity; namely, 
that these correction terms can be neglected for 
each fixed and large value of Q* and all n's. With¬ 
out this uniformity assumption the asymptotic ex¬ 
pressions in Eq. (2) lose their usefulness in de¬ 
termining properties of F 2 (.ui, Q 3 ). 

The class of models that have moments as In 
Eq. (2) Includes in the electroproduction case 
asymptotically free theories 1 and theories with 
an eigenvalue 1 (Kg-) - 0 (g-e 0). In the former 
case v(Q*) = bln(Q*/m*), where b Is a constant 
and m is an undetermined mass scale, and in the 
latter case v = qP/m*. In both cases the c.’s are 
undetermined and the a,’s are related to the 
anomalous dimensions of the operators appear¬ 
ing In the Wilson expansion of two currents. Typ¬ 
ical examples of the form of a t are 

aa =const(l- (w - + 1 f ra+ 4g}) 
for g- = 0 and 

a,-const(l- frTtfcra) 

for g-*0. In e *e ' annihilation Eq. (2) can be 
shown in <p* theory 1 with a fixed point, theories 
based on conformal Invariant bootstrap schemes,*^ 
and branching-processes models® (the Utter pro¬ 
viding very transparent Interpretations for the 
coefficients c, and a. 1 ). In all these models A.Q*) 
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- In branching-process model* the uni¬ 

formity assumption is trivially satisfied since 
Eq. (2) Is an exact expression. 

In this note we are Interested in inverting Eq. 

(2) to obtain F t {u>, V*) in some appropriate region 
of w. As is suggested in Eq. (1) the special lim¬ 
its n - • and n — 1 correspond, for fixed £*, to 
the behavior of F t (w, Q*) as y — 0 and y - re¬ 
spectively. The inverse problem has already 
been dealt with in the context of asymptotically 
free theories using the same assumption of uni¬ 
formity.' 1 ' Here, we are interested in yet a third 
limit which corresponds to considering the behav¬ 
ior of F t as both y and Q* Increase, but their 
rates of increase are not Independent of each oth¬ 
er, both increasing together in a specified way. 

We now formulate our result. Since it is based 
on the central limit theorem of probability theory, 
we rewrite Eq. (2) In a form that suggests the 
application of this theorem. To this end we de¬ 
fine 


*«?•) = lneM*). 


(3) 


It is convenient to normalize our moments p, to 
1, when n » 0 (normalization at some other point 
n 3 Mq 0 is a translation in n and would represent 
no essential difference in our results). We define 


•Z(n) = exp(-a„ + a 0 ); 


(4) 


then p„(Q“) * Z c ( 0) =■ Z(0) = 1 and Eq. (2) becomes 


]i,m = Z c (n)[Z{n)\^\ (5) 


probability densities. That £,(*) and Z(/t) are 
representable as in Eq. (6) can be Justified as 
follows: For such a representation to be possible 
it is necessary and sufficient that Z e (s)’s and 
ZtftY s satisfy certain positivity conditions,' name¬ 
ly 

for all fc, **0,1, 2... . It can be shown that all 
the models considered so far for a. satisfy these 
conditions for the Z(ft)’a. The Z c (/t) being unde¬ 
termined do not necessarily satisfy the positivity 
constraints but this is not essential since if they 
do not, we may eliminate them from Eq. (5) at 
two energies and set m h (9")[Z(«)]'''*', 

where k' = lnv(Q ,r ), and note that this expression 
has the same structure as (5) with the replace¬ 
ment k-k-k' and Z c (n )- p„(<?'*). The new Z 0 (s)’e 
now satisfy these conditions. Now, from Eq. (5), 
we obtain that F t (y, Q*) is expressible as a multi¬ 
ple convolution product of probability densities: 
Approximating *(Q*> by an integer, for large (f, 
we have 

*( y, 0*) 3 Jdy ,• • • dy h H c (y -E y ,) 

**()>,)• ••*(?,), (7) 

where we have defined 

*(y. (?) = l *,(<•>, on, y 3 taco. (8) 

The central limit theorem 10 can now be immed¬ 
iately applied to Eq. (7) to give our main result 
that h(y, Q*) tends to a Gaussian 11 : 


In electroproduction the 0th moment p 0 (Q a ) cor¬ 
responds to the Callan-Gross integral,' and a 0 
to the anomalous dimension of the energy-mo¬ 
mentum tensor and, as usually argued, we set 
a o = 0. In annihilation, on the other hand, p 0 (Q*) 
is related to the average multiplicity ^(Q 2 ) of the 
type of particle considered by p 0 (? 3 ) = 
x«(Q*), where o, 0 ,(Q*) is the total annihilation 
cross section. We now make the assumption that 
both the Z e (n)’s and Z(n)’a are themselves the 
moments of some positive functions and hence 
that they can be represented as 

Z'(*)=l m dye-°H c (y); 

ZM-rdye-’fHy), (6) 

* 

3|gpe the normalization conditions Z r { 0)» Z( 0) = 1 
mean that H c (y) and H(y) can be considered as 


* (v ’ -vfe rap(9) 

where 

<y>=5 r c + 5 r *<^ 3 >» u il =o 0 i ‘+u 9 *(e 3 ), (io) 

with 

yc~l~<*yyHc(y)> dy(y-y a )*H e (y); (11) 

and similar definitions for y and e 3 in terms ot 
H{y). 

In terms of the experimental quantities we now 
have for electroproduction on protons and neu¬ 
trons 

Fj’Hw, ) uh l, \y, $*), 

( 12 ) 

F, 1 " >(w, - p 0 ( -W" >(y, <?•), 

where p 0 (>i and p 0 (a> are the values of the eorre- 
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sp ending Callan-Groas Integrals and k {p) and k in) 
are Qanaalana as In Eq. (0) with different param- 
- stars y, and 5,* but with the same y and 5. For 
large *(€*), Eq. (10) Implies that the proton and 
neutron structure functions become proportional 
to each other. For the difference F t lt) -F t (a) , 
the moment m - t l» 3 -1 In Eq. (1)] Is finite. 7 If 
the positivity conditions derived from the corre¬ 
sponding c, [see Eq. (2)] are satisfied, we have 

F, (>) - F t (n) » n\y, $»), (13) 

where ’ is again a Gaussian. 

For the Inclusive e *e' annihilation cross sec¬ 
tion we have 


1 1 da 

«(Q*) cr lol dy 


•h(y,<f). 


(14) 


We assumed for simplicity that a r m o L In this 
case. The parameters of the Gaussians in anni¬ 
hilation and electroproductlon need not be the 
same. Equations (12)—(14) state that for any suf¬ 
ficiently large value of and as long as y is 
large enough to be centered around (y ) the Gaus¬ 
sian approximation Is a good one. Furthermore, 
this region of y Is the most important one since 
h(y, <?*) peaks there. Experimental verification 
of such Gaussian behavior could, In principle, 
distinguish between asymptotically free and g m 
* 0 theories by determining how the average and 
width change with Q* (ft -lnlnQ* and h ~ln^ In 
the two cases). 

We were not able to check the predictions In 
Eqs. (12) and (13) In the electroproductlon case 
because there are no experimental data for large 
oi at large fixed <f but such an experimental 
check will be possible when the National Acceler¬ 
ator Laboratory data become available. 

In Inclusive one-plan e*e ' annihilation, we can 
compare our prediction with recent data from 
SPEAR. 1 * The function h(y, <?*) is related to the 
Inclusive spectrum by Eq. (14). We took as a 
good representation of the data an inclusive spec¬ 
trum given In Ref. 12, 

const*-*■»* 

fftot dP 

(E is the c.m. energy of the plon In GeV), and 
platted the corresponding function h(y, Q*) at two 
energies <J - 3 and 5 GeV. The results are shown 
*n Fig. 1 where the 3-GeV curve is compared 
with a Gaussian. The (continuous 11ns) curve to 
the right represents the 5-GeV data. The shift 
between the 3- and 5-GeV curves suggests an In¬ 
crease of the average of the Gaussian with Q, In 



FIG. i. A Gaussian curve (dashed line) Is superim¬ 
posed on the 3-GeV data (oontlnuous line) of the one- 
plon Inclusive e*e~ annihilation from Ref. 12. The 
(continuous-line) curve to the right represents the 5- 
GeV data. 


the way suggested by Eq. (10). We consider our 
predictions in qualitative agreement with experi¬ 
ment, but a more quantitative comparison must 
await the appearance of detailed results from 
SPEAR. 

In view of the above considerations, therefore, 
we would like to stress the importance of pre¬ 
senting the data at fixed in terms of the vari¬ 
able y, both In e*e‘ annihilation and In electro¬ 
productlon. 

It le a pleasure to thank our colleagues at the 
Rockefeller University lor useful discussions. 
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(e, 2e) Reaction as a Probe for Details of the Helium Wave Function 


L E. McCarthy, A. Ugbabe, E. Weigold, and P. J. O. Teubner 
School of Physical Sciences, The Flinders University of South Australia, Bedford Park, 
South Australia, SMS, Australia 
(Reoelved 26 June 1974) 

The dUferenUal-crosB-aectlon ratios have been measured for exaltation at the »=2 
and n = 1 He + states In the electron-Impact Ionization of helium using foe coplanar sym¬ 
metric geometry. This reaction la a crucial test of foe reaction model and of foe helium 
wave function. The experiment la sensitive enough to rule out the Hartree-Fook function. 
Excellent agreement Is obtained by using a configuration-interaction wave function. 


The («, 2c) reaction on atomic and molecular 
systems was first proposed 1 as a method of mea¬ 
suring electron momentum distributions. Recent 
work 2 has shown that It Is possible, with the aid 
of sufficiently sophisticated reaction theory, to 
extract this Information from angular correla¬ 
tions. The reaction theory Is the distorted-wave 
off-shell Impulse approximation using an averaged 
eikonal approximation for the distorted waves 
with parameters derived from fitting elastic scat¬ 
tering In the appropriate two-body subsystem 
with an optical model. 3 

It has also been shown 4 that much more explicit 
Information about atomic and molecular states Is 
available. In particular the angular momenta, 
parities, and spectroscopic strengths of single- 
particle states for Ion eigenstates have been de¬ 
rived and checked by the appropriate Bum rule, 
for argon, krypton, and xenon marked effects 
due to correlation are observed In the valence s- 
hole states. Where there Is only one eigenstate 
of a given angular momentum and parity, we are 
Justified In believing that the Hartree-Fock mod¬ 
el should give a good representation of Its wave 
function. In such cases the Hartree-Fock wave 
function in the distorted-wave off-shell Impulse 
approximation gives the measured angular cor¬ 
relation within experimental error. 


In view of the complete success of the technique 
in describing single-particle momentum distri¬ 
butions and ion spectroscopy, we are led to ask 
bow sensitive Is the technique to fine details of 
wave functions. The simplest nontrivial (e, 2e) 
reaction is that on helium. It has already been 
shown 3 ' 3 that the reaction leaving the ion In Its 
ground state is completely understood in terms 
of the Hartree-Fock wave function. However, it 
is possible to calculate the amplitude for leaving 
the Ion In a 2s (or higher s) state In the Hartree- 
Fock model because of nonorthogonality of the 
helium atom and ion wave functions. If a cor¬ 
related wave function Is used for the atom, the 
amplitude for 2p (and higher) states is also non¬ 
vanishing. 

Since the experimental apparatus, shown In 
Fig. 1, is described In more detail elsewhere, 3 
only a brief description will be given here. Elec¬ 
trons from an electron gun collided with a beam 
of helium atoms produced by leading hlgh-purlty 
helium gas through a liquid-nitrogen trap and in¬ 
to the vacuum system through a length of stain¬ 
less-steel tubing of 0.023-cm Internal diameter. 
The stainless-steel tubing terminated 3 mm be¬ 
low an aperture placed 2 mm below the Interac¬ 
tion region. The ambient pressure In the vacuum 
system was maintained at approximately 1 xlO* 3 
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FIG. 1. Schematic diagram of experimental apparatus and associated electronics. 


T orr, the base pressure being approximately 4 
xlO' 7 Torr, The pressure In the Interaction re¬ 
gion was several orders of magnitude higher than 
the ambient background pressure. Electron beam 
currents were in the range 50-120 pA. The ef¬ 
fects of magnetic fields were minimized by shield¬ 
ing the vacuum chamber with Mumetal and by use 
of a set of Helmholtz coils. 

Two cylindrical-mirror analyzers, mounted on 
arms pivoting about the helium beam, were used 
to select and energy analyze the electrons emerg¬ 
ing from the interaction region. In the present 
work the symmetric coplanar geometry waa 
employed, the two spectrometers subtending 
equal angles 9 relative to the incident direction, 
and the energies of the two emitted electrons be¬ 
ing selected to be equal. The full acceptance 
angle of the spectrometers was approximately 3°. 

The signal-processing electronics, shown 
schematically In Fig. 1, was similar to that de¬ 
scribed previously In experiments employing the 
noncoplanar symmetric situation. a,< The output 
pulses from the time-to-amplttude converter 
(TAC) were fed to two single-channel analyzers 
(SCA) and a multichannel analyser (MCA) used 
for monitoring and setting up purposes. 

Figure 2 shows a typical timing spectrum ob¬ 


tained at an incident energy of 824.5 eV, the two 
outgoing electrons each having an energy of 400 
eV. One of the two single-channel analyzers had 
its window set over the coincidence peak; the 
other was used to record accidental coincidences, 
Its window being set wider than the coincidence 
window by a factor of 12 in order to provide a 
truer average background count. 

Data recording was fully automated using a 
flexible program written in machine language for 
the PDP 6/L. The incident electron energy B 0 
was varied by means of a programmable power 
supply, the energies of the outgoing electron* re¬ 
maining fixed In order to keep the transmission 
factors of the spectrometers constant. The time 
pulses for gating the scalers were obtained from 
a preset scaler monitoring the ambient helium 
pressure. This was always constant to within a 
few percent. After being triggered by the pre¬ 
set scaler, the computer recorded the counts in 
the coincidence and background scalers, sub¬ 
tracted the background counts from the coinci¬ 
dence counts (after taking Into account the rela¬ 
tive window widths), calculated the statistical er¬ 
ror for the point, and restarted the scalers after 
setting the new Incident energy. The progress of 
the experiment waa monitored mi a real-time die- 
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FIG. 2. Multichannel-analyzer spoctrum showing 
Ime delay between the start and atop inputs on the 
Ime-to-amplitude converter for die ground-state tran- 
ltlon at a total (final) electron energy of 800 eV. 


ilay, which on request Included the display of 
he statistical error for a selected point. 

The binding-energy spectrum obtained for 
lellum at 0= 45° is shown in Fig. 3, the total en- 
irgy E of the outgoing electrons being 800 eV. 

Phe binding energy Is equal to the difference be- 
ween the Incident and total outgoing energies, 
■Ince the energy of the recoiling helium ion Is 
egllglble. The dominant feature In the spectrum 
s the excitation of the ground state of He + at 
= 24.6 eV. However, the excitation of the * = 2 
tate at c = 65.4 eV can also be clearly seen. 

The shape of the angular correlation between 
he outgoing electrons obtained for both the non- 
oplanar symmetric geometry 3 and the present 
sometry* for the reaction leaving the ion In its 
r ound state Is completely described by the Har- 
ree-Fock wave function of Froese-Flscher.® 

"Ms la true even for incident energies as low as 



FIG. 3. Binding-energy spectrum for helium at £ 

= 800 eV. The binding energy for the He(e,2e)He + 
ground-state transition Is 24.6 eV, whereas that for die 
first excited state Is 65.4 eV. 


200 eV. It Is therefore Interesting to see how 
well the Hartree-Fock wave function describes 
the reaction leading to the first excited state of 
He*. 

The excitation of the n - 2 states is regarded as 
a probe for the overlap Integral 

^ alcnJ^ton)• 

This Integral Is a function of the coordinates of 
the ejected electron. The integration is performed 
for the electrons common to the atom and ion. 
Because of the nonorthogonallty of the ion ns 
wave functions and the wave function for the 
helium atom with a Is hole, the Hartree-Fock 
(independent particle) model predicts an ampli¬ 
tude for the reaction leaving the ion in the 2s 
state (or higher s states with c > 73 eV). 

For the Hartree-Fock wave function this over¬ 
lap Integral has the same radial shape for both 
Is and 2s excitations. The angular correlation, 
however, is not expected to have the same shape 
for both, since the off-shell kinematics of the 
Coulomb t matrix depends on the binding energy. 

Since the overlap integral is very small we re¬ 
gard the ratio of the differential cross sections 
for n = 2 to n = 1 excitations as an extremely fine 
probe for details of the helium-atom wave func¬ 
tion (the helium-Ion wave function Is known exact¬ 
ly). Measurement of such ratios are also Inde¬ 
pendent of any small systematic variation In sen¬ 
sitivity of the apparatus as a function of angle. 
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Table I lists the experimental ratios of the 
total differential cross section of the n = 2 states 
to that for the n* 1 state at 9 = 45°, 49°, and 53°. 
This is compared with the ratio predicted by the 
Hartree-Fock wave function of Froese-Fischer, 
This model is in serious disagreement with ex¬ 
periment, Not only is the magnitude too large, 
but the ratio decreases with angle Instead of in¬ 
creasing. The almost negligible effect of the 
finite acceptance angles of the spectrometers has 
been Included in the calculated cross-section 
ratios. 

It is evidently necessary to use a correlated 
wave function for the helium atom. We have used 
the wave function of Joachain and Vanderpoorten, 7 
which has the form 

*(r„ r a ) = -^£; F,(r u r a )P,(cos9 la ), 

F,(r lt r t )= fl.J'VJ t "V < l *"exp[-/i(>' > +■0/2]. 

m ,n 

The constants are listed in Ref. 7. We have used 
their best wave function, which predicts 98% of 
the correlation energy. 

This configuration-interaction wave function 
includes the possibility of excitation of the 2p 
state as well as the 2s state. It predicts exactly 
the same differential cross section for the ground- 
state transition as the Hartree-Fock wave func¬ 
tion, the latter being in agreement with experi¬ 
ment. We have compared the cross-section 
ratios for 2s and 2s + 2/> relative to Is with ex - 
pertinent at the various angles in Table I, Once 
again, the finite acceptance of the spectrometers 
was allowed for In the calculated cross-section 
ratios. Excellent agreement is obtained for the 
2s + 2p to Is cross-section ratio. 

The configuration-interaction wave function 
predicts that at 6 = 45° the excitation of the n = 3 
states (with e = 73 eV) should be almost an order 
of magnitude smaller than that for the n= 2 states. 
This is in agreement with the observations (Fig. 

3). 

We therefore conclude that both our reaction 
theory and the wave function of Ref. 7 are ex- 


TABLE I. Different!*! cross-section ratios tor file 


excitation of n - 
a percentage. 

2 and a -1 states of He*, 

expressed as 

6 

HF* 

Correlated wave 
function 1 ’ 

2s Zs+Zp 

Expt. 

45* 

2.75 

0.65 0.67 

0.72*0.04 

49* 

2.07 

0.77 0.88 

0.97*0.10 

63* 

1.94 

1.42 1.74 

1.54*0.30 

*Ref. a. 


b Ref. 7. 



tremely accurate. This gives us confidence in 
applying the reaction theory to other atomic and 
molecular cases both as a tool for extracting 
electron momentum distributions and as a probe 
for details of correlated wave functions. It must 
also be noted that the experiment is sufficiently 
accurate to require such fine detail in the wave 
function. 
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Determination of the Avogadro Constant 


R. D. Deslattes, A. Honlns, H. A. Bowman, R. M. Schoonover, and C. L. Carroll 
Optical Physics Division, National Bureau of Standards, Washington, D. C. 20234 

and 

I. L. Barnes, L. A. Mac hi an, L. J. Moore, and W. R. Shields* 

Analytical Chemistry Division, National Bureau of Standards, Washington, D. C. 20234 

(Received 17 June 1974) 

Measurements are reported on the densities and Isotopic-abundance ratlOB of nearly 
perfect SI single orystale. These, when oomblned with optical Interferometry of the 
crystal repeat distance, yield a new value for the Avogadro constant. This result, N A 
= 6.022 0943 x io ,J mol" 1 (1,05 ppm), represents a more than thirty-fold reduction In the 
uncertainty of previous direct measurements. 


We have measured the densities, Isotopic abun¬ 
dances, and lattice parameters for some highly 
perfect Si crystals. Our measurements improve 
on those previously made in that they are Inde¬ 
pendent of an assumed density for water; they do 
not employ an x-ray wavelength scale; and they 
involve "absolute” Isotopic-abundance determina¬ 
tions, l.e., abundances were measured against 
synthetic ratio standards. They yield a new value 
for the Avogadro constant, as follows from the 
equation of Bragg, 1 viz., N A =nA/pa 0 *, where n 
atoms of average atomic weight A occupy a unit¬ 
cell volume a* and p is the macroscopic density. 
Here, we report these new results, reconcile 
them with overtly discordant ones obtained by 
previous workers, and consider some Implica¬ 
tions regarding present knowledge of the funda¬ 
mental constants. 1 

Limitations of density determinations which use 
water as a standard are suggested by the 6-ppm 
difference In the only two available “first-princi¬ 
ples” measurements. 1 We have, instead, made 
use of readily available, highly spherical steel 
artifacts as local and temporary “standards” of 
density. Their masses were determined in terms 
of the U. S. national standard (kilogram replica 
number 20) by well understood procedures. 4 Vol¬ 
umes at temperatures referred to the Internation¬ 
al Practical Temperature Scale-1988 were In¬ 
ferred from diameters measured by interferome- 
tr “ using a hollow Fabry-Perot etalon* illumi- 
id by a He-Ne (633 nm) laser calibrated in 
ns of a *®Kr lamp approximately realizing the 
sent definition of length. 1 
e compared the densities of these spheres 
i those of four 200-g SI objects {X„ X 4 , 

In a highly redundant (24 lntercomparIsons) 
rostatic determination In a fluorocarbon Im¬ 


mersion medium. 1 Subsequently, three rather 
perfect specimens, D lt D v D„ were compared 
with X a , X t , X 4 , X s in twelve hydrostatic mea¬ 
surement cycles. Each trial using two of the “X" 
crystals and two of the “D" crystals gave relative 
volumes for the pairwise combinations. Least- 
squares values for the densities are given In Ta¬ 
ble I in the second column. 

Observed densities need to be corrected for the 
presence of C and OlnP, and D v As found by 
current procedures* of the American Society for 
Testing and Materials, D t was clean while the D, 
and D t material had oxygen at 6.Ox I0 ,1 /cm 1 and 
carbon at 3.9 x lO^/cm 1 . The fractional density 
change due to introduction of an impurity can be 
written Ap/p = A.A/A - 3&a/a. For oxygen, there 
1 b an expansion, A a/a, of 3 . 8 x 10'**n o B and for 
carbon a contraction of 6.5xiO' 14 ^ 10 where « 0 
and n r . are the respective number densities (cm"*). 
For interstitial O, the net density change is near¬ 
ly zero while for substitutional C, there is a net 
Increase of 0.31 ppm. This correction was ap¬ 
plied to obtain the “corrected” densities for Z>, 
and D a listed In Table I. 

Isotopic-abundance measurements for the spec¬ 
imens D lt D t , and D t were carried out relative 
to another large homogeneous specimen which 
was watered to form a publicly available Standard 
Reference Material, SRM 990. 11 This compari¬ 
son was effected by the use of a 15-cm 60° mag¬ 
netic sector mass spectrometer using the abun¬ 
dance procedure described by Smith, Shields, 
and Tabor 11 and by Rodden. u To obtain absolute 
values of the abundance ratios the mass spec¬ 
trometer was calibrated by using known mixtures 
prepared from chemically pure and nearly Iso¬ 
topic lly pure separated Isotopes. From the ab¬ 
solute isotopic ratios, the atomic weight of the 
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TABLE I. Densities of Si crystals and estimated components of error. 
Tbe estimate for o T contains contributions from a m and the following 
other sources in ppm; temperature of Interferometry (0.23); wavelength 
calibration (O.os); phase shift on reflection (0.12); photographic nonlin¬ 
earity (0.01); bath temperature (0.03); mass of steel balls (0.18); mass 
of Si crystals (0.06); balance calibration (hydrostatic) (0.27). The larg¬ 
er error in the case of D t is due to small sample size. 


Sample 

Obs. density 
(g/cm*) 

Corr, density 
(g/cm*) 

(ppm) 

<*T 

(ppm) 

D \ 

2.3289917 

2.328 9910 

0.22 



2.3289908 

2.328 9899 

0.44 

0.82 


2.329 0003 

2.329 0003 

0.94 



reference and thus of samples D lt D XI and D t can 
be calculated using the nuclldtc masses reported 
by Wapstra and Gove. 14 The complete details of 
these measurements will be reported elsewhere. 1 * 
Results of the measurements of the absolute 
isotopic abundances of SRM 990 are given In Ta¬ 
ble 11 along with provisional error estimates. 

The principal limitations In the precision and ac¬ 
curacy obtained here arise from the difficulty in 
measurement of the very small amount of the 
minor isotopes present in the separated Isotope 
preparations because of the very small amount 
of *”Si available (ca. 100 mg). Table n also gives 
the results for the crystals D„ D x , and D t . 

These were obtained from measurements of the 
differences A(990)-A(D % )= 0.68 ppm, A(O t ) 
-A{D a )~0.75 ppm, and A(D a ) ~A(D a ) = 4.54 ppm. 
These comparisons do not contribute significant 
additional uncertainty. 


Data in Tables I and n may be combined to give 
estimates of the formally invariant quantity A/p. 
These are listed in Table Ed with standard devia¬ 
tions derived from repeated observations and es¬ 
timates of uncontrolled systematic variability. 
The results are sufficiently concordant that a 
weighted average seems appropriate. It appears 
to be of considerable significance that, while both 
density and atomic weight values spread over 5 
ppm, the A/p ratios lie within 0.3 ppm. 

The lattice parameter (and hence the volume 
of a unit cell) was obtained by means of simulta¬ 
neous x-ray and optical interferometry of a com¬ 
mon baseline for a sample of the crystal D a on¬ 
ly. 1 * Measurement accuracy has recently been 
improved by use of an iodine-stabilized laser 11 
and direct measurement of the cavity length to 
permit evaluation of the Fresnel phase shift. 

The Fresnel-phase-shift correction accounts 


TABLE n. Abundances and atomic weights for SRM 990 and the sam¬ 
ples D |, U r , and Dy. Abundances for SRM 990 were obtained from mea¬ 
surement of the ratlOB 28 Si/ M Sl and J *Si/ M Si. Abundances for the O crys¬ 
tals were obtained by difference measurements as indicated in the teat. 
The error contributions in ppm; mixing separated isotopes (0.30); sepa¬ 
rated isotope ratio (0.30); SRM 990 ratio (0.59)—yieidtng <tj.=0.73 ppm. 



28 S1 

SRM 990 
Isotope 
!9 S1 

,0 Si 

Atomic % 
Nuclidlc mass 
Weight Vb 

92.228948 
27.976 9286 
91.872 310 

4.689 981 
28.976 4969 
4.818128 

3.101 071 
29.973 7722 

3.309 562 


A (SRM 990) - 

<28.086632(21) 






Atomic weights 

28.086408 

28.086386 

28.086613 
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TABLE IB. Values for the formally Invariant quantity A/p for each of 
the “D" crystals at 26'C. 


Sample 

A/p 

Vm 

(ppm) 

a T 

(ppm) 


12.059 0444 

0.48 

0.88 

*>! 

12.069 0411 

0.62 

0.96 

o, 

12.059 0422 

1.03 

1.27 

Weighted mean 

12.059 0 427 

0.53 

0.75 


or the fact that the distance traveled In a scan 
rom cavity length L l to L a differs from the 
change in optical order number by u cos _1 [(1 - LJ 
?) 1/a ]-cos' 1 [(l - L 1 //i) 1/ *] for the hemispherical 
reometry used here, with curved mirror radius 
7 . We determined L by measuring the distance 
5 L (using x-ray interferometry) between micro- 
vave sidebands of the visible radiation differing 
.n frequency by a known Interval 2<u near 20 GHz,“ 
e., L = cOL/2(p\. The order numbers obtained 
:a. 1000) were essentially exact. An uncertainty 
[ 1 order number would contribute less than 0.01 
Dm to the lattice-constant uncertainty. 

Each lattice-parameter-determining run was 
Drrected for Fresnel phase shift and for depar- 
ire of the measurement temperature (deter- 
lined by well calibrated small thermistors In 
lose proximity to the crystal) from the refer- 
nee temperature (25°C) by using <* = 2 . 56 x 10'® 

' 1 .*° From 105 determinations, a standard de¬ 
lation of the mean, a m , is obtained as 0.03 ppm. 
rror estimates for this lattice-parameter mea- 
urement are given In Table IV. The Indicated 
alue n o = 0.543 106 01 nm (0.25 ppm) corrected to 
5°C gives a unit-cell volume, a* = 0,160 197 33 
m* (0.75 ppm). 

The final result is thus at hand: We combine 
is determination of A/p and that of a* to obtain 
'a = 6.022 094 3x10** mol' 1 (1.05 ppm). The un- 
ertainty is taken as the square root of the sum 

TABLE IV. Lattice-pa ram eter-determlnation re¬ 
mits and error contributions. The estimated error 
Dntributlona in ppm: relative optical-x-ray lnterfer- 
meter drift (0.20) j laser (product of order number 
»d estimated first-derivative lock instability) (0.13); 
•mperature (0.02); Fresnel phase shift (0.01); <r m 
standard deviation of mean) (0.03). 


Laser wavelength (pm) 632 990.0742 *0.0009 
Fringe count ratio 1648.2641 (0.25 ppm) 

«o (28*C) 543.106 61 (0.25 ppin) 


of the squares of that associated with A/p and 
that associated with a 0 * and is Intended to reflect 
our estimate of 1 standard deviation for a hypo¬ 
thetical replication of our total procedure. 

There is no previous result to which the pres¬ 
ent one may be properly compared since all of 
these were referred to an x-ray scale, l.e., the 
measured quantity was A7 a A* where A Is the con¬ 
version factor from x-ray scale to angstroms. 

A comparison Is nonetheless possible with one 
outstanding representative of this class of mea¬ 
surement* 1 by translating the present result to 
an x-ray wavelength scale. Also, we can com¬ 
pare our result with an indirect value for ff A ob¬ 
tained from electrical measurements.* 

In the case of the x-ray measurements (basical¬ 
ly aj\ determinations) reported In Ref. 21 there 
is substantial agreement. Densities given in Ref. 
21 are referred to that of water which is assigned 
the value obtained by Tilton and Taylor.* These 
results group about 6 ppm above those reported 
here. Our peripheral work on water has indicat¬ 
ed that the values obtained by Thiessen, Schell, 
and Dlsselhorst* lie closer to observed values 
on local water. Hence, the densities reported in 
Ref. 21 might be reduced by a few parts per mil¬ 
lion which would lead to better agreement with 
our results. There is not much impact on N A 
here since the results of Ref. 21 require use of 
A and involve unknown isotopic abundances for 
Si. 

The indirect value of N A = 6.022 045x 10** mol' 1 
from the least-squares adjustment* has a lor un¬ 
certainty of 5.1 ppm. The discrepancy between 
the indirect value and that reported here Is 8.2 
ppm or 1.6a. A more relevant statement is that 
Introducing this new result into the least-squares 
adjustment of all the constants* changes the Blrge 
ratio from 0.83 to 0.89,** suggesting that at pres¬ 
ent further analysis 1 b not needed. 

It is possible to make certain speculations 
about what further improvements are possible in 
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this type of measurement. Use of enriched **Si, 
say 99%, and present mass spectroscopic proce¬ 
dures would give the atomic weight to 0.01 ppm. 
New processing techniques appear capable of 
reducing the vacancy cluster problem.** Trans¬ 
fer from artifact mass and volume to crystal den¬ 
sity could be made at the 30-kg level yielding 
0 .01-ppm densities for an aggregation of materi¬ 
al which need not be isotopically enriched or high¬ 
ly perfect. Subsequent ordering of these speci¬ 
mens via a Cartesian diver apparatus* 4 or with 
density columns using certain newly available 
liquids would permit 0.01-ppm transfers to ca. 
100 -g specimens of enriched material. Control- 
able systematic effects In the x-ray/optical inter¬ 
ferometer could be reduced to a level below 0.01 
ppm (the precision is already at hand). It would 
thus appear that a value of is obtainable with 
an uncertainty of the order of 0.01 ppm. Should 
this be achieved, one might wish to assert that 
the artifact kilogram is redundant and that mas¬ 
ses can be obtained via an algorithm of realiza¬ 
tion from the atomic mass unit. 
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In its diagrammatic form the perturbation expansion lor the dispersion Interaction can 
be rearranged to an expansion In the degree of hyperpolarlzablllty considered. The to¬ 
tal contribution of the linear dipole polarizabilities Is given explicitly. 


The appearance of good multi parameter two-body potentials for the noble gases 1 ' 1 has stimulated the 
analysis of the influence of nonadditive three-body forces on solid 5 "" and fluid properties. 7 " 10 Most cal¬ 
culations'*' 1 " 10 are based on Axilrod and Teller’s result 11 for the triple-dipole interaction. However, 
Doran and Zucker 5 found that the contribution of the four-dipole three-body force to the binding energy 
is negligible only for Ne but rises to 40% of the triple-dipole contribution in Xe, in contradiction to 
previous claims. 11 In this Letter we calculate the total contribution of dipole forces to the three-mole¬ 
cule potential. Since the final result is not much more complex than Axilrod and Teller’s, its use in 
calculations of solid and fluid properties should present no difficulties. 

We start from the general sth order contribution of dispersion forces for the three-body potential of 
spherical molecules. This convenient starting point la justified by the good separability of the other 
long-range forces 15 and a Heitler-London short-range interaction 1 * from the dispersion interaction. 

We have 


I 

i 


V ( '\R a ,R b ,R c ) = 

s 1 + s a +s, = 2s + l. 


S' m+ l)]n'[£(w) - SeJ" 1 , 


7l ••• 

S,*0. 


U) 


ie first sum runs over the quantum states of (he molecules. The prime indicates the omission of 
mplete ground states in each triple. The second sum runs over all ordered triple distributions one 
n form from the sets {0, a,.. .a #1 ,0}, etc. by always changing two elements between successive tri- 
39. The two products run over all triples at a distribution, the primes indicating the omission of the 
■st and last terms in the second and the last term in the first product. V{m, m 1) is the matrix ele- 
snt of the Coulomb interaction between two molecules, E(m) the energy of the three molecules in 
d state m = (a f , /3j, Equation (1) can be represented in the usual way by a set of Goldstone dia- 
ams. 15,10 The restriction on the first sum appears then as a restriction to connected diagrams, 
luation (1) and the corresponding diagrams still contain all the degeneracies of “time ordering.” 
no, whenever a ground state appears among the three quantum numbers of a triple we must, in fact, 
t the particle line of the molecule concerned in the diagram and close-by hole lines as illustrated 
Fig. 1. Because of the restriction to spherical molecules, only those cuts are possible which do 
t lead to particle lines met by an odd number of interaction lines. By a systematic insertion of 
ound states we replace Eq. (1) by expressions where the first sum does not include die ground state 
ymore. The factors of the second product can be split in the usual way by introducing frequency 
:egrals. 17 This leads to a reinterpretation of the terms corresponding to the fully cut diagrams. A 



FIG. 1. Cut In a Goldstone diagram caused by the in¬ 
sertion of a ground state for molecule C after two in¬ 
teraction lines. 
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particle line met by 21 interaction lines corresponds to a mutual hyperpolarisability 1 *' 1 * of degree 
l -1. The maximal degree of hyperpolarizability appearing in a term is a very good ordering param¬ 
eter for a perturbation expansion. At each order the minimum degree of hyperpolarizability corre¬ 
sponds to the maximal contribution since the second product in Eq. (1) becomes a maximum. 

For the two-molecule potential the Van der Waals interaction is the only linear polarizability con¬ 
tribution. For three molecules, however, the potential consists of all ring diagrams. In each ring, 
one molecule appears only once while the other two alternate along the ring. We will give only the 
calculation for a ring with an odd number, the even case being closely analogous. 

jl 

Ai+i(*a» MII' tetj-i «s(*Ei-t, *ay. «») 

21 M 

x<*<£.y 24 -i,y ti ,iu)\*i-xA' l \t j -y t \' l '£ |x 4+ ,-x ( | +permutations {ABC); (2) 

i-i 

or A (r u r„ iu) denotes the mutual polarizability of atom A at imaginary frequency iui. We will retain 
only the dipole terms of the multipole expansion of Coulomb factors. However, the inclusion of the 
higher multipoles is indeed simple as it leads essentially only to a replacement of the dipole polariza¬ 
bilities by multiple ones. Then 

4j + i = if* Tr lTX/* , )7XH a )7XA,) 2, ~ l ]X-" do)a A {iui)a £ \iai)a c \iu>) + perm (3) 


with R, = R A -R B , R, = R a ~R c , and R^ = R b -R c . In the case of multipoles the expression under the 
trace is replaced by a polynomial of order 2f + 1 in all combinations of multipole tensors. Evaluation 
of the trace is straightforward and gives 

Tr[7X«,)T(K 1 )7Tft,) 2, ' , ]=(fi 1 /l ! )' a fi£,‘ 8 ‘ +s [3(l + cose 1 cose,cose J )-2(2 2, - J -l) 

x (1 - 3 cos*0,-3cos* e 2 -9cos o l cos0,cos0,)]. (41 

In the evaluation of the frequency integral we use the one frequency model for polarizability which is 
known to give satisfactory results at least for noble gases, ,T 

a(fa)l = auV’Cw' + iiVT 1 , (5'j 

a being the static polarizability of the molecule. We choose the at present only interesting case of 
three identical molecules. Then 




l ( io)) = 2&) 0 v r wQr a * 


(2M)i 

(21)1(41 + 1)- 


(«' 


For the even case we find 


4 1 - liAw-mi t - M °1 6 + (2 21 -1) (1 + 3 cos*6,)] + perm. 


Even and odd terms have to be summed separately and lead finally to 

l/ = A,ft l - 3 i4o, !i (6cos-0 1 -2 + A)|(l + *.,)- l ' 2 + (l - v,!' 1 " - 2] + 2a„( 1 + A - 3 cos 2 0,) 

x |(l + 2x,)-‘ /J + (l - 2x,)-' n - 2]+ 2a sl }(5 - Scas^nd**,)- 1 '* -(1 -x 3 )' ln + Xi ] 

+ a sl (l + 3cos ! 6„) [(1 + 2x 3 )’ in -(1 -2x 3 )~ in + 2*,)] + perm, 

where we used the following notation: 

A, = afl(ij 1 (96fl ( , )'\ a u -(R t A/ 1 ) 5 , Xi =ctR,~ 3 , A = 1 + 3cos0, cosb, cos0,. 

Equation (8) represents the total contribution of the linear polarizability to the dispersion lnteractio 
of three identical molecules. Since the integral in Eq. (6) can also be evaluated for three different 
molecules with the same residue method, the extension to this case is immediate. The inclusion of 
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multipoles leads to additional sums for every included multipole polarizability. Their inclusion is im¬ 
portant, because it was observed 9 ’* 0 that the contribution of the third-order dipole -dipole -quadrupole 
term to the cohesion energy of noble gases largely cancels toe fourth-order pure-dipole contribution. 
Inclusion of hyperpolarizabilities leads to connected rings. The fact that the result is analytic should 
allow its use for the calculation of liquid and solid properties. 

The author would like to thank Professor L. Jansen for many very helpful discussions. 
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Theory of Induced Molecular-Orbital K X Rays in Heavy-Ion Collisions* 

Berndt Muller and Walter Greiner 

Wright Nuclear Structure Lab, Yale University, New Haven, Connecticut 06520 
(Received 3 June 1974) 

The mechanisms of spontaneous and induced emission of radiation are derived from 
the Dirac equation in a rotating coordinate system. The molecular-orbital x-ray spec¬ 
tra exhibit a strong asymmetry with respect to the beam axis. The asymmetry peaks 
for the high-energy transitions, which can be used for spectrosoopy of two-center orbi¬ 
tals. 


During collisions of heavy ions with heavy tar- 
;ts at moderate energies (below the Coulomb 
irrler) intermediate molecular electronic states 
Hi be formed. It has been expected that the dl- 
sct proof for this theoretical prediction would 
mstst in toe observation of radiative transitions 
stween such molecular states. 1 Indeed, reports 
> toe detection of molecular x rays have been 
ren by various experimental groups.* However, 
ckground effects such as electronic and miclear 
emsstroMunor occur as competing effects in 


these measurements. Only recently Greenberg, 
Davis, and Vincent* have carried out experiments 
with monoisotopic Ni beam and target where nu¬ 
clear dipole bremsstrahlung is forbidden. 

The unique signature of molecular x rays comes 
from the fact that—contrary to atomic x rays—in 
addition to the spontaneous x rays intktced radia¬ 
tive transitions also occur, which can be recog¬ 
nized by their asymmetric angular distribution 
relative to the beam axis. It is the purpose of 
this note to discuss the x-ray spectrum due to 


469 



VotuM* 33, Numbe* 8 


PHYSICAL REVIEW LETTERS 


19 Atrautr 1974 


both spontaneous and Induced transitions Includ¬ 
ing; the most Important dynamical effects. 

The adiabatic molecular states are given by 
the two-center Dirac equation given by Muller, 
Rafelski, and Greiner. 4 Nonadiabatic effects and 
radiative coupling can be described by writing the 
generally covariant form of the Dirac equation’ 1 * 
in a rotating, instantaneous, coordinate system 
whose z axis is along the line connecting the two 


scattering nuclei*: 

y *(e* 1 ~ic' 4,+r *)* <» 

The -{•}>-,) TrlyyVtl.V are the 

generalized connections for spinor differentiation, 
and the Dirac matrices y* are determined via 
the metric g “ of the coordinates In the rotating 
frame,* Explicit evaluation for a system 
with angular velocity w, ot (t) gives 


iXd4>/Bt={ca‘[p-(e/cjA} + V+Pm,c*}il>-(S tot ' |fx[p-(e/c)A] + iffo}^-(iff/4c)(w rn ,xT)-ai/>. (2) 


Two mechanisms for photon emission are a spontaneous one via thejaperator H, t i , pnn =ea , A=~i(e/ff) 
xfff, r|* A and an induced emission caused by H ai (nd = (e/c)w tot xr *A, where the former current is 
imaginary while the tatter Is real. Therefore no interference occurs and the cross section for the two 
processes is given in the approximation of Fermi's Golden Rule by*’ 7 


da 

dw dQ x 


= 2 *Kc* ld ' ,P Bln * 6u {dCl^X 


da Ind 


dv <fO, dOmn 


U)tUrot 
‘ 2 vKc* 


m 


sin 2 ® 


[*- ) 


km ' RuVi 


0) 


Averaging over all possible orientations of the molecular dipole d fi (closed shells!) gives a uniform 
distribution for the spontaneous radiation, and lor the induced radiation a distribution 


da, n<J /dw dO,dO v ,„«l -a sin®,,, 

Where 6 rt is the angle between the photon and the rotation axis I/I, or if we Integrate also over the 
azimuthal ion scattering angle 

d°i n j/dw dti K sin® bn d®^ <* i -t-i sin*®, , 

where 0, is the angle between the photon and the beam axis. Only the 2p 3n a, 2p in v, and 2p ua a to 
ls l/t a transitions are included In our calculations. They are so far assumed to be equally occupied 
with electrons. Unequal population (alignment) of the 2p„ s fl, 2p 3li o, and molecular orbitals 

(MO’s) with probabilities A*. J5*. and C*. respectively, leads to the following asymmetry as a function 
of photon energy hw, photon scattering angle 0,, and ion energy E: 


rj((u,0,.E) = 


<to(fl,) 

dw rfO, 


da(O r -0) \' 1 
1 dcodfl, ) 


-1=| sin*®. 


A*-l*-(A*- j-B*-yC*)a,* 

3A 4 + 515* + S^C* + (it* +5* + 3yC*)a 3 4 ’ 


(4 


where /3 =D,*/D 3 * is the ratio of the square of the induced dipole matrix elements of the 2p ui a and 
?p 3 , t Tt,a to the ls^cr states, y =D,*a,*/D,*a J *, and a„ = u/ff u (w)w = (2ME) 1/ */ff K (w)a). /i(w) = fij(u) 0 -w 
(a> -<*»,)] 1,1 is the (approximate) two-center distance as a function of the photon energy. For the %> l/1 
MO one has hw, = Q and hu) c = 31.8 keV, and for the 2p,/, MO, hu>, = 7.5 keV and hw c = 34 keV. R 0 - 2100 
fm. Obviously tj is largest perpendicular to the beam axis (0, = 90°). The comparison of (4) with ex¬ 
periments’ can serve as a determination of the alignments A*/£* and A*/C*. 

As a result of the nonadiabatic effects the molecular states obtain a width T(t) which Is composed < 
three different parts 7 : 

rv.u.pa, = 3 \ c(2v/nw) v * f‘ dt' exdi r’AlmOf))!*, 

nk€ 0 

r,,dimi= s Ic(2*/Rw) l/ * dt’ exp( i£ dTw„(T) + »wf']w r *x(w(ff)|r*A|»w(R)>|*, 
r„ n „ d = S IX*As/S/2+5y rot - J/»l mC«)>l *, 

n* m ° 
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FIG. 1. (a) The MO x-ray yield for coincidence ex- 
perlmenta with 70-MeV Nl-Nl at (1) 11.2* and (3) 1.4* 
scattering angle, and (2) 39-MeV Nl-Nl at 11,2* scat¬ 
tering angle (all quantities In the lab system). The 
'id lines show the total yield; the dotted and dashed 
w fte spontaneous and induced contributions, re¬ 
stively. Observe that the poakB are strongly en- 
ced by the Induced-emission mechanism, (b) MO x- 
cross sections for the singles experiment Nl-Nl, 
Yield for 70-MeV collision. The solid line oorre- 
nds to T=1 keV, the dashed and dotted llDes to 3 
5 keV, respectively. The dashed-dotted lines give 
spectrum without collision broadening which sharp- 
luts off at the limiting atom Ka energy, (2) Spec¬ 
ie for 19-MeV collision, (3) for 5 MeV, both with 
1 keV. All quantities In the lab system. 

ire S represents integration or summation as 
iropriate. In our present calculations an ef- 
tlve parameter r has been chosen for the sum 
hese widths, 7 and has been varied between 1 
l 5 keV to establish the dependence of the spec- 
on the width which is a function of scattering 
>rgy (T ~/E). It leads to a smooth transition 
m the molecular x-ray spectrum into the quad- 
ole bremsstrahlung background,’ which can 
"ve for its determination [see Fig. 1 (b) abovej. 
reover, we have neglected interference ef¬ 
ts of the radiation for high-energy x-ray tran- 
ons.“ The cross sections are calculated here 


by integrating (3) along the trajectory and, for 
the singles spectrum, by further integrating over 
all ion scattering angles. The transition ener¬ 
gies and dipole matrix elements are taken from 
the exact relativistic one-electron states for the 
Ni-Ni system. 4 * 10 For the symmetric Ni-Nl col¬ 
lision, the symmetrized Rutherford cross sec¬ 
tion is used. The results for a coincidence ex¬ 
periment (equal population assumed) at various 
scattering angles and energies are shown in Fig. 
1(a). The spectra at moderate forward angles 
exhibit a pronounced peak at the high-energy end 
which is essentially due to the additional induced 
radiation that is strongly peaked at high photon 
energies. The induced radiation also grows with 
increasing scattering energy, whereas the spon¬ 
taneous yield per K vacancy drops. Of course, 
the K -vacancy production will increase with ris¬ 
ing energy. For low scattering energy (e.g., 

5 MeV) the molecule no longer reaches the 
asymptotic “runway” region 4 and no peak struc¬ 
ture occurs. For very forward or more back¬ 
ward angles (8 < 10°, 8 > 45°) the contribution from 
induced radiation decreases with respect to the 
spontaneous x-ray yields Especially for very for¬ 
ward angles (8 < 3°) the runway region is forbid¬ 
den and the peak vanishes altogether [Fig. 1(a)]. 
The width of the peak at the end of the spectra at 
forward angles is almost completely determined 
by the collision broadening r(/) and not so much 
by the shape of the level diagram. For the sin¬ 
gles experiment the spectra shapes look essen¬ 
tially exponential [Fig. 1(b)]. The calculation 
aBsumeB that a K vacancy is brought into the col¬ 
lision (two-step process). For a one-step pro¬ 
cess (ionization and x ray in the same collision) 
the impact-parameter dependence of A-vacancy 
production has to be folded into the integration 
over Rutherford cross section. The end point of 
the spectrum is a function of scattering energy, 
because r itself Increases with scattering energy. 
For very low scattering energies, e.g., 5 MeV 
in Fig. 1(b), the experimental end point of the 
spectrum may even lie before the united-atom 
limit as the asymptotic region of the level dia¬ 
gram is not reached in the collision. For com¬ 
paring theory with experiment we note that the 
backgrounds of the tails of the atomic Aa,0 lines, 
the electron bremsstrahlung, transitions from 
higher MO’s, and also the contribution of the 
slower recoil ions to the MO x-ray production’ 
are expected to contribute mostly in the low-en¬ 
ergy part of the x-ray continuum. This leads to 
a greater “filling up” of the spectrum shown in 
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FIG. 2. The asymmetry as a (emotion o( photon energy for 70 MeV Ni-Nl collisions. The alignment is 

indicated. 


Fig. 1(b) at lower energies. It will be discussed 
In a forthcoming paper. The asymmetries (4) 
are shown In Fig. 2 for various alignments. For 
not too small scattering energies they show a 
practically linear dependence on energy, which 
is to a large extent compensated by the Inverse 
energy dependence of the width T. They exhibit 
a strong dependence on photon energy Hu, which 
is entirely due to the induced transitions. The 
observation of this effect by Greenberg, Davis, 
and Vincent* uniquely proves the existence of 
molecular x rays and of induced transitions at 
the same time. 

The shape (peaking) of the coincidence spectra 
gives great hope for future spectroscopy of two- 
center orbitals. In Ni-Ni collisions, e.g., it 
should ultimately be possible to determine the 
center of the peak to within a few hundred eV. 
This general feature should also hold for much 
heavier systems because the induced radiation 
always comes from the “compound-atom” region 
of the two-center level diagram. Experimentally 
this opens up the completely new field of x-ray 
spectroscopy of superheavy molecules which is 
of fundamental interest for quantum electrody¬ 
namics of strong fields. For example, in a sys¬ 
tem with Z l +Z a ~ 150 the contribution of vacuum 
polarization from the Uehllng potential is expect¬ 
ed to be of the order of 5 keV for the 2p srt -ls l/3 
transition and exceeds the self-energy contribu¬ 
tion. Thus it would be for the first time possible 
to measure vacuum polarization as the dominant 
quantum electrodynamical effect. 

We acknowledge the encouragement of and 
stimulating discussions with Professor D. A. 
Bromley and Professor J. 8. Greenberg. We 


are especially grateful for the warm hospitali¬ 
ty Professor Bromley and various members of 
the Yale Physics Department have extended to us. 
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Investigated In a forthcoming paper. Since these Inter¬ 
ference effects show up where the phase difference be¬ 
tween contributions from approaching and leaving Ions 
along the scattering trajectory are largest, they should 


occur most pronounced for low-energy transitions and 
their oscillation frequency should Increase with bom¬ 
barding energy of the Ions. 

'®We acknowledge help In die calculations by W. Betz. 


Evidence for Quasimolecular K X-Ray Emission in Heavy-Ion Collisions 
from the Observation of the X-Ray Directional Anisotropy* 

J. S. Greenberg, C. K. Davie, and P. Vincent 

'Wright Nuelrar Structure laboratory. Tala Urivrraity, Note Havre, Connecticut 06520 

(Received 3 June 1974) 

We hove observed an anisotropic angular distribution for the high-energy continuum x 
rays emitted In high-energy collisions of Ni Ions with Ni atoms. -The variation of the 
anisotropy with photon energy Is uniquely characteristic ot Induced radiative transitions 
In quasltnoleoules, and hence provides strong evidence for the quasimolecular origin of 
these radiations. 


A search for the formation of Intermediate 
electronic molecules In close collisions of very 
heavy ions has been motivated recently by the 
prospect that such united atom phenomena may 
ultimately provide access to the spectroscopy 
of superheavy atoms and, therefore, to funda¬ 
mental processes associated with the quantum 
electrodynamics of strong fields. 1 Proof for the 
existence of such quasimolecules has been sought 
in the emission of K x-ray radiation from transi¬ 
tions between the molecular orbitals that may be 
formed In the collision.*'® In this paper we re¬ 
port on the results of an investigation to detect 
such transitions in the “Ni +“Ni ion-atom sys¬ 
tem colliding at high energy. We discuss par¬ 
ticularly the observation, for the first time, of 
a directional asymmetry for the high-energy 
continuum x rayB emitted in the collision, which 
we utilize as a distinctive characteristic for iden¬ 
tifying the quasimolecular origin of these radia¬ 
tions. 

Studies with light-ion-atom systems have pro¬ 
vided some of the more convincing demonstra¬ 
tions of molecular orbital x-ray emission.*'® 
However, the Interpretation of experiments in¬ 
volving high-energy collisions of heavy-ion-atom 
pystems, 8 ' 4 which are more relevant to the fu¬ 
ture investigations noted above, are presently 
biore speculative, relying on an ability to extrap¬ 
olate detailed identifying features from mecha- 
fcsms found applicable previously In light sys- 
Vms. The interpretation of these experiments 
ft Particularly complicated by the exponential 
ft® r gy dependence of the continuous spectra ob- 
^rved, by uncertainties with regard to the 


mechanisms dominating /f-vacancy production 
during high-energy heavy-ion collisions, by col¬ 
lision broadening effects, and most important, 
by the lack of a definitive signature for distin¬ 
guishing this radiative process from other com¬ 
peting radiations. 4 

Recently, Muller, Smith, and Greiner 7 have 
noted that the characteristic angular distribution 
expected for molecular orbital K x-ray emission 
furnishes such a unique signature. This sugges¬ 
tion centers on the existence of Hie Important, 
but previously neglected, Induced transitions be¬ 
tween molecular orbitals which specifically re¬ 
flect the nonstationary character of the molecu¬ 
lar electronic states as they adjust to the rota¬ 
tion of the internuclear axis. Reflecting the nu¬ 
clear motion, the induced transitions can only be 
associated with the formation of quasimolecules. 
They add incoherently to the spontaneous molecu¬ 
lar transitions with a relative intensity that 
grows with increasing photon energy. In the ab¬ 
sence of a spatial alignment of the molecular or¬ 
bitals, the Induced radiations are predicted to 
exhibit an angular emission pattern relative to 
the ion-beam axis of the form a +i sin's, while 
the spontaneous radiations are expected to be 
isotropic. 7 Thus the incoherent sum of the two 
produces a prominent enhancement of the angu¬ 
lar distribution asymmetry near the united atom 
K x-ray energy. 8 As demonstrated in Ret. 8 we 
note that although an alignment of the molecular 
orbitals may modify these features quantitatively 
by changing the angular distributions of both the 
induced and spontaneous transitions, the obser¬ 
vation of an anisotropy which peaks near the 
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united atom K x-ray energy can only imply the 
existence of Induced transitions, and thus of in¬ 
termediate molecular states. The presence of 
an alignment of molecular orbitals, as reflected 
in the angular distribution, in itself speaks for 
the existence of intermediate molecules. 

We have observed an anisotropic angular dis¬ 
tribution for the high-energy continuum x rays 
produced in “Ni + *Ni collisions which favors 
photon emission at 90° over 0°, measured with 
respect to the ion-beam axis. The anisotropy 
also exhibits the enhancement, referred to above, 
for the higher energy x rays. By eliminating the 
nucleus-nucleus electric dipole bremsstrahlung 
with the utilization of monoisotopic targets and 
projectiles, and by accentuating the high-energy 
portion of the spectra with an A1 filter, we were 
able to extend the investigation of the x-ray con¬ 
tinuum over an intensity range of more than 3 
orders of magnitude, revealing important fea¬ 
tures of the high-energy tall. The selection of 
identical nuclei for target and projectile not only 
suppressed the nuclear bremsstrahlung back¬ 
ground, but equally important, it ensured the ab¬ 
sence of radiations from coherent interference 
of nuclear dipole and quadrupole bremsstrahlung. 9 
Unlike the individual multipoles, which produce 
an excess of radiation at 0° relative to 90", the 
anisotropy from their interference has the same 
sign as the induced transitions.” 

Figure 1 illustrates x-ray spectra obtained with 
a thin target (~200 pg/cm*) after subtractions of 
a small (~5 counts/channel) ambient background 
and still smaller contributions from nuclear 
Coulomb excitation and nuclear bremsstrahlung. 
The total calculated bremsstrahlung intensity 
shown in Fig. 1 Includes approximately equal 
parts of quadrupole radiation from the target 
and bremsstrahlung from a Be beam stop.” It 
Is clear that all these backgrounds produce only 
a negligible distortion of the Bpectra. Other pro¬ 
cesses contributing to the x-ray continuum in¬ 
clude (1) electron bremsstrahlung, 10 (2) radiative 
electron capture, 10,11 and (3) collision broaden¬ 
ing of the N1 Ka, K t lines. 19 Their significant 
effect on the spectra, however, is confined to 
photon energies below ~15 keV. The interesting 
small oscillations in photon intensity, clearly 
visible in the spectra for energies below 15 keV, 
probably reflect interference effects from the 
phase difference between radiation from approach¬ 
ing and outgoing ions along the scattering trajec¬ 
tory 1 ; this effect will be discussed in more de¬ 
tail in a forthcoming paper. We have limited the 



FIG. 1. <a), W UnnonnallEod x-ray spectra taken at 
bombarding energies 70 MeV and (o), <fS) 39 Me Vi (a), 
(o) detector angles are 90* and (b>, gQ 16*. Detector 
resolution la 260 eV at 6.4 keV. The X tt and Xg lines 
are attenuated by factors of 3.6*10‘* and 1.4X10' 1 , 
respectively. 


present discussion to photon energies above 15 
keV to avoid these complicating features and the 
competing backgrounds mentioned. 

Above 15 keV the spectra shown decrease al¬ 
most exponentially with increasing energy after 
they are corrected for distortion by the A1 filter 
and counter efficiency. With a range of 3 orders 
of magnitude in intensity available before back¬ 
ground Is encountered, It Is clear that the high- 
energy continuum extends beyond the united atom 
K a energy of ~32 keV by a considerable amount, 
and that the extent of the tail depends on the pro¬ 
jectile energy. Muller and Greiner* have shown 
that dynamic broadening 11 with an effective col¬ 
lision width of a few keV can completely account 
for the extensive tails we observe. A collision 
width of a few keV is reasonable for the collision 
times encountered in this experiment. It is im¬ 
portant to note, therefore, that with sufficient 
suppression of background, dynamic broadening 
of the molecular-orbital spectra shifts the ap¬ 
parent end point to a degree determined by the 
projectile velocity and counting statistics. This 
is particularly relevant for high-energy colli¬ 
sions where such broadening can obscure the 
identification of transition frequencies assoc tat 
with the united atom limit, thus limiting the vml 
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ue of a straightforward utilization of the classi¬ 
cal united atom limit for identifying quasimolec- 
ular formation. 

The angular distribution asymmetries for pho¬ 
ton energies above 15 keV were obtained from 
the measured spectra after they were corrected 
for absorption, counter efficiency, and Doppler- 
shift effects. An absolute beam integration was 
provided by an electron-suppressed Faraday 
chamber, and the relative normalization was 
corroborated by another x-ray detector which 
was fixed'in position. We define the asymmetry 
as the intensity ratio [I(90°)/I(l 5°) -1 ], where 
the angles are measured relative to the beam 
axis, and the photon Interval summed is 5 keV. 
The results are summarized in Fig. 2 as a func¬ 
tion of photon energy for bombarding energies 
of 39 and 70 MeV. 

The Doppler-shift corrections are particularly 
important because of the exponential dependence 
of the photon intensity with energy. We must 
note that the calculation of the relevant Doppler 
shift involves assumptions regarding the mecha¬ 
nisms that dominate the molecular-orbital x-ray 
production. In the event that the AT-vacancy pro¬ 
duction and molecular radiative relaxation occur 
in a single ion-atom encounter, it is clear that 
the relevant velocity is the velocity of the center 
of mass. This one-step mechanism, therefore, 
is associated with the maximum possible Doppler 
shift. The calculation of the Doppler-shift effect 
for a two-step process (AT- vacancy production in 
one collision followed by the emission of a molec¬ 
ular orbital x ray in a second encounter of either 
he scattered projectile or the recoiling atom) in¬ 
volves the impact-parameter dependence of A-va- 
;ancy production in the first step. We have ex- 
:racted an average effective velocity for the lat¬ 
er case, by analyzing the Doppler broadening 
ind shift 11 of the characteristic Ni A x rays which 
reflect the A-vacancy production processes. This 
inalysis indicates that the mean scattering angle 
'or A-vacancy production is generally small; for 
txample, it is S10” for 70-MeV projectiles, 
vhlch agrees with the trends from other recent 
itudles u and with the Massey criterion that the 
onlzation centers around impact parameters 
"/£*, where E r is the A binding energy. There¬ 
to the participation of the scattered projectile 
1 the two-step process produces a Doppler shift 
hlch is only marginally smaller than the shift 
>r the one-step process, while the contribution 
om the much slower laterally recoiling a^oms 
xtuces the average shift particularly for the 



FIG. 2. Asymmetry «(1(901/1(161 —1); triangles 
and circles are for maximum and no Doppler shift 
corrections, respectively. 


lower energy photons in the spectrum. Figure 2 
shows the asymmetries uncorrected for Doppler 
shift as well as asymmetries which have been 
corrected for the maximum Doppler shift. It is 
evident that even the uncorrected asymmetries 
are large, and that in both extreme cases the 
asymmetries exhibit the characteristic peaking 
near the united atom A x-ray energy. Although 
there is presently some uncertainty aB to the 
exact Doppler-shift correction to be applied at 
each bombarding energy due to a lack of precise 
information on the relative importance of one- 
and two-step processes, it is clear, neverthe¬ 
less, that the asymmetries lie between the two 
extreme limits shown in Fig. 2, and that they 
display the important qualitative features ex¬ 
pected for induced quasimolecular transitions. 

In addition to the data presented herein, we 
have also investigated the production of the x- 
ray continuum for bombarding energies from 5 
to 70 MeV. These studies will be the subject of 
a forthcoming paper. For the present we note 
that these data display the expected changes In 
the structure of the high-energy x-ray tail pre¬ 
dicted by relativistic calculations with the two- 
center potential by Muller and Greiner.* All 
these observations reflect the distinctive fea¬ 
tures that are associated with formation of 
intermediate molecules, and in particular, the 
measured asymmetries provide convincing evi¬ 
dence that the continuous spectra observed in 
these measurements are indeed quasimolecular 
In origin. 
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Anisotropic Emission of Noncharacteristic X Rays from Low-Energy I-Au Collisions 
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The x-ray emission for 6- to 60-MeV iodine bombardment on thin Au targets was mea¬ 
sured. Spectra, cross a action*, and angular dependence of x-ray emission are reported. 
Special emphasis ia placed on the noncharacteristic radiation formerly irkerpretod as M 
radiation of a quasiatom with an effective atomic number of 132. The emission of this 
radiation Is found to be nonlsotropic strongly supporting the model of induced emission in 
the collision molecule. 


X-ray spectra from heavy-ion-atom collisions 
may show both characteristic lines of the sepa¬ 
rated collision partners, as well as broad non- 
characteristic bands. In slow collisions the non- 
characteristic x rays have been ascribed to radi¬ 
ative transitions between molecular orbitals 
(MO’s) of transiently formed collision molecules. 1,: 
Such noncharacteristic x rays, for instance, 
were observed at 11-MeV iodine bombardment on 
thick gold targets. 5,4 In these measurements the 
noncharacteristic band revealed a broad peak at 
about 8 keV. This energy corresponds to #-3d 
transitions* in a united atom. Therefore, the x- 


ray band has been interpreted as M radiation 
from a short-lived “superheavy quasiatom” wit 
an effective atomic number Z = Z t + Z 3 = 132. A 
double-collision mechanism is assumed to be i 
sponsible for these x rays. In a first collision 
L vacancy is produced in the moving I ion. In 
second collision this inner-shell vacancy can < 
cay in the I-Au collision molecule. The exlste 
as well as the origin, of these x rays has beei 
confirmed by measurements at the University 
Rochester.* Nevertheless, this MO x-ray en 
slon is still not completely understood. Two 
leal features remain unexplained: first the b 



Volum* 3J, Numbd 8 


PHYSICAL REVIEW LETTERS 


\9 Auouvr W4 


yield and second spectral distribution. 
y In order to get more Information on the emls- 
aion mechanism we Investigated in more detail 
the I-Au collision system at the Cologne tandem 
accelerator. Using thin Au targets and a hlgh- 
resolution Si(Ll) detector we determined the 
spectral distribution more precisely and we mea¬ 
sured the x-ray production cross sections. In 
addition, the angular dependence of the x-ray 
emission was studied. 

The experiments were performed with differ¬ 
ent setups. For spectral-distribution and cross- 
section measurements a conventional arrange¬ 
ment was used, see, e.g., Ref. 4 (target angle 
a * 45°, x-ray emission angle 8 - 90°, cf. inset in 
Fig. 1). In order to determine cross sections it 
is necessary to count the total number of Inci¬ 
dent ions. For this purpose a special beam moni¬ 
tor was developed. 7 The primary ion intensity Is 
measured via x rays produced in a beam chopper 



IQ. 1. x-ray spectra from I— Au collisions.' (De- 
tor resolution 170 eV at 6.4 keV.) 


added Just in front of the target chamber. For 
the measurement of the angular dependence of x- 
ray emission a special target chamber was used. 
X-ray emission angles 8 between 15° and 105° 
were feasible (target angle a = - 30°, cf. inset in 
Fig. 2). The beam intensity was monitored via 
x rays registered in a fix-positioned proportion¬ 
al counter. The 30-mm a Si(Li) detectors used had 
resolutions of 170 and 260 eV (full width at half- 
maximum) at 6.4 keV. In all cases plle-up rejec¬ 
tion with at least 1-psec pulse-pair resolution 
within the whole energy range was applied. To 
reduce the rate from lower-energy x rays, A1 
absorbers could be Inserted between target and 
detector. 

Figure 1 shows good resolved spectra from a 
200 -/ig/cm a Au target. To determine the true 
spectral shape at low Impact energies, spectrum 
(a) was taken without A1 absorber. Absorption 
due to detector and target-chamber windows (0.3 
mil Be, 5 mm air, 6 pm Hostaphan) and target 
self-absorption is only significant for lower-en¬ 
ergy x rays. In the Interesting energy range be¬ 
tween 7 and 9 keV the total transmission varies 
by less than 2 % per keV. Therefore, spectrum 

(a) definitively proves the existence of real peak 
Structure. To get better statistics spectrum 

(b) was recorded with an 18-pm A1 absorber. In 
both caBes the count rates were low enough to en¬ 
sure negligible pile-up contributions. A com¬ 
parison of both these spectra indicates that at 6- 
MeV I impact the 8-keV band is composed of a 
broad peak (at 8.3 keV with a width of 1.5 keV) 
and a steeply descending continuum. With in- 



FIG- 2. Two x-ray spectra applying two different 
x-ray emission angles. (An 18-pm A1 absorber ie In¬ 
serted between target and detector, detector resolution 
260 eV at 6.4 keV.) 
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TABLE I. X-r*y production croai section! (barns) 
for I— Au collisions. 



11 

I energy 
(MeV) 

34 

87 

I L <3.6-6.6 keV) 

4.0*10* 

2.6 xio 4 

9.6X10* 

MO (6.6- 8.5 keV) 

4.6X10* 

1.8 xio 1 

see 

Au L (9.6-14.6 keV) 

6.6X10* 

2.3X10* 

8.0X10* 


creasing impact energy the peak broadens; at 
57 MeV only a flat continuum is present, cf. 
spectrum (c) in Fig. 1. 

In Table I total x-ray cross sections are given 
for the 8-keV band as well as for the characteris¬ 
tic radiations of the separated collision partners. 7 
These cross sections correspond to x-ray emis¬ 
sion within the energy ranges Indicated in brack¬ 
ets. The typical uncertainty is below 50% iso¬ 
tropic emission has been assumed. 

In order to check the emission characteristic 
we have measured the angular dependence of the 
x-ray emission at 11 MeV. Figure 2 displays 
two spectra taken at a detector position d of 15° 
and 105", respectively. Target angle (a =-30") 
and emission angles were chosen in such a way 
that target self-absorption is equal for both de¬ 
tector positions. The spectra are normalized to 
equal beam intensity. Besides the small Dop¬ 
pler shift of the I L radiation a significant dif¬ 
ference is only seen for the 8-keV band. In Fig. 

3 the angular dependence of the x-ray emission 
for the 8-keV band is given. Each datum point 
comprises all x rays in the corresponding spec - 
trum between 7.1 and 9.5 keV. All spectra were 
corrected point by point on absorption 8 and on the 
tails of the characteristic lines. Uncertainties 
due to these corrections and errors in beam 
monitoring add to the indicated uncertainty of 4%. 
A eln J function is fitted through the data points, 
yielding a mean anisotropy of 15% for all x rays 
in the band. However, it should be noted that the 
anisotropy varies with x-ray energy, cf. Fig. 2, 
being largest between 7.5 and 8 keV. 

Summarizing the experimental facts we point 
out; (l) At low impact energies the 8-keV band is 
peaked, (ii) The peak structure broadens and 
finally vanishes with increasing impact energy. 
<iii) At 11 MeV the crosB section for x-ray pro¬ 
duction between 6.5 and 9.0 keV is about 50 b. 

(iv) At 11 MeV the x rays are preferentially 
-*"»Red perpendicular to beam direction. Re¬ 



FIG. 3. Anisotropy of the noncharacteristic x rays 
between 7.1 and 9.5 keV for 11-MeV I Impact on a 400- 
Mg/cm* thick Au target. 


garding these facts, significant contributions 
from nuclear bremsstrahlung and bremsstrahlung 
from 6 rays can be excluded (cf. the spectral 
shape and the high cross sections).* Contribu¬ 
tions from target contaminations and radiative 
electron capture are also negligible.’’’ Only MO 
radiation remains to be responsible for the 8-keV 
band. However, it is difficult to explain quantita¬ 
tively the data in the simple model based on a 
comparison of collision time and spontaneous 
decay time of the vacancy carried into the quasi¬ 
molecule in a second collision.’ To overcome 
this difficulty a collisionally induced de-excita¬ 
tion reducing the lifetime of the vacancy in the 
quasimolecule has been proposed in Bet. 8, cf. 
also Ref. 7. Recently, from a theoretical point 
of view, Milller, Kent-Smith, and Greiner have 
postulated the occurence of such induced transi¬ 
tions in heavy-ion collisions.* In their model ti 
rotation of the intemuclear axis during collisio 
is responsible for induced radiative transitions 
As consequences they find: (a) The ratio betwe 
induced and spontaneous emission increases r: 
idly with decreasing distance of closest approt 
(as long as small- or medium-angle scatterto 
prevails), (b) This ratio increases with incre 
ing collision velocity, (c) The induced x-ray 
emission is nonisotropic showing—in dipole £ 
proocimatlon—an angular dependence given by 
I(0)«£+ isin’8. 

This Induced-emission mechanism has the 
propriate features which in principle can exj 
the experimental results reported here: Fr 
point (a) the observed peak structure may tx 
duced. From point (b) the dependence of tin 
spectral shape on Impact energy may follov 
Urge cross sections can be caused by Us i 
duced lifetime due to Induced transitions. 1 
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we would like to emphasise the principal agree¬ 
ment between observed anisotropy of the nonchar¬ 
acteristic x rays and the theoretical predictions. 
This can be regarded as a strong evidence for the 
existence of stimulated emission in heavy-ion 
collisions contributing appreciably to quasi mo¬ 
lecular x-ray emission. 
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Determination of the s-Electron Contact-Density Ratio for the Fe Configurations 3d 6 4s 2 
and 3d 6 4s from Matrix-Isolation Mossbauer Spectroscopy 
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r Fe*(3d*4s) lone have been produced by uv Irradiation of a xenon matrix containing 
0.65% 11 Fe. The stabilization of these ions was accomplished by mixing ~1% of HI Into 
the Xe matrix gaa. The Mossbauer Isomer shift of the ,1 Fe 4 (3rf*4a) resonance Is +0.26 
+0.03 mm/sec against Iron metal at 300 K. From Oils we obtain the ratio of the elec¬ 
tron densities at the * ? Fe nucleus, (p(0) M < tt :-p{o> M «}/{p(0) M t to -p(Q) M «]’-l.60*0.16. 


Mdssbauer studies of neutral atoms have been 
performed as absorption experiments using the 
rare-gas-matrix-isolation (RGMI) technique. 1 
MOssbauer source experiments with RGMI ST Co* 
and RGMI "‘""Sn’ extended these studies to charged 
Ions ("Fe 4 and “"Si*). The electronic configura¬ 
tion of these ions, however, depends on the spe¬ 
cific recombination mechanism of the highly 
charged Ions created by the Auger cascade fol¬ 
lowing the radioactive decay. These ions are not 
stable against recombination with free electrons 
(7reco m h~3 x 10' r sec at 4.2 K).* A method for the 
production of these ions as stable species Is of 
great Interest, especially In connection with the 
problem of Isomer-shift (IS) calibration. Stable 
ions then can be well specified and measured In 
absorption experiments. 

We have generated and stabilized (for more 
than three weeks) a1 Fe 4 (3d®4s) Ions in a xenon 
matrix at - 4.5 K. The measured IS of this ion, 
together with the known IS of ® 7 Fe(3d®4s ! ) and 
,7 Fe a+ (3(f"), gives an experimentally determined 
value for the ratio p(0) <J a/p(0) <J [here p(0) is the 
difference In the relativistic electron density at 
the Iron nucleus between the electron configura¬ 
tion given as the subscript and the Fe* 4 (3rf®) con¬ 
figuration |. This ratio is a sensible test for ex¬ 
isting self-consistent-field (SCF) calculations of 
P(°). 

The generation and stabilization of the "Fe 4 
ions was accomplished by uv irradiation (wave¬ 
lengths -2500-3100 A or photon energies -4-5 
eV) of a xenon matrix containing (0.65x0.15)% 

• 7 Fe as electron donor and -1% HI as electron 
acceptor. This method has already been used by 
Kasai 4 for EPR studies of RGMI ions. Similar to 
Kasai we propose the following two-step process 
taking place during uv irradiation: 

(1) Photodissociation of HI. HI shows contin¬ 
uous absorption between 2500 and 3100 A leading 
to the *fl and ‘(I excited states of HI, which spon¬ 


taneously dissociate into H and I.® 

(2) Photoexcitation of Fe accompanied by a 
charge-transfer process between the excited Fe 
and the I atom: Fe* + I— Fe + +T. Fe atoms In a 
xenon matrix have six strong absorption bands 
between 2500 and 3100 A leading to the different 
configurations of the excited Btates 3d®4s4p and 
3d 7 4p, respectively." The charge-transfer pro¬ 
cess probably occurs between the 3d*4$4p excited 
Fe states and the I' state, aince there Is an en¬ 
ergy resonance between these states [£ ton (Fe 
3rf*4s4 l p)''£ llll Xr)]; such charge-transfer pro¬ 
cesses due to "energy resonance” between the 
two electronic levels Involved have been reported 
earlier.** 7 

The resulting charged species Fe 4 and I" should 
be separated by an average distance of ~ 20 A. 
Such a separation is considered large enough that 
the Influence of V onp(0) of Fe 4 can be neglected 
provided both charged species are In their ground 
state configuration. 4 The electric field gradient 
(EFG) at the Iron nucleus due to the splitting of 
the Fe 4 (®D) state In the axial electric field of the 
I', however, is not negligible and will be dis¬ 
cussed below. 

The "Fe-doped Xe(HI) matrix was obtained by 
evaporating an iron foil (~ 80% enriched ® 7 Fe) ou 
of an alumina crucible, and mixing the Iron atoi 
ic beam with a stream of Xe gas containing - 19 
HI. This mixture was condensed on a liquid-he 
um-cooled beryllium disk (-4.5 K). Deposition 
rates were determined as described elsewhere 
In this way a Xe(HI) matrix with an iron atomli 
concentration of (0.65+0.15)% corresponding t 
an amount of 65 +15 pg/cm* "Fe or ~8xl0 17 5 
atoms/cm* was produced. For the uv lrradlat 
of the matrix we used a 450-W high-pressure 
xenon lamp together with a filter combination 
slating of an uv filter (Schott UG5) and a aolul 
filter of N1SCV QH,0 (0.3 g/ml H,0, 5 cm aba 
tlon length); this filter combination Is transp 




Volume 33, Numbee 8 


PHYSICAL REVIEW LETTERS 


19 August 1974 



Velocity (mm/MC) 

FIG. 1. MSesbauer absorption spectra of a xenon 
matrix containing <0.65 ±0.16)% H Fe (66±16 Mg/cm 1 
n Fe) and 1% HI. Matrix temperature ~4.6 K. Doppler 
velocities with respect to a iT Co(Cu) source at 300 K. 
(a) Spectrum before uv Irradiation; (b) spectrum taken 
after ~ 6 h of uv Irradiation; (c) spectrum taken after 
~ 16 h of uv Irradiation. 


ent for wavelengths from 2500-3100 A. The uv 
nhoton flux was -5X10 1 * sec' l cm"* at the matrix. 
Figure 1(a) shows the Mttssbauer absorption 
pectrum of the "Fe-doped Xe(HI) matrix before 
v Irradiation. The spectrum shows a single res¬ 
umes line (Unewidth T = 0.70 ± 0.02 mm/sec) 
ith an IS of - 0.74 ±0.02 mm/sec with respect 
) iron metal at 300 K. This spectrum is ldentl- 
al with that found earlier for 57 Fe atoms In a Xe 
latrix without HI admixture. 8,8 The MBssbauer 
bsorption spectra taken after ~ 5 h (-10“ pho- 
jns/cm*) and ~15 h (~ 3 x10 s0 photons/cm 2 ) of uv 
rradiation are shown In Figs. 1(b) and 1(c), re- 
pectlvely. After - 5 h of uv irradiation a small 
raction of the resonance line due to neutral 
|Fe(3d*4s*) atoms can still be seen. After-15 
l of uv irradiation this resonance line is com- 
etely replaced by a quadrupole doublet with an 
of 0.26 ± 0.03 mm/sec against iron metal at 
0 K and a splitting of A£ Q = 1.39±0.03 mm/sec. 
We interpret the quadrupole doublet in Figs. 

>) and 1(c) as the resonance of the charged 
*(3d*4s) state. The quadrupole interaction is 
wed by the EFG of the Fe*( 8 0) level split in 


F«*(3d*4«WtGMI 



FIG- 2. Correlation between the relativistic electron 
deestts pW et the. >T ?«. widens, esd. ths tsomsr ehttt 
for 17 Fe. Ieomer-shlft values are given with respect 
to Iron metal at 300 K. p(0) values as calculated by 
Blom4ulst, Roos, and Sundbom, Ref. 11, and Shstwy, 
Ref. 13. 


the axial electric field of a neighboring I'. This 
splitting of the Fe*( 8 D) level has been estimated 
to be -10 cm' 1 for an Fe*-I" distance of -20 A. 10 
The distribution of the Fe*-T distances results 
In a variation of the F e*(*D) level splittings, and 
therefore in a distribution of the EFG at the iron 
nuclei- This is reflected in the large linewidth, 
r = 1,42 ± 0.02 mm/sec, of the quadrupole doublet. 

Figure 2 shows a plot of the observed IS of 
RGMl 57 Fe(3d 8 4s*), RGMI "Fe* (3d 8 4s), and RGMI 
57 Fe* (3d 7 ) together with the IS of ”Fe in FeF, 
versus the charge densities p(0) of the corre¬ 
sponding configurations as calculated by Blom- 
quist, Roos, and Sundbom 11 [ncmrelatlvistlc Har- 
tree-Fock procedure corrected by a uniform re¬ 
lativistic enhancement factor S'fEJ-l.ED 1 *] and 
as calculated by Shenoy” (Dirac-Fock-Slater pro¬ 
cedure). With the charge densities calculated by 
Shenoy the three RGMI "calibration” points of 
Fig. 2 are essentially consistent with a value of 
A(r*) = - (14.1 ±0.7) x 10" s fm’. This is not the 
case U we use the values obtained by Blomquist, 
Roos, and Sundbom. In this case one finds A(r*> 

= -(22,3 ±0.5) xlO' 3 fm J from RGMI Fe*(3d 7 ) and 
RGMI Fe(3d*4s*) and A<r 1 >*-(16.5±0.5)xl0"* 
fm’ from RGMI Fe + (3d 7 ) and RGMI Fe*(3d*4s). 

The a( r 1 ) value obtained from the p(0) calcula¬ 
tions by Shenoy is in agreement with those ob- 
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tained by Duff 14 [A<r - >e-(15.5±1.5)xl0* , fm*] 
from a critical re-evaluation of the existing IS 
calibration attempts and by Kalvius and She nay 15 
[A( r*> = -(15 ± 5)x 10** fm*]. It also is in less 
disagreement with those obtained from measure¬ 
ments of the change in the lifetime of the 14.4- 
keV state in ”Fe with the chemical environment 
A<r*>=-(8±1.5)xlO' J fm**• and -(etjjxio* 1 
fra 1 . 1 ’ 

Effects of the rare-gas matrix on ptO}^ in the 
Fe(3rf*4s*) atom seem to be sSjfc as estimated 
from die observed IS differences of Fe atoms 
isolated in different inert matrices (Ar, Kr, Xe*'“; 
N, CH 4 , CO, 10 ). Matrix effects on the spin den¬ 
sity (hf-coupling constant) of RGMI CutSd'^s) as 
measured by EPR experiments 10 are of the same 
order of magnitude (£ + sflj). Matrix effects on 
RGMI ions can be estimated from EPR experi¬ 
ments with RGMI ions; the observed effects on 
the hf-coupling constant in Msi* (3d 5 4s) and Cd + - 
(4d 10 5s) again are £-9%. 4 From these experi¬ 
mental facts we conclude that the rare-gas-ma- 
trix effects on p(0) are £ ±9% for all Fe configu¬ 
rations. 

From the IS data of Fig. 2 we derive the ratio 
[pW-us/pW*.I,.,,, = 1.80 ±0.15. Taking into ac¬ 
count possible Influences of the rare-gas matrix, 
as discussed above, would lower this value by 
maximal 5%, that is, to [p(0) 4 ^/p(0)„]„ I , = 1.65 
±0.15. This value is in good agreement with the 
calculations of Shenoy which give [ p(0),,,/ 
p(0)«*lr»ic = 1.8. It is, however, In serious dis¬ 
agreement with the ratio [p( 0 )«.»/p(0). m ]c<.i<t *1.3 
as obtained by Blomquist, Rooa, and Sundbom. 
From optical isotope-shift measurements on 6s- 
and 7s-electron configurations one finds [p(0)„s/ 
P(°)n»lois = 1.8*0.1 for w^O 11 and n = 7” again in 
excellent agreement with our measured value 
for n = 4. 

Therefore we come to the conclusion that the 
calculated value of Blomquist, Rooa, and Sund¬ 
bom for the Fe(3d*4s*) configuration is probably 
~3S& too low, i.e., the s shielding within the 4s 
shell seems to be overestimated in these calcu¬ 
lations. This could be caused by the use of a 
single relativistic enhancement factor S'{Z) for 
all Fe configurations despite the known fact that 
relativistic contributions to the shielding ratios 
can be important. 1 * 

Our measurement shows that SCF calculations 
have to be treated with care. The relatively 
good agreement of our experimental data with 


the Dirac-Fock-Slater calculations by Shenoy 
could be just fortuitous. More SCF calculations 
of ratios of charge densities of different iron 
configurations are needed. Their comparison 
with various density ratios from experiments 
provides a crucial test for the quality of such 
calculations. 

We acknowledge helpful discussions with G. M. 
Kalvius, K. Luchner, G. K. Shenoy, and F. Wag¬ 
ner. 
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Light Scattering by ^e^He Mixtures near the Tricritical Point 

P. Leiderer, D. R. Watts,* and W. W. Webb 
School of Applied and Engineering Physics and Laboratory for Atomic and Solid State Physics, 
Cornell University, Ithaca, Nets Tor* 14850 
(Received 8 July 1974) 

Scattering intensity and related measurements have established the tricritical expo¬ 
nents for the divergences of the concentration susceptibility, y, and of the correlation 
length for concentration fluctuations, v, have indicated a probable value for the exponent 
i), and have established a region of tricritical scaling. 


We have measured the intensity of light scat¬ 
tering by liquid Isotropic mixtures of *He and 
‘He around the tricritical point (T,,x t ), where the 
X line delineating the concentration-dependent 
temperature T\(*) of the continuous superfluid 
transition terminates at the top of a miscibility 
gap and the mixture begins a first-order separa- 
on into two phases, one a normal ’He-rich fluid 
ad the other a ’He-rich superfluid . 1 ' 3 Light- 
mattering intensities give a direct measure of 
le concentration susceptibility (8x/ 8A) t[ , near 
( in the small-scattering-vector limit ( 9 - 0 ) in 
antrast with experiments on specific heat* and 
iterated vapor pressure , 4 and the q dependence 
Ives the correlation length 4 for concentration 
uctuations. Here x is the atomic fraction of 
le and A = p 3 - p., is the difference between the 
liemlcal potentials of *He and 4 He. 

The scattering power is proportional to the ex- 
nction length 


A=A(X)^[i(g) Tp (||) Tp+ ^], (1) 

here A (X) = (2s/x) 4 [4taN' g ) a /6s ] and 0 T , = - (1/ 
)( 8 u/ 8 p) rx . Here v is the molar volume , 3 aN 0 
1 the molar polarizability of helium, and X Is 
le light wavelength. The isothermal compress- 
jility 0 T , varies only weakly near the tricritical 
alnt (7\,x ( ),® whereas the concentration suscep- 
bility {ax/BA ) TP is expected to diverge. Since 
ie atomic volumes of *He and ‘He differ, con- 
entration fluctuations dominate the scattering 
ad the critical opalescence is determined by the 
Ivergence of ( 8 x/ 8 A) T p. 

In summary, our results are as follows: First, 
e found a steep increase in scattered intensity 
> cooling just below the X line and an accom- 
ylng local scattering maximum atx-x t > 0 . 01 . 

I cond, on approaching T, we found a divergence 
the scattering intensity indicating 8 x/ 8 A <*£ ~ r , 
ere )T,-TI/T t and y = 1.0 with high accu- 
Thlrd, we found evidence for a strong tri¬ 


critical divergence in the superfluid phase of the 
correlation length 4 for concentration fluctuations 
that is consistent with model calculations of Fur¬ 
man and Blume . 7 The combined experiments pro¬ 
vide a satisfactory test and confirmation of re¬ 
cent theoretical discussions on tricritical scal¬ 
ing . 8 " 13 Finally to cope with substantial concen¬ 
tration gradients near (T„x,) due to the earth’s 
gravitational field, we have measured them in- 
terferometrlcally and have determined the tri¬ 
critical point and neighboring coexistence curve 
by using a reflectometric technique that is im¬ 
mune to gravitational perturbations. Our pre¬ 
liminary reports are corrected here . 1 ** 18 

In our experiments, the temperature was (nec¬ 
essarily) controlled to better than ± lpK for a 
few hours to attain demonstrable equilibrium, 
and was calibrated to ± 0.001 K absolute by vapor- 
pressure thermometry. Laser power was limit¬ 
ed to avoid effects of heating at windows. Tem¬ 
perature differences T,-T were established to 
better than ± 0.1 mK, as described below. Actual 
compositions, x, to x„ were known to ± 0.0016 
absolute and ±0.0007 relative to each other. 
(Watt's thesis provides some experimental de¬ 
tails 18 and more will be published elsewhere.) 

Preliminary light-scattering data 1 * on four 
compositions around x, were obtained with the 
scattering volume positioned at two fixed heights 
for measurements in coexisting normal and su¬ 
perfluid phases. They coincide in the phase-sep¬ 
arated region only until gravitational effects be¬ 
gin to grow near T t . A sharp step in scattered 
intensities occurs in the mixtures withx<x, 

= 0.6750* as they reach the transition from super¬ 
fluid to normal fluid at their X temperatures. In 
the scattering by the mixture x, =0.6818 we noted 
a small, reproducible, nonbysteretic, rounded 
maximum slightly below T x (x,). nils maximum 
is about 5% above the intensity at T & T x and about 
10 mK wide, and was not observed closer to x, 
in the mixture x t =0.6623. 18 The origin of the 
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maximum is uncertain; it implies a weak singu¬ 
larity, in either (dx/8A) T p or 0 T „ that vanishes 
as*-*,. 1 ’ 

Strong gravitational effects on measurements 
near the tricritical point are expected as a re¬ 
sult of vertical gradients in composition induced 
by the gravitational potential whenever the con¬ 
centration susceptibility is large. 17 ’ 1 * There is 
a predicted concentration change with height of 
Ox(t) ocwe determined 6x(x, T) to about 
0.001 over a range -4 mm by using a modified 
Jamin Interferometer to measure changes of the 
index of refraction n, and thus composition chang¬ 
es by using dn/dx a- 0.0070 near (x t , T,). From 
the results we estimated corrections for gravita¬ 
tional effects in the phase diagram reported by 
Alvesalo et al. 2 and confirmed the diagram given 
by Ahlers and Greywall* in clear preference to 
all others proposed. 

Because these effects obfuscate determination 
of the tricritical point, we have also redeter¬ 
mined it. We measured the limiting angle of to¬ 
tal reflectivity of the interface in the phase-sep¬ 
arated mixture, obtaining values for the discon¬ 
tinuity of the refractive index across the inter¬ 
face and hence the concentration difference Ax 
=x„-x. between normal and super fluid coexist¬ 
ing phases. Ax was found to decrease linearly 
on approaching T , with exactly the absolute value 
expected from the corrected phase diagram. 

Thus we confirm Ax where the tricritical ex¬ 
ponent is precisely 0 = 1.00 In the range 8 x 10 '* 

e * 10 " a . The value of the tricritical tempera¬ 
ture was determined ub T, = 0.868 ±0.001 K, in 
good agreement with only the result of Ahlers 
and Greywall, 0.867 K. 3 This experiment pro¬ 
vides calibration for temperature differences 
from T, to better than 0.1 mK, and determines 
the phase diagram free of gravity perturbations, 
since only the Interface itself is involved in the 
measurement. 

To avoid the gravitational effects on light scat¬ 
tering for measurements very close to T, in the 
mixture x* = 0.6749 (x, =0.6750)’ the laser beam 
was focused and scanned vertically across the 
sample cell. In this was the scattered intensity 
was monitored ■- 0.2 mm from the interface, thus 
providing data essentially free of gravity effects 
when T t -T -. 0.002 K. The wave-number depen¬ 
dence in x s was determined by using two wave¬ 
lengths, x =6328 and 4880 A, and two scattering 
angles, e =90 and 15°, thus providing data at 
four wave numbers. Apparent concentration sus¬ 
ceptibility data (»x/ 8A) tp , shown In Fig. 1, were 



IV T l 
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FIG. 1. Log plot of (ax/aAi-ip versus t for the single 
phase (11, and for die coexisting normal <2 N) and su- 
perfluld (2S1 phases tor flue mixture x t = 0.8749. For 
oompariaon, data of Alvesalo el al. (AIZ) and Goellner 
and Meyer (GM) (Refs. 2 and 4) are shown. The dashed 
lines show the best fit to our data calculated according 
to Eq. (2). At t i 10*’, the remaining small discrepan¬ 
cy is attributable to gravity effeots. 


obtained from the scattered Intensities by using 
Eq. (1), i.e., by heurlstically assuming lsotropii 
scattering for the q — 0 limit. The results were 
fitted by the expected power-law divergence of 
the form (8x/0A) TP = Ge ' 7 . 

For the single-phase critical lsochore and the 
normal coexisting phase, power laws were four 
to hold in the entire investigated temperature l 1 
terval. In contrast, the tricritical region for t 
superfluid seems to be confined to T, - T < 10 
mK, about the same temperature interval in 
which the phase diagram is linear. The best-f 
critical exponents y and prefactors G (in mole 
are y= 1.02 ±0.03, G = (7.7±l)xl0’ 3 , y + ' = 1.0< 
±0.02, G + ' = (2.2±0.2)xlO'*, y.' = 1.00 ±0.05, 

= (3.2±0.6)xl0" 1 , where y and G apply at T> 
along the critical lsochore, and y+' and G/, 
yand G.' apply at T<T, in the normal and 
perfluld coexisting phases, respectively. Va 
of (8x/8A) T p obtained from the specific-heat 
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of Alves alo et al .* and from the saturated-vapor- 
pressure data of Goellner and Meyer 4 are includ¬ 
ed In Fig. 1 for comparison. 

The onset of q dependence of the 00° scattering 
intensities in the coexisting superfluid is clearly 
jvident in Fig. 1 for e s 0.007. We compared the 
mattered intensities in the coexisting superfluid 
phase with the modified Ornstein- Zernicke ex¬ 
pression for the correlation function obtained 
from the Blume-Emery-Griffiths 13 model by Fur- 
nan and Blume. 7 Their Fourier transform C(<|, 

;) of the two-point correlation function, which is 
proportional to the scattering intensity, has the 
form C(5, e)« (off* + be)/(aq* + ce 2 ), where a, b, 
ind c are constants given by the model. We find 
hat our data can be well represented by this ex¬ 
pression. The fit to our data at four values of q 
ihown in Fig. 1 yields a/c* 1.6x10'“ and aq 2 
*be for e >10' 3 . 

Therefore, for £ > 10 a , we have 18 

c **>- 5 7 fi (rs«o%?7r)- » 

If we define the critical exponents tj and v by writ¬ 
ing C(q, e) =(1 /q‘~*)F(q/e“), w we find that our ex¬ 
perimental results are consistent with the criti¬ 
cal exponents v.'=»l and 1 }.' = 1, which together 
vith y.' =1 fulfill the scaling relationship y = (2 
- tj)i/. Thus the correlation length 4-' for concen- 
xation fluctuations in the superfluid phase (not 
he superfluid correlation length) is given by 4 
sl.Se' 1 A. The trlcritlcal exponents for a He- 4 He 
nixtures below T t are thusR =y,' = v.' = ?).' = 1.0 
consistent with trlcritlcal scaling. Note that the 
Furman-Blume form Is consistent with simple 
icaling only in the region aq a <*-be. 
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3. Meyer and W. Zlmmermann; experimental 
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retical advice by D. Nelson; and a preprint by 
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-r at Cornell. One of us (P.L.) acknowledges 
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or 

2V = £ -<*>/<»), (4') 

where/( m) = 1/{exp[(w-ji)/fc 8 r)-l}. The excita¬ 
tion spectrum of an electron added to the lattice 
is calculated by C e , and the ground-state energy 
is given by ffn(N)dN. However, the energy 
spectrum of an electron remoued from the lattice 
has to be computed by G ho1e . Since A 1 l, ‘ l (£o) 
>A l ** l (ko), the right-hand side of Eq, (4') be¬ 
comes greater than N i tAf * 1 is replaced by 
A*‘ l . Therefore the hole state k ma H ' 1 with the 
maximum energy Irmx"' 1 cannot be k T but 
<k r and it should be calculated by 

frA'-WW. (5) 

This is possible because, after losing an elec¬ 
tron, the lattice of.N-1 electrons is no longer 
in the ground state but in the excited state with 
a hole in I*'" 1 . The energy -4,""‘(tor) of a re¬ 
moved electron calculated by G hole is then high¬ 
er by the amount 64, " than the corresponding en¬ 
ergy 4, #+l (h°) obtained by G c) , suggesting that 
an activation energy & ( (N) = 64 ," supplied exter¬ 
nally is needed to remove the electron. 7 

In conclusion, the ground state of the Hubbard 
lattice is a coherent (localized) state with a for¬ 
bidden band k Trmx l, ~ l between the occupied 
and unoccupied spectra; the activation energy 
A,(h() and the momentum k T - 1 are needed 

to excite an electron into an unoccupied state, 
making the lattice an insulator with a small indi¬ 
rect gap A f (JV). The temperature dependence of 
the conductivity will be proportional to exp(-A t / 
2k b T) of the carrier concentration. 

Even if the number of electrons increases, the 
lattice will remain insulating. When the lower 
band is nearly half-filled the gap A, (IV) will at¬ 
tain its maximum value of (2 3v)D (which may be 
~0.3 eV if the original bandwidth 2 D is of the or¬ 
der 3 eV) and then decrease gradually. Even if 
the lower band for electrons is filled with N 1 elec¬ 
trons, the “hole" band will be terminated at the 
state and the small gap parameter d for 

G t ,„| 0 will remain negative and finite. Conse¬ 
quently, the energy required to remove an elec¬ 
tron from the lattice is equal to the activation 
energy A, (IV) but the lowest energy level into 
which the electron can be excited is in the upper 
band with energy thus suddenly in¬ 

creasing the activation energy to a large value 
This energy gap is the same 


as the gap involved in the Hubbard remit in mag¬ 
nitude as well as in physical origin. Even if 
more electrons are added to the lattice, how¬ 
ever, the lattice remains a Hubbard insulator. 

Only after A N’ electrons are added and the lower 
“hole” band is extended to the zone boundary 
does the lattice return to the small-gap semicon¬ 
ductor. By this time, AiV' states in the lower 
part of the upper band for electrons are filled, 
yielding a finite negative value for the gap pa¬ 
rameter d involved in G e) , and the arguments 
for the small-gap semiconductor developed for 
the lower band will be applied to this case. Only 
if the lattice is nearly empty or full does the gap 
parameter d vanish as 1 /N a and the lattice become 
metallic with the conventional Fermi surface. 

As the bandwidth 2D Increases, the gap parame¬ 
ter d increases, stabilizing the small-gap Insulat¬ 
ing state. If 2D becomes much greater than XI, 
however, energies in the upper half of the lower 
band and in the lower half of the upper band be¬ 
come complex, Introducing finite widths in the 
spectra and, at the same time, reducing their 
spectral weights. Then the above tendency is re- > 
versed and eventually the lattice will become a 
normal metal with a single band, but a more pre¬ 
cise calculation is needed to discuss the metal- . 
nonmetal transition. I 

So far we have neglected explicit consequences | 
of the thtrd solution w,' since, in the narrow- I 
band region, its spectral weight is of the order I 
(d/I) 3 and smaller than the quantities 6A and 54 
of the order d/I needed in obtaining the foregoing | 
conclusion. If the bandwidth increases, this is 
no longer the case. We have calculated the in¬ 
verse Green’s function correctly up to terms lin¬ 
ear in e* by extending the perturbation up to an in¬ 
finite order and found that the effect of id,' can be 
included properly and that the present conclusions 
remain correct. 
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’if IV “1, the energy of as electron added to the lattice 
ia i,-4 with A >0, because of the attractive Interac¬ 
tion between two electrons Involved, bat the energy of 
an electron removed from the lattice with N »1 la *, 
since only a single electron Is present. This Illustrates 


that the dlffereooe A la the activation energy needed to 
break op the bound pair. This two-electron A-slte 
problem was originally solved exactly by J. C. Slater, 
H. Statz, and Q. F. Koster, ffcya. Rev. 91. 1323 (1953). 
The present result suggests that the same attractive 
Interaction appears between the lattice with N— “ and 
an electron added. 


Observation of Recombination-Enhanced Defect Reactions in Semiconductors 


D. V. Lang and L. C. Klmerltng 
Bell Laboratories, Murray HUl, Nets Jersey 07974 
(Received 26 June 1974) 

Recombination-enhanced annealing of defects In semiconductors has been observed di¬ 
rectly for the first time. The defects were produced In GaAs by 1-MeV electron Irradia¬ 
tion and observed by transient-junction-capacitance techniques. The data clearly relate 
the enhanced detect annealing rate to electron-hole recombination processes at the de¬ 
fect. 


We have observed a new mechanism for the en¬ 
hancement of defect reactions In semiconductors, 
namely enhancement by electron-hole recombina¬ 
tion at Hie defect. A direct correlation of defect 
reactions with electron-hole recombination pro¬ 
cesses at the defect has not previously been ob¬ 
served. The details of such recombination-en¬ 
hanced processes are crucial to the basic under¬ 
standing of both defect motion and nonrad iative 
recombination phenomena In semiconductors. 

The recombination-enhanced mechanism was 
observed to produce a significant increase in the 
annealing rate of 1-MeV-electron irradiation de¬ 
fects In n-GaAe under conditions of minority-car¬ 
rier injection. The specific Identity of these de¬ 
fects is at this time unknown, but it is reasonable 
to expect that they are Isolated vacancies, inter¬ 
stitials, and/or simple complexes. These radia¬ 
tion-induced defects are observed by a new Junc¬ 
tion-capacitance technique, deep level transient 
spectroscopy (DLTS). 1 With this technique it is 
possible to measure for each defect the activation 
energy for thermal emission of a carrier to the 
nearest band edge, the concentration, and the 
capture rates for electrons and holes. These 
properties are highly specific to a particular de¬ 
tect and allow ub to resolve five levels whoBe ac- 
lvation energies for electron emission to the 
conduction band are 0.08, 0.19, 0.45, 0.76, and 
>-96 eV and three levels with activation energies 
or hole emission to the valence band of 0.32, 

•44, and 0.76 eV. A typical DLTS spectrum Is 
hown In Fig. 1. The full details of the proper¬ 


ties of these defects will be published elsewhere.* 
For the purpose of demonstrating recombination 
enhancement we will focus on the 0.45-eV elec¬ 
tron trap shown In Fig. 1. 

Junction-capacitance techniques such as DLTS 
are ideal for these studies since it Is possible to 
Independently vary both the average charge state 
and the electron-hole (e-h) recombination rate at 
a particular defect. The charge state can be var- 



TEMPERATURE (K) 

FIG. 1. A typical DLTS spectrum of 1-MeV electron 
Irradiated R-GaAe. The energies shown are tiie mea¬ 
sured activation energies for emission of a carrier to 
the nearest band edge. The positive signals are due to 
bole traps (Injection pulse scan) while the negative sig¬ 
nals are due to electron traps (majority-carrier pulse 
scan). 
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led by placing the observed traps either in the de¬ 
pletion region (reverse bias) or In neutral mater¬ 
ial (zero bias). The effects of e-h recombination 
as well as charge-state changes are present in 
the annealing behavior under forward bias. It is 
known that a change in the charge state of a de¬ 
fect can have a significant Influence on its anneal¬ 
ing rate. This has been observed for the vacancy 
in silicon by EPR, 9 * 4 for the F center in alkali 
halides by optical spectroscopy, 9 and for the 
phosphorus-vacancy pair in silicon by Hall ef¬ 
fect** 7 and by junction-capacitance techniques.* 
Thus it is important to determine whether the en¬ 
hanced annealing observed in our experiments is 
due to the dynamics of e-h recombination or to a 
change in the defect charge state. 

The GaAs samples used in this study were 
asymmetric p *n junctions grown by liquid-phase 
epitaxy. The p side of the junction in all cases 
was doped to 2 xio“ cm** with Ge. In various 
samples the n-GaAs net donor concentration was 
between 4x10“ and 8x10“ cm'" with the lower 
values in undoped samples and higher values in 
Sn-doped samples. Under these conditions the 
DLTS spectrum is sensitive to defects In only the 
a-type material. Our measurements showed that 
a radiation fluence of 1x10“ 1-MeV electrons/ 
cm* at room temperature produced a uniform den¬ 
sity of 7x 10 U cm"* of the 0.45-eV electron traps 
in undoped samples. 

As mentioned above, the defect under study was 
observed by monitoring the electron trap level 
with a 0.45-eV activation energy shown In Fig. 1. 
This state was observed to disappear in a single 
thermal-annealing stage at approximately 200°C. 
No new states or Increases In other states were 
observed. Measurements between 175 and 225°C 
give an activation energy AE, h «1.4 ± 0.15 eV for 
a first-order annealing process with an exponen¬ 
tial prefactor of 10 u sec' 1 . 

All observations of recombination-enhanced 
processes were below 100°C where the thermal 
annealing rate was negligible both at zero bias 
and under reverse bias. Thus the charge state 
of the defect had no effect on the annealing below 
100°C. This conclusion follows from the fact that 
at zero bias the 0.45-eV electron traps which are 
observed by DLTS are In neutral material below 
the Fermi level and thus filled with electrons, 
whereas under reverse bias these same traps 
are tn the depletion region of the junction where 
they are empty of electrons due to the fact that 
their charge state here is determined by the re¬ 
spective carrier thermal emission rates (elec¬ 


tron emission rate x> bole emission rate). The 
physical basis of the DLTS measurement scheme* 
ts. In fact, this same phenomenon: the alternate 
capture of electrons by the trap at zero bias fol¬ 
lowed by thermal emission of electrons at re¬ 
verse bias. Thus the traps observed by DLTS 
are by definition those which undergo charge- 
state changes as a result of bias changes. A sig¬ 
nificant amount of annealing was observed, how¬ 
ever, when the diode was In forward bias at these 
temperatures. The dependence of the defect an¬ 
nealing rate on injected current density at 100°C 
Is shown for a sample with net donor concentra¬ 
tion of 4x10“ cm"* in Fig. 2,* This type of satu¬ 
ration versus current behavior Is also character¬ 
istic of the e-h recombination rate at the defect. 
The rate is initially linear with current where 
capture of injected minority carriers is the limit¬ 
ing process and constant at large values of cur¬ 
rent where majority capture is the limiting pro¬ 
cess. DLTS measurements between 216 and 272 
K show that the steady-state minority carrier 
(hole) occupation of this level, and hence the re¬ 
combination rate, saturates at roughly the same 
forward current density as the annealing rate In 
Fig. 2. Measurements of the saturated annealing 
rate as a function of temperature between room 
temperature and 100*0 yield an activation energy 
of 0.34 *0.03 eV. The saturated annealing rate at 
a fixed temperature In different samples Is pro¬ 
portional to the net donor concentration as shown 
In Fig. 3. The saturated e-h recombination rate 
is also proportional to the net donor concentra¬ 
tion. 

We conclude from the above that the rate of the 



FIG. S. Aim waling rate of the 0.48-eV electron tn 
versus forward diode currant at 100’C In a sample ■ 
a net donor concentration of 4 xio u cm**. 
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FIG. 3. Saturated annealing rate of the 0.45-eV elec¬ 
tron trap versus net donor concentration In three seta 
of samples at 100°C. The solid line Is a linear fit to 
the data. 


enhanced defect annealing process Is directly re¬ 
lated to the rate of recombination at the defect. 

In addition. It has been determined that the en¬ 
hancement under forward bias results from a re¬ 
combination event at the defect and not the ac¬ 
companying change in the average defect charge 
state which is also described by the saturation 
versus current in Fig. 2. This Is because, as 
mentioned above, we saw no change In the signal 
due to heat treating at 100°C In either charge 
state. 10 Thus we rule out the possibility that the 
enhancement Is due to a low-energy path charac¬ 
teristic of an alternate charge state. 

Oscillatory changes in the charge state were 
also found to produce no meaaureable enhance¬ 
ment of the annealing process. By pulsing the re¬ 
verse bias on and off at a high rate (1.7 MHz) in 
a 4x10“ cm' 1 doped sample at 100°C we can pro¬ 
duce the same total number of charge-state os¬ 
cillations In 3 h as occur during 11 min of satu¬ 
rated e-h recombination (2 x 10“ oscillations). 

The bias oscillations produced essentially no 
change In the defect concentration (l.e., less than 
the noise level of 0.5%) while die recombination 
produced a 14% change. Thus the dynamics of 
*-h recombination and not simply charge-state 
>acillations are the important factor in enhanc¬ 
ing the annealing rate of the defect. 

Since we observe no increase In the concentre- 
ions of other defects and no new defects during 


the course of the annealing experiments we con¬ 
clude that the decrease In the concentration of 
the 0.45-eV electron trap most probably corre¬ 
sponds to the annihilation of the corresponding 
lattice defect. Such an annihilation process could 
be the result of only a few reorientational Jumps 
as in the case of a near-neighbor vacancy-inter¬ 
stitial pair (Frenkel defect) or an antistructure 
pair (Ga atom on As site and vice versa). It also 
could result from long-range diffusion of the de¬ 
fect to a suitable sink, e.g., vacancy or Intersti¬ 
tial diffusion to a dislocation or a surface. In 
either case atomic jumps on the scale of a lattice 
constant are involved. The fact that e-h recom¬ 
bination at a defect can significantly enhance such 
jumps, which would otherwise require 1.4 eV of 
thermal energy, indicates strong electron-lattice 
coupling at the defect. 

We believe that these data firmly establish the 
phenomenon of recombination-enhanced defect re¬ 
actions In semiconductors. We have ruled out 
charge-state effects of the type observed for the 
vacancy in silicon 9 ' 4 and proposed to explain In¬ 
jection annealing experiments in silicon. 11 In ad¬ 
dition, a charge-state dependent saddle-point 
mechanism 13 ' 19 has been eliminated by the null 
result of the oscillating bias experiments. Thus 
the enhancement is believed to be a unique result 
of a recombination event at the defect and related 
in no simple way to the defect charge state. 

The effect may be of Importance In a wide vari¬ 
ety of systems. In particular it explains the ob¬ 
servation that y irradiated GaAs laser diodes re¬ 
gain their Initial efficiency after operating at for¬ 
ward bias. 14 Recombination-enhanced processes 
of this type may also be active In the observed 
degradation only under forward bias of a wide va¬ 
riety of Injection-mode devices such as GaAs tun¬ 
nel diodes, 19 GaP light-emitting diodes, “ and 
GaAs Injection laser diodes. “ ,1T 

Clearly, a detailed understanding of recombina¬ 
tion-enhanced lattice processes Is very Impor¬ 
tant for it will greatly increase our understand¬ 
ing not only of defect motion but also of possible 
mechanisms of nonradiative recombination as 
well. 

The authors wish to thank R. A. Logan for 
growing the samples used in these experiments 
and A. J. Williams for fabricating the p-n junc¬ 
tions from this material. We especially wish to 
thank C. H. Henry for providing the initial moti¬ 
vation for this work. 
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Brillouin-Scattering Evidence for a New Phase Transition in Perovskite Crystals: PrAK) 3 


P. A. Fleury, P. D. Lazay, and L. G. Van Ultert 
Bell Laboratories, Murray Hitt, New Jersey 07974 
(Received 17 June 1974) 

Brillouln scattering experiments have revealed a new structural phase transition In 
PrAlOj at 118 K, In which strain la the sole order parameter. This fact, together with 
the second-order nature of the transition, suggests that It belongs to a class of struc¬ 
tural transitions first delineated nearly tan years ago by Anderson and Blount. 


The cubic perovskite family of solids is well 
known to be potentially unstable toward structural 
phase transitions driven by soft phonon modes. 1 
Several such purely lattice-dynamical phase tran¬ 
sitions have been observed, driven by both Brll- 
louln-zone-center' and -zone-boundary soft modes. 
PrAlO,, for example, undergoes a cubic -rhombo- 
hedral transition at 1320 K driven by a soft R- 
polnt phonon.* In this respect It ts similar to 
LaAlO, and several other members of the perov¬ 
skite family.* However, because of the Interac¬ 
tion between the Pr* + 4 f electronic levels and the 
PrAlO, lattice phonons, two additional structural 
phase transitions are known to occur as the tem¬ 
perature is lowered: a first-order rhombohedral- 
orthorhomblc transition at 205 K, and a second- 
order orthorhombic-monocllnlc transition at 151 
K. M 

We report here a new structural phase transi¬ 
tion, of second order, at 118.5 K, which Is driv¬ 
en by a soft transverse acoustic phonon. Despite 
several previous careful studies by a wide vari¬ 
ety of techniques (optical absorption* 4 and fluo¬ 
rescence,* neutron** and Raman scattering,* x- 
ray, T ESR,* specific heat,* and refractive index 10 


measurements) this transition has remained here¬ 
tofore undetected. This fact, together with the 
extremely large (~ 99%) acoustic anomaly ob¬ 
served In our Brillouln scattering experiments, 
strongly suggests that strain is the sole order 
parameter for this transition. Since the transi¬ 
tion is apparently second order and Involves a 
change of crystal symmetry, we suggest that this 
transition belongs to a class of structural tran¬ 
sitions first delineated nearly a decade ago by 
Anderson and Blount. 11 Furthermore, it lies en¬ 
tirely outside the framework of present theories’ 
of PrAlO,, Its properties, and Its phase transi¬ 
tions, which have otherwise proven so successfu 
In imposing order on the multitude of magnetic, 
structural, and spectroscopic observations in 
this material. 

The sequence of the previously known phase 
transitions In PrAlO, can conveniently be vlewe 
in terms of changes in the direction of the axis 
about which the AlO, octahedra rotate In ad j ace 
cubic unit cells.* 4 Between 1320 and 210 K thii 
axis is along (111). Between 210 and 151 K, it 
(101). Below 151 K it begins to rotate, and cot 
tlnuously approaches (001) as the temperature 
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approaches absolute zero. Both of these transi¬ 
tions arise from strong Interactions between the 
Pr* + electronic states (excltons) and the perov- 
skite lattice modes (phonons), with the result 
that virtually all of the experiments cited in the 
previous paragraph can couple rather directly to 
the order parameter. Indeed, the PrAlO, 151-K 
transition Is probably the most completely stud¬ 
ied structural phase transition from the viewpoint 
of direct order-parameter meaaurement8. , • 4 ■ &,, 

It was, In fact, the observed linear coupling be¬ 
tween the soft quadrupolar exciton 4 and the (101)- 
directed TA phonon near 1S1 K which led to our 
initial Brlllouln studies of PrAlO,. The results 
of our experiments on the 151-K transition will 
be detailed elsewhere. Here we shall concentrate 
on the new transition. 

The results reported here were obtained by 
right-angle iv) Brlllouln scattering, excited 

by a stabilized single-mode argon Ion laser oper¬ 
ating at 5145 A. To avoid heating ot the sample, 
power levels were restricted to between 10 and 
20 mW. The spectra were obtained using a pres¬ 
sure-scanned flat Fabry-Perot interferometer. 

The samples were single crystals a few millime¬ 
ters on a side and of a medium green color (a 
room-temperature absorption length for 5145-A 
light of -1 cm), grown from a PbO-PbFj-PjO, 
flux. Because of previously reported 4 ' 7 * sensitiv¬ 
ity to mounting strains for domain structure, 
etc., we employed both (a) cold-finger and (b) 
flowing-gas variable-temperature Dewars, with 
temperature stabilities of 0.01 and 0.05 K, re¬ 
spectively. Arrangement (b) permitted strain- 
free sample mounting, while (a) required bonding 
of the sample to the copper cold finger. Although 
deliberate straining did reduce the acoustic anom¬ 
aly near 118 K, our usual mounting procedure 
gave identical results In configurations (a) and 
(b), indicating that any strain effects arose from 
Internal rather than external strains. Further 
evidence for this came from the observed sam- 
ple-to-sample variations as high as 5% in the 
maximum size of the acoustic anomaly near T e . 
Detailed results are presented for the most 
strain-free samples. 

I Figure 1 exhibits the Stokes-Brlllouin spectra 
or right -angle scattering [q=*(4rii/A)slni6=3.45 
! 10* cm* 1 ; « = 1.99 10 ] near T e = 118.5 K. The two 
4her expected acoustic modes were observed at 
ilgher frequencies, but exhibited no unusual tem- 
erature dependence. In Fig. 2 the temperature 
ependence of the observed elastic constant c fJ 
oV* (where p = 8.68 g/cm’ and V,= 2tv t /q) is 



FREQUENCY SHIFT - GHZ 


FIG. X. Stokes-Brfllouln spectra near T c In PrAlO,. 

(a) Without I 2 filter; elastic intensity reduced 100 *; 

(b) with Ij filter to reduce elastically scattered Intensi¬ 
ty. Arrows indicate instrumental width. Experimental 
geometry Is X{ZX)Y aa discussed In the text. 


shown. The following features of these results 
are noteworthy: (a) A nearly 99% decrease In c tJ 
occurs between 160 and 118 K. (b) Over a wide 
range, both above and below T c , the anomalous 
temperature variation Is mean-field-like ( c it 
= alT- T c I). (c) The temperature coefficient is 
much larger above than below T c (a>= 0.80xio“ 
dynes/cm* K; a< = 0.10x 10“ dynes/cm a K) which 
differs greatly from the usual mean field ratio 
(«>/<*<) mf = 2. (d) Scattering and polarization ge¬ 
ometries show that the new soft mode is trans¬ 
verse and propagates In either the (110) or (Oil) 
direction, polarized In the (001) or (100) direc¬ 
tion. All directions are referred to cubic perov- 
skite axes. The (010) or b direction in the ortho¬ 
rhombic phase is defined as In Ref. 8, and 1 b oper¬ 
ationally identified in our samples by observation 
of the soft mode responsible for the 151-K tran¬ 
sition, which has q = (101) and e = (lOl). (e) Vari¬ 
ation of the phonon q direction by up to ± 5 s (in- 
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FIG. 2. Temperature dependence of soft-mode split¬ 
ting (right-hand axis) and elastic constant (left-hand 
axis). Inset shows linear behavior of c {/ In IT - 7' c l on 
both sides of T c . 


ternal) with respect to the (llO)-type direction 
shows that contributions of nonanomalous elastic 
constants 12 reduce the size of the observed elas¬ 
tic anomaly by less than 1% when q Is within ± 2° 
of (110>. (f) Both above and below T c the Bril- 
louin spectra reveal that (110) and (IlO) are not 
equivalent phonon propagation directions. In par¬ 
ticular, for the "wrong” direction no softening of 
the TA mode Is observed. This Inequivalence of 
+ 45* and -45® directions relative to the b axis 
Is Incompatible with the currently accepted mono- 
cllnlc 4 ** structure below 151 K. (g) An increase 
In crystal symmetry below T c Is implied by the 
observed polarization selection rules. [For the 
X(a@)Y scattering geometry, relative soft-mode 
scattering Intensities of 1.0, 0.81, 0.58, and 0.33 
were observed at 121 K for ad equal to ZZ, YZ, 
ZX, and YX, respectively. At 112 K the corre¬ 
sponding relative Intensities were 0.03, 0.89, 

1.00, and 0,05, respectively. ] (h) As T- T t and 
the mode softens, the scattering Intensity in¬ 
creases. This Increase Is, within experimental 
error (± 5%), In accord with the expected rela¬ 
tion /gVg**const.** (1) Very near T c the frequency 


decrease saturates so that the soft mode does not 
actually reach aero. Among other possible rea¬ 
sons for this, discussed below, is the existence 
of a dynamic central peak arising from the soft 
mode as T c is approached. However, a more de¬ 
tailed examination using an I* filter 2 * to suppress 
elastic scattering [see Fig. 1(b)] revealed no dy¬ 
namic quasielastic scattering outside the Instru¬ 
mental resolution (400 MHz, full width at half¬ 
maximum). 

These observations (a)—(1) imply that PrAlO, 
undergoes a symmetry-changing (d), second-or¬ 
der (a) structural transition near 118 K which In 
some respects (b) is mean-field-like, but In 
others (c) not. Because of the negligible effect of 
this transition on quantities sensed by Raman, 
ESR, fluorescence, and absorption spectroscopy, 
together with Us Immense effect on the shear 
elastic properties, U appears that strain 1s the 
sole order parameter for this transition. Sym¬ 
metry arguments applied to those transitions In 
which the strain Is the only order parameter In 
the Landau sense permit only three classes of 
pure strain transition. 11 Two of these, which 
heretofore exhausted all known real examples, 
require that the transition be first order. The 
third permUs a second-order, pure strain tran¬ 
sition provided (a) there Is a change In symmetry, 
and (b) all cubic and trigonal, and most hexago¬ 
nal, symmetries are not involved. The only pos¬ 
sible point of doubt regarding the admissibility 
of the 118-K transition to this class lies In point 
(1) above: the failure of the mode frequency to 
soften completely to zero. There could be five 
possible causes or contributions to this behavior: 

(l) The transition ultimately Is first-order, al¬ 
beit with at least 99% second-order character; 

(II) Internal strain fields "round” the transition; 

(m) the phonon mode observed Is not purely the 
relevant strain 1 * (e.g., q could be slightly off the 
required axis); (IV) the emergence of a dynamic 
central peak may cause a saturation In the de¬ 
crease of i/g; (V) “q{” effects round the critical 
behavior when the Inverse correlation length t ‘ 
approaches the wave vector of the experiment.* 
For this effect to account for the observed rout 
ing, assuming mean field behavior (£* C £ 0 *!T,/ 
(7’-T e )l), a value of £ o ~50 A would be requlri 
While large, this is not unreasonable for struc 
tural transitions.* Measurements at much sm 
er q( (e.g., ultrasonics) would resolve this as 
pect of the question. 

Except for (I) these effects would not preclu 
the classification of the 118-K transition as a 
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Anderson-Blount transition. Based on experi¬ 
ments In a large number of samples, we believe 
that (Q) is the dominant effect and is probably 
responsible for all the observed v B saturation. 

Regardless of whether or not this transition 
strictly belongs to the Anderson-Blount class. It 
is of particular Interest for at least two addition¬ 
al reasons. First, It lies entirely outside the 
framework of our present understanding of PrAlO, 
and therefore possibly of other cooperative Jahn- 
Teller systems. Additional symmetry complica¬ 
tions in PrAlO, uncovered by this work pose chal¬ 
lenges to the proper extension of these' theories. 
Because Brlllouln experiments cannot give unam¬ 
biguous determination of crystal symmetry, care¬ 
ful neutron or x-ray studies near 118 K are need¬ 
ed. Second, and of perhaps wider Interest, Is 
the generality of the occurrence In perovsklte- 
llke lattices of this type of traneition. Certainly 
Lt has not yet been observed in any other such 
material, but could easily have been missed be¬ 
cause of the negligible coupling of the order pa¬ 
rameter to other than acoustic probes. Although 
the electronic and optical phonon modes play no 
direct role In this transition, does lt occur be¬ 
cause of a particular set of anharmontc circum¬ 
stances which themselves result from the higher 
temperature exclton-phonon-driven transitions 
in PrAlO,? Unless this rather unlikely situation 
is Indeed the case, lt Is quite reasonable to sup¬ 
pose that there are other pure-strain structural 
transitions In perovsklte-llke materials awaiting 


discovery. 

We are grateful to R. J. Blrgeneau and E. I. 
Blount for numerous helpful discussions and to 
S. Bortas for polishing the samples. 

Note added .—Recent neutron diffraction studies 
(P. G. Woralton and R. A. Byerleln, to be pub¬ 
lished) of the pressure-induced phase transition 11 
In TeO, confirm that this transition is also of the 
Anderson-Blount type. 
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New Transport Phenomenon in a Semiconductor “Superlattice”* 

L. Esaki and L. L. Chang 

IBM Thomas J. Watson Research Center, Yorhtown Heights, New Tori 10598 
(Received 1 July 1974) 

We report electronic transport properties In a GaAs-AIAs periodic structure known 
as a “Buperlatticc” prepared by a molecular-beam epitaxy. Its differential conductance 
in the superlattice direction first gradually decreases, followed by a rapid drop to nega¬ 
tive values, men, at high fields, exhibits an oscillatory behavior with respect to ap¬ 
plied voltages. This observation la interpreted In terms of the formation and expan¬ 
sion of a high-field domain. The voltage period of the oscillation provides the energy 
of the first-excited band which is in good agreement with that predicted by the theory. 


: has been proposed 1 ' 1 that quantum states with 
Arable energies or bandwidths can be created 
nonocrystalline semiconductors, once a well- 
ined structure with extremely narrow poten- 
barriers and wells Is achieved in a controlled 


manner: The transport of electrons in the struc¬ 
ture is then expected to be largely governed by 
such quantum states. 

In this Letter, we report transport properties 
In a periodic structure known as a “superlattice.” 
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The current and conductance as a function of ap¬ 
plied voltage show nonlinear characteristics and 
exhibit an oscillator; behavior beyond a certain 
threshold voltage. The observed period of the 
oscillation In terms of applied voltage appears to 
coincide with the energy difference between the 
quantized states or bands. This result, we be¬ 
lieve, not only suggests the formation of a hlgb- 
fleld domain but also confirms the creation of the 
ground and first-excited bands in the superlattice. 

The superlattice used in the present experi¬ 
ments typically comprises fifty periods. Each 
period has a thickness of 85 A, consisting of 45 A 
GaAs and 40 A AlAs. The latter provides a po¬ 
tential barrier of a height of 0.4-0.5 eV. The 


structure has been grown on GaAs substrates by 
the advanced facilities of computer-controlled 
molecular-beam epitaxy.’ The conduction-elec¬ 
tron density 1 b -10” cm' 1 in the superlattice re¬ 
gion and -10” cm' 9 In contacting GaAs regions, 
the substrate on one side and an overlaid layer 
on the other. The format!cm of such a superfine 
structure has been verified by a combined tech¬ 
nique of Auger electron spectroscopy and argon- 
ion sputter etching,' 1 and more recently by small- 
and large-angle x-ray scattering techniques.’ 

The allowed enei'gy bands In a superlattice can 
be calculated from the following expression, as¬ 
suming a one-dimensional, periodic square-well 
potential." 


- 1 ^eos-^ —^ ^cosh ^ — - * )~ 1 /a sin g i^^Blnh 6 ^ 2,n ^~ - -^ ---l, 


where £ is the electron energy In the superlattice 
direction, V the barrier height (0.4 eV), a the 
well width, 6 the barrier width, and m the effec¬ 
tive mass (0.1m 0 ). The hatched region in Fig. 1 
indicates the two energy bands, E, and £„ as a 
function of well width, with the barrier width 
constant at 40 A. In the present case with a well 
width of 45 A, the widths of the ground and first- 
excited bands, E, and £„ are as narrow as 5 and 



net,!. Two superlataoe energy bands, £, and E,, 
calculated as a function of well width with a barrier 
width of 40 A. Each range Indicates some spread of 
experimental values taken from double barriers. Dis¬ 
tance of 1.41 A represents the spacing between (100) 
--—in nlanee in GaAs or AlAs. 


40 meV, respectively. 3uch narrow bandwldthe 
are a result of the relatively tight-binding poten¬ 
tial in the present structure/ as compared with 
that previously investigated.’ Thus the location* 
of £ t and £, in this case are essentially the san 
as those of discrete energy levels in a single 
square well. Since the scattering time r is es¬ 
timated to be of the order of 10'" sec in our 
epitaxial structure, 8 an inherent broadening ev 
for these discrete levels is expected to be 6-7 
meV. Therefore, in order to test these theor* 
cal curves, we have employed the method of t' 
previously reported resonant tunneling in doul 
barriers.’ The energies, E, and E„ for thre 
different well widths, 40, 50, and 05 A, wer« 
obtained from a large number of double barr! 
Although there is some understandable spres 
as shown in Fig. 1, because of thickness fhx 
tlon and other imperfections, the measured 
ues generally fall on the calculated curves, 
ticularly well for the ground state. 

Transport measurements were made on t! 
present superlattice with two-terminal spe* 
mens of an area of about 10‘ 7 cm’. The cu 
is found to increase smoothly with applied 
ages up to a few tenths of a volt. Subseque 
it starts to saturate or decrease and at hif 
ages a fine oscillatory behavior is develop 
Results of 50-nsec pulsed measurements 
essentially the same. Figure 2 illustrate 
differential conductance as a function of t 
voltage at four different temperatures: 6 
210, and SOCK. At room temperature, 1 
ductance neither becomes negative nor s 
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FIG. 2. Differential conductance versus applied vol¬ 
tage in a superlattice at four specified temperatures. 


fine structure. The oscillatory behavior is ob¬ 
servable at 210°K and becomes increasingly pro¬ 
nounced at lower temperatures. On the other 
hand, both the conductance near zero bias and a 
threshold voltage where the conductance begins 
to drop sharply are relatively insensitive to the 
temperature variation. Instabilities sometimes 
exist in the negative-conductance range which 
give rise to spurious conductance curves. The 
asymmetric characteristic with respect to po¬ 
larity, as seen in Fig. 2, is fairly common in 
many specimens, and is likely due to an asymme¬ 
try in the potential profile, although its origin is 
not clear at this moment. In measuring over 20 
specimens, the general features of the conduc¬ 
tance, however, are quite reproducible: The on¬ 
set voltage for the negative differential conduc¬ 
tance ranges from 0.4 to 0.8 V and the period of 
the oscillation falls between 0.21 and 0.24 V. 

The observed characteristics are interpreted 
is schematically illustrated in Fig. 3. At low ap¬ 
plied fields, a marginal band-type conduction 
robably governs the electron transport. The 
tobllity deduced from the conductance near zero 
sltage is of the order of 50 cm’/V sec in the di¬ 
ction of the superlattlce. After showing a slow 
icrease as in Fig. 3(a), the conductance starts 
drop rapidly at a field of ~ 10 4 V/cm: The vol- 
£e drop per unit cell (per one period) approach- 
about 8 meV, if a uniform field distribution is 
Burned. Beyond this point it seems reasonable 

I issume that the band conduction fails to be 
tained throughout the entire superlattlce re- 
1 and a narrow high-field domain is spontane- 
ly generated. Although the domain region 
f initially extend only to one barrier [Fig. 
tl or two [Fig. 3(b')], a substantial fraction of 



FIG. 3. Schematic enei-gy diagrams (left-hand side) 
and corresponding conductances (right-hand aide) • 

(a) band conduction; (b) and (b*) spontaneous generation 
of a domain; (c), (c'), and (d) development of domain 
expansion. 


the total voltage will be applied across it. This 
will leave intact the band conduction in the reBt 
of the superlattlce region. It should be pointed 
out that the high-field domain formation, initiat¬ 
ed possibly by a random noise fluctuation or 
more likely an unavoidable nonuniformity in the 
superlattlce structure, is indeed an inherent fea¬ 
ture of the voltage-controlled negative-conduc¬ 
tance medium. 10 

We proceed to analyze tunneling characteristics 
across the high-field domain, because it will 
dominate the total conductance characteristic of 
the superlattlce system. As shown in Figs. 3(b) 
and 3(c) or in Figs. 3(b') and 3(c'), one may real¬ 
ize that this situation is somewhat analogous to 
the double-barrier tunneling. 9 In the most sim¬ 
ple case, a single barrier is sufficient to pro¬ 
vide a current peak or a negative conductance 
arising from matching or mismatching of energy 
levels on both sides of the domain, as shown in 
Fig. 3(c), because all involved electrons here 
are two dimensional in nature. In this domain 
tunneling, the current peak or dip is expected to 
be just as sharp as that in the case of the double- 
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barrier where electrode electrons are three di¬ 
mensional, 11 the transverse-momentum conser¬ 
vation of electrons Is Invoked." The tunneling 
current across the domain will increase at the 
matching condition when the applied voltage across 
it reaches a value corresponding to the difference 
between £, and £„ as shown in Rigs. 3(c) and 
3(c'). With further Increase in applied voltage, 
the domain region will be expanded to the adja¬ 
cent barriers, one by one, and, correspondingly, 
off- and on-matching conditions will be alternate¬ 
ly repeated. Figure 3(d) shows that both barriers 
in the domain are simultaneously at the matching 
condition. This discrete nature In the domain ex¬ 
pansion will give the oscillatory behavior In the 
conductance curve, as Illustrated sequentially 
from top to bottom on the right-hand side of Fig. 

3. Therefore, the observed voltage period (0.21- 
0.24 V) will provide the experimental value for 
£,-£„ which Is in good agreement with the es¬ 
timate! value (0.23 eV) shown in Fig. 1. 

The observed negative conductance is not due 
to the Gunn effect, because the onset voltage (0.4- 
0.8 V) for the negative conductance, the electron 
mobility (50 cm’/V sec), and the electron mean 
free path (a few hundred angstroms) In the struc¬ 
ture are much too low to activate the electron 
transfer mechanism." Furthermore, the obser¬ 
vation of the oscillatory effect will exclude the 
possibility of the involvement of hot electrons. 

The Involvement of the optical phonons, hw 0 , is 
also clearly denied because, In that case, the os¬ 
cillation peaks are predicted to occur at fields F 
given by eFd =hu>Jn, where n is an integer and 
il Is the superlattice period. 15 

In the proposed model, we have UBed simplified 
assumptions 1 * such as a square-well potential 
profile, a constant effective maBS, Ignoring a 
number of possible effects such as the upper val¬ 
ley In GaAs, band bending, junction problems be¬ 
tween the superlattice region and the heavily 
doped contact regions, etc. These, however, 
are believed to play rather minor roles and will 
be required only for further refinement of the 
theory. The suprlsingly good agreement between 
the calculated and experimental values of the lo¬ 


cation of the first-excited band seems to support 
our model and elucidates the most fundamental 
aspects of the transport characteristics In the 
superlattice. 
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Polarization in Heavy-Ion Inelastic Scattering in the Coulomb-Nuclear Interference Region 

S. G. Steadman, T. A. Belote, R. Goldstein, and L. Grodzins 
Laboratory for Nuclear Science, * Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 

and 

D. Cline and M. J. A. de Voigt 

Nuclear Structure Research Laboratory, t University of Rochester, Rochester, New York 14627 

and 

F. Videbaek 

The Niels Bohr Institute, University of Copenhagen, Copenhagen, Denmark 
(Received 10 July 1974) 

The polarization in the region of Coulomb-nuclear Interference has been determined 
from the y-ray correlation following excitation of the 850-keV 2 + state In “Fe by 43-MeV 
ls O Ions. Elastic and Inelastic scattering cross sections were also measured. Dramatic 
Interference effects are observed In the transition amplitudes which can be reproduced 
by coupled-channel distorted-wave calculations. 


Inelastic scattering data for heavy ions exhibit. 
In certain cases, 1 a narrow and deep minimum In 
the Inelastic cross section at a scattering angle 
corresponding to a grazing collision. This dip, 
attributed to Coulomb-nuclear Interference, can 
be reproduced by distorted-wave calculations us¬ 
ing several optical potentials. 1 The analysis of 
such data yields the heavy-lon-nucleus potential 
in the surface region which Is also Important for 
transfer reactions. To understand better the re¬ 
action mechanism and to determine the optical- 
model parameters for these reactions the elastic 
cross section for 43-MeV la O ions scattered by 
”Fe has been measured along with the inelastic 
cross section of the 856-keV, 2* excited state. 

The m-state transition amplitudes, which are 
nore sensitive for the Coulomb-nuclear Interfer¬ 
ence, have also been determined from a complete 
•-ray angular-correlation measurement as a 
inctlon of the particle scattering angle. The lat- 
?r measurement gives a check of the validity of 
te Coulomb-nuclear interference explanation of 
ie observed behavior. Coupled-channel effects, 
particular the reorientation effect due to the 
mzero static electric quadrupole moment of the 

■ e 2* state, 1 have also been investigated and 
.vn to be Important. 

rhe elastically and inelastlcally scattered ions 
re measured at angles from 15° to 110° by us- 

■ a 43-MeV “O beam from the Rochester MP 
—idem Van de Graaff accelerator. The two most- 
Hmdant charge states of Ions scattered by a 5- 
■ Mg/cm* lsotoplcally enriched M Fe target (on a 
■Mg/cm 1 carbon backing) were detected by two 


position-sensitive Blllcon detectors in the focal 
plane of the Enge split-pole magnetic spectrom¬ 
eter. The charge-state distribution of scattered 
“O ions was measured repeatedly during the ex¬ 
periment. Since the two most-abundant charge 
states contained at least 75% of the total strength, 
the uncertainty due to the charge-state distribu¬ 
tion was negligible. The elastic cross section, 
plotted SB a ratio to the Rutherford cross section, 
and the inelastic scattering cross section are 
shown at the top of Fig. 1. The inelastic scatter¬ 
ing data has a minimum at the grazing angle <p tT 
“80° where the elastic cross section displays a 
maximum. 

The de-excitation y correlation was measured 
using a 150 pg/cm* lsotoplcally enriched “Fe 
target on a 20 pg/cm 2 carbon backing. Four sili¬ 
con surface-barrier particle detectors, masked 
to subtend 1.8° In the scattering plane, were 
placed In a hemispherical chamber to detect the 
scattered 18 0 ions. Six 3 in. x3 In. Nal(Tl) y-ray 
detectors were placed at 15 cm from the target 
and at any angle in the upper hemisphere. Data 
for any one of the six y detectors in coincidence 
with any one of the four particle detectors (24 In¬ 
dependent measurements) were simultaneously 
collected. A time resolution of 1.3 nsec (full width 
at half-maximum) was sufficient to discriminate 
against contaminant groups mainly from transfer 
reactions which had different times of flight. The 
particle and y energy, time difference, and count¬ 
er identification were stored event by event on 
magnetic tape and subsequently analyzed using 
the Rochester Nuclear Structure Research Labor- 
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FIG. 1. As a function of the c.m. scattering angle, 

(a) the ratio of elastic to Rutherford cross sections, 

(b) the Inelastic cross section to the 2 * state, and 

(c) -(e) the m-substate populations of the 2* state. Dots 
are data with the magnetic spectrometer; open circles 
are y-ray angular-correlation data. The solid lines 
show the coupled-channel calculation results, the 
dashed lines show distorted-wave Sorn-approxlmatlon 
(DWBA) predictions and the dotted line in (b) shows the 
coupled-channel calculation assuming «0. The 
quantization axis is chosen In the direction k ( *k,. 

atory PDP-8, PDP-8 data-acqulsition system. 3 
Measurements were performed at 28 particle de¬ 
tector angles In the range V c .m, = 38" to 131° and 
many y angles, giving a total of about 550 data 


points, each with statistics of a few hundred 
counts. 

The de-excitation y-correlatlon data are suffi¬ 
cient to determine completely the transition am¬ 
plitudes for any particle scattering angle. The 
transition amplitudes are most conveniently ex¬ 
pressed in a coordinate system in which the x ax¬ 
is is along the beam direction and the i axis Is In 
the k, xk, direction. In this system the odd-m 
amplitudes are zero, and the three magnitudes 
IT,,!, |T. a l, and IT„i and two relative phases 
A., and A 0 ~ A_ a of the even amplitudes com¬ 
pletely determine the transition." Furthermore, 
the ln-plane y correlation depends only on the ± 2 
transition amplitudes. For a point detector the 


in-plane angular correlation is given by 

ui(e,»90°, <p y )*A~B C0B[4{y> y -<p 0 )], (1) 

where 

A ={5/'16ir)(IT + j I* + IT., I*), (2) 

the anisotropy 

B/A ■= 2IT» a IIT.j l/( I I’ + I T.jl*), (3) 

and the symmetry angle 

V'o = 'H 6 »a- 6 -s)- (0 


The m=0 transition amplitude IT 0 I and relative 
phase 8 0 - A., are determined by the out-of-plan< 
y-correlatlon data. At each scattering angle a 
least-squares fit to the data was made with the 
five variables (da/dfl) 2t , A, anisotropy B/A, an 
the two relative phases. With these parameter 
the identification of the | T^l and I T. t I ampli¬ 
tudes is ambiguous because of their symmetric 
dependence in Eqs. (2) and (3). However, at fo 
ward angles only the IT.,I component is impoi 
tant, allowing one to assign correctly the tran 
tlon amplitudes at all angles. The calculated 
correlation included corrections for the finite 
size of the y detectors, for Hie decay in flight 
the recoiling nuclei by using the expressions 
Lesser, 5 and for the attenuation of the correl 
tion due to hyperfine Interactions (deorientatl 
effect) by assuming a pure magnetic interact 
and using attenuation coefficients measured 1 
Lesser et al 3 

The experimentally determined state pt 
tions (dc/dSl) m = IT*1 3 are shown as a functli 
c.m. scattering angle in Fig. 1. The relativ 
phases are shown in Fig. 2. A dramatic di( 
observed in the m«+2 amplitude accompan 
a large shift in the relative phase A n ~ A.„ 
<Pc.m* 78° that is near the grazing angle. 1 
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FIG. 2. The relative phases of the transition ampli¬ 
tudes to the 2* state as a function of the c jn. scatter¬ 
ing angle. The solid lines show the coupled-channel 
calculation results; the dashed lines show DWBA pre¬ 
dictions. 

accompanied by a large decrease in the anisotro¬ 
py and a shift of the symmetry angle of the y cor¬ 
relation In the scattering plane. At the interfer¬ 
ence minimum, the recoiling M Fe are almost 
completely polarized because here only the m 
= - 2 substate contributes to the ln-plane y corre¬ 
lation (Fig. 1) and, therefore, the ln-plane corre¬ 
lation is essentially isotropic. 

' The search program jibs" was used to find the 
st Woods-Saxon optical-model parameter set 
fit the elastic scattering data. The fitted curve 
own In Fig. 1 was obtained for V=30.0 MeV, 

= 7.6 MeV, r 0 = 1.30 fm, r,= 1.30 fm, Co= 0.533 
i, a, = 0.37 fm, and r 0 l '**1.25 fm, values close 
those obtained from fits in the Ni isotopes. 1 
le optical-model parameters were used In a 
VBA calculation of the transition amplitudes us- 
5 a version of dwuck 7 modified to treat the 
iulomb excitation properly by Including up to 
0 partial waves. 1 ’’ A collective form factor 
■s used with B(£2:0’ — 2'*)/e a = 974 fm’ and *1, 

1-23. This value of d, corresponds to an effec- 
[e lsoscaler B,jE2:0' r - 2’)/e a = 1200 fm’ with 
assumption of a Fermi charge distribution 
h M Fe r lm ,= 3.825 fm. The results of this cal- 
itlon are shown by dashed curves in Figs. 1 
2. Although these calculations qualitatively 
Iblt the observed behavior, they are unable to 
roduce the B+, - 6., phase behavior for any 
" enable value ot B(E2:0*-2 r ) and fi r 


A coupled-channel (CC) calculation’ was per¬ 
formed with W = 3.6 MeV and otherwise using the 
same parameters, collective form factors, B(E 2), 
and d„ and both with and without a rotational val¬ 
ue for the excited-state static quadrupole moment 
{Q a +/e = - 28 fm*, In agreement with experiment. 1 ) 
These are shown by solid and dotted lines In Fig. 
1(b). The complete CC calculation. Including the 
static quadrupole moment, is In excellent agree¬ 
ment with the data. The fit to the elastic scatter¬ 
ing data Is comparable, but the observed discon¬ 
tinuity for 6,j- 6.j is reproduced correctly. The 
excited-state static quadrupole moment produces 
a 2° shift in the position of the Interference mini¬ 
mum and about a 40% reduction In the back-angle 
inelastic cross section. One feature of the CC 
calculation is to reduce the rise of the elastic 
cross section above the Rutherford prediction by 
coupling to the 2’ state, while In the DWBA cal¬ 
culation this is done by an Increase of the Imagi¬ 
nary potential. 

To understand qualitatively the Coulomb-nucle¬ 
ar Interference, each transition amplitude la a 
coherent sum of the Coulomb and nuclear com¬ 
plex amplitudes; 

T* =, exp(«0„ < '){a„ c - a„"expl*(6 M "- 0« C )J}- (5) 

The oscillating behavior results from the scatter¬ 
ing-angle dependence of the phase difference 6. c 
- B m m , mainly determined by the optical potential. 
A DWBA calculation has been performed where 
the Coulomb part and the nuclear part of the form 
factor were separately set to zero. The nuclear 
transition amplitude is very small at forward 
scattering angles, as expected, and behaves sim¬ 
ilarly for each m substate. However, the Cou¬ 
lomb amplitude varies strongly with the m state, 
and for the m- + 2 substate is the smallest, being 
about the same magnitude as the nuclear ampli¬ 
tude, resulting in the considerably more striking 
Interference effects for this transition amplitude 
than for the inelastic cross section. The behav¬ 
ior of the phase 0+,- 5., depends on the relative 
size of the Coulomb and nuclear amplitudes as 
the Coulomb-nuclear phase passes through zero. 
That Is, the occurrence of the discontinuity in 
0,, - 6.j as plotted In Fig. 2, depends upon wheth¬ 
er the vector difference of the Coulomb and nu¬ 
clear amplitudes rotates clockwise or counter¬ 
clockwise through the interference minimum. 

We conclude that the dramatic effects seen in 
the polarization measurements can be entirely 
understood in terms of Coulomb-nuclear Inter¬ 
ference. Whereas the conventional DWBA analy- 
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sis doss not account for all the observed fea¬ 
tures, inclusion of coupled-channel effects proves 
to be Important. In particular, for back-angle 
scattering the reorientation effect due to a non¬ 
zero excited-state quadrupole moment produces 
an appreciable effect, and in the interference re¬ 
gion a correct ratio of the Coulomb to nuclear 
amplitudes is obtained. 
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Mass-Yield Distributions in the Reaction of M Kr Ions with 238 Ut 

J. V. Kratz, * A. E. Norris,J and G. T. Seaborg 
Lawrence Berkeley Laboratory and Department of Chemistry, University af California, 

Berkeley, California 94720 
(Received 24 June 1974) 

Yields of 156 nuclides were measured radlochemlcally to delineate the mass distribu¬ 
tion in the reaction of 605-MeV ,4 Kr with thick ,M U targets. The yields are consistent 
with decomposition of the mass distribution into five components: transfer products (700 
i 120 mb), ‘tjuaal-Kr” products centered at A * 85 (470 A 70 mb) and the products from 
symmetric fission of their complements (420 A60 mb), products from low-energy fission 
of Z«*<92 nuclides (200 a 40 mb), produots from complete fuslon-flselon (55 A15 mb), and 
unexplained neutron-defiolent yields at A » 195 (~ 40 mb). 


A new phenomenon has been observed In heavy- 
lon reactions and has been termed “multinucleon 
transfer,” 1 "quaslflsslon,” , "relaxation phenom¬ 
ena,”" and “deep inelastic scattering.” 4 These 
reactions are characterized by energy equilibra¬ 
tion without mass equilibration, resulting in 
(1) two fragments with masses close to the target 
and projectile masses, (11) fragment kinetic en¬ 
ergies close to the calculated Coulomblc repul¬ 
sion of two normal fission fragments, and (111) an¬ 
gular distributions distinct from those for com¬ 
plete fusion-fission. For Ions with Z & 18, these 
new reactions were observed to have modest 
cross sections 1 “ s in contrast to the complete fu¬ 
sion process that accounts for an important part 
of the reaction cross section." For reactions of 
M Kr ions with ^Bi, much of the total Interaction 
cross section goes into the new reaction chan¬ 
nel, 3,4 contrary to expectations, whereas the 
complete fusion-fission cross sections were 


found to be low. 4 ’ 5 The M Kr results were ob¬ 
tained by measuring fragment-fragment coinci¬ 
dences at correlated angles. 

The work reported here is a radiochemical 
measurement of the mass yield distribution for 
the reaction of M Kr with thick targets of *"U. 
This technique provides yields of radioactive 
products uniquely characterized with respect to 
Z and A . The integral nature of these cross sec¬ 
tions supplies information that is independent of 
any assumptions about the reaction mechanism. 
These data are used below to complement the In¬ 
formation about mass distributions obtained in 
kinematic coincidence measurements, in which 
masses are deduced indirectly from the labora¬ 
tory energies of the two fragments by assuming 
full momentum transfer from the projectile to 
the combined system. Also, kinematic coinci¬ 
dence measurements lack strict differentiation 
between inelastically scattered projectiles and 
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nucleon transfer products—a limitation not in¬ 
herent In radiochemical measurements. Howev¬ 
er, the advantages of the technique used in this 
work are obtained at the expense of a loss of In¬ 
formation on energy dependence and angular dis¬ 
tribution of reaction products. 

Thick uranium targets were bombarded at the 
superheavy Ion linear accelerator with 605-MeV 
M Kr Ions, dissolved shortly after the end of bom¬ 
bardment, and separated chemically into 7 frac¬ 
tions" that were assayed for a-particle and y- 
ray activities. We have measured cross sec¬ 
tions for 129 Isotopes. Through an interlabora¬ 
tory collaboration a lanthanide-actinide fraction 
from an intense 24-h bombardment was radio- 
chemically analyzed by the Los Alamos Scientif¬ 
ic Laboratory nuclear chemistry group, which 
resulted In yield Information on 27 additional nu¬ 
clides. 7 The Independent and cumulative yields 
arc plotted versus mass number in Pig. . A 
detailed listing of the data and a description of 
their analysis will be given elsewhere." The ap¬ 
parent scatter in the data In Fig. 1(a) occurs be¬ 
cause Independent yields, and even many of the 
cumulative yields, represent only a fraction of 
the total mass yields. Figure 1(b) Is a contour 
map of the Independent yields In a Z-A plane, In¬ 
dicating yield locations relative to the stability 
line. The pronounced structure revealed by the 
isopletha In the figure indicate that several yield 
distributions with different charge and mass dis¬ 
persions, hence different origins, are superim¬ 
posed on each other. These results differ from 
those obtained in a parallel study of the yield dis¬ 
tributions In 40 Ar on 1M U, 10 where the overall dis¬ 
tribution was dominated by the high yields of 
transfer products centered on the target and pro¬ 
jectile masses (“rabbit ears”) and by one broad, 
continuous distribution of products from com¬ 
plete fusion-fission. To calculate the final mass 
yields, we integrated, at each mass number, the 
Gaussian charge dispersion curves that were fit¬ 
ted to the data." The final results are shown in 
Fig- Kc). 

Component A Is determined by the yields of 
heavy-rare-earth nuclides and by the yields of 
very neutron-deficient Mo, Tc, Ag, In, Sn, Sb, 

1, and Cb Isotopes. This component shows the 
expected characteristics of the binary fission 
product distribution originating from the fission 
of a composite nucleus. For component B, the 
heavy-mass branch is defined by the cumulative 
yields of neutron-rich nuclides peaking at A ■140. 
Figure 1(b) shows how distinctly the neutron-ex- 



FIG. 1. (a) Independent and cumulative yields of Indi¬ 
vidual Isotopes, calculated with the assumption of a 
general Interaction barrier of 450 MaV (see Ref. 8), 
corresponding to an effective target thickness of 11.6 
mg y/cm ! . (b) Contour lines for equal Independent 
yields In mllllbama. (o) Total integrated mass yields 
(upper and lower limits are Indicated at those mass 
numbers for which experimental data were obtained) 
and their decomposition Into Individual components: 

(A) complete fusion-fission, (B) transfer-induced fis¬ 
sion, (O quasi-Kr, (D) cascade fission of the quasi-U, 
(E) and (F) transfer reactions (“rabbit ears”), and (Q) 
yields of unknown origin. 

cese yields are separated from those of compo¬ 
nent A In this mass region. Guided by our re¬ 
sults from the reaction "°Ar on **"U, where a 
low-energy fission of transfer products near 
,5S U was observed, 10 we assign this component 
to a double-humped low-energy fission product 
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distribution. The light branch of this distribu¬ 
tion was obtained by reflecting the well-defined 
shape of the heavy one, and its mass location 
was deduced from the cumulative yield balances 
for the isotopes ll *Pd, m Ag, and ,07 Rh. From 
the observed charge distribution and the peak-to- 
valley ratio, we estimate an excitation energy of 
the fissioning nuclei of ~15 MeV. We find a val¬ 
ue of 200 mb for the cross section of this trans¬ 
fer-induced fission as represented by component 
0. There should be a corresponding reduction in 
the heavy-rabbit-ear (component F) cross section 
as compared to its complementary light- rabbit- 
ear (component E) cross section; our measure¬ 
ments do show that component F has a cross sec¬ 
tion about 200 mb (actually about 280 mb) small¬ 
er than component E. 

After subtraction of contribution B from the 
yield data in the mass range 67 <A « 140, we are 
left with yields that can be resolved into two 
Gaussian distributions (components C and D in 
Fig. l(c)|, peaking around A =85 and A =112. Dis¬ 
tribution C [full width at half-maximum (FWHM) 

= 20 mass units J is probably Identical with the 
“quasi-Kr" events observed in Refs. 2 and 4, 
representing the new phenomenon referred to 
above. Apparently, the complementary "quasi- 
U” distribution is missing. Because much kine¬ 
tic energy In the deep inelastic interaction of 
**Kr with the target nucleus goes into excitation, 
one would expect a high-energy cascade fission 
of the “quasi-U” nuclei leading to a symmetric 
fission product distribution centered slightly be¬ 
low A = 119. Actually, we do observe such a dis¬ 
tribution (component D). From a mass and charge 
balance for the complete process—"quasifission" 
followed by cascade fission of the “quasi-U” 

(which process might be termed “quasi-ternary- 
fission")—one can conclude that in the most prob¬ 
able interactions thirteen neutrons and no pro¬ 
tons are evaporated. The yield of component O 
is 840 ± 120 mb (200%), indicating that 67-100% 
of the “quasi-U” nuclei undergo fission. The 
shape and width of the distribution suggest that 
the average excitation energy of the "quasi-U” 
must have been s 45 MeV. 

The excess yields around A = 195 (component G) 
are unexplained. Suggested explanations such as 
target contamination and feeding of these mass 
chains by a-decay from higher masses can be 
exctuded. We have also considered whether this 
peak might be a surviving nonfissionable tail 
(due to high fission barriers) at the light-mass- 
number end of the fissioning “quasi-U” distribu¬ 


tion of nuclei. The primary "quasi-U" distribu¬ 
tion (FWHM » 20 mass units) could hardly extend 
into a mass region ~ 40 mass units below the tar¬ 
get mass while still yielding cross sections of a 
few mlllibarns. Attempts to force a considerably 
broader complementary distribution through the 
mass yields around A = 85 resulted in an unrea¬ 
sonable imbalance in cross section for the quasi- 
ternary-fission process. We conclude, then, that 
the excess yield around A * 195 more likely orig¬ 
inates from a hitherto unobserved reaction chan¬ 
nel. 

The paucity of data points between peaks F and 
G is due to the experimental difficulty of mea¬ 
suring the small yields of the predominantly 
short-lived isotopes in this region using radio¬ 
chemical techniques. 

As a consequence of the interpretation present¬ 
ed here, the total reaction cross section is the 
sum of the production cross sections for compo¬ 
nents A/2, C, E, and G: 12651:205 mb. The 
mean geometrical cross section in the energy in¬ 
terval 450 to 605 MeV (lab) can be estimated as 

....y tfP - ffig -nw »b, 

where B = 450 MeV,* E =605 MeV, and H =16.0 fm. 

To conclude, we wish to point out that our 
analysis of the total mass yield distribution, and 
its decomposition into the components indicated 
in Fig. 1, is consistent with the results obtained 
for s, Kr on S09 Bi in the kinematic coincidence ex¬ 
periments.*'* Our data confirm the assumption* •* 
that the quasl-Kr distribution is centered close 
to the projectile mass. It appears that > 92% of 
the Kr interactions with U in the investigated en¬ 
ergy interval feed Inelastic and deep inelastic re¬ 
action channels where only little mass transfer 
occurs. It is only in very few collisions (-4%) 
that a composite nucleus is formed. 

We want to thank Dr, A. Ghiorso for his active 
interest in the progress of this work and Dr. J. 
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Interference between p and oj Production in ir ± N -*• jt + jt" N at 3, 4, and 6 GeV/c* 

S. L. Kramer, D. S. Ayres, R. Diebold, A. F. Greene,t A. J. Pawllckl, and A. B. Wlcklund 
Argome National Laboratory, Argotme, Illinois K04.19 
(Received 3 June 1974) 

The p-w interference patterns observed in the reactions n'p-~r*r'n and ir*n~-s*T~p 
are used to measure the relative phases between p and u production amplitudes. The In¬ 
terference Is observed to be largely constructive (destructive) for the w~- (k*-) Induced 
reaction in both natural- and unnatural-parity exchange amplitudes. This sign of the In¬ 
terference agrees with that predicted from exchange-degenerate r-B trajectories, but 
disagrees with the corresponding prediction for the natural-parity amplitudes using ex- 


change-degenerate p-Ai trajectories. 

In this Letter we present results from a de- 
alled study of p-w interference in the reactions 


n'p— n*Tt'rt, 

(1) 


(2) 

i'd-w*v'pp„ 

(3) 


it 3, 4, and 6 GeV/c. Except for the p-w inter¬ 
ference term which changes sign, the cross sec- 
:lons for the w~- and a*-Induced reactions should 
)e equal by isospln conservation. Consequently 
-he p-oj Interference effect can be directly iso¬ 
lated from the difference of the reactions, yield¬ 
ing precise information on the relative p-w pro- 
luctlon amplitudes. The high statistics of this ex¬ 
periment (=6x10° events) have permitted a de¬ 
filed study of p-w interference for natural- and 
■innatural-parity exchange amplitudes, presenting 
severe constraints on vector-meson-production 
models. 1 

The data were obtained by using the Argonne 
National Laboratory effective mass spectrometer. 3 
phe trigger required a u* beam particle incident 
k a 20-ln. liquid hydrogen or deuterium target, 

|» interaction in the target producing two or 
pore charged particles through the spectrometer, 


and no signals from the beam veto or target and 
magnet veto counters. The recoil baryon was not 
detected, but events were selected with appro¬ 
priate missing-mass-squared (M x 2 ) cuts, assum¬ 
ing the observed particles were plons. The rms 
resolution on \) x at 4 GeV/c for Reaction (1) was 
± 28 MeV and was essentially Independent of M,, 
and t. The Fermi motion of the deuterium tar¬ 
get had little elfect on this resolution (kinematic 
smearing of M x 2 being roughly proportional to 
/- () which increased to about ± 40 MeV at 4 GeV/ 
c and If I s 0.4 GeV 2 . The background corrections 
for Reactions (1) and (3) were comparable (*9%) 
and for Reaction (2) nearly twice as large. 

The data on Reaction (2) were taken In order 
to better understand the systematic differences 
between Reactions (1) and (3) due to deuterium 
effects. Reactions (2) and (3) have been corrected 
for Glauber screening (3%) and exclusion-prin¬ 
ciple effects. 3 All data have been corrected for 
event losses due to spectrometer acceptance, 
veto-counter losses, final-state particle Inter¬ 
actions (* 10% for H, and * 19% for D s ), plon de¬ 
cays (2-10%), chamber and program inefficien¬ 
cies (* 7%), and the effect of M x 2 cuts (typically 
1%). The corrected cross sections for Reactions 
(1) and (2) agreed to typically better than 3%, pro- 
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FIG. 1. Differential and difference cross sections at 
4 GeV/c with 0.08 < — t < 0.2 GeV J . The curves are the 
result of the fit by Eq. (5) described In the text. 


vlding a good check of the deuterium corrections. 
The overall normalization uncertainty is esti¬ 
mated to be ± 121) and the relative normalization 
uncertainty between Reactions (1) and (3) is ap- 


A pu , and are the p, w production and Brett- 
Wigner decay" amplitudes, respectively, and 
/(Af,,) is the vt kinematic factor (Af,,Vfl) of 
Ref. 6. The strength of the decay is re¬ 

lated to e, where 

|e|= |8/[(>» p *-m u i )-i(« p r p -»grj]| (6) 

and 0 is the mass-mixing parameter," The rela¬ 
tive phase between A p and A u (for incident v*) is 
given by 

= (7) 

where 6 has been assumed to be real, 7 Since the 
a tJ are actually incoherent sums over the nucleon 
spin states, the quantities IA p> J a are similarly 
defined and the spin coherence is accounted for 
by the factor $ (0 -*'?« 1). The s-wave background 
was adequately parametrized by a linear Af„ 
dependence in the last term of Eq, (5), 

The i* and »" cross sections were fitted simul¬ 
taneously," with the resonance parameters con- 


praxlmately * 8%. However, Isospin conserva¬ 
tion requires that, except for the u> mass region, 
the cross sections for the v* and i" reactions 
should be equal. This constraint is satisfied by 
the corrected cross sections to better than 5%. 

A sample of the corrected differential cross 
sections, a = d}a/dtdM,^, as a function of Af„ Is 
presented in Fig. 1. A narrow peak is observed 
at the u mass for the i ' -initiated reaction and a 
dip for the t* one. The interference term be¬ 
tween p and u production amplitudes can be ob¬ 
tained directly from the difference between the 
s' and t* cross sections, A=o' -a*, also shown 
In Fig. 1. 

Additional information can be obtained by using 
the 5-channel density matrix elements (p u ) to 
isolate the various exchange mechanisms'*: 

Ooo a Poo» + o/ 3 . 

(4) 

o lt = (Pn + P,.i)o->-o,/3. 

With the neglect of the small Incoherent s-wave 
contribution (u,=p M p), a,* asymptotically pro¬ 
jects out the natural-parity exchange cross sec¬ 
tion while c M and o,. project out the unnatural- 
parity exchange cross sections. 

We have fitted the differential cross sections 
for incident by a first-order mass-mixing 
formula," 

(5) 


strained to m p = 0.765 ± 0.005 GeV, r p =0,150 
±0.010 GeV, »»„,=* 0.783 GeV,* and r w = 0.010 
± 0.002 GeV. To allow for any residual normaliza¬ 
tion error, a relative v* to jr* normalization 
parameter was included In the fit. Typically this 
parameter differed from unity by less than 3%. 
Since the fits were generally consistent with t 
= 1, this value was assumed. The difference 
cross sections £„ and A,* are presented in Fig. 

2 together with the results of this fit. 

In Fig, 3 the relative production phase obtained 
from Eq. (7) is presented for all cross sections 
showing significant p-w interference. If exchangf 
degenerate (EXD) * and B trajectories dominate 
the unnatural-parity exchange amplitudes, 10 then 

A l //A p *ac-itanisa(0. $ 

With a(t) < 0 in the region of interest, the phase 
p* is then predicted to be 90°. For we find »* 
average value for this phase of 122° ±6°, with 


a,/ =/(Af„)l|A p B p | a + leA^f^P ± 2^\tA p A u \Be{e , *B u B p *)J + background. 
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FIG. 2. Difference croaa sections A H and A, + at 3, 4, and 8 GeV/c for (a) 0.0 < —t <0.08 GeV 2 , (b) and (o) 0.08 
'-f<0.2GeV 2 , and (i) 0,2<-l<0.4 GeV 1 . The curves are the reault of the fit by Eq. (6). 


little s or t dependence, In qualitative agreement 
with this prediction. Our phase for a,. agrees 
well with the EXD prediction, the average value 
being p + = 9fl"±9°. 

If the natural-parity exchange amplitude were 
dominated by EXD p and A, trajectories, Eq. (8) 
would predict p* = - 90° for - 1 £ 0.6 GeV 2 . This 
value is contradicted by our data, which show a 
variation from about + 90° at small - / to 0° near 
-t = 0.3 GeV* and little s dependence within the 
errors. This effect has been explained qualita¬ 
tively by Estabrooks, Martin, and Michael 11 who 
assume that at small - f, o, + for p production is 
dominated by v cut with A % exchange becoming 
more important at larger -/ and s. For cu pro¬ 
duction only p exchange was considered, which 
predicts a variation in p* from = 40° at small - / 



PIG. 3 The relative production phases, Pu-Pp, mea- 
°d for <?••, a,., and <r 1+ as a function of t for those 
J * with a sig nificant p-w interference effect. 


and s to - 90° for large -1 and s. An extension 
of this model by Irving and Michael 12 yields some¬ 
what better quantitative agreement for <j,„ at 
low -t. 

Earlier work UM on p-w interference has been 
limited in statistics and consequently the phases 
have been given mainly for the differential cross 
section a. The previous results in our energy 
region are consistent with our phase for a (ft* 

= 90°± 10" at -1 = 0.2 GeV 2 ). 

With data for both Reactions (1) and (3) we can 
in principle extract the leA^BJ 2 term from the 
sum of the two mass spectra, allowing indepen¬ 
dent determination of {. In practice this term is 
small and a precise measurement is difficult and 
highly correlated with the relative n* to s' nor¬ 
malization. However, the shapes of the mass 
spectra are generally consistent with £ = 1,0 and 
yield a branching ratio for w - tv of R * 1%. A 
more complete determination of ( and R is be¬ 
yond the scope of this Letter and will be discussed 
in a future publication. 

We would like to thank I. Am bats, A. Lesnik, 

D. R. Rust, C. E. W. Ward, and D. Yovanovitch 
for their assistance in the design and construc¬ 
tion of the spectrometer. We are also indebted 
to R. Diaz, L. Filips, E. Walschon, and the en¬ 
tire staff of the Argonne National Laboratory 
zero-gradient synchrotron for making this experi¬ 
ment possible. 

Note added in proof .—After submitting this Lat¬ 
ter for publication we received a preprint 12 onp- 
u) interference measurements at 17,2 GeV/c. As 
expected, 11,12 the plon-cut contribution to o,, is 
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relatively less important at higher energies, the 
phase of o,, being closer to the EXD prediction 
for p and A , exchange, This observation Is sup¬ 
ported by the results of Ratcliff et al. u However, 
the unnatural-parity phases at 17.2 GeV/c are 
unexpectedly lower than our phases for 1/1 =< 0.2 
GeV*. 


'Work supported by the U. S. Atomic Energy Com¬ 
mission, 

tPreeent address: Fermi National Accelerator Lab¬ 
oratory, Batavia, HI. 00510. 
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Influence of Meson Charge Exchange on p-Absorption Evidence for Neutron Halos* 

William J. Gerace, Morton M. Sternhelm, and James F. Walker 

Department of Physics and Astronomy, University of Massachusetts , Amherst, Massachusetts 01002 

(Received 6 June 1974) 

Plon charge exchange within the nucleus Is shown to be an Important effect in antiproton 
absorption experiments. It must be incorporated into any analysis which attempts to use 
absorption data to deduce the relative abundance of neutrons and protons at the annihila¬ 
tion site. 


There have been several attempts to verify 
experimentally the unconfirmed, albeit reason¬ 
able, conjecture that in the periphery of heavy 
nuclei there la a preponderance of neutrons over 
protons which exceeds the N-to-Z ratio for that 
element.' The most recent attempt to track the 
elusive neutron halo is that of Bugg et at.,‘ who 


use the numbers of charged plans resulting from 
absorption of antiprotons in C, Ti, Ta, and Pb 
to deduce that such halos are present In medium 
and heavy nuclei. We find, however, that Inclu¬ 
sion of the hitherto neglected effects ct plon 
charge exchange within the nucleus eliminates 
any need to Invoke a neutron halo to explain theU 
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intip rotoo data. 

Attempts to use aatiproton absorption to probe 
»the relative proton and neutron distributions are 
based on the fact that the net plonic charge Q la 
0 for a pp absorption and -1 for a pn capture. 

For Z m N nuclei, charge exchange tends to equal¬ 
ize the « + , and i° populations, or to decrease 
the j m excess. By contrast, for N/Za 1.15, the 
preponderance of neutrons means that the i'Vi 
- i'p reaction increases the v* population. Thus 
omitting charge exchange in comparing nuclei Is 
very misleading. Being a simple model to scale 
the mean plon path with A, without invoking haloe, 
we have obtained good fits to the total numbers 
of i* and v* and to the frequencies of events with 
net pionlc charges of 0, ± 1, ± 2, .... While our 
model cannot rule out that neutron haloe exist, 
there is little evidence in the antiproton absorp¬ 
tion data for halos of the magnitude suggested by 
Bugg el al .* 

Piott transport model .—For simplicity, we 
1 ippoee that all the plons observed travel the 
une distance A before leaving the nucleus, 
hey have a cross section o„ for charge ex- 
langing on a nucleon of the right type and an 
jeorption probability which Is assumed to be 
>e same for w*. w°, and v*. We also assume 
at the initial plon populations are the same as 
ir the weighted average of free fp and pu an¬ 
imations, 8 although the tree annihilation erase 
actions, Ojr p and Of,, are not assumed to be 
jual. The equations for the mean numbers of 
ions emerging in each charge state are given by 
:ernhelm and Stlbar*; they can be used to deter- 
ilne which is 

imply related to the ratio of fp to pn annihila- 
ons used in the earlier analysis. 8 Note that A 
i Independent of plon absorption. 

Figure 1 shows the dependence of A on the plon 
large -exchange parameter C =*po ei A, where p 
the nuclear density. In addition to plon charge 
(change we have included two other effects: nu- 
.eon charge exchange before annihilation and the 
“slble inequality of and ay n . These are 
“racterlzed by S■ a(pp - nn)/ofp and R =■ i[(o^ / 
fc)-l], respectively. For email values of R 
W Si the two effects are found to be virtually 
[distinguishable. Since the plon charge-exchange 
tect is very small for Ti, we have used this nu- 
Bua to fit the sum R + S; the best value is about 
^ which is somewhat smaller than the values 
nested by free-annihilation data, 8 The three 
' vea in Fig. 1 for each nucleus give the C de¬ 
fence of A for R + S - 0, 0.1, and 0.2. The ex- 



FIG. 1. Variation of A with oharge-aaohange length 
parameter C for each nucleus. The experimental val¬ 
ues are found using die information In Ref. 2, and are 
positioned at die predicted value of C. 


perlmental values for A are taken from Ref. 2, 
with arbitrary assumed error bars of 5% for C 
and 10% for Ti, Ta, and Pb. These data points 
have been plotted at values of C corresponding to 
the predictions of a model discussed below. 

The Important thing to note about Fig. 1 Is that 
charge exchange influences A differently for the 
different nuclei. The negallve-plon excess de¬ 
creases with Increasing C for ,8 C but increases 
for the heavier elements. Thus it can be seen 
that charge-exchange effects will have important 
consequences for any conclusion regarding the 
presence or absence of a neutron halo. 

It Is possible to relate the average charge-ex¬ 
change path length A to the plon-absorption prob¬ 
ability F^ using a simple geometric model. The 
experimental values for were obtained In 
Ref. 2 by comparing the charged-plon multiplicity 
with pd data. We assume that the p annihilation 
occurs far out in the nuclear surface and that an¬ 
nihilation plons which encounter density concen¬ 
trations greater than some critical fraction of 
the central density are completely absorbed, 
since absorption goes as p 1 . Furthermore, A is 
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FIG. 8. Definition of model variable* *nd expres¬ 
sion* tor the absorptive fraction and charge-exchange 
mean free path. 


taken to be the average path length In the nucleus 
for plons that are not absorbed. Figure 2 shows 
the definitions which determine A and F^ in this 
model. If we assume that the absorptive core 
radius scales as R = rA lf> and that the core to sur¬ 
face distance d is constant for all nuclei, the 
quantities F lbI and \/d can be expressed In terms 
of rfd. A value of r/d ”0.8 and C »0.30 for **C 
generates the values of and C shown In Table 
I; these values are indicated in Fig. 1 by the 
positions of the data points. With the possible ex¬ 
ception of Ta, the model gives remarkable agree¬ 
ment. Also, the value of o ex Implied by these C 
values Is roughly consistent with the free %N data 
averaged over the appropriate energy range. 

Statistical model .—Clear evidence of the nec¬ 
essity of including pion charge-exchange effects 
la contained In the spread of the distribution of 
final-state plon charge, Q, tabulated in Table I 
of Ref. 2. As noted, for a pp annihilation Q = 0, 
while for a p» annihilation Q* -1. However, 
many events are observed with Q values ranging 
out to Q** 3. Of the several processes discussed 
previously, only plon absorption and plon charge 
exchange are effective In producing higi-IQI 
events. 

We have studied this distribution within the 
framework of a relatively crude statistical model. 
We assume that the probabilities of various plon 



I_ t _I_1_i_j 

-*-»-* -I 0 I * j 


PION CHMWE 0 

FIG. 3. Plon charge distribution for U C. The solid 
curve and long-dashed curve are calculated using ab¬ 
sorption only and absorption plus obarge exchange, re¬ 
spectively. The abort dsShes connect the expo rim «u>] 
points of Ref. 3. 


multiplicities In annihilation events are propor¬ 
tional to the available phase space, and that all 
charge-conserving plon charge configurations a 
equally probable. The resulting distribution wa 
checked against low-energy pp and fd annihila¬ 
tion data, and adjusted slightly to give good fits 
to average numbers of »*, »*, and i”b, as well 
as to the relative probability for events with vu 
ious numbers of charged plon prongs. 4 -* 

This distribution was then used to do statistic; 
calculations which Included the effects of R, S, 
F^,, C, and N/Z, with the approximation C «1 
We find the same dependence for A on these pa¬ 
rameters as In the transport model above. Thii 
Is due to the fact that the average charge and 
multiplicity values In our statistical model are 
Identical to those of the transport theory providi 
the second-order plon charge-exchange effect* 
are unimportant. As was expected, the width of 
the distribution In Q values is nearly lndependen 
of S/Z, R, andS. 

In Fig. 3 the number of events N 0 with plon 
charge Q Is plotted for l *C. The curves are | 


TABLE I. Comparison of model result* and experimental values from 
Ref. 2. (Bee text for definition of symbols.) 



Fj,**** 

t- then 

V* 

C 

A-* 

A tbeo 

«c 

0.110 ±0.01 

0418 

0.934 

0400 

0.184 

0488 

“n 

0.171 ±0.01 

0.1 SB 

1.046 

0436 

0.166 

0467 

l«T, 

0Jill *0.013 

0413 

1.156 

0469 

0486 

0408 


0.321 *0.014 

0418 

1462 

0461 

0428 

0417 
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normalised to the total number of events ob- 
agrved in Ref. 2 after correction of N 0 for “hy¬ 
drogen events.” The solid curve was calculated 
assuming no charge exchange; Its width is due to 
absorption only, with the absorption fraction F^, 
<0.110 taken from the experiment. According to 
our calculations a very large absorption fraction 
(f^xO.5) would be required to fit the spread in 
the absence of charge exchange. The dashed 
curve gives the results using the observed ab¬ 
sorption plus the charge exchange (C 3 0.30) sug¬ 
gested In Fig. 1 for 1, C. The results of these 
calculations Indicate the effectiveness of Charge 
exchange in spreading the distribution. This val¬ 
ue of C is in fkct possibly somewhat large. 

Qualitatively similar graphs are obtained for 
other nuclei. In all cases absorption alone can¬ 
not provide the necessary spread, and the charge- 
exchange value of Fig. 1 seems to be a bit too 
'arge. Probably a smaller charge-exchange 
fraction, plus a modified value of R, plus a rela¬ 
tively small "halo factor” in large-A nuclei could 
be found which would fit all the data, with the 
losslble exception of m Ta which appears to have 
an anomalously skewed charge distribution. 

To summarize, with the aid of highly simplified 
nodels we have shown that plon charge exchange 
In the target nucleus is important. It cannot be 
■amoved by simply taking ratios of results for 


various nuclei. Furthermore, it mutt be re¬ 
moved before trying to extract (N/Z) tfl results 
from experimental data at the sort discussed 
here. The spread of the plon charge distribution 
is clearly an excellent determinant at the mag¬ 
nitude of the plon charge-exchange process, al¬ 
though our statistical model is too crude for a 
precise analysis of Its effects. A reasonably 
sophisticated model of antiproton absorption 
which properly includes all the effects considered 
is a prerequisite to learning from p absorption 
whether neutron halos exist. 
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Polyatomic Molecular Relaxation in the Absence of Collisions* 

S. L. Shapiro, R. C. Hyer, and A. J. Campillo 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 87544 

(Received 28 May 1974) 

The fluorescence rise time for dimethyl 1,4-bis[2(4-methyl-5-phenyl-oxazolyl)l ben¬ 
zene (POPOP) and perylene molecules In the vapor phase is measured with a streak 
camera to be less than 20 and 30 ± 10 psec, respectively. These results are direct evi¬ 
dence that large polyatomic molecules can rapidly relax, even in the absence of colli¬ 
sions. 


Early theories by Zener 1 and Teller® predict 
that large polyatomic molecules relax by non- 
rad iative processes, even in the absence of col¬ 
lisions. In other words, even an isolated mole¬ 
cule can be rapidly deactivated by these transi¬ 
tions. There la strong evidence for these transi¬ 
tions, because radiative emission from a state 
higher than the lowest excited state of a given 
multiplicity is rarely observed when large mole¬ 
cules are excited with a light source. Since the 
upper states do not emit light, they are deacti¬ 
vated by what is now commonly called "radiation¬ 
less" electronic transitions. Indirect evidence 
also exists for nonradiative transitions In the ab¬ 
sence of collision, the principal evidence being 
the mirror symmetry between the absorption and 
emission spectra for large polyatomic molecules 
in the vapor phase.’ In this paper we report the 
first direct evidence of fast, picosecond, nonra¬ 
diative transitions in two such large polyatomic 
molecules, perylene and dimethyl 1,4-bls [2(4- 
methyl-5-phenyl-axazolyl)] benzene (POPOP), 
in the vapor phase where the molecular collision- 
al deactivation rate Is negligible. 

Recently, picosecond pulses have been used to 
measure vibrational and orientational relaxation 
times of dye molecules in the liquid state/" ? 
Nonradiative relaxation rates are measured by 
pumping the molecules to a higher electronic 


state with picosecond pulses, v and then observing 
the time dependence of the fluorescence. Be¬ 
cause molecules relax nonradiatively to the 
ground vibrational states of the excited electron¬ 
ic state from which fluorescence takes place, 
ttie rise time of the fluorescence Is a measure 
of the nonradiative relaxation time. For an or¬ 
ganic molecule in a liquid the characteristic re¬ 
laxation time may depend strongly on the proper¬ 
ties of the medium. In the condensed phase a 
molecule collides with its environment at a rate 
of about lO’Vsec, so that in addition to decaying 
internally, a molecule can decay by transferring 
energy to its environment. The vapor state is 
important for establishing the fundamental nature 
of radiationless transitions in the isolated mole¬ 
cule. This is because the collision rate between 
molecules can be chosen to be much slower than 
the deactivation rate of the molecule due to ra¬ 
diationless transitions. Using a streak cam¬ 
era 1041 technique, 11 we have measured the rise 
time of the fluorescence in perylene and di¬ 
methyl POPOP in the vapor phase to be <30 ±10 
and <20 psec, respectively. These results are 
significant because they definitely prove mat me 
molecules have relaxed rapidly in the absence of 
collisions. 

The experimental arrangement for our obser¬ 
vations is shown in Fig. 1. A mode-locked Nd: 


Copyright © 1974 by 
Tbs American Physical Society 


513 







Volume 33, Numbie 9 


PHYSICAL REVIEW LETTERS 


26 August 1974 


Lm ban* ______ 

n „^> o MW 

U/^ 0.33 

KOP KDP Flit* Somnla FHtor--* 

Motfalockad crytlal Ml call Streak 

glass losar camaro 

FIG. 1, A mode-looked Ndrglus laser emits picosecond pulses which are frequency tripled by two KDP crys¬ 
tals. A 0-353-p m, 5-8-psec pulse excites a vapor sample, and the fluorescence produced by one pulse Is analysed 
with a streak camera. Corning 3-73 and 3-75 filters are placed before the streak camera for the perylene and 
dimethyl POPOP observations, respectively. 


glass laser emits a train of picosecond pulses 
at 1.06 pm. Satellite pulses are eliminated by 
use of a flowing-dye-cell arrangement on the 
back mirror of the laser cavity. The 1.06-jj.tn 
pulses pass through the usual type-I, phase- 
matched potassium dihydrogen phosphate (KDP) 
harmonic-generator crystal producing pulses at 
0.53 pm. The 1.06- and 0.53-pm pulses then 
pass through a second KDP crystal that is cut at 
58° from the c axis for a type-II (e +o — e) phase- 
matched sum-frequency mixing process to gen¬ 
erate pulses at 0.353 pm. The conversion effi¬ 
ciency from the fundamental to the third har¬ 
monic Is about B%. These third-harmonic pulses 
excite the vapor samples, and fluorescence is 
collected and projected by a lens onto the slit of 
a streak camera. 1 mg of each sample was 
placed In 2-cm-long Pyrex cells with a volume 
of 13 cm 3 . The cells were then evacuated and 
sealed off. Samples were placed Inside a care¬ 
fully designed copper oven, and the temperature 
was continuously monitored with a thermocouple 
output connected to a chart recorder. The streak 
camera used Is a Los Alamos Scientific Labora¬ 
tory device. The collected light is focused onto 
a conventional RCA-7435 grid-shuttered image- 
converter-type tube having an S-l photocathode 
response: This tube is then followed by an Image 
lntensifler and a P-11 phosphor screen. The 
ramp deflection voltage was produced by an In¬ 
ternal electronic circuit, and was triggered by 
an earlier pulse In the mode-locked train. The 
converted image of the streak was photographed 
on Eastman Kodak 2484 emulsion film, and the 
film density was calibrated with a step wedge. 
Densitometer traces of the resultant negatives 
yielded the temporal dependence of the fluores¬ 
cence from which the lifetimes could be accurate¬ 
ly deduced. The resolution time of our streak 
camera is about 15 psec. 

Figure 2 shows a densitometer trace of a streak- 


camera negative of the fluorescence from dimeth¬ 
yl POPOP at a temperature of 295°C. The rise 
time of the curve in Fig. 2 was ascertained to be 
less than 20 psec. For perylene vapor at 300°C 
the rise time was measured to be <30 psec. The 
collision rate at these temperatures can be no 
more than 10*/sec. 

Because the fluorescence rise time is much 
shorter than the collision time, an important con¬ 
clusion must be drawn, namely, that collisions 
are unnecessary for internal relaxation of com¬ 
plex molecules for times shorter than the radia¬ 
tive lifetimes. This rapid internal relaxation 
can perhaps be explained by the fact that the 
more complex the constitution of a molecule, 
the larger are the numbers of vibrational and 
rotational modes so that the probability of over¬ 
lap and mutual Interaction between these modes 
Increases. These mutual Interactions reduce 
the lifetime of any particular level, because any 
excess energy provided by the excitation wave¬ 
length can be rapidly redistributed over the large 
ensemble of densely packed levels. In fact, for 



FIG. 2. A densitometer trace of a streak-camera 
negative shows a rapid rise time for die fluorescence 
from dimethyl POPOP vapor. Calibration shows that 
this rise time is less than 20 pseo, independent of exci¬ 
tation intensity. The fall time is shorter for higher 
pumping rates because of the preasnoe of gain in the 
medium. For perylene vapor the rise time Is < 30 *10 
psec. 
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many complex molecules, no structure at all ap¬ 
pears In the emission bands because of the mu¬ 
tual interactions of the levels. Spectra of dimeth¬ 
yl POPOP and perylene in liquids show broad 
featureless vlbronic levels , 14 and so do the spec¬ 
tra of perylene in the vapor phase . 14 Because of 
the complexity of these two molecules, intra¬ 
molecular relaxations occur independently of ex¬ 
ternal perturbations. These two molecules are 
classified as complex according to the concepts 
of Neporent , 15,14 for the rate of vibrational de¬ 
activation appears to be much greater than the 
redistribution probabilities of the optical and 
nonoptical transitions to the lower electronic 
state. 

The nonradiative redistribution of energy in 
molecules has attracted widespread theoretical 
attention recently . 17 One attractive model for 
molecular decay has been proposed independently 
by Lin and Bersohn 14 and by Englman and Jort- 
ner. 1 * They have considered the problem of ra¬ 
diationless transitions in polyatomic molecules 
from the point of view of multiphonon processes, 
much the same as excitations decay in solids . 40 
Thus giant molecules have some properties simi¬ 
lar to a solid. In fact, some of the formalism of 
solid-state theory can be carried over to molecu¬ 
lar-decay theory. Direct measurements of the 
fluorescence rise times in the vapor state should 
be most useful for refining theoretical concepts 
on the nature of the Intramolecular decay . 41 

We thank Howard Sutphin for his aid in using the 
streak camera, and Dr. D. Giovanielli and Dr. 

G. McCall, all of Los Alamos Scientific Labora¬ 
tory, for kindly lending us a streak camera. 
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The complete energy spectrum tor electron bremsstrahlung has been obtained, by us¬ 
ing a numerical calculation In partial waves with numerical potentials corresponding to 
neutral atoms. Sample spectra are presented tor electrons of kinetic energy 50 keV In¬ 
cident on Au and Al. The connections between elastic electron scattering and the low- 
frequency region of the bremsstrahlung spectrum and between photoeffect and the high- 
frequency region of the bremsstrahlung spectrum are demonstrated. 


Recently there has been renewed interest In 
electron bremsstrahlung from neutral and Ion¬ 
ized atoms. With the continuing Improvements 
in computer technology it has become feasible to 
calculate directly electron bremsstrahlung cross 
sections in numerical potentials. We have pre¬ 
viously reported some scattered results 1 for in¬ 
cident-electron kinetic energies T, in the range 
from 5 keV to 1 MeV and for radiated photon en¬ 
ergies k from 0.4 T i to 0.98T,; good agreement 
was obtained with recent experimental work. 1 



FIG. 1. Comparisons of bremsstrahlung cross sec¬ 
tions {k/Z'-'tda/dk for Z«79, T t = 50 keV according to 
our numerical work (exact), the Born appro ximat ion 
(Born), and the Elwert-Haug formula (EH). Results 
are shown for the point Coulomb (Coul) and Kohn-Sham 
(KS) potentials. 


We are now able to calculate the entire spectrum 
of k from 0 to r,. Sample spectra for the Kohn- 
Sham potential 3 are shown in Figs. 1 and 2 for 
the bremsstrahlung from Au and Al with an inci¬ 
dent-electron kinetic energy of 50 keV. These 
figures also show the point-Coulomb-potential 
and Born-approximation 4 predictions for the 
same cases. 

For these energies the simplest and most wide¬ 
ly used result is the relativistic Born-approxi¬ 
mation calculation for a point Coulomb potential. 
This Bethe-Heitler formula neglects higher-or¬ 
der Coulomb effects and atomic-electron screen- ' 
ing. The exact point-Coulomb result, obtained 
numerically, is shown in Figs. 1 and 2, as well 



keV. 
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afl an approximate analytic result due to Elwert 
and Haug 9 which is valid for the low-2? polnt- 
Coulomb case at all energies. In Born approxi¬ 
mation, electron screening simply multiplies the 
Bethe-Heitler matrix element by a form factor; 
the resulting prediction for the spectrum is also 
shown in the figures. It is clear that none of 
these approximations correctly describes the 
spectrum. We also show the Elwert-Haug for¬ 
mula corrected for screening with a form factor. 
For the high-2 case qualitative agreement with 
the exact screened result Is achieved, because 
of the cancelation of errors In the calculation of 
Coulomb and screening effects. For low-2 ele¬ 
ments this approach gives quantitatively accept¬ 
able results at this energy, but its validity at 
lower energies remains to be determined. 

In the low-frequency region of the spectrum, 
screening drastically reduces the cross section 


JJTTT 0,8 l0garlthralc divergence associat¬ 
ed with the long-range character of the point 
Coulomb potential. For quantitative purposes 
the higher-order Coulomb effects are also of 
some importance and reduce the cross section 
further. In the high-frequency region of the 
spectrum. Coulomb effects increase the cross 
section and cause it to remain finite for k = T,; 


for quantitative purposes the screening effects 
are also important and decrease the cross sec¬ 
tions. Similar features are observed as r, and 
2 are varied. The effect of screening is ade¬ 
quately described by a form factor only when the 
Born approximation is satisfactory. Nonrelativ- 
istlc results 9 are reached rather Blowly. 

In the low-frequency region of the spectrum, 
as discussed by Low, 7 the bremsstrahlung matrix 
element is proportional to the matrix element 
for elastic electron scattering. This leads to the 
prediction for the spectrum limit point (k=0) 


(f 


da 


dk )». 


Bi cm 


4a 


|jf ’’ sin jL') U(A* - fl 9 ) M/9 cosh-WB) -1], 


where p m P l /E u A=1-P 2 cob8, fl = 1-/9*, with 6 
the electron scattering angle. Using Lin’s elastic 
scattering data 8 we obtain a value of the spec¬ 
trum limit point for Z = 79 of 41.7 mb at T, = 50 
keV, in good agreement with our calculated val¬ 
ue of 42.4 mb. Similar agreement is obtained 
for Tj »100 keV. The slope of the spectrum, 
which according to our numerical data Is nearly 
constant In these high-2 cases, could also be 
predicted If the elastic amplitude (rather than 
Just the cross section) were available. 

In the high-frequency region of the spectrum, 
as first noted by Fano and co-workers 9 and then 
extended by Pratt, 10 the bremmstrahlung cross 
section is proportional to the cross section for 
the atomic photoelectric effect, neglecting terms 
of relative order (2a) 9 . Using Scofield’s exact 
numerical photoeffect results 11 we obtain predic¬ 
tions for the k = T, limit point of the spectrum 
which agree with our numerical bremsstrahlung 
calculation within 20% even for high-2 elements 
and low kinetic energies T, (50 keV) if the atom¬ 
ic-electron scattering is either small or is es¬ 
timated approximately. 19 Experimental results 
for the k =» Tj case obtained by Starek, Aiginger, 
and Unfried 19 for T, =1.84 MeV disagree with the 
Elwert-Haug predictions. Our numerical calcula¬ 
tions agree with the experiments for high 2 and 
with the Elwert-Haug predictions for low 2. • 

We are performing further calculations to study 
the bremsstrahlung spectrum and angular distri¬ 


butions systematically as functions of Z and 7\. 
We plan to present and discuss such data subse¬ 
quently. 
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Lattice Location and Hyperfine Fields of Rare-Earth Ions Implanted into Iron 
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Wc show that the implantation and anneal behavior of Gd Implanted Into Iron la strongly 
affected by the process of “internal oxidation.” This result is used to clear up discrepan¬ 
cies in earlier measurements on rare-earth Ions implanted into iron. 


Since the advent of the channeling technique 1 
for determining the location of Impurities In sin¬ 
gle crystals, a great deal of research has been 
performed to study the location In the lattice, 
and change of that location under annealing, ’ of 
implanted Ions. Recently, such measurements 
have been combined with studies of the hyperfine 
(hf) structure of Implanted Ions. 

Lattice location, hf fields, and annealing be¬ 
havior of rare-earth (RE) Ions implanted Into 
iron have been extensively studied. 3 '® We report 
here new experimental results, based on the 
MSssbauer spectroscopy of FV:Eu lsl (Gd 151 Is the 
Implanted species) which show that internal oxid¬ 
ation of the Implanted Gd tons dominates the ob¬ 
served behavior. The chemical and metallurgical 
properties of the RE Ions are rather similar; 
thus these findings can be extended to explain the 
results of many previous measurements per¬ 
formed on RE Ions implanted Into Iron. 

The conclusions from previous work on F<e:RE 
systems can be summarized as follows: (1) Chan¬ 
neling lattice-location measurements 3 * 9 show 
that about 80% of Implanted Yb ions are substitu¬ 


tional in Fe, but the remaining 40% do not occupy 
well-defined Interstitial sites. (2) Off-line time- 
integral perturbed angular correlation (PAC) 
measurements 3 ’ 4 (using radioactive Yb Implanted 
Into Fe, with the hf field measured for the Tm 
daughter) indicate an "average” hf field which Is 
substantially less than would be expected for Fe: 
Tm. (3) Both the substitutional fraction (mea¬ 
sured by backscatter experiments) and the aver¬ 
age hf field go to essentially zero after a brief 
anneal at 500 o C. 3,< After the anneal, the Yb ions 
do not occupy well-defined sites. (4) On-line Im¬ 
plantation PAC (IMPAC) measurements. In which 
hf fields of the Implanted RE ions are measured 
within 10'® sec after the ions stop, suggest that 
one hf field Is produced by the RE Ions of a given 
species,® and that the observed fields are con¬ 
sistent with expectations. (5) The electron relax¬ 
ation rate for Tm PAC measurements (Implanted 
Fe:Yb) for an annealed (500°O source Is the 
same as that for Yb,0,:Tm, and one-third that 
for an unannealed source. 3 

We present here the result of MBssbauer mea¬ 
surements on sources of Gd 1 ® 1 Implanted (4X10 14 / 
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FIG. I. MOasbauer spectrum of Eu 161 from Fe:Gd 
implanted source. A least-squares fit (line through 
the data points) was made using the known ground- and 
excited-state magnetic and electric quadrupole moment 
ratios, known transition probability ratios for the 
eighteen lines In the hi spectrum, and assuming that 
there was one split and one unsplit component. The hf 
field Is 4 times larger than normally observed In Eu 151 
spectra; the four groups of lines at ±20 and ±60 mm/ 
sec correspond to the four strong lines normally ob¬ 
served in Eu MOasbauer spectra. 


cm*, 60 keV energy) Into polycryatalline iron 
foils. 7 The Gd 161 decays to Eu 161 , and the hfS of 
the 21.7-keV y rays emitted by the Eu 151 has been 
studied using the MSssbauer effect. The chem¬ 
ical and metallurgical properties of Ge 3 * and 
Yb s * should be similar enough for results of our 
measurements on the Fe :Gd system to be applic¬ 
able to phenomena observed in Fe: Yb." 

A sample spectrum is shown in Fig. 1, and the 
results can be briefly described as follows: 

(1) Measurements of the isomer shift show that 
all the Eu ions are Eu 3 * (4/* configuration). 

Since Eu 3 * would appear -14 mm/sec to the right 
of Eu 3 *, divalent Eu would be easily distinguished, 

(2) The unannealed source spectrum (Fig. 1) can 
be resolved into two components, corresponding 
to two sites for the Eu ions. One component is 
split thf field B m = 1.31 MG, isomer shift (IS) 3.5 
mm/sec versus EuF,]; the other is a broadened 
but essentially unsplit line (5 hf < 50 kG, IS 1 mm/ 
sec veraus EuF,). The split hfs comprises about 
60% of the total intensity of the spectrum.* (3) A 
15-mln anneal (in H„) at 430°C decreases, and 

a 15-mln anneal at 480“C completely eliminates 
(see Fig. 2), the split component of the spectrum. 
(4) Further annealing (including 30 min at 500°C 
in air, which results in massive oxidation of the 
source) does not significantly alter the spectrum 



FIG. 2. Composite plot of MOssbauer, location, and 
hf field results versus anneal temperature, from Ref. 

3 (open points) and Ref. 4 (filled points). Some of the 
original data points have been averaged or smoothed 
to make the plot legible. The lines have been drawn 
only to connect the data points. Implantation energies 
were 50-80 keV (MOasbauer and Ref. 3) and 400 keV 
(Refs. 4,5), corresponding to depths of 130 and 530 A 
for the Implanted RE Ions. Anneals for all experiments 
were 15 min long. PAC measurements have been 
plotted Implicitly assuming that there Is one site with 
a large hi field and one site with a negligible hf Held, 
and that only the relative fraction of atoms between 
the Be two sites changes under anneal. Thus, the high- 
field fraction equals the ratio of the average hf field 
to the hf field expected for substitutional Ion. 


(see Fig. 3). 

The large hf field and the Isomer shift of 3.5 
mm/sec are exactly what would be expected 10 for 
Eu In an Fe metal matrix, (In metallic surround¬ 
ings, conduction-electron density normally In¬ 
creases the IS for Eu 151 by 2-5 mm/sec over that 
in Ionic compounds. 10 ) The relative intensity* of 
the spilt spectrum, 60%, Is the same as that of 
the substitutional site population seen by lattice 
location studies of F«:Yb, suggesting that this 
spectrum arises from substitutional Eu ions, and 
that the unsplit spectrum arises from the ions 
observed (by lattice-location measurements) to 
be nonsubstltutlonal. The anneal behavior (Fig. 

2) of the split component of the MOssbauer spec¬ 
trum Is the same as that observed for substitu¬ 
tional Ions In the location experiments, confirm- 
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FIG. 3. Spectrum of source of Fig. 1, curve A after 
anneal at 480*C In H 2 i B, after anneal In air (600*C, 

30 min) to assure complete oxidation. Curve C, com¬ 
parison spectrum of Eu ul from 8m 2 Oj Bource, which 
Is chemically similar to other trivalent-rare-earth 
oxides. The spectrum of the annealed F«:Gd source is 
the same as that obtained from Eu , ' f in an oxide environ¬ 
ment. 


lng this hypothesis. 

The evidence is also very strong that the Eu 
ions producing the unsplit line are not in an inter¬ 
stitial or defect-associated site, but are inter¬ 
nally oxidized: (1) Both the isomer shift and the 
lack of hf field are exactly what would be expect¬ 
ed for Eu in an oxide environment [IS(EUj 0 3 ver¬ 
sus EuF,) = 0.6-0.8 mm/sec]. Other ionic Eu 9+ 
compounds with similar IS values are composed 
of elements which are not present in this system. 
(2) Interstitial ions should have even greater con¬ 
duction-electron IS contributions than substitu¬ 
tional ions. Although defects associated with 
the implanted ion might slightly reduce the size 
of the conduction-electron contribution to the iso¬ 
mer shifts, they should not completely eliminate 
it. (3) The complete lack of hf field would not be 
expected for an interstitial site 11 ; even accident¬ 
al cancellation of different contributions to the 
hf field (for a dissolved Eu ion) could not lead to 
the observed behavior, since the various contri¬ 
butions would have different temperature depen¬ 
dence, and the observed hf field is zero (within 
the limit of measurement) from 20 to 400 K. 

The analysis of the MSesbauer data suggests 


the following picture: When RE ions are Implant 
ed into Iron, the vast majority of them initially 
stop at substitutional sites. (Thus, the IMPAC e. 
pertinents measure a hf field corresponding to a 
high substitutional fraction.) During the course 
of the implantation, which may take several hour- 
some of the stopped RE ions are internally oxi¬ 
dized and removed from the regular lattice sites 
on which they stopped. 

Recently, Moline, Reutlinger, and North” have 
observed and measured the “driving in” of sur¬ 
face oxygen into silicon by incident Ne, Ar, and 
Kr ions in the 3-48-keV range. They showed that 
the operative mechanism was recoil implantation, 
in which relatively large amounts of recoil ener¬ 
gy were given to oxygen ions in the surface oxide 
layer, and the oxygen ions recoiled Into the sub¬ 
strate with a range approximately the same as 
that of the Incident heavy ions. This process is 
dependent on nuclear kinematics and cross sec¬ 
tions only, and should be completely insensitive 
to the details of host-properties chemistry. 

Extrapolating from the conditions studied by 
Moline, Reutlinger, and North to those present 
In our implantation, we would expect approximate¬ 
ly one oxygen atom to be Implanted into the iron 
for each incident RE ion. Within the accuracy to 
which the surface-oxide-layer thickness and re¬ 
coil-implantation efficiencies are known, we con¬ 
sider this adequate quantitative confirmation of 
oxygen recoil implantation as the primary con- 
tributor to the Internal oxidation. Anneals after 
the implantation, then, do not simply drive RE 
ions off the substitutional sites into interstitial 
sites (as happens in other systems 19 ), but mobi¬ 
lize additional oxygen, which oxidizes the re¬ 
maining substitutional RE ions. 

This analysis is fully supported by the relevant 
systematica. The basic requirements for inter¬ 
nal oxidation 1 ■*—that the dopant (RE) oxide is 
thermodynamically more stable than the host 
(Fe) oxide, that the oxide is Insoluble in the host, 
and that a source of oxygen is present—are 
strongly fulfilled, and this process would be ex¬ 
pected to occur. 

The new results we are reporting here using 
the Mbesbauer hf spectra of Eu 191 in Fe show di¬ 
rectly that both oxidized and unoxldlzed sites 
exist, and that the "anneal” process actually 
oxidizes formerly substitutional RE ions. This 
analysis appears to explain the apparent contra¬ 
dictions among a number of RE lattice-location 
and hf-field measurements which have been pub¬ 
lished in recent years, and can be extended to re- 


520 


Voliwi 33, Numm* 9 


PHYSICAL REVIEW LETTERS 


26 August 1974 


suits obtained with other highly axidizlble (e.g., 

Hf and Ta) ions. 

We are greatly Indebted to L. C. Feldman for 
many fruitful discussions and helpful comments 
on the manuscript, K. W. West assisted with the 
experimental work and data reduction. We thank 
D, E. Murnlck and his collaborators for com¬ 
municating results of their IMPAC measurements 
prior to publication. 
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Thermoreflectance of Tetrathiafulvalinium Tetracyanoquinodimethanide (TTF-TCNQ) 

P. I. Perov* and J. E. Flschert 

Moors School of Electrical Engineering and laboratory for Research on the Structure of Matter, 
University of Pennsylvania, Philadelphia, Pennsylvania 19174 
(Received 30 May 1974) 

We report the first observation of a marked temperature dependence In the optical proper¬ 
ties of TTF-TCNQ, based on thermoreflectance spectroscopy. The structure just above the 
plasma edge exhibits an abrupt 26% drop with e 3 b as the temperature is lowered past 46—50 
K; simultaneously, a strong response for fids transition with 5Lb emerges. This supports 
the suggestion that a libratlonal distortion of the TCNQ Ion may be responsible for a Pelerla 
transition In the complex. 


The molecular charge-transfer salt TTF-TCNQ 
behaves electrically 1 and optically 1 like a one-di¬ 
mensional metal at room temperature, with per¬ 
haps a tendency toward Frohllch superconductivi¬ 
ty which is frustrated by a Peierls transition. 1 
Physical measurements as functions of tempera¬ 
ture have been employed to study this hypothesis, 
although file mean-field T e may be much higher 


than 60 K, the temperature of maximum conduc¬ 
tivity. 1 Bright, Garito, and Heeger 1 and Grant 
et al* report reflectivity spectra spanning the 
range 0.1-4.0 eV. The major structure Is asso¬ 
ciated with a screened plasma resonance at 1.2- 
1.3 eV, 1 with additional weak structure at higher 
energies arising from interband 1 or molecular* 
effects. The temperature dependence of the di- 
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rect reflectance spectra is not unusual. We were 
motivated to apply the advantages of modulation 
spectroscopy 9 ’ 5 in an attempt to observe tempera¬ 
ture effects with higher sensitivity. Our most 
surprising result is an abrupt decrease of the po¬ 
larization dependence of one of the transitions 
above the edge. With the association of this tran¬ 
sition 7 with a B t „ mode of the TCNQ ion our re¬ 
sult supports the suggestion by Morawitz 9 that a 
llbrational distortion of the TCNQ ion may be the 
driving force for the postulated Peierls transi¬ 
tion in TTF-TCNQ. 

Thermoreflectance spectra were obtained from 
0.5 to 5.0 eV, from 5 K to room temperature, by 
using standard optical and electronic methods. 9 
Temperature modulation at 26 Hz of ~ 1 K was ob¬ 
tained either by direct Joule heating of the single¬ 
crystal sample (current parallel to the b axis) or 
by first depositing an indirect Nlchrome heater 
on a cover slip. The spectra obtained by the two 
methods were essentially the same. Temperature 
control was obtained with an Air Products Com¬ 
pany Helltran Dewar. 

The analysis of modulated reflectance is based 
on the total differential of Fresnel’s equation, 
which, in complex form, is 5 

AR/fl = Rel2A£/*(e-1)], (I) 

where n and t are the static complex index of re¬ 
fraction and the dielectric function, respectively, 
and At is the modulation-induced change in e. 

The thermoreflectance response from an isolated 
Drude-like plasma 2 ’ 9 would be obtained by substi¬ 
tuting € = £(, — <t> # 2 /(u> 2 + iw/V) and its derivatives 
with respect to u>, and t into Eq. (1). It is gener¬ 
ally assumed," and indeed we find for TTF-TCNQ, 
that dwJdT dominates d(l/r)/dT, so that only the 

derivative is important. Since we are dealing 
with a plasma edge closely followed by interband 
or molecular transitions, a more accurate start¬ 
ing point would be based on Seraphin's version 9 
of Eq. (1), AR/R = a(<o)Ae,+/S(io)Ae„ where a and 

are obtained from measurements of «, and 
and Ac = Ac, +tAe s . This latter approach assumes 
only that the modulated responses from adjacent 
transitions are isolated, whereas the background 
e may contain any admixture of different contri¬ 
butions since it is obtained from experiment. De¬ 
tailed analysis of overlapping A R/R line shapes 
will be postponed for a complete publication. For 
the moment we will be primarily concerned with 
the temperature dependence of I Aft/fll. 

Figure 1 shows a portion of the A R/R spectra 
for e lib and e-i-b, recorded at an indicated tem- 



hto(eV) 

FIG. 1. Thsrmoreflectance spectra of TTF-TCNQ a 
42 K, with eJ.b and e||b. The Inset Is a schematic re[ 
resentation of the three optical transitions which super 
pose to give the c ||b spectrum (a constant background 
of — 1.6 x 10' 5 has been subtracted). 


perature of 42 K. The inset represents our inter 
pretatlon of how three distinct transitions super 
pose to give the observed result with e I lb. The 
sign of A R/R corresponds to an increase of R 
with increasing T. 

The lowest-energy structure (peak 1) is as¬ 
cribed to a screened Drude edge by Bright, Gari 
to, and Heeger, 2 whereas Grant et al.* claim an 
equally good fit to reflectivity spectra assuming 
a strong Lorentzlan oscillator at 0.2 eV, presum 
ably representing a charge-transfer transition. 
The latter interpretation is suggested by the far- 
infrared results of Torrance, Scott, and Green, 11 
and is consistent with the fact that similar edges 
are found in nonconducting TCNQ salts." Pre¬ 
liminary analysis of our data favors the former 
Interpretation; linewidth, zero-crossing energy, 
and positive/negative asymmetry are all repro¬ 
duced well by the Drude model in Eq. (1), with 
= 2.3, a;, = 1.2 eV, and = 5. We plan to repeat 
these experiments on nonconducting salts to see 
If thermoreflectance can differentiate between 
the two kinds of “edges." 

Our most surprising result concerns the tem¬ 
perature dependence of peak 2. Grant et al.* re¬ 
port 1% bumps in R at 1.2 and 1.4 eV, which prob 
ably correspond to peaks 2 and 3. Bright, Gari- 
to, and Heeger 2 also observed peak 2. The zero- 
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crossing energies in Fig. 1, corrected lor base¬ 
line offset, are 1.38 and 1.58 eV, respectively, 
at 42 K. These two structures are probably char¬ 
acteristic of the TCNQ ion {suggesting nearly 
complete charge transfer) because they are also 
observed, 11 at the same energies, in N-methyl 
phenazlnlum (NMP)TCNQ and triethyl ammonium 
(TEA)(TCNQ)„ and because a similar doublet is 
observed in solution spectra,’’ albeit at 0.2 eV 
higher energies. With the association of peak 2 
with a dipole of B IU symmetry, 7 the oscillator 
strength for e-*-b would vanish if the plane of the 
TCNQ ion were exactly normal to b. Turning this 
statement around, we can use the polarization 
sensitivity of this transition as a rough index of 
die inclination of the TCNQ ion relative to the b 
uds. 

The above considerations may be relevant to 
he spectra of peak 2 in Fig. 1, namely the strong 
response with e-Lb at 42 K. Peak 3 remains es¬ 
sentially parallel polarized throughout the entire 
:emperature range studied. Note the absence of 
i perpendicular-polarization response near peak 
l, which gives us confidence that the large per¬ 
pendicular-polarization signal at peak 2 is not an 
irtifact due to poor crystallographic morphology, 
rhe fact that the perpendicular- and parallel-po- 
arlzation line shapes for peak 2 are quite differ¬ 
ent is not disturbing since the reflectivity, and 
lence the Seraphin coefficients a and 0, Is highly 
uiisotroplc. Peak 2 sharpens considerably more 
:han peak 1 with decreasing T. 

The absolute amplitude of a thermoreflectance 
spectrum depends on thermal properties of the 
specimen, * but since these are Independent of 
shoton energy, it is useful to compare relative 
inaptitudes as functions of T. Two such relative 
comparisons are made in Fig. 2. First we note 
hat the parallel-polarization response of peak 2, 
relative to that of peak 1, initially increases 
gradually with decreasing T, then abruptly dimin- 
shes by - 20% at 42 K, leveling off below 35 K. 
this is accompanied by a further abrupt reduc- 
ion in the anisotropy of peak 2, as measured by 
ts dlchroic ratio [peak 2 Wl/tpeak 2 (II)], The 
wo amplitude ratios can be interpreted near 42 
< as follows: The reduction in the parallel-po- 
arlzation amplitude of peak 2 accompanied by 
he Increase in the perpendicular-polarization 
implitude suggests an abrupt Increase of the an¬ 
ile between the TCNQ ion normal and the 6 axis. 

Vt room temperature, this angle appears to be 
fulte small; it increases gradually as the sample 
« cooled to 42 K, and then Jumps and levels off 



TOO 

FIG. 2. Temperature dependence of various features 
in the spectra of Fig. 1: relative amplitude of peak 2 
to peak 1 with e 11?, and dichroism of peak 2 (ratio of 
± to II amplitudes). 


with further cooling . 13 We suggest that this be¬ 
havior could result from an incipient phase tran¬ 
sition near 42 K, for Instance the llbratlonal dis¬ 
tortion of the TCNQ ion as suggested by Mora- 
witz. 8 Such a distortion could provide the driving 
force for the Pelerls instability which has been 
postulated to occur in TTF-TCNQ. 3 

Our putative “transition temperature" of 42 K 
is notably lower than 58 K, the temperature of 
maximum dc conductivity. 1 Even accounting for 
dissipation of 0.2 W we estimate that the sample 
surface temperature is below 50 K. We plan to 
check this with a suitable thermometer mounted 
directly on a dummy sample. 

In summary, we report for the first time a 
striking temperature dependence of a portion of 
the optical spectrum of TTF-TCNQ which may be 
indicative of a phase transition at low tempera¬ 
ture. It is tempting to associate this in some 
manner with the temperature dependence of the 
conductivity, but this must await measurements 
on other TCNQ salts. We also find good agree¬ 
ment between thermoreflectance associated with 
the infrared reflectance edge and a screened 
Drude model, which we submit is a more strin¬ 
gent test than fitting reflectivity. We feel that 
modulation spectroscopy will prove useful In un¬ 
raveling the electronic structure of this class of 
materials. 

It is a pleasure to acknowledge the assistance 
and collaboration of L. B. Coleman and A. A. 
Bright, and helpful discussions with P. M. Grant, 
R. L. Greene, H. Morawltz, and B. H. Schectman. 
The samples were provided by the molecular 
crystals group at the University of Pennsylvania. 
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Effect of Spatial Dispersion upon Physisorption Energies: He on Metals 


George G. Kletman 

Research Laboratories , General Motors Corporation, Warren, Michigan 48090 

and 

Uzl Landman 

Xerox Corporation. Webster Research Center, Webster, New York 14580 
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Microscopic calculations of noble-gas adsorption on metals which include the effect of 
metallic nonlocal dielectric response are presented for two models of electronic bound¬ 
ary conditions at the metal surface. Spatial dispersion causes the Van dor Waals Inter¬ 
action to decrease slower than the conventional d~* law indicates. Systematica of the 
physisorption indicate that interaction energies, but not equilibrium positions, are very 
sensitive to nonlocallty. The results are relatively Insensitive to to the details of the 
electronic boundary conditions. 


Because of the fundamental nature of chemical 
reactions at surfaces and their Important role In 
such practical problems as catalysis 1 and oxida¬ 
tion, the understanding of these reactions is rec¬ 
ognized as one of the major goals of surface 
science. Essential to this objective Is the com¬ 
plete description of the adsorption process, i.e., 
an understanding of both chemical and physical 
adsorption. These adsorption processes have 
been historically distinguished by the order of 
magnitude of their binding energies (l.e., elec¬ 
tron volts for chemisorption and hundredths of 
electron volts for physisorption). Recently, we 
have presented a new theory** which Indicates 
that the repulsive contribution to physical adsorp¬ 
tion on metals can be determined from ab initio 


considerations which are consistent with modern 
Ideas of surface physics, In contrast to some 
earlier work. 4 '® Treatment of the attractive (or 
Van der Waals) part of the physical adsorption 
Interaction, however, has followed* "• the tradi¬ 
tional method® 110 of describing the coupling be¬ 
tween the electromagnetic field and the solid 
media by means of a spatially local dielectric 
constant. 

The question of the influence of dispersion In 
the metal upon the Van der Waals Interaction was 
raised by Lifechltz in bis pioneering paper,® and 
these effects have not been studied systematical¬ 
ly since then. The object of this paper is the 
determination, for the first time, of the effects 
of dispersion and of varying surface electronic 
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boundary conditions upon physical adsorption of 
a gas on a metal. The Van der Waals contribu¬ 
tion, E vw , to the Interaction energy between an 
atom in vacuum and a metal surface is given 
by* 11 * 11 


£ V w(d> 


*Um 

»—o 


* ■ *0 \ c / 


'P 2 dp 

N 


(F.'^F,' 1 ), (la) 


lng that the field components parallel (perpendic¬ 
ular) to the surface plane are even (odd) under in¬ 
version about the surface plane; the exact solu¬ 
tion of Maxwell’s equations for this case are well 
known. 1 * The diffuse-reflection boundary condi¬ 
tion corresponds to assuming that 

e(r, z\ k„)= / jd*./2x) exp[i*,(* -x')Jf^(k) 

»€*(«-*',£„), ( 4 ) 


l,*2tnk t T, cfe,=UP a -l) lA , (lb) 

where d is the distance separating the atom and 
, metal plane and c the velocity of light in vacuum. 
The summation in Eq. (la) is over integer values 
of x, where the n = 0 term is given half weight, 
k t is Boltzmann’s constant, T is absolute tem¬ 
perature, N is the gas density, and k „ is the com¬ 
ponent of wave vector in the plane of the surface 
(atomic units are used exclusively here). The 
dispersion relations for the normal surface modes 
(TM and TE) of the electromagnetic field (i.e., 
surface plasmons) are represented by F, and F, 

1 [specified in Eqs. (5) belowJ. Equation (la) is 
i derived by summing the free energies of the nor¬ 
mal electromagnetic modes, 11 ' 1 * which is equiva¬ 
lent to Llfschitz’s approach.” Calculation of £ vw , 
therefore, reduces to a solution of Maxwell’s 
equations. 

In the presence of metallic spatial dispersion 
the relationship in the metal between the Fourier 
components of the electric displacement, D, and 
the electric field, 2, can be written as 

5 (z, £„, to)* z\ k„, to) 

xE(a',*„, co), z <0, (2) 

in which u> is the frequency and the metal fills 
1 the negative-z half space. Maxwell’s equation 
! with the insertion of Eq. (2) cannot be solved gen¬ 
erally, and we utilize a model which corresponds 
to the bulk metallic hydrodynamic constant 1 * 

€*(£, «)■*! -<*>/[w(u>+</t) - (a*)*]' 1 , (3) 

where w, is the plasma frequency (i.e., to/ 

= 4w» + , where x + is the electron density for free- 
electron metals), t Is a damping lifetime, and a* 
Is set equal to 0.6 K r * (V f is the Fermi velocity) 

In order to recover the bulk-plasmon dispersion 
relation from the hydrodynamic equation, 1 *' 18 In 
relating Eqs. (2) and (3), we employ two solvable 
models of the surface electronic boundary condi¬ 
tions: specular reflection 17 and diffuse reflec¬ 
tion. 1 * Specular reflection is equivalent to as sum- 


where we have suppressed the to argument. This 
boundary condition, therefore, corresponds to 
the same contribution from each volume element 
of dielectric as in the bulk constitutive relation. 
Exact solutions of Maxwell’s equations for dif¬ 
fuse reflection have been found independently by 
several workers.* 0 '** 

The influence of spatial dispersion upon the 
Van der Waals interaction can be clarified by 
simple physical arguments, without resort to the 
calculational details of the exact solutions with 
retardation, which are quite complicated and will 
be reported elsewhere.** The general form of 
the dispersion relations of TM (F,) and TE (F a ) 
surface modes in Eqs. (1) are evaluated on the 
imaginary frequency axis to = : 

FjOi ,/>)« DjOt , p)exp(2p« d/c ) -1, 

0 = 1,2), (5a) 

X>,(i£,p)= HS A +pe A )/(S A -pe A )]c iMt (5b) 

0,««,f>)=[(SA + f 1 )/(SA-f’)]C„, (5c) 

Sa=(«a- 1 + /> , ) 1A . (5d) 

The quantity e A is the dynamic dielectric func¬ 
tion of the atom. The dispersion relation of the 
modes of the Isolated metal are specified by 
C jM ' l {h„ to) = 0; the surface plasmons correspond 
to Cut* 

Because of the exponential in Eq. (5a), the 
major contribution to £ vw comes from terms for 
which pi, => c/2d. For the small d with which we 
are concerned, the important limit is />-•», 
since e A — 1 as (- ®. In the case of a local me¬ 
tallic dielectric function, Ci*(/>-°°,t) is a finite 
function of { alone [c tM (p-*>, 0~°4- The finite¬ 
ness of C 1M In this limit reflects the fact that the 
surface-plasmon frequency to,- u t /'/2 as *,-■> 
for a local metallic dielectric function [Le., see 
Eq. (lb)]. A simple transformation of variables* 10 
in Eq. (1) yields the result that £ vw ~d'\ This 
reasoning is the justification for the convention¬ 
al 4 ’ 10 inverse-cube law of the Van der Waals 
force. 
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FIG. 1. Van der Waale constant (i.e., Cyy,* 
for He adsorbed on Mg (l.e., a «0.56 a.u.). Results are 
shown for spatial dispersion with specular reflection 
(dashed line) and diffuse reflection boundary (dotted 
line) conditions and for the local dielectric function 
model (solid line). Infinite lifetime r is assumed here. 

In the case of the model nonlocal dielectric 
functions we are considering, however, both c t * 
and C M - 00 as p- °°. This has the consequence 
that there is negligible contribution to the inte¬ 
gral In Eq. (la) from terms with large p. The 
d dependence of £ vw cannot be deduced from a 
transformation of variables and Is more com¬ 
plicated than the Inverse-cube law. This result 
follows from the fact that, for both of our models, 
the surface mode is admixed with volume modes 1 *; 
the admixture increases with increasing ft,,, so 
that ny-" as /t n — The negligible con¬ 

tribution from terms with large k, exists also In 
the random -phase approximation solved with 
specular-reflection boundary conditions." An¬ 
other consequence of the admixture Is that the 
contribution to £ vw of modes localized at the sur¬ 
face (i.e., rf-dependent modes) decreases rela¬ 
tive to their contribution In the local-dielectric - 
function case (l.e., « = 0). We expect, therefore, 
that E vw will be weaker with spatial nonlocality 
than without. 

These results are illustrated In Fig. 1, in 
which we plot C vw = d 3 E vw as a function of d for 
He on a typical free-electron metal, Mg. The 
polarizability of He Includes both discrete and 
continuum contributions.*•* The salient points 
are that E vw varies more slowly than the in¬ 
verse-cube law in the spatial dispersion models 
and that the Van der Waals Interaction Is weaker 
in these cases than in the case of the correspond¬ 
ing local dielectric function (he,, a-0), in ac¬ 
cord with the previous discussion. Another im¬ 
portant feature of Fig. 1 is that the effect of spa¬ 
tial dispersion on £ vw Is much more significant 

S26 



three models. The relative insensitivity of d Pq to the 
degree of dispersion and different electronic boundary 


conditions is illustrated. Infinite lifetime r is assumed 
here. 

than that of the different boundary conditions. 

In order to study the effects of nonlocality 
upon He physical adsorption, we add the repul¬ 
sive portion, £, 2 , of the Interaction energy, 
which has been studied In detail elsewhere 2,3 : 

E k (d) = , (6a) 

= - (*/M)[l -exp(-/3|a|)]}, (6b) 

where Is the electron density and p is a vari¬ 
ational parameter. The isolated atomic and me¬ 
tallic electron densities are labeled by n A and 
respectively. The quantity 7'[nJ is the kinetic 
energy functional of the electronic density. 2 * In 
performing the calculation of £j^ 2,2 we use the ex¬ 
tended Thomas-Fermi version erf the density- 
functional formalism 2 * expanded to first order in 
the gradient operator. We represent n A “ and 
n M 27 by variational solutions which describe the 
isolated systems adequately. 2 " 3,28,27 

Equilibrium positions, rf eq , obtained from the 
position of the minimum in the total Interaction 
energy, U * £„ + £ vw , are displayed in Fig. 2 for 
He on a variety of free-electron metals (l.e., 
uy 2 * 4jr» + ). Note that the values of <f eq for the 
three models are within 1 a.u. of one another and 
the changes in electronic boundary conditions 
produce small changes in d sq . The equilibrium 
position, therefore, Is relatively Insensitive to 
the model used to describe the metal. 

The monotonic increase in the physlsorptlon 
interaction energy [i,e., - f/(d eq )] of He on metals 
with increasing electron density for the two non¬ 
local models is exhibited in Fig. 3. This mono¬ 
tonic behavior Is to be contrasted with the peak 
in - (/(d eq ) for local coupling. Comparison of the 
surface-plasmon solutions of the hydrodynamic 
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FIG. 3. Physlaorptlon energies for He absorbed on 
{roe-electron metals for the three models of electro¬ 
magnetic coupling. The monotonia increase In - 
with plaamon frequency for nonlocal couplings Illu¬ 
strates a distinction from the case of local coupling. 
Infinite lifetime r la assumed here. 

and Boltzmann equations"' Indicate that i < or 2 / 
V<0.6 lor ttxwp this corresponds to small | 
values which make the major contribution to B vw . 
Such a reduction In a brings the magnitudes of 
the binding energies for the nonlocal models Into 
closer agreement with those for the local model. 
From the results of our calculations we observe 
that within the errors in the currently available 
experimental data the degree of agreement achieved 
between the calculated and experimental values 
Is not changed upon the Inclusion of spatial dis¬ 
persion.” We would like to remark here that 
caution should be exercised In applying model 
calculations to comparisons with experimental 
data because of substantial discrepancies in the 
present experimental situation. Therefore, the 
need for additional well-controlled experiments 
on physisorptlon systems and further theoretical 
studies is Indicated. Detailed results of our 
studies will be discussed in a forthcoming pub¬ 
lication.* 3 

The above results illustrate for the first time 
the systematic effects of nonlocal electromag¬ 
netic coupling upon physical adsorption interac¬ 
tion. The main conclusions of our studies can be 
summarised as follows: (1) Van der Waals Inter¬ 
action calculated via nonlocal coupling schemes 
varies with distance more slowly than the In¬ 
verse-cube law obtained from local approxima¬ 
tions, (2) the Interaction Is weaker In the non¬ 


local models, (3) equilibrium distances are rel¬ 
atively insensitive to nonlocal corrections, and 
(4) different boundary conditions at the metal sur¬ 
face (diffuse and specular) introduce minor chang¬ 
es to the above results. 

The authors are indebted to Mrs. Carol Troy 
for her continuous assistance In the preparation 
of the manuscript. 
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Raman Detection of One-Phonon—Two-Phon on Interactions in Cu Cl 
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Centre National de la Recherche ScientifUpie, Universite Pasteur, 67000 Strasbourg, France 

(Received 17 June 1974) 

A large ?-direction dependence at the broad band close to the TO peak la observed 
and explained qualitatively and quantitatively. The TO peak is found to be repelled 
out of a two-phonon band by a strong third-order enharmonic interaction. 

In a crystal having the zinc-blende structure, 
the first-order Raman scattering allows detec¬ 
tion of either the TO(q~0) phonon or the LO(q~0) 
phonon, according to the selected direction q of 
the transferred momentum. We have measured 
at 40 K the scattered intensities of a CuCl single 
crystal for various Q directions (Fig. 1). Be¬ 
cause all the spectra were recorded with the 
same spectral slit width (2 cm’ 1 ), the heights 
(eventually above the continuum) of the sharp 
lines at 171 and 208 cm' 1 could be taken to fix a 
common intensity scale for the drawings of 
Fig. 1 by making use of the fact that the chosen 
geometries impose I B - 0.5(1* +/ c ). 

The unusual features in CuCl are the broad 
and strong band of the TO spectrum 1 "* (curve A) 

In the 140-170 cm" 1 range, reaching a very 
sharp line at 171 cm" 1 with a maximum at 151 
cm" 1 , and its replacement by a weak and feature¬ 
less continuum in the LO spectrum (curve C). 

This observation of 0-dependent, first-order¬ 
like spectra obviously differs from the recent 
results of Shand et al .* and excludes the assign¬ 
ment of the broad band to a pure second-order 
Raman scattering. 

We propose to explain these features by the 
existence of strong anharmonic interactions be¬ 
tween one of the q~ 0 optical phonons and a two- 
phonon continuum limited on the high-frequency 
side by a P s type of singularity 1 due to a Bril- 

/ J (w)-(H i '») a (7 3 , ) s r(w)/{[w - (V s ')*A(w)]» +flV)*[r(»)]»> , ( 1 ) 

where i labels the TO o r LO phonon with frequency <i> ( , R,*’ Is the usual first-order Raman tensor ele¬ 
ment, the anharmonic third-order interaction being given by the usual formula*: 

(V)*fA(u)+»T(«)]“ £ (2) 

HI 



FIG. 1. Scattered Intensities recorded for CuCl at 
40 K. Curve A, TO experiment In a transverse geome¬ 
try y(x,y)x; curves, (O.BTO+O.SLQ experiment In a 
transverse geometry *(x,y)x; curve C, LO experiment 
of backward scattering *(x,y)x. x, y, and t are the 
crystallographic cubio axes. Curve C , corrected LO 
experiment (see text). The unit of ordinate near 208 
cm" 1 is 10 times larger than that at low frequencies. 


louin zone critical point. The resulting scat¬ 
tered intensity is given by an expression of the 
form* 
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The summation In Bq. (2) Is practically limited 
to only that combination of branches which has 
the proper symmetry and a P,-type singularity 
at the frequency to,, and for which the third-or¬ 
der interaction t> is large. At zero temperature 
and in the vicinity of the band edge to, one can 
write 

to <( 0 ,: r(to)=D(to,~ w) 1 '*, 

A (<«>) = A,+JS(u> -to,). 

to>w,: T(to) = C, A(to) = A,-P(u>-to,) w *. 

showing the existence of a maximum for A (to) at 
to - oi,. As a consequence, if to T0 is not too far 
below to, and if (V, to )’a, (which reflects the 
strength of the anharmonic Interaction) is large 
enough, the term 

to-« TO —(^, Tn ) J A(to) (3) 

appearing in the denominator of Bq, (1) vanishes 
at least at a frequency w„>to, giving rise to a & 
line. This is a case of Fermi resonance where 
the line corresponding to the optical phonon is 
repelled out of the broad band by the interaction. 
Note that the integrated intensity of the 6 line 
depends on the slope ot a(oj) so that it is a very 

rapidly increasing function of w 0 - to,. 

Actually in the case of CuCl, r(to), as a func¬ 
tion of decreasing frequency, first increases 
and then decreases again to vanish well above 
100 cm' 1 .* This results, through Kramers- 
Kronig relations, in a minimum for A (to), so 
that Eq. (3) passes again through zero for to =to, 
and <o = to a [see Fig. 2(a)) with to, <to TO <to s <to, 
<to„. The maxima of / T0 (to) [Eq. (1)] related to 
the vanishing of one term [Eq. (3)] of its denomi¬ 
nator, are or are not apparent, depending on 
both the magnitude and the to dependence of the 
other term. It turns out that the to, maximum is 
a well-pronounced one, while that related to w t 
is undetected. 

In order to get a quantitative fit related to the 
above given ideas, we Ixiilt up A(to) and T(w) in 
the following way. We started by assuming an 
arbitrary two-phonon density of states of the 
form 

y (w)= D {l - [(to - <o J /a ]*} m , 

which has aP, singularity at w, = to e +a, and for 
which we suppose a constant interaction with the 
TO phonon. We further assumed an interaction 
inside die phonon continuum through a fourth- 
order anharmonic interaction V, and followed 
Ruvalds-Zawadowski simplification of the prob¬ 


lem. 1 The sign of 7, was selected to enhance 
the high-frequency side of both T(w) and A(to). 

A typical result for A(b>), r(u>), and the com¬ 
parison between Eq. (1) and the experimental 
spectrum are given in Figs. 2(a) and 2(b). The 
present fit was obtained with the following pa¬ 
rameters: 0 = 16.3 cm* 1 ; to 0 -w, = 0.55 cm" 1 ; 

V,f> = 0.49; (7, to )*0 = 1O.6 cm' 1 ; Pro’^ZBtcm' 1 
x intensity unit) 1 ' 8 . This fit is rather convincing 
and suggests the following comments: 

(a) As Eq. (1) depends only on (7 3 TO ) 8 [A(to) 
+iT(co)], only this function can be determined: 
Neither the existence of a Ruvalds-Zawadowski 
type of interaction, nor the strictly elliptic shape 
of the band should be inferred from the present 
calculation. For the same reason (and also be¬ 
cause of experimental Inaccuracies among the 
above-determined parameters), only the effec¬ 
tive bandwidth 2 a has a physical meaning while, 
e.g., a 10% variation of VJD leads to a quite un- 
dlscernable result, provided <*>„-<»>, is simul¬ 
taneously corrected by as much as 100%. We 
therefore think that the only important feature 
revealed by the TO spectrum is the existence of 
three zeros for Eq. (3). 

(b) We find w TO = 158 cm' 1 . From the Lyddane- 



FIO. 2. (a) Continuous line, (V'j TO ) 1 ALj); dashed line, 
(V, lln ) t I’L>)j dot-dashed straight line. o~to m . (b) Con¬ 
tinuous line, experimental TO spectrum (enlargement 
of onrve A, Fig. 1); dot-dashed line, calculated spec¬ 
trum. 
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Sacha-Teller relation, wlo = 20B cm* 1 and c. 

= 3.61,* we get t„«6.25 in good agreement with 
a recent determination at 40 K. 1 

(c) The calculated u, frequency is so close to 
o> 0 that an extemely high resolution (~0.1 cm* 1 ) 
would be required to observe a dip near 171 cm' 1 . 

(d) Because of the high value of (V 3 TO ) 2 <f[A(a; 0 )] / 
dw = a, the calculated integrated intensity of the 

6 peak at ui 0 is reduced by a factor 1 - a = 4.9 
with respect to the value it would have if a =0, 
and agrees exactly with our measured integrated 
intensity at 171 cm* 1 . At higher temperature, 
the broadening of the individual phonon states 
blurs the sharpness of the P , singularity at u, 
and consequently reduces a. As a consequence, 
the intensity of the u j 0 line will increase and the 
line will broaden. The intensity ratio between 
this line and the continuum is thus a nontrivial 
function of the temperature and will increase 
less rapidly than a usual two-phonon/one-phonon 
ratio. This is, in fact, what has been previously 
measured by Potts rt al. 1 who could not explain 
their result. 

Concerning the LO spectrum, <*>lo is far from 
the continuum so that A (to) and r(u>) may be ne¬ 
glected in the denominator of Eq. (1) which gives 
a 6 peak at a) tri = 208 cm* 1 and a broad but weak 
band in the 140-170 cm* 1 range. 

A discussion of the “purity” of the C experi¬ 
ment of Fig. 1 is in order here. Since the crys¬ 
tal is not perfectly homogeneous, a small amount 
of the light is elastically scattered, giving rise, 
even in backscattering geometry, to a small 


fraction / of transverse spectrum. This frac¬ 
tion is obtained by assuming that, in curve C, 
the 171 cm* 1 peak is entirely due to this para¬ 
sitic light. The corrected curve C' is then con¬ 
structed from the following relation: 

ic'^c -/fa¬ 
in agreement with the last above approxima¬ 
tion, the curve C' (Fig. 1) is more or less 
shaped as T(w) [Fig. 2(a)j. This enables us to 
give a rough experimental estimation of (V, TO )*/ 
(V^f -1.2. This slightly higher than unity ra¬ 
tio may be because of a difference in the anhar- 
monlc coefficients and/or because of the super¬ 
position of a very weak pure second-order 
Raman scattering. 
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Distinction between Lattice and Cluster Models of the Jahn-Teller Effect in an Orbital Doublet 

M. Abou-Ghantous and P. C. Jaussaud, 
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and 

C. A. Bates, J. R. Fletcher, and W. S. Moore 
Department of Physics, The University, Nottingham NG7 2RD, England 
(Received 28 May 1974) 

Acoustic-paramagnetic-resonance and electric-field—induced thermally detected EPR 
measurements have been made in crystals of AljOjiNI 3 ', To reconcile theory with ex¬ 
periment, dynamic Jahn-Teller effects must be present, and, In addition, 2 q — p is 
shown to be less than unity. This is the first reported example of an orbital doublet for 
which the multimode rather than the cluster model is needed. 

The importance of the vlbronic coupling of an effective Hamiltonian, 1 In two recent articles, 
E-type ion with its surroundings is often revealed Halperin and Engl man 2 and Gauthier and Walker 9 
by values of factors p and ? which appear in the show theoretically that when the coupling is to a 
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spectrum of lattice modes and the orbit-lattice 
coupling is linear and of intermediate strength, 
then 2q - p < 1. This result is also obtained by 
suitably generalizing the variational calculations 
of Fletcher. 4 In contrast, all the existing experi¬ 
mental data on £-type ions have been interpreted 
by using the relation 2q - p = 1 obtained from a 
cluster model when the coupling is with a single 
pair of £ modes. 1 

It is not stated In the above 9 ' 4 that it is very 
difficult'to find a system to test these predictions, 
as q and p can rarely be measured separately. 

We discuss the properties of the i E ground state 
of Ni 5 * In AljO,. It is the first example reported 
of an experimental measurement of p and q for 
which 2q - p < 1. This system was chosen for 
study as a trigonal field is present which ensures 
that p is Involved. Also the Ni 37 ion Is fairly 
strongly coupled to Its surroundings 9 but not so 
strongly coupled that a cluster model becomes 
valid. 4 It also satisfied the criterion 9 that the op¬ 
tical- and acoustic-phonon modes of pure AljO, 
have a considerable overlap and are little affect¬ 
ed by the Nl 3 7 impurity. 

Acoustic paramagnetic resonance and thermal¬ 
ly detected EPR" have been carried out on single 
crystals of AljO,:Ni 37 at frequencies between 
9.35 and 11.22 GHz at liquid-helium tempera¬ 
tures for various angles x between the magnetic 
field S and the crystal c axis. Figure 1 shows a 
typical acoustic-paramagnetic-resonance spec¬ 
trum and Fig. 2 the thermally detected electric- 
field-induced EPR spectrum. 7 Five features (A, 

B , Ci, C n , D) have been identified and their de¬ 
pendence on x determined." Feature B arises 



FIG. 1. Aoougtic-paramagnetic-resonance spectra 
Of AljOj-Ni** at 8.705 GHz and 4.2 K for x=25\ The 
energy level diagram showing all aooustlc transitions 
is also included. 


from highly strained sites and doeB not provide 
much useful information. Features A, C, and D 
arise from sites for which strain is zero and the 
transitions Involved are indicated on the energy- 
level diagram, inset in Fig. 1. 

The spectra can be fully accounted for" by tran¬ 
sitions between energy levels within T= i, S *• J 
of the effective Hamiltonian 

&=apT,S z + {2 + •§+fegM B (7\0. +T.O+) 

+//>MbTjHx +7MsHx'Si+ J t’,tr»ln> (D 

with z ) + jSfhf . JC ltratn = iqVg 

x(5*T- +5-7’+) describes the effects of random 
internal strains and electric fields (henceforth 
called strain) and accounts for the unusual line 
shapes and for feature B. 

From the angular variation of features A, Cj, 

C n, and D and a new analysis" of the original 
EPR spectrum of Geschwind and Remeika," we 
obtain the following experimental parameters, 

la/»l = 0.94* 0.01 cm' 1 , Eg = 0.150*0.005, 

(/pi = 0.02 ±0.005, I hq\~ 0.051 ±0.001, 

j = 0.0034 ±0.0005, 

and that a and / have the same sign. In addition, 
from thermal conductivity data, 9 the next highest 
vibronic levels are at -55 cm* 1 , which Indicates 
that anharmonlclty le unimportant In the ground 
states. 

We need now to calculate theoretical expres¬ 
sions for the experimental parameters a, Ag, k, 
/, and j in the Hamiltonian (1). 

The 9 £ ground state Is mixed with the excited 
states by the spin-orbit coupling, the trigonal 
field, and the Zeeman term as perturbations. 

The term involving a describes the spin-orbit 



FIG. 2. The thermally detected electric-field-in¬ 
duced EPR spectrum at 9.35 GHz and 2 K for x = 25* 
showing the features A, B, C It Cn, and O. 
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splitting of the ground state due to the orbital an 
gul&r momentum induced by the trigonal Held, 
while the remaining terms are Zeeman terms. 
g la the isotropic g value containing a spin part 
(=2) and a spin-orbit-coupllng-induced orbital 
part Ag (=g- 2). k, f, and j are various aniso¬ 
tropic terms which appear in second and higher 
orders in perturbation theory from coupling to 
the excited states. They arise as follows; k 
from spin-orbit coupling and the orbital Zeeman 
term; / from the trigonal field and the orbital 
Zeeman term; and j from the trigonal field, spin- 
orbit coupling, and the spin Zeeman term. 

The most Important excited states are *T lt ‘T lm 
*T„, and 2 T tt having energies A,, A„, \ m , 
a 16) and A,, relative to the 2 E ground state. 10 
*T , couples to the a E ground state by the spin-or¬ 
bit coupling, but the *T, and *T, states couple by 
the orbital part of the Zeeman term and the trig¬ 
onal field in addition to the spin-orbit coupling. 

As S= $, the contributions to the parameters from 
*T , appear one order higher in perturbation theo¬ 
ry than those from the 2 T, and *T a states. How¬ 
ever, this is largely offset by the relative close¬ 
ness of the *T , level to *£. Detailed perturbation 
calculations have been carried out 11 with the use 
of states appropriate to a strong crystal field 
model based on the tensor methods of Sugano, 
Tanabe, and Kamlmura, 1 ” and it is found that 


a = *t 1 A i ' a V + 2J2v'£D l , 

(2) 

f= 2y/2v'V 2 , 

(3) 


(4) 

h = 2t,D t , 

(5) 


where 

A s.‘ I + A i« M + A a6 ' 1 + A 1 , M ). 

0»-<A..' , + *A u ’ , -A t| - , -A I /*). 

£3 “( A ,.* 1 - A,,* 1 + A,/ 1 + A ,/ 1 ), 

and where £ is the one-electron spin-orbit coup¬ 
ling parameter for Ni 3 '* in Al/) 3 . v and v' are the 
one-electron diagonal and off-diagonal trigonal 
field parameters. 1 * 

From an analysis of the experimental data 
available on the free Ni s * Ion and other 3d" ions 
in A Ifit we take the Racah parameters B = 1000 
cmand y - 4.9. The corresponding Tanabe-Su¬ 
gano diagram has been obtained by using Grif¬ 
fiths’s information, 13 and it 1 b found that the en¬ 
ergies of all the excited states of interest in- 


crease linearly with fy/B at the nme rate »» 

is Just in the strong-field region so that Dq/g lg 
sli^itly larger than 2.2. To determine A, accu¬ 
rately, we make Eq. (4) consistent with Ag« 0.150 
± 0.005, taking f - 770 cm " J . This gives A,« 5500 
cm' 1 with A„= 24000 cm* 1 , A,, = 25000 cm* 1 , Aj| 
=34 5 00 cm and A,,= 54 500 cm ’* so that 

are, respectively, (0.049, 0.119, 0.046, 0.071) 
xI0‘ 3 (cm' 1 )' 1 . 

From Eq. (5) we deduce that q = 0.467 andk is 
positive. Similarly from (3), o> = 59 cm -1 . Now 
v' is likely to be positive so that a and/are both 
positive. 8 Finally, Eq. (2) gives v/> = - 207 cm* 1 
and v is negative as expected. M To obtain ft, we 
let v have a wide range of values which spans all 
previous reasonable estimates obtained from data 
on various ions in AljO,, and obtain the following 
results; 


-v (om _1 ) 

t/ (cm* 1 ) 

P 

2q~p 

1500 

428 

0.138 

0.796 

1000 

285 

0.207 

0.727 

500 

142 

0.414 

0.520 


Thus 2q - 1> is appreciably leBS than the cluster- 
model limit of unity. 

This conclusion is justified by more detailed 
calculations. Third-order perturbation correc¬ 
tions to Eqs. (2)-(4) are very small, and \j I 
-0.002 compared to the experimental value of 
0.0034. Also A,„ and A tt are In very good 
agreement with the strong optical absorption lines 
found 15 at 25 000 and 35 710 cm" 1 in the room- 
temperature spectra of Ni ,+ . 

This is the first time that a clear distinction 
has been made by experiment between the cluster 
and multimode models of the Jahn-Teller effect 
in orbital doublets. 

We are grateful to the Commissariat h l’Ener- 
gie Atomlque and to the Science Research Coun¬ 
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High-Resolution Measurements of the Nitrogen K-LL Auger Transitions 
of Chemisorbed Ammonia on a Molybdenum Surface 

Tomoji Kawai, Kimio Kunlmori, Tamotsu Kondow, Takaharu Onishi, and Kenzi Tamaru 
Department of Chemistry, The University of Tokyo, Bongo, Bnnhyo -hu, Tokyo, Japan 

(Received 29 April 1974) 


Distinct ‘Chemical effects” were observed among high-resolution, nonderivative, nitro¬ 
gen K-LL Auger-electron distributions from chemisorbed NH, on molybdenum surfaces 
and gaseous NH 3l which depend on the electronic structures of the adsorbed speoies. A 
calculation In the semlemplrioal "equivalent-core approximation,” based on photoeleotron 
data, revealed the origins of the fine structure In the observed Auger spectra. It Is con¬ 
cluded that NHj Is chemisorbed as »H-Mo —N_ Mo H lt j dissociative configuration at about 
room temperature and the surface nitride la formed at 450‘C. 


Many studies have been reported dealing 
with the configurations of adsorbed gases on 
surfaces and adsorbate binding energies. Tech¬ 
niques which have been used include photoelec¬ 
tron spectroscopy, 1 low-energy-electron spec¬ 
troscopy,® ion-neutralization spectroscopy,’ and 
field-emission spectroscopy.' 1 

For the Auger process in molecules or adsor¬ 
bates, an atom in different chemical environ¬ 
ments results In different energy distributions of 
the Auger electrons, especially when valence 
states of the molecules are Involved in the pro¬ 
cess (“chemical effects"). In earlier work done 
by Haas and Grant,’ the chemical effect in a de¬ 
rivative form of the Auger spectra of several 
carbon compounds had been observed with rela¬ 
tively low energy resolution, although they failed 
to identify the peaks and structures of their spec¬ 
tra. Progress in experimental techniques as 
well as in the theoretical understanding of the 
Auger process enables us now, with the aid of a 
high-resolution electron spectrometer, to eluci¬ 
date the origin of fine structure in the Auger 
spectra at adsorbed molecules on a solid surface. 

In this paper, we report a chemical effect' 
found in the nitrogen K-LL Auger spectra of gas¬ 
eous and adsorbed ammonia on molybdenum sur¬ 


faces at various temperatures. Figure 1 shows 
the high-resolution Auger spectra obtained. Spe¬ 
cial care was taken in order to obtain detailed 
structure in the spectra and, therefore, nonderi¬ 
vative spectra were measured with an energy 
resolution better than 200 meV. By comparing 
the fine structure in the spectrum shown in Fig. 
1(d), with those of gaseous NH, (A E « 400 meV) 
and molybdenum nitride, which were assigned by 
the equivalent-core approximation from a knowl¬ 
edge of the electronic structures of these two 
molecules, it is proposed that configurations of 
adsorbed ammonia on the surface are observed. 

The Auge r-elect ron-spect roscopy (AES) mea¬ 
surements were performed using a modified 
Simpson-Kuyatt high-resolution electron spec¬ 
trometer’ with a hemispherical 180° energy ana¬ 
lyzer and with retarding electrostatic lenses. 
Auger electrons were produced with the use of a 
1.3-keV electron beam. A polycrystalline molyb¬ 
denum foil obtained from H. Cross Company, 

Ltd. was verified to be clean using AES after 
flashing the oxidized sample in vacuo. The mini¬ 
mum attainable pressure was 5xl0~* Torr. All 
the measurements were made in the presence of 
gaseous NH, in situ and data were accumulated in 
a multichannel analyzer in order to Improve the 
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FIG. 1. High resolution, nonderivative nitrogen K- 
IX. Auger speotra of (a) gaseous NH 3 , <b) adsorbed NH, 
on a sulfur-segregated surface at room temperature, 

(o) on a olean surface at about room temperature, and 
id) at 450*C. The vertical solid lines In la) and (d) rep¬ 
resent the energies calculated In the equivalent core 
approximation. The vertical broken lines In (b) and (o) 
represent observod energies and Intensities for the 
peaks of gaseous NHj. The dot-dashed line in (c) shows 
the observed value of Mo 2 N which la at the lowest ener¬ 
gy In (d). 

signal-to noise ratio. Background signals due to 
secondary electrons were subtracted from the 
signal by a data processor. In addition, the bind¬ 
ing energies of molybdenum nitride and molybde¬ 
num oxide were also measured using a conven¬ 
tional x-ray photoelectron spectrometer in order 
to assign the observed Auger lines. 

Figure 1(a) shows the nitrogen K-LL Auger 
transitions for gaseous NH, at a pressure of 10~ 3 
Torr (Fnuj), In order to assign each peak, the 
energies of the Auger transitions {E K . LL ) asso¬ 
ciated with NH 3 were calculated semiempirically, 
using 

E K _ U '{Z)*E g (Z)-E L (Z)-E l (Z + l\ (l) 

where E A (Z) is the binding energy of some level 
A of an atom of atomic number Z. An Auger pro¬ 


cess can be considered as a combination of the 


simple processes,’ 


Z- Z(RY +e-. 

(2a) 

Z- z(LY +e~, 

(2b) 

Z(LY — Z(XZ)** +e", 

(2e) 


where Z(A)* denotes the hole states In the A 
shell of an atom of atomic number Z. According¬ 
ly, the energy to be used for the ejection of the 
electron in Reaction (2c) is exactly E f (Z) -E t {Z). 
In this last process, the binding energies of the 
remaining electrons to be ejected from the L 
shell [E l (ZY\ can be approximately substituted 
by E l (Z+ 1) (in the equivalent-core approxima¬ 
tion). In this study, the equivalent-core approxi¬ 
mation,* which has been successfully used to 
evaluate binding energies In photoelectron spec¬ 
troscopy, was extended to the two-hole state In 
the Auger process. In fact, calculations to this 
approximation predict the observed Auger spec¬ 
tra for carbon, oxygen, and nitrogen compounds.* 
Empirical binding energies for the molecular or¬ 
bitals of gaseous NH, determined by a photoelec- 
tron-spectroscopy technique 10 were used for the 
calculation, i.e., 405.6 eV for 1 a u 27.5 eV for 
2o„ 15.8 eV for le, and 10.9 eV for 3a,. The 
molecular orbitals of H,0 using the binding ener¬ 
gies (18.4 eV for the O-H a bond, 12.6 eV for the 
lone electron pair in oxygen, and 32.2 eV for the 
oxygen 2s orbitals) were chosen for the evalua¬ 
tion of E l [Z + 1) in Eq. (1) because the effective 
potential exerted on an electron In a valence or¬ 
bital of H,0 and on an electron In a correspond¬ 
ing orbital of NH,* may be almost identical. Pos¬ 
sible NH, Auger emission lines and their assign¬ 
ments (final hole states) are listed In Table I 
where the Auger energies are referred to vacu¬ 
um level. 

As shown by vertical lines In Fig. 1(a), the 
calculated and observed energy positions are dis¬ 
placed to higher energies by 7.6 eV in order to 
fit the highest peak to those in the other spectra 
of adsorbed ammonia under various conditions 
which will be discussed later. Since the work 
function of the sample after NH, adsorption is ap¬ 
proximately 3.9 eV, 11 the remainder of the 7.0- 
eV shift is probably due to a relaxation effect 
caused by adsorption. No data on the relaxation 
effect for the Auger transition due to adsorption 
with which to compare our shift are available at 
present. Apparently, calculations with this ap¬ 
proximation predict the observed relative peak 
positions fairly well as Is demonstrated in Fig. 
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TABLE 1. Observed energies of the K-LL Auger 
transitions of nitrogen for gaseous NH, sod adsorbed 
NH, at 4S0*C, and the Auger energies for NH, and 
MojN calculated In the equivalent-core approximation. 


kh 3 (G««i 


OBSERVED 

(♦7.6 «V) 

ASSIGNMENT 
(FINAL STATE) 

CALCULATED 

312.2 «V 

(389.8 eV) 

(3* 1 )(3. 1 ) 

382.1 eV 

377.4 

(385.0) 

(LMSRj) 

(i^Mle) 

377.2 

376.3 

369.6 

(377.2) 

(1«)(1«) 

371.4 



(2«)(3ip 

365.5 



(SijHIs) 

362. S 

361.6 

(369.2) 

(2s)(1*) 

3S9.7 



(1*)(2s) 

357.6 

... 


(2s)(2s) 

345.9 

NH 3 st 450* 

C 



OBSBRVBD 


ASSIGNMENT 

CALCULATED FROM 

392.0 tV 


<“Z.3 N 4.5> 

(3*8.5 eV) 

385.0 


* L 2.J L 2,3 

384.0 

375.0 


KL 1 L 2.3 

373.0 

372.0 


KL 2,3 L 1 

369.5 

358.9 


RLjL, 

358.5 


1(a). Consequently, the 398.8-eV (1), 385.0-eV 
(2), and 377.2-eV (3) peaks in Fig. 1(a) are asso¬ 
ciated with the final states having two holes in 
(3a!, 3a,), (3a„ le ), and (le, le), respectively. 
Here, 3a, and le correspond to the molecular or¬ 
bitals for the lone pair electrons and valence 
electrons of the N-H a bond of NH„ respectively. 
A group of vertical lines centering around 369.2 
eV is due to the 2s nitrogen state combined with 
the 3«, or le state. 

The nitrogen K-LL Auger spectrum resulting 
from adsorbed NH, on a clean molybdenum sur¬ 
face (P N „ =1X10' 7 Torr) at 450°C exhibits a dis¬ 
tinctly difterent feature, as is shown in Fig. 1(d). 
At this temperature and NH, pressure, the forma¬ 
tion of molybdenum nitride on the surface has 
been suggested from the analyses of conventional 
Auger peak intensities, 18 for which the amount of 
surface nitrogen was observed to rise rapidly at 
the beginning of ammonia adsorption, and then 
followed by a gradual increase. Matsushita and 
Hansen 13 have reported in their flash desorption 
experiment that only molecular nitrogen is de¬ 
sorbed when NH, is admitted at 500°C. In fact, 
the spectrum in Fig. 1(d) Is very similar in shape 


to the oxygen and carbon K-LL spectra of molyb¬ 
denum oxide and carbide,* being not far from the 
K-LL Bpectrum 14 for atomic nitrogen calculated 
on the basis of an ionic model and an LS coupling 
scheme in which the nitrogen is negatively Ion¬ 
ized to the neon structure. Therefore, the ener¬ 
gies for the Auger transitions associated with 
Mo,N were also evaluated semlempirlcally using 
the equivalent-core approximation. In this case, 
E t (Z) was determined from the energy band 
structures of Mo,N, whereas E L (Z+ 1) was esti¬ 
mated from the energy band structures of MoO,. 

In the present experiment, these energies were 
measured by x-ray photoelectron spectroscopy, 
i.e., K level: 396.5 eV, L,: 17 eV, L,6.0 eV 
for nitrogen, N, iS : 2.0 eV lor Mo in Mo,N, L,: 21 
eV, 6.5 eV for oxygen in MoO,. The abso¬ 
lute values calculated also agree reasonably well 
with the observed spectra, both referring to the 
Fermi level [see Fig. 1(d) and Table I]. The 
peaks at about 358.9, 373, and 385.0 eV are as¬ 
signed to KL,L„ KL,L^„ and KL^^L, , of the 
nitrogen atom in the nitride, respectively. The 
392.0-eV peak can be attributed to the cross tran¬ 
sition from the L level of nitrogen to the lev¬ 
el of molybdenum. 

Figure 1(b) shows the spectrum of NH, adsorbed 
on molybdenum sulfide (P NHj ^lxlO" 7 Torr). The 
vertical broken lines shown in the figure repre¬ 
sent the position and Intensity of each peak in 
the spectrum of gaseous NH,. This spectrum Is 
very similar to that of gaseous NH, except for 
two points. One is the broadening of each peak 
which can be attributed to the Interaction between 
an adsorbed species and the surface. Another 
prominent feature is that the intensity of 379-eV 
peak associated with the K-(le)(le) transition de¬ 
creased from the amount shown by the broken 
line. Since the le electronic state corresponds 
to the N-H cr-type bonding orbital, the decrease 
of this peak indicates that the N-H bond is strong¬ 
ly affected by chemisorption onto the surface. 
Therefore, a dissociative configuration like 


H—NH, (* = 1 or 2) 

I I 

Mo Mo 

seems more likely, although how many hydro¬ 
gens per adsorbate are left remains to be deter¬ 
mined. The K-(le)(le) transition may change 
drastically with the dissociation of the N-H bond, 
because this transition includes a pair of elec¬ 
trons in the le state. This structure is consis¬ 
tent with the one proposed by Kemball based on 
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the results of mass spectroscopic experiments. 1 ' 

Figure 1(c) shows the spectrum of NH, adsorbed 
on a clean molybdenum surface at about room 
temperature. This spectrum appears to be an 
admixture of the spectra of the NH, gas [Fig. 

1 (a)j and the nitride (Fig. l(d)J, that is, an ap¬ 
preciable shoulder at 390 eV corresponding to 
the N-(3c I )(3a 1 ) transition and the 358-eV peak 
characteristic of the nitride appear in the spec¬ 
tra. As in the case of Fig. 1(b), the intensity of 
the 378-eV peak is less than the corresponding 
one in the gaseous spectrum. As the tempera¬ 
ture of the molybdenum is raised, the 358-eV 
peak characteristic of the molybdenum nitride 
Increased, while the 378-eV (N-H o) and 390-eV 
peaks (nitrogen lone pair) decreased, according¬ 
ly. The general features approach those of the 
nitride K-LL spectrum. This temperature de¬ 
pendence Indicates further dissociation of the 
remaining N-H bond of the adsorbate, reducing 
to the nitride structure. 

It should be noted that the 358-eV peak due to 
the nitride does not appear in the spectrum of 
Fig. 1(b). It is reasonable to assume that, on 
the surface of the molybdenum sulfide, the heat 
of formation for the sulfide is so large (about 80 
kcal) that nitride formation is prohibited on the 
surface during adsorption. Such a phenomenon 
can be easily distinguished in these spectra. 

This shows that high-resolution AES is a very 
sensitive tool for the study of the molecular 
structure and valence electronic states of sur¬ 
face species. In addition, the equivalent-core 
approximation can explain the energies for the 
Auger processes studied here, being accurate 
enough to identify the origins of each peak, which 
is necessary for the study of the structure of sur¬ 
face species. High-resolution AES should be 


emphasized as a useful tool for studying the ele 
tronic and molecular structure of surface spe¬ 
cies as well as a tool for conventional elements’ 
analysis. 
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Phosphorescence Microwave Double Resonance Spectroscopy in Ionic Solids and 
Its Application to Coherent Jahn-TeUer States in F Centers of CaO 

C. B. Harr la* 

Department of Chemistry, University of California, Berkeley, California 94720 

and 

M. Glasbeek 

Laboratory for Physical Chemistry, University of Amsterdam, Amsterdam, The Netherlands 

and 

E. B. Hensley 

Department of Physics, University of Missouri, Columbia, Missouri 65201 
(Received 13 May 1974) 

We demonstrate the use of phosphorescence microwave double resonance (PMDR) in ion¬ 
ic solids applied to the dynamic Jahn-Teller effect inF centers of CaO. A tunnel splitting 
(A-2.1 cm*') is obtained and Jahn-Teller states are coherent in zero field at least 10 s 
times longer than the stochastic limit, and possibly as long as the lifetime of the centerB. 
This is demonstrated by showing the loss of coherence by small Zeeman perturbations on 
the PMDR spectrum. 


Phosphorescence microwave double resonance 
spectroscopy (PMDR) 1 Is a technique which has 
allowed much of the kinetic information regard¬ 
ing the populating routes and decay channels of 
electronic-excited-state energy into triplet states 
to be obtained easily and routinely in molecular 
solids. It Is a aero-field spectroscopic technique 
based on optically detected magnetic resonance 
(ODMR) in high field 2 * 3 which was subsequently ex¬ 
tended to zero field/ PMDR monitors the indi¬ 
vidual vibronic bands In emission and measures 
the quantitative changes induced in the emission 
by a microwave field resonant with the zero-field 
splittings. Because of the sensitivity of photon 
1 detection, it is capable of measuring properties 
on as few as 10* excited states depending upon 
the details of the radiative channels being mon¬ 
itored. Applications of PMDR have been so ex¬ 
tensive in the last four years that to do justice to 
the contributors would require an extensive re¬ 
ference list. A recent thorough review of this 
field, however, has been written by Kwiram/ 
Although many properties of ionic solids 9 are 
i different from molecular solids, the basic fea- 
[ tures of excited F centers are similar to excited 
triplet states, particularly in zero field. For 
example, if one takes D^ as the point symmetry 
of F centers of CaO, there is a one-to-one cor¬ 
relation of the individual spin sublevels of the F 
center in zero field with 3 B, U molecular excited 
I triplet states. 7 Many excited triplet states in 
molecular crystals have been unequivocally* es¬ 


tablished through PMDR in , B l u (*, «*) states. We 
expect therefore that the dynamics of populating 
and depopulating excited centers can be elucidat¬ 
ed in ionic solids as simply and easily as in trip¬ 
let Btates in molecular solids. Moreover, PMDR 
has been recently used to establish coherence in 
excited triplet excltons* and spins 10 in molecular 
solids, and one might expect the same could be 
accomplished in ionic and semiconducting crystal** 
having accessible triplet states. 

In this paper we will (a) demonstrate zero-field 
PMDR in F centers of CaO, (b) illustrate how the 
methods can be used to extract tunnel splittings 
from the zero-phonon origin in CaO, and finally, 
(c) determine a minimum coherence time for the 
split Jahn-Teller states and shed some light on 
how the coherence is lost, and Its relationship 
to the dynamic Jahn-TeUer effect,"•■” b 

To illustrate the principles, we begin with a 
consideration of the F centers in the cubic 3 T, U 
state subject to a dynamic Jahn-Telier effect 11 * ,llb 
through coupling with an e % mode. 19 

Various perturbations are capable of lifting this 
degeneracy; however, the degeneracy is lifted 
completely only in case the projections of the 
perturbing vector that couples to the triplet sys¬ 
tem show orthorhombic symmetry, e.g., If e t 
= (V3/2)fe u -e„] is nonzero 1 lb and all other com¬ 
ponents, e tj , of the strain tensor are zero, then 
the energies of the ^(+ -+) and <((-+-) states are 
shifted by +A and -A, respectively. In this in¬ 
stance ^(+ + + ), t)j(+ - +•), *and f(- + -) diagonalize 
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the total Hamiltonian. Additionally, it can be 
shown 7 that the zero-field splitting parameters 
in the electron spin Hamiltonian differ for the 
different 0m h) states because the tunnel split¬ 
ting A causes an explicit (Imn) dependence of the 
spin-orbit contributions to the zero-field split¬ 
ting:. Similar arguments have been applied to the 
zero-field splittings of coherent Frenkel-exciton 
* states and used to elucidate properties of co¬ 
herent wave packets. 9 It Is important to note that 
0mn) are stationary solutions to the SchrSdinger 
equation in the absence of a relaxation Hamilton¬ 
ian; hence, the states 0mn) can be considered 
coherent in the absence of some relaxation. 

Coherence and the promoting roode ll * ,ub re¬ 
sponsible for the dynamic Jahn-Teller effect in 
F centers have been considered, and the optical 
detection of F- center EPR in CaO in high and 
intermediate fields has been observed. 13 How¬ 
ever, the observation of the dynamic Jahn-Teller 
effect has still eluded investigation. 

To demonstrate the power of applying zero- 
field PMDR to Ionic solids, Fig. 1 dtagramma- 
tically Illustrates the problem while Figs. 2(a)- 
2(i) present the experimental data on the F cen¬ 
ter in CaO. These include the emission [2(e)] 
and PMDR spectra in zero field [2(f), 2(g)J and 
50 G [2(h), 2(i)] at 1.5°K monitoring the zero-pho¬ 
non 13 origin, (0, 0), in addition to the ODMR re¬ 
sults at 0 [2(a) |, 10 [2(b) 1, 20 [2(c)], and 50 
12(d)] G. 

CaO crystals were prepared by additive colora¬ 
tion 14 and had an F center concentration of 5 xl 0 17 
centers/cm 3 . CaO was excited with the 3100 -A 
line of a 100-W high pressure Hg-Xe lamp. The 



FIG. 1. Schematic diagram of the principles used to 
elucidate the dynamic Jahn-Teller effect using PMDR. 


zero-phonon” origin was isolated by a 1 - m 8p( 
trometer. Other experimental details are es¬ 
sentially the same as reported earlier* except 
that changes in microwave-induced phosphores¬ 
cence was phase detected at 105 Hz. 

The results from these experiments can be 
understood as follows. Two zero-field transi¬ 
tions, hereafter labeled <u, and are seen at 
1675.5 and 1696.7 MHz, respectively [ct. Fig. 
2(a)]. The PMDR spectrum of w, [2(f)] yields a 
spectrum where the maximum in the phosphores¬ 
cence emission is coincident with the maximum 
in the PMDR spectrum. On the other hand, the 
PMDR spectrum of u>, [2(g)J yields two peaks 
symmetrically split from cv, by about 4.2±0.2 
cm* 1 . Moreover, the microwave-induced change 
in phosphorescence increases for u>, and decreas¬ 
es for u> 2 indicating a difference in the populating 
and decay rates for the three stationary Jahn- 
Teller states. In the zero-field ODMR spectrum 
[2(a)] the difference between the zero-field split¬ 
ting in the ’<!(+ + +) and ’(Mi* ±) states is 21 MHz 
because of selective spin-orbit coupling contri¬ 
butions to the zero-field splittings. The differ¬ 
ence in their respective optical PMDR spectra 
amounts to 2.1 ±0.1 cm' 1 . This means that the 
tunnel splitting is 2.1 ±0.1 cm" 1 . 

The fact that all three splittings are resolved 
in the PMDR spectrum [2(1), 2(g)] means that the 
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jahn-Teller states are coherent in zero field. 

A mi nimum coherence time can be established 
from exchange theory 15 which states that inter¬ 
mediate exchange is given by the condition (w, 

The coherence time, t, InCaOis 
therefore longer than 5 xlQ’ 3 sec. Thus, coher¬ 
ence persists in the Jahn-Teller states in zero 
field at least 6x10* times longer than that as¬ 
sociated with the stochastic “random” incoher¬ 
ent limit, which is given by (2 a)" 1 sec. The co¬ 
herence is associated with only one point in the 
full-time correlation function, 7 namely 5xl0" 8 
sec. 

From another point of view, if we assume that 
the linewldths at half-height in the ODMR spec¬ 
trum [2(a)], corresponding to to,, 15.0 MHz, and 
10.7 MHz, are homogeneous, a minimum co¬ 
herence time of 7 x 10 " T sec for the 3 ^(+ + +), and 
1 xlO' 7 sec for the 3 ip(+ -+) and 3 <f(- + -) can be 
obtained. In this case the coherence is persistent 
at least 6 xlO a and 4 x 10 s times the stochastic 
limit for the 3 ^(+ + +) and 'tyf**±) states, respec¬ 
tively, at 10" 1 sec in the time correlation func¬ 
tion. Since CaO contains no nuclei that have nu¬ 
clear spins, apart from J3 Ca (0.13%), it is un¬ 
likely that hyperflne interactions (an inhomogen¬ 
eous term) would be important. The coherence 
time could be longer however if small crystal 
strains result in ODMR line broadening. This is 
not the case, since as one increases a dc mag¬ 
netic field, applied at approximately 45° to the 
(100) face, the ODMR spectra appear interme 
diately exchanged, not at zero field, but at about 
10 G [2(b)] and the microwave-induced change in 
phosphorescence associated with u>i changes sign 
completely by 20 G [2(c)]. This is simply be¬ 
cause by 20 G the Jahn-Teller states are in ex¬ 
change on a time scale faster or comparable to 
the excited-state lifetimes 13 (3 x 10" 3 ) of the 
ty( Imn ) states. 

Because of the optical resolution of the PM DR 
spectrum in zero field [2(e), 2(f)], it is quite pos¬ 
sible that the coherence time could approach the 
lifetime of the centers in zero field, and that the 
coherence is lost rapidly with small Zeeman en¬ 
ergies (0-20 G). The loss of coherence could 
also be decaying via some other channel, apart 
from scattering between the 3 $(lmn) states them¬ 
selves. The loss of coherence via Zeeman terms, 
however, can be established. By 50 G the two 
electron spin transitions that are degenerate in 
zero field because of D ik symmetry are clearly 
resolvable [2(d), w' and w*]. Furthermore, the 
system is in the fast-exchange limit since the 


lines associated with to,' and u>,' are narrower. 
Figure 2(d) shows that u>,' and to,' have linewldths 
at half-heights of 8 MHz. Finally a PMDR on u>,' 
and to,' at 50 G [2(h), 2(1) J confirms that under the 
influence of a small Zeeman field, which mixes 
the zero-field spin eigenfunctions of the three 
states, 3 <K+ + +), and 3 <K- + -), the states 

are no longer coherent on a time scale of 10* 3 
sec. This is established by the fact that the max¬ 
imum in the PMDR [2(h), 2(1) j and the maximum 
in the phosphorescence emission [2(e)J are coin¬ 
cident due to fast exchange relative to the F-cen- 
ters excited-state lifetime (approximately SxlO' 3 
sec) for both Zeeman-split sites. 

In summary, we have demonstrated (a) the 
first PMDR in ionic solids, specifically, PMDR 
in the triplet F centers of CaO; (b) obtained the 
Jahn-Teller splittings for the center; (c) shown 
that the states are coherent for times at least 
10 3 exceeding the stochastic limit, and possibly 
approaching the lifetime of the excited states in 
zero field; and finally (d) suggested that the mix¬ 
ing of the spin eigenfunctions of 3 4 (+ + +), 3 (+ - +), 
and 3 4(- + -) is responsible for the loss of coher¬ 
ence as a function of field, because it Introduces 
new off-diagonal matrix elements in the zero- 
field basis. 

This work was done in part under the auspices 
of the U. S. Atomic Energy Commission through 
the Inorganic Materials Research Division, Law¬ 
rence Berkeley Laboratory. 
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Approximate Renormalization Group Based on the Wegner-Houghton Differential Generator* 

J. F. Ntcoll, T. S. Chang, and H. E. Stanley 
Physics Department, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 

(Received 16 April 1974) 

We give an approximate renormalization-group formulation which parallels that of Wil¬ 
son. The group generator represents the momentum-Independent limit of the differen¬ 
tial generator of Wegner and Houghton. The eigenfunctions near the Gaussian point are 
computed for all spin dimensions n sad lattice dimensions d, including d =2. The nontriv¬ 
ial fixed-point Hamiltonian In dimensions near d r - 20/(0 — 1), together with the eigenval¬ 
ues near that nontrivial fixed point, are found explicitly to first order In c e s 0(2 -d) +d 
lor alt values of n and the order 0. Odd-dominated I sing systems and corresponding ex¬ 
pansions In * 0 - 1/2 are also treated. 


The renormalization-group approach to the study of critical phenomena has had great Initial suc¬ 
cess. 1 *’ The renormalization group embodies in concrete mathematical form the scaling notions of 
Kadanoff* and provides a framework for explicit calculation. These calculations have usually been 
done by perturbative expansions, in analogy with similar problems in quantum field theory. All the 
difficulties of field theory have been incorporated into critical-phenomena calculations as well; the cal¬ 
culation of thermodynamic quantities involves complicated Feynman diagrams and divergent integrals. 

Even in those cases where field-theoretic difficulties are not encountered, the perturbation tech¬ 
niques have been “brute force" in nature. For example, the calculation of critical-point exponents for 
higher-order’ critical points has been hampered by the rapid increase of the number of equations which 
contribute . 5 

Many renormalization-group problems can be simplified by revising the perturbative techniques to 
conform as closely as possible to the structure of the renormalization group Itself. It was noted by 
Wegner” that the eigenfunctions of Wilson's approximate renormalization group (when linearized around 
the Gaussian point’) are related to Laguerre polynomials. However, this observation has hitherto not 
been fully exploited. Here we show that by utilizing the structure of the renormalization group, a num¬ 
ber of problems (see (i)-(lv) below) may be solved simply and explicitly. 

To do this, we first write down an appropriate differential equation based upon the Wegner-Houghton 7 
differential generator for the renormalization group. Their functional integrodifferential equations 
may be simplified if we consider them in the limit of vanishing "external” momenta.’ We find that for 
n-dimensional isotropically interacting spins 5 on a d-dimensional lattice, the renormalization action 
on the reduced Hamiltonian H is given by 


It =ilH + (2 -d)x ~ [ 1 


n 



a) 


where the dot denotes differentiation with respect to the renormalization parameter l, and xu (ff• S)/n.“ 
Since we have neglected the detailed momentum dependence in the renormalization group, we have set 
77 = 0 . 

(1) The general e e expansion .—To solve (1), the Hamiltonian H can be expanded in terms of any com¬ 
plete set of functions; the expansion functions should be chosen to simplify the problem under consid¬ 
eration. A particularly useful set of functions are the eigenfunctions of (1) when (1) is linearized about 
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the Gaussian fixed point, H * 0. These functions (not normalized) can be chosen to be 

<?, (*)« [d /(2 - d)n] »(d - 2)/d] «*), (2) 

where the conventions of Erdelyi® are used for the Laguerre polynomials, The eigenvalue 

corresponding to Q t is =/> (2 -d)\d. To Illustrate the use of the we have calculated the non¬ 
trivial fixed-point Hamiltonians,^ =H e *, corresponding to critical pointB of order ©, 4 The fixed points 
of (1) are determined by setting.# = 0. In analogy with the e expansions introduced In Refs. 1 and 2, 
we calculate H e * as a perturbation expansion In e e * ©(2 -<f) + rf,*° for 6 = 2, 3,4,... (the usual*** e is e, 
in our notation). To first order in e e , H 0 * = t 0 v e Q e , where v B is given by 

l-i.*> 0 ( 2 )(e, 6 )|©). (3a) 

Here the bilinear functional S)(i ,) ) is given by 

)*(i ( (1 " n) ^ + {2i + n - 2 »<*i) (» " n ^ + ~ 2 »i-1) • W 

and the inner product ( f\p) for a function /(x) is defined by 


/(*)=E</I £><?,(*). (3c) 

#* o 

Equation (1) can now be linearized around H 0 *. The eigenfunctions will change slightly and so will 
the eigenvalues. If we denote by the eigenvalue of the new eigenfunction, which to zeroth order is 
Q„ we find that to first order in e g 


X, = X, 


2e .<»(«,*)»> 

® (»(©,©)!©) ' 


(4) 


The evaluation of the bilinear coefficients in (4) is merely a problem in classical analysis. In fact, us¬ 
ing the full renormalization-group equations, we have shown that (4) 1 b exactly correct 11 to order e„. 

For n = 1 (Ising systems), (3b) simplifies considerably, the Q, are related to Hermite polynomials, 
and (4) reduces to 

X,=l/(2-<f)-Mf]-2€ 0 (-^| (2/ _ e) |) • (5) 


These results are in agreement with the 0 = 2 calculations of Refs. 1 and 2, and the fi = 3,4 calculations 

of Ref. 5. We note that (5) also contains the odd eigenvalues for /=*,!,?. 

From (5) we Immediately deduce several important consequences, (i) For £ o >0, the correction to 
the Gaussian eigenvalue is negative, so that the nontrivial fixed point always dominates the Gaussian 
fixed point sufficiently near the critical point, (ii) The correction to the Gaussian eigenvalue vanishes 
unless 21* ©. In particular, to order e e , X, = 2 for all 0*2, independent of d. (ill) We note that £ 0 
= -X e = -e 0 , so that if we examine the first © eigenvalues we find that at the Gaussian fixed point they 
are all positive, and at the nontrivial fixed point all but the last remain positive. The Gaussian point 
is unstable, and the nontrivial point is a generalized saddle point for c e > 0 .** 

We also note that the ordering field which couples directly to S is entirely decoupled from the re¬ 
mainder of the renormalization-group transformations.*’ The eigenvalue X I/J( corresponding to the 
ordering field, is exactly 1 +<f/ 2 . 

(ii) Gaussian eigenfunctions for d=2. —-We next consider the behavior of (1) for d = 2. The nontrivial 
fixed pointB at d = 2©/(6 - 1) cluster densely around d = 2 as 6 —By studying (1) with d set equal to 
2 [or by examining the limit of ( 2 ) as d- 2 with p( 2 -d) fixed] we find the eigenfunctions around the 
Gaussian fixed point have a continuous set of eigenvalues, X< 2. A complete orthonormal set of eigen¬ 
functions Is given by * 4 

Qxl*) = W'x' w, ‘ 1) 'V vl . I ((4 - 2X)*'*(«-) 1 '*), (6a) 

where •W. denotes the Bessel function of the first kind, and 

/ o "<fxx^** 1 (? x (x)Q v (x) = 6 (X-X'). ( 6 b) 
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The Hamiltonian Is expressible as an integral, U * fv x Q x dx, rather than a sum (for d* 2). In the dis¬ 
crete case, thermodynamic potentials are generalized homogeneous functions 1 * of the expansion coeffi¬ 
cients. In the continuum limit, they become generalized homogeneous functionals with similar proper¬ 
ties. For example, the Gibbs potential satisfies 

e“G (r y ) = G(e x, v y). (7) 

The continuous nature of the eigenvalue spectrum leads, in general, to logarithmic factors multiplying 
the usual power-law dependence of generalized homogeneous functions. 1 * Since the approximations 
made in deriving (1) require setting r\- 0 for consistency, one must be cautious in interpreting our re¬ 
sults for d-1. 

(iii) Power-law expansions .—The solution of (1) for other than € e expansions 1 b more difficult. For 
n arbitrary, the expansion of H in terms of Laguerre polynomials leads to equations coupled to all or¬ 
ders in the expansion parameters. If these cannot be assumed small, the equations are too complicat¬ 
ed for immediate solution. If. however, H is expanded in powers of x, the resulting equations, while 
not appropriate for general f e analysis, are essentially "triangular.” That is, if we expand 




the generator for the equation is given by 


( 8 ) 


The linear structure has only one off-diagonal term, d(l + 2p/n)v utt /2, and the nonlinear terms are at 
most of order p in the modified coupling constants v tj = v tJ /(l +u t ). Furthermore, the nonlinear terms 
include no v tj with j>p. In particular, for n- - 2m, the first m equations decouple entirely from the 
remaining equations. 1 * 

We have used (8) to evaluate critical-point exponents for the ordinary and tricritical points (6*2,3). 
For 6=2, our results agree with those of Refs. 1 and 2. For 6 = 3 we find to order e„, 

X, = 2, = 1 + [(6 - n)/(3n + 22)]tj/2 , (9) 

in agreement with the general formulas for n = l given in (5). 

(iv) Odd-dominated Ising systems. —In addition to the usual even fixed-point Hamiltonians described 
above, (1) admits (for « = 1) fixed points which have leading odd terms. We may do e e . va expansions 
for 0 = 2, 3,. .. in this case as well. The fixed-point Hamiltonian is of order (e 0 We write the 

fixed-point Hamiltonian H* as 

~ ( e e-i + € o• + ( € o f o + • ■ • > (10) 

where is an odd Hermite polynomial, and /„ is an even and /„ an odd function of s. Solving (1) 
to first order in (g. uil we find the fixed-point value v c and the perturbed eigenvalues to be given by 

1 = - J-rf*V(s(26 - 1,26 - 1)|26 - 1), (11a) 


X l/» - ^ 


(s (26-1,1)10 

»/»-- n *»'*<#(20- 1,26-1)| 26-1)’ 


f *1,2,3,... 


(lib) 


The operator t in (11) is 

S(w,/)= 64/(7- l)w(w - 1 )f(fc*.,)**/.,■»*/.,£*(*„-j)* + 2A„., (12) 

where £, is defined by & l h t = {p(p - l)/p for all Hermite polynomials At least for 26-1 

= 3,5, we have r p *<0; the Hamiltonian is real only if e e . t/t <0. For ee- 1 / J >0 the odd parts of the 
fixed-point Hamiltonian are purely imaginary. 17 

The Wegner-Houghton approximate renormalization group proposed here provides a straightforward 
framework in which to explore the consequences at the full renormalization group. As a differential 
representation, it is suited to investigations of nonlinear phenomena such as crossover competition 
between two or more fixed points. Elsewhere 1 * we have solved (8) near d»4 for the nonlinear cross- 
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over between critical and Gaussian (mean-field) behavior. The extension to crossover from tricritical 
to mean-field behavior seems to be more difficult. 

We would like to thank G. F. Tuthill and L. L. Liu for many helpful comments and suggestions and 
B. D. Hassard for discussions of the differential generator of the renormalization group. 
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Superheavy Elements and the Strutinsky Prescription* 
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Cases are found In which the Strutinsky prescription for single-particle corrections 
to the liquid-drop model falls. Estimates of the spontaneous-fission lifetimes of super- 
heavy elements are found to be overly sensitive to small chaises In the assumed ■rfn g l«- 
partlcle level spectrum. 


With the considerable effort being made at 
present to produce superheavy elements (A 
» 300), It is worthwhile to reconsider the ques¬ 
tion of their stability. In this work, I examine 
the problem in the framework of the liquid-drop 
model (LDM) with single-partlcle-correction 1 - 2 
(SPC) effects. In terms of a pure LDM, there is 
no barrier to the spontaneous fission of the su¬ 
perheavy elements. However, because of stabil¬ 
ization effects associated with nonuniformities 
in the single-particle spectrum, superheavy ele¬ 
ments may have finite barriers to spontaneous 
fission and finite lifetimes. In a recent study of 
this problem, 8, < it was concluded that the stabil¬ 
ization effects due to the SPC are rather large 
and that there are long-lived superheavy ele¬ 
ments. However, the single-particle spectra 
that were used In this study differ In some signif¬ 
icant respects from other 8 -" careful extrapola¬ 
tions of single-particle level spacings from the 
lead region and from the actinides. The points 
that I wish to consider are (1) how accurate are 
the extrapolations of stngle-particle levels to the 
Buperheavy-element region and (2) how sensitive 
are the calculated lifetimes of superheavy ele¬ 
ments to the differences in the various extrapola¬ 
tions ? This second question has already been 
considered 7 to some extent. In the course of in¬ 
vestigating these questions, a somewhat more 
basic problem has arisen: (3) How meaningful 
is the Strutinsky prescription 8 ' 8 for the calcula¬ 
tion of SPC effects ? 

To calculate the SPC arising from nonuniformi¬ 
ties in the single-particle spectrum generated 
from a Woods-Saxon potential, I use the Strutin¬ 
sky prescription. 2 -" The procedure is first to 
generate a continuous spectrum from the dis¬ 
crete one by defining 

G r (t,v)= £ S A r 8 *[(€ -€,)/>- J** 

i - 1 1 

xexp{- [(< - f ,)/y )*}, (1) 


where e, Is an eigenvalue of the potential, T de¬ 
fines the order of the continuous distribution, y 
is the smoothing width, and the coefficients A T U 
are well known; take e, and y In units of MeV. 
The eigenvalue spectrum for the Woods-Saxon 
potential is generated with a harmonic-oscillator 
basis set. In order to apply the Strutinsky pre¬ 
scription one must extend the summation over 
eigenvalues e, to continuum states. I find that 
this summation should extend ~ 5 y into the con¬ 
tinuum. Making use of the function G r (t,y), I 
define A(M, T, y) through the relation 
/•A(a.r.v) 

M-V.. C. T (e,y)d€; (2) 

l.e., there areAf particles in the smooth distri¬ 
bution Gj{t,y) to the cutoff a(M, T, y). The fac¬ 
tor of 2 arises from the fact that the orbitals are 
doubly degenerate. The Strutinsky prescription 
for the SPC, denoted as A£()Vf, T,y), is given by 

&£(fii,T,y) 

*/a Ma.T.y) 

= 2 2 e i _ 2X. *G T (e,y)d€. (3) 

t =i 

This quantity is Just the difference in energy be¬ 
tween the first M particles with the discrete ei¬ 
genvalues and the first M particles with a con¬ 
tinuous distribution of energies. It Is this con¬ 
tinuous distribution that Is presumably being ac¬ 
counted for In the LDM and £t£lfd, T,y) gives the 
SPC to the LDM. The crucial feature in the ap¬ 
plication of the Strutinsky prescription is that 
the function AEflf ,T,y) be constant as a function 
of both T and y in a large region of ( T , y) space. 
In general, one finds that T,y) is in this 

constant region, li there were no such plateau, 
the Strutinsky prescription for the SPC would be 
invalid. There Is also a pairing correction as¬ 
sociated with the Strutinsky prescription, but it 
is roughly the same for the various extrapola¬ 
tions considered here, and is ignored. 

To get some ides of the uncertainties involved 
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no. 1. Extrapolations of neutron single-particle 
spectra to the superheavy elements: Spectrum a Is 
taken from Ref. 4; spectrum b is taken from Ref. 5; 
spectrum c is based on the potential of Ref. 6 ; spec¬ 
trum d is explained in the text. 


in the extrapolation oi single-particle spectra to 
the superheavy- element region, it is instructive 
to consider the results of Rost.’ He found that it 
was possible to fit the known single-particle lev¬ 
els in the Pb region with an average deviation of 
- 200 keV by using a Woods-Saxon potential. A 
fit of this quality was obtained by Introducing a 
free radius parameter in the spin-orbit term of 
Hie potential. With a conventional spin-orbit 
term, he found that the average deviation is 
~ 400 keV. I emphasize that this is an attempt 
to fit measured levels. In this context, I feel 
that it would be foolhardy to claim that one can 
calculate the unmeasured single-particle level 
spacing in the superheavy-element region with 
an accuracy of any better than 500 keV. 

Figure 1 shows several extrapolated neutron 
single-particle spectra for the superheavy ele¬ 
ments. The level spacings of Bolsterli et al. 
and Rost were taken from figures in their publi¬ 
cations , 3 •“ so that there may be some small er¬ 
rors. The spectrum generated from the momen¬ 
tum-dependent potential' was obtained with a fif¬ 
teen-shell oscillator basis = 14) rather than 
the fourteen-shell basis used previously. This 
extrapolation (spectrum c, Fig. 1) is based on 
the hole states in Pb and agrees well with an ex¬ 
trapolation from the actinides. In attempting to 
Apply the Strutinsky prescription to spectra gen¬ 
erated from the momentum-dependent potential, 

I find that the prescription does not work. This 
failure appears to be related to the extremely 
high density of levels in the first 20 MeV of the 
continuum spectrum generated from this poten- 
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FIG. 2. Extrapolations of proton single-particle 
spectra to the superheavy elements: Spectrum a Is 
taken from Ref. 4; spectrum b Is taken from Ref. 5; 
spectra c and d are based on the potential of Ref. 6 
and discussed In die text; spectrum e Is explained in 
the text, 


tlal. In order to circumvent this problem, I went 
to a momentum-Independent Woods-Saxon poten¬ 
tial and adjusted a few levels generated from this 
potential in order to get a spectrum that resem¬ 
bles the spectrum generated from the momentum- 
dependent potential at the Fermi level. The spec¬ 
trum ( d , Fig. 1) is obtained by shifting the k lllt 
orbital 400 keV and the j l3n orbital 500 keV from 
a spectrum generated from a conventional Woods- 
Saxon potential. All of the spectra in Fig. 1 are 
lined up at W = 184 to facilitate comparisons. 
Figure 2 presents extrapolated proton spectra. 
Two extrapolations of the momentum-dependent 
potential are given—one based on particle states 
in the Pb region (spectrum c, Fig. 2) and the 
other based on hole states in the Pb region (spec¬ 
trum d, Fig. 2). Note that an extrapolation from 
the actinides agrees with extrapolation d in Fig. 

2. The final spectrum ( e, Fig. 2) is a level spec¬ 
trum generated from a momentum-independent 
Woods-Saxon potential that corresponds rather 
well to spectrum d in Fig. 2. The proton spectra 
are lined up at Z = 114 to facilitate comparisons. 
On the whole, the agreement between the various 
extrapolations of single-particle spectra to the 
superheavy-element region is quite good, better 
than one would anticipate the agreement with ex¬ 
perimentally determined spectra to be. At Z 
= 114, the f in -f vi spacing is somewhat larger in 
spectrum a, Fig. 2, than it is in the other spec¬ 
tra. Hie experimental data from the Pb region" 
and the actinides 10 favor the smaller spacing. At 
N = 1 84, the agreement is remarkable. Thek„ n 
orbital is somewhat higher In energy in spectrum 
a, Fig. 1, than in the other extrapolations. There 
is no data on this orbital. 
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FIG. 3. Calculation of the single-particle correction 
to the liquid-drop model using die Strutinsky prescrip¬ 
tion and spectrum d. Fig. 1. 


Because the strutinsky prescription is not ap¬ 
plicable to spectra generated from the momen¬ 
tum-dependent potential, I carried out calcula¬ 
tions with spectrum d, Fig. 1 and spectrum e, 
Fig. 2. In carrying out the calculation of the 
SPC with the Strutinsky prescription, I found a 
very surprising result. With the use of spectrum 
d, Fig. 1, the Strutinsky prescription breaks 
down. Figure 3 displays A£'(184, T,y) calculated 
for this set of levels. The calculations were 
made at 2-MeV intervals in y. Inspection of Fig. 
3 shows that there is no large plateau region. 

To orient the reader, I mention that in other cas¬ 
es with different spectra, I have found AE(Af, 8, 
y) quite constant for values of y ranging from 8 
to 14 MeV. I note that this breakdown is not con¬ 
fined to N = 184, but occurs for all mass num¬ 
bers from 160 to 200. As this result is quite un¬ 
expected, I have checked my computer program 
by comparing my results with those obtained 
from other programs. Using spectrum d. Fig. 1, 
J. R. Nix has obtained this same breakdown in 
the Strutinsky prescription for A£(184, T,y). 

For many choices olM and y, B. Wilkins obtains 
the same values of A£(M, 2 , y) that I obtain. I 
note that I have found other cases in which this 
breakdown occurs. I emphasize that the break¬ 
down of the Strutinsky prescription that I have 
found here is not due to any difficulties associat¬ 
ed with the treatment of continuum states. It has 
been noted 9 that using an oscillator basis set, as 
done here, circumvents difficulties with the con¬ 
tinuum. Clearly, this breakdown is associated 
with the extremely high level density at 184 neu¬ 
trons. I have carried out calculations of the SPC 


using the unshifted spectrum from which spec¬ 
trum d, Fig. 1, was obtained. The two spectra 
differ only in the positions of the bound states 
* 1T/a and j iaJa . With the use of this unshifted spec¬ 
trum, there is no breakdown in the Strutinsky 
prescription. The quantity A£(184,8,y) 1 b quite 
constant over the interval 8 « y * 10 for the un¬ 
shifted spectrum. For completeness, 1 note that 
It has a value of - 5.9 MeV. This breakdown of 
the Strutinsky prescription forces the conclusion 
that calculations based on this technique are sus¬ 
pect. The consequences of this breakdown are 
particularly serious in view of the many calcula¬ 
tions that have been reported in the literature 11 
based on the use of the Strutinsky prescription. 
There is a need to develop reliable techniques 
for the calculation of SPC effects for finite poten¬ 
tials. In order to provide a test for any new 
methods that are developed, I would be glad to 
provide a listing of the complete set of the eigen¬ 
values in spectrum d. Fig. 1. 

If we assume that a new method for calculating 
SPC effects will give results similar to the Stru- 
tlnsky prescription—in those instances that the 
Strutinsky prescription does not break down—we 
can learn something about the sensitivity of cal¬ 
culated spontaneous-fission lifetimes to the as¬ 
sumed single-particle spectrum. Using spec¬ 
trum e, Fig. 2, I find 

A£(114,8,y)*-3 MeV. (4) 

Lowering the orbital to 1800 keV above the 
f 7n orbital, a value midway between spectra b, 
Fig. 2, and d. Fig. 2, gives 

A£(114, 8 , y)«- 2.5 MeV. (5) 

These results should be compared with the value 
that one obtains 5 with spectrum a. Fig. 2, 

d£(114,r,y)»-5 MeV. ( 6 ) 

In the superheavy-element region, a change of 1 
MeV in the fission-barrier height corresponds 4 
to roughly a factor of 100 change in the spontane¬ 
ous-fission lifetime. These rather small chang¬ 
es in the proton single-particle spectrum amount 
to a factor of -IC-IO 5 decrease in the spontane¬ 
ous-fission lifetime. From Fig. 3, one might 
guess that 

0 3= AF(184, T,y) » - 5 MeV (7) 

for spectrum d, Fig. 1. For spectrum a, Fig. 1, 
one has 3 

A£(184,r,y)*-7.5 MeV. ( 8 ) 
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This difference corresponds to at least another 
fiictor of ~ 10 s decrease in the spontaneous-fis¬ 
sion lifetime. I conclude that rather small, very 
reasonable, changes In the extrapolated single- 
particle spectra of superheavy elements give a 
reduction of ~10 10 in the estimates of spontane¬ 
ous-fission lifetime relative to previous 4 esti¬ 
mates. The uncertainties In the extrapolated 
spectrum are sufficiently large that even these 
lowered estimates might be too large by a factor 
oflO 10 . • 

The major conclusion that I draw from this 
work is that the Strutinsky prescription is an ex¬ 
tremely questionable technique for calculating 
single-particle corrections to the liquid-drop 
model. Until the breakdown of the Strutinsky pre¬ 
scription that has been found here Is understood, 
all results based on the Strutinsky prescription 
must be regarded as suspect. To the extent that 
the Strutinsky-prescription results represent 
those of a correct method of calculating the SPC, 

I draw a second conclusion. The calculation of 
spontaneous-fission half-lives of superheavy ele¬ 
ments is overly sensitive to the details of the as¬ 
sumed single-particle spectrum. The irreducible 
uncertainties Involved In extrapolating single¬ 


particle spectra to the superheavy elements are 
sufficiently large to vitiate all such calculations. 

I thank J. R. Nix for his help in carrying out 
this work. 1 thank B. Wilkins for considerable 
aid in many aspects of this work. 
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It has been proposed that the Bondi-Metzner-Sachs group affords a possible explana¬ 
tion for the discreteness of elementary-particle spins. This discreteness result de¬ 
pends on the topology given to the group. A careful analysis of representations in the 
“nuclear’' topology Indicates that discrete-spin representations (those subsumed by the 
original topology) describe bound gravitating systems (“elementary particles") whereas 


the new continuous-Bpln representations, 
states of gravitating systems, 

| The asymptotic symmetry group of general rel¬ 
ativity, the Bondi-Metzner-Sachs (BMS) group 1 
B, has been of Interest for some time as a possi¬ 
ble candidate for replacing the Poincare group In 
a microphysics which takes gravity Into account. 1 
Recently It was proposed that the group may'give 
an explanation for the discreteness of elementary 
Particle spins. 5 However, this discreteness re- 


physically realistic, describe scattering 

suit, which arises because all little groups of 
B are compact, depends on the topology with 
which B Is endowed. There is a wide range of 
choices of "reasonable” topologies, arising from 
the infinite-dimensional additive supertranslation 
subgroup A of "arbitrary" real-valued functions 
on the Rlemann sphere s. Also, the range of 
choices available depends on the class of func- 
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tions allowed In A. Let C*(S) denote the ft-times 
continuously differentiable functions on S, and 
L*(S) the square*lntegrable functions defined 
by the area measure of S (two being identified if 
they differ only on a set of measure zero). Sachs’s 
original derivation* of B required A = C*(S), and 
Cantoni, 4 in his Investigation of representations, 
gave to this A =C*(S) the pre-Hilbert topology de¬ 
termined by the area measure of S. McCarthy 5 
chose the same topology in his investigation, but 
widened A - C’(S) to A = L*(S) in order to simplify 
the treatment. The discreteness result is true 5 
with either the Canton! 4 or McCarthy’ choices. 

However, it was pointed out by McCarthy 7 * 5 
that noncompact little groups (associated with 
distributions) arise if a sufficiently fine (actually 
nuclear"* 8 ) topology is chosen for A = C“(S). This 
point has recently been taken up by Girardello 
and Parravicinl, 10 who have given an interesting 
partial calculation of some distributions invari¬ 
ant under some connected noncompact subgroups 
of the Lorentz group, again indicating the possi¬ 
bility of noncompact little groups in the nuclear 
topology. Another class of topologies for A are 
the Sobolev topologies, 11 which depend strongly 
on smoothness properties (being defined by con¬ 
vergence in the mean of functions and deriva¬ 
tives). They are physically plausible in a gravi¬ 
tational radiation context because they are adapt¬ 
ed to initial-value problems for hyperbolic dif¬ 
ferential equations. 11 For A = C°(S) in this topol¬ 
ogy, only compact little groups occur. In other 
cases, the results are not yet known. 

It should be mentioned that the class of func¬ 
tions in B is by no means uniquely determined. 
Sachs’s original derivation* of B was superceded 
by that of Penrose, 12 who gave a precise and in¬ 
trinsic derivation of B as that group of exact con¬ 
formal motions of the future (or past) null bound¬ 
ary 8* (or S') of (conformally compactlfled weak¬ 
ly asymptotically simple) space-times which pre¬ 
serve “null angles.” Since truly arbitrary su¬ 
pertranslation functions describe symmetry 
transformations in Penrose’s sense, supertrans¬ 
lations need not have some minimum degree of 
smoothness. The arbitrariness of symmetry 
transformations (and topology) arises because 9 ’ 
is not a Riemannlan manifold—it is degenerate 
in the directions along which supertranslations 
act. For Riemannlan manifolds, the choice of 
the compact-open topology on the symmetry 
group is natural, and giveB a uniquely determined 
(finite dimensional) Lie-group structure defined 
by analytic functions. 15 In the degenerate (Base, 


the situation is very different, and not yet well 
understood. 

There are more familiar situations in which 
changing the topology alters the physics. 14 Zee- 
man 15 has proposed a topology on Minkowski 
space, hence on the Poincare group P, which is 
finer than the usual 15 one, but physically plausi¬ 
ble because it is adapted to the null-cone struc¬ 
ture. In Zeeman’s finer topology, one would ex¬ 
pect many (unknown) representations of P In ad¬ 
dition to the usual 15 ones. Again Boon 17 topolo- 
gizes a countable subgroup (relevant in solid- 
state physics 15 ) of the Heisenberg group discrete¬ 
ly. However, the subgroup is not discrete in the 
Induced topology, and it can be shown 18 that Boon 
“unphyslcal” representations disappear in the 
more natural induced topology. 

Since neither the class of functions in B, nor 
the appropriate topology (Hilbert 4 * 5 or nuclear 5 * 9 *' 
is evident from the derivation of 8 as an asymp¬ 
totic symmetry group, it seems at present that 
the only way to interpret the topologies is to look 
at the structure of the irreducible representa¬ 
tions themselves. A complete analysis of the ir¬ 
reducible representations of B in the nuclear top¬ 
ology has now been given by McCarthy. 20 It was 
shown there 20 that irreducible representations 
arise from either strictly ergodic or transitive 
SL(2, C) actions on supermomentum space *. (4> 
is the topological dual vector Bpace of A.) The 
latter type are all induced, and all induced rep¬ 
resentations whose little groups were not both 
discrete and infinite were constructed and classi¬ 
fied. The indications 5 * 7 * 10 that noncompact little 
groups should arise in this context are now prove< 
—there are precisely two new connected ones, 
and several new nonconnected ones, all noncom¬ 
pact. As in the Hilbert case, the representa¬ 
tions are markedly different from thoBe of the 
Poincare group. The effect of passing from the 
coarser (Hilbert) topology to the finer (nuclear) 
topology is to enlarge * from a Hilbert space of 
L* functions 5 to a space containing all general¬ 
ized functions (*=GF), i.e., the distributions 7,9 
D = GF- L* as well as “regular” L 2 functions. 
Noncompact little groups are associated with 
distributional supermomenta ip&D.* 0 

To find an analogy for this situation it is help¬ 
ful to recall the roles of L a and GF spaces in 
other problems in quantum mechanics. Broadly 
speaking, discreteness results, which one thinks 
of as typical behavior in quantum mechanics, 
only have the potential of arising if square-late- 
grability requirements are Imposed on wave 
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functions, that is, if the wave functions are re¬ 
stricted to lie in L 9 spaces. Widening these L 9 
spaces to GF spaces generally introduces con¬ 
tinuous sets also, [it is essential to note, how¬ 
ever, that (i) exclusively discrete spins do not 
necessarily arise in 1} spaces, and (11) continu¬ 
ous spins always arise in GF spaces. 91 ] 

The hydrogen atom provides a particularly 
clear example illustrating the sentence preced¬ 
ing the parentheses. In the (pre-) Hilbert space 
of (smooth) L 9 wave functions, the energy eigen¬ 
values of the self-adjoint Hamiltonian operator 
are negative and discrete , the L 3 eigenvectors 
describing the bound states. However, enlarging 
L 3 to the GF space (determined by the rigged 
Hilbert space triple based on a nuclear subspace 
of C" functions in L 3 ) produces new eigenvectors 
(the unbound states); these new eigenvectors are 
distributions (in D= GF - L 3 ) and the new energy 
eigenvalues form a continuous set (all nonnega¬ 
tive reals). 99 Moreover each elgenspace is a 
representation space of the symmetry group of 
the Hamiltonian operator; the symmetry group 
of the bound states is the compact group SO(4), 
while for the unbound states it is noncompact 
[E(3) or 80(3, l)]. 93 Actually the compactness 
of 90(4) allows one to deduce the discreteness of 
the bound-state energy levels. The set D of un¬ 
bound states accommodates scattering states of 
the H atom, for which incoming particles are 
described by wave "functions” with precisely de¬ 
fined directions in the remote past. 

These striking formal similarities between the 
H atom and the BMS group situation suggest that 
(I) induced representations of B in the Hilbert 
topology (* » L?)describe gravitating systems with 
bound sources, and (II) the new induced repre¬ 
sentations arising in the nuclear topology (* = GF) 
describe gravitating systems with unbound sourc¬ 
es.** In an Induced representation, an Invariant 
supermomentum <p and its associated little group 
(i.e., its maximal invariance group) L* have the 
following significance: <p represents the quantum 
system in a fixed frame of reference, and L 9 de¬ 
scribes the "internal degree of freedom" group 
of the system in the lrame. Evidently to examine 
suggestions (I) and (II), a physical interpretation 
1 in gravitational terms of the invariant Bupermo- 
r menta occurring in induced representations is 
needed. 

Observe first that the Lorentz transformation 
law of supermomenta <p is identical to that of a 
"mass aspect,” i.e., the direction-dependent ap¬ 
parent mass of a gravitating system measured 


by remote observers (situated on a sphere S sur¬ 
rounding it). 1 Recall next that every <p can be 
written 5 as the sum of a (Poincare) momentum 
vector *(< p) and a proper supermomentum vector 
o(<pY, <P =*(v>) + u(9>). The mass-squared invari¬ 
ant of a BMS representation is 5 the Lorentz scal¬ 
ar product i((pyv(<p)=m 3 , showing that <p must 
have the dimensions of mass. These facts strong¬ 
ly support the idea that <p itself should be identi¬ 
fied with a mass aspect. 95 How, the class of 
gravitational systems for which the BMS group 
is defined consists of bound gravitating sources, 
and the mass aspects concerned (being derived 
from coefficients of the metric) are assumed to 
be smooth (so certainly L 3 ). 3 " Thus for bound 
sources, * = L 3 , and suggestion (I) is vindicated. 

It appears likely that distributional cp^D must 
describe unbound sources, since Buch are not 
subsumed by the usual class of systems. We now 
examine this possibility. 

Recall that an induced representation of B is 
unfaithful if and only if v(<p) «0, In which case 
the quantum state It describes is Invariant under 
all rigid translations R*. (The representation 
is then faithful on B/R*.) The mass aspect <p 
=o(<p) then describes purely Internal properties 
(cf. Komar 9 ) of the source, being unaffected by 
rigid translations of remote observers. For 
these representations, «' is undefined. For the 
more physically significant faithful representa¬ 
tions, the mass aspect ip =K(ip) +a(<p) is therefore 
a superposition of an external part v(<p) and an 
internal part o(p). It was shown In Ref. 20 that, 
in the nuclear topology, the new faithful repre¬ 
sentations of B with noncompact little groups are 
of two sorts: m* =0 (with possible little groups 
A and five of Its nonconnected subgroups) and m* 

< 0 (with two possible little groups, both noncon¬ 
nected, and both with identity component n). 

Here A double covers E(2), and D Is a one-pa¬ 
rameter group of boosts. In the first case, *(<p) 
is concentrated in one direction (being a & func¬ 
tion), while In the second, v(<p) is concentrated 
In at most two directions (being, in each, first 
derivatives ol 6 functions). This shows that these 
representations actually have a stream of m* = 0 
particles approaching from one precisely defined 
direction, or at most two (diametrically opposed) 
streams of m 9 < 0 particles approaching from pre¬ 
cisely defined directions in the remote past. In 
contrast to the systems described by (I), these 
are Indeed unbound in the remote past. It is not 
at all clear that such systems are asymptotically 
fiat, so that B may not be defined for them. If B 
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can be defined, however, these representations 
evidently describe scattering states of gravitating 
systems. 

It appears to us highly plausible that, in a BMS 
invariant context, “elementary particles" should 
be described by bound gravitating sources. But 
this means that the Hilbert topology originally 
chosen for B describes “elementary particles" 
only. For representations of type (H), there are 
two possibilities, either (A) they are unphysical, 
or (B) they describe systems unbound in the re¬ 
mote past, in particular, the continuous-“spin" 
ones describe scattering states of gravitating sys¬ 
tems. Thus “elementary-particle" spins are 
still discrete in the nuclear topology, the dis¬ 
creteness result having the same status as other 
discreteness results in quantum mechanics (cl. 
the H atom). 

The partial support of a Science Research Coun¬ 
cil fellowship is gratefully acknowledged by one 
of us (P.J.McC.). 
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Muon-Deuteron Deep Inelastic Scattering* 

I. J. Kim, A. Entenberg, H. Joatleln.t K. Konlgsmann, I. Kostoulas,t A. C. Mellssinos, 
E. Aslanides,# L. Lederman, P. Limon.U M. May, P. Rapp, H. Gittleson, T. Kirk.t 
M. Murtagh,** M. J. Tannenbaum.tt J. Sculli,# T. White,*# and T. Yamanouchl 
Department of Physics and Astronomy. University of Rochester, Rochester, New York 14627, and 
Department of Physics, Columbia University, New York, Nets York 10027, and Department of 
Physics, Harvard U niver sity, Cambridge. Massachusetts 02138, and National Accelerator 
laboratory, Batavia, Illinois 60510 
(Received 28 May 1974) 

We have measured deep inelastic muon-deuteron scattering in the range 0.4<y J <3.4 
and 1.6 o' <5.6 GeV. We have extracted the neutron structure (unction and find that vWi" 
differs significantly from vVf{, as also found in e-d scattering. To compare p-d and e- 
d scattering we form the ratio r(V*) = (t>W$ j */(vWd*=N(l + ^/A 1 )' 1 and find A/-0.925 
±0.038 and 1/A 1 = -0.019*0.016. 


Previous and recent measurements of muon- 
proton elastic and inelastic scattering 1 * 1 have 
failed to reveal a muon-electron difference and 
have set a limit on a possible difference parame¬ 
ter of A 1 >26 GeV 1 . However experiments on 
muon-nuclear deep Inelastic scattering at Nation¬ 
al Accelerator Laboratory have reported* a de¬ 
viation from scaling 4 at four-momentum transfer 
Q 1 2 30 (GeV/c) 1 . It is therefore Important to 
establish whether the neutron structure functions 
measured with muons are identical with the cor¬ 
responding structure functions deduced from elec - 
Iron scattering." 

To examine this question we have measured 
muon-deuteron deep inelastic scattering at the 
Brookhaven National Laboratory alternating gra¬ 
dient synchrotron using a one-arm wide-aperture 
magnetic spectrometer . 1 Muons of mean energy 
7.3 GeV were incident on a 48-in-long deuterium 
target, the flux being of the order of 10 ® muons/ 
pulse, with a spill time of -700 msec. The inci¬ 
dent muons were tagged in space and momentum 
by means of scintillation hodoscopeB and the out¬ 
going muons were measured using spark cham¬ 
bers with magnetostrictive readout. Typically, 
momentum measurements were accurate to * 1 . 2 % 
and angle measurements to * 1 mrad. The four- 
momentum transfer was in the range 0.4 <Q* <3.5 
(GeV/c ) 1 and the outgoing energy ranged between 
2.1 <£'< E GeV. The systematic normalization 
J. error has been estimated to be ±7%. The mean az¬ 
imuthal acceptance is 6 % and only points with ac¬ 
ceptance larger than 1 % have been UBed in the 
analysis of the data. Events due to plon contami¬ 
nation in the beam or in the outgoing track are 
estimated to be less than 0 . 1 % of all events. 

The muon-deuteron scattering is compared di¬ 


rectly with muon-proton scattering obtained in 
the same apparatus and under exactly identical 
conditions. Thus, moBt systematic errors do not 
enter in our result for the ratio of the neutron 
structure function to that of the proton. 

To extract the muon-neutron cross section the 
same procedure as used in the analysis of e-d 
scattering® was adopted. Namely, (1) the scatter¬ 
ing is predominantly Incoherent; ( 2 ) the Impulse 
approximation is valid*; (3) the scattering pro¬ 
ceeds mainly through one-photon exchange; and 
(4) the final-state interaction can be neglected. 
Under these assumptions we write 

cr,= (a,+o„)(l+ C), (1) 


where the correction factor takes account of the 
fact that the neutron and proton are bound into a 
deuteron. The main contributions to C arise from 
the Glauber correction 7 and from the Fermi mo¬ 
tion of the nucleons. We correct for Fermi mo¬ 
tion by "smearing” the scattering amplitudes 
over the deuteron wave function in momentum 
space as discussed by West.* 

Briefly,* we express the differential cross sec¬ 
tion in the form given by Drell and Walecka 10 and 
use o L /o r =R=R p =R x = R i = 0.\B as obtained from 
e-p inelastic scattering . 11 


tPo 
dQ 1 dv 


4ffa* E' 
Q 4 Ev 


(vW t ) cos* | 


fi + _L_ 

( 1+ —^ta 


L 1 l+R 

\ 1+ e*/ u 

* 2 J' 


( 2 ) 


From the measured structure function of the pro¬ 
ton (vW t )* we obtain the smeared (vW t y* by using 
the Reid soft-core model for the momentum dis¬ 
tribution of the nucleon in deuterium . 11 The inte- 
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TABLE I. Result* of p-d deep Inelastic scattering. 


<*» Vt£ VH» S p S n 'Wf - 


0.072 

0.5*1 

1 

0.018 

0.280 

1 

0.014 

0.980 

0.9T5 

0.93 

t 

0.09 

0.020 

t 

0.027 

0.122 

0.591 

± 

0.020 

0.312 

t 

0.014 

0.963 

0.973 

0.89 

1 

0.09 

0.034 

t 

0.026 

0.173 

0.578 

t 

0.020 

0.322 

t 

0.015 

0.994 

0.981 

0.79 

t 

0.09 

0.068 

t 

0.029 

0.221 

0.525 

i 

0.023 

0.316 

1 

0.017 

1.001 

0.991 

0.66 

t 

0.10 

0.107 

t 

0.034 

0.270 

0.539 

♦ 

0.026 

0.301 

± 

0.019 

1.006 

0.997 

0.79 

1 

0.12 

0.064 

t 

0.037 

0.318 

0.447 

± 

0.023 

0.272 

t 

0.017 

1.012 

1.006 

0.64 

t 

0.11 

0.098 

t 

0.033 

0.375 

0.4*7 

t 

0.026 

0.265 

t 

0.020 

1.025 

1.013 

0.71 

± 

0.14 

0.078 

t 

0.039 

0.1*30 

0.344 

t 

0.024 

0.215 

t 

0.019 

1.011 

1.003 

0.59 

1 

0.15 

0.088 

t 

0.036 

0.1*72 

0.292 

± 

0.020 

0.173 

t 

0.020 

1.006 

0.991 

0.69 

± 

0.21 

0.054 

* 

0.038 








1.023 

1.013 







0.5&0 

0.231 

t 

0.021 

0.150 

t 

0.020 

1.017 

1.012 

0.53 

1 

0.21 

0.070 

± 

0.035 


gratlon Is performed by fitting our data with an 
analytic expression for vW t as given by Kitten- 
berg and Rubinstein . 11 It is then possible to de¬ 
fine smearing corrections as a function of Q* and 
v applicable to the kinematic region covered by 
our apparatus. These are defined through 

v (vW'Mvw.r, s„= (vwjr/(v w f r. 

In general, the correction for smearing Is small 
and does not exceed 10 % (for any Q*. v bln); the 
smearing correction averaged over an x bln is 
much smaller as can be seen in Table I. 

The data were binned in intervals AQ a »0.2 
(GeV/c)“ and Ay = 0.4 GeV. Only data with Q* >0.4 
(GeV/c)* and H /a >2.56 GeV’ were used In the 
analysis yielding 3642 p-p and 4679 p-d events. 
The cross sections were radiatively corrected, 
on the average - 5%, M and {vW t Y, (vW t Y were ex¬ 
tracted using Eq. (2). These structure functions 
are shown as a function of w = 2 mv/Q* in Fig. 1. 

From the measured values of (vW t Y we calcu¬ 
lated (vW t Y' as discussed previously and, by def¬ 
inition, 

(vW t )"=(vW,Y-(vW a Y\ * (3) 

Having thus obtained the measured values of 
(vW,)"’ we extract (ylP,)" by Inverting the smear¬ 
ing calculation. The structure functions and 
smearing corrections were evaluated in the Q*-u 
plane, and then combined into bins of x = l/u> = Q*/ 
2 mu by using statistical averaging; the width of 
the bins is Ax » 0.05. 

Our results are given in Table I and shown in 


Fig. 2. We note that our data are limited to the 
region 0<x<0.60, the statistical accuracy being 
best at small x. In Fig. 2(a) we give (vWj) n /(vWJ 
* f (vW,YS,/(vW,)* - 1 l(sys,) and the shaded area 
indicates the corresponding value obtained from 
e-d scattering. 5 One observes that the neutron 
structure function 1 b different from the corre¬ 
sponding proton structure function, the difference 
increasing with x. Furthermore, the prd data 



FIG. 1. The structure functions vW t for free protons 
and for deuterons as obtained from p-p and p-d scatter¬ 
ing. They are presented as a function of the BJorken 
scaling (Ref. 4) variable u> 2mv/(Y. 
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FIG. 2. (a) The ratio t’B'j'A'Wj* as a function of x = 1/ 
w. (b) The difference vWf- vW,* aa a function of x = 1/ 
w. In both graphs the shaded area represents die same 
functions as measured in e-d and e-p scattering, with¬ 
in their 1 standard deviation error (Ref. 6). 


are in agreement with the e-d data. A linear fit 
in x to our data yields 

(vW t T/(vW i Y= (0.952 ± 0.075) 

-(0.807 ±0.289)* (4) 

with a x > = 2.63 for nine degrees of freedom. The 
accuracy of the data is not sufficient to establish 
that Eq. (4) deviates from 1.0 at * ■ 0 or that it 
I violates the quark-par ton limit of 0.25 at x * 1.0. 

Figure 2(b) shows the difference (vW t Y - (vW t Y 
= O'W'/d+S/S,) - (vW t YS n - {vW t Y and 

again the shaded area shows the corresponding re¬ 
sults from e-d scattering. The difference of the 
neutron and proton structure functions exhibits a 
broad peak at * =±0.35. As has been discussed by 
other authors,* this behavior of (vW t Y - {t>W t Y 


cannot be explained quantitatively by current mod¬ 
els of the nucleon. 

Clearly, (vW t Y as measured with incident mu¬ 
ons is fully compatible with the value obtained 
using incident electrons. To obtain a quantitative 
measure of this compatibility we have compared 
directly the values of obtained in this ex¬ 

periment with (vW,)/ calculated from the results 
of the e-d measurements. (vW t )f was recon¬ 
structed for our kinematic region by using the 
Atwood fit** for (i/W,)/, the ratio of (uW t Y/(vW t Y 
given in Ref. 4 and after applying appropriate 
smearing corrections. 

Next we formed the ratio of (vW t )//{uW t )/ 
*r(Q*) as a function of Q*. The ratios r(Q*) were 
fitted to the usual form lor a possible breakdown 
of fjre universality 


(t'H',)/ 


= r(Q') 




Using only data in the interval 0.4 < Q’ <2.4 (GeV/ 
cY we obtain 1 * 


N= 0.925 ± 0.038, 

1/A* *-0.019±0.015 (ti-d)/(e-d) 

(with a X* = 7.09 for nine degrees of freedom) 
which can be compared to the results from p-p 
deep inelastic scattering 

N = 0.997 ± 0.043, 

1/A* = + 0.006 ±0.016 (u-fi)/(e-p). 

The values of N and 1/A’ are strongly correlated, 
and typically AN/A(1/A*) <*2.5. The results are 
fully compatible and indicate that p-« and e-n 
deep inelastic scattering are identical for the re¬ 
gion of «*<3.5 (GeV/c)*. 

In conclusion we note that fi-n deep inelastic 
scattering behaves in complete analogy to e-n 
scattering. It shows that both the proton and neu¬ 
tron deep Inelastic structure functions scale but 
are different from one another. Furthermore, no 
indication of a n-e difference appears in agree¬ 
ment with the results obtained in fi-p inelastic 
scattering. UT 

We are indebted to the alternating gradient syn¬ 
chrotron staff for making this experiment poss¬ 
ible and to Mr. J. Kim, Mr. E. Ruggiero, Mr. 

J. Sanders, and Mr. J. Yee for assistance during 
the run. 
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Observation of the Decay K L °-r ir*n yt 


G. Donaldson, D. Hitlin, R. Kennelly, J. Kirkby, J. Liu, A. Rothenberg,* and S. Wojcickit 

Physics Department and Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305 

(Received 27 June 1974) 

We have measured the ratio r(ff t 0 — v* w'y)/TiK L ’ > -~ all) to be (6.2 ±2.1) x 10' 5 . The 
rate and Dalltz-plot distribution are consistent with CP conservation In this weak-elec¬ 
tromagnetic decay. 


We report herewith the first measurement of 
the branching ratio and Dalitz plot of the decay 
K This decay is of interest for sever¬ 
al reasons: 

(1) Both the decay rate and Dalitz-plot distribu¬ 
tion are sensitive to possible CP nonconservation 
in the transition. * 

(2) I\K l ° - t '■)) was the only unmeasured de¬ 
cay rate which is important in determining the 
unitarlty limit for ff A ° - p *p' decay. 5 

(3) A measurement of the branching ratio can 
discriminate between several theoretical models 
for weak radiative decays. 5 

The experiment was conducted at the Stanford 
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Linear Accelerator Center (SLAC) K° spectrome¬ 
ter facility,* which was modified to detect y rays 
and Identify electrons by the addition of two 1.1- 
radiation-length (rl) lead sheets (Fig. 1). Show¬ 
ers at large (small) angles with respect to the 
beam direction were detected in the front (rear) 
chambers. The conversion points of the y rays 
were determined from shower tracks observed 
in the wire chambers, with a front (rear) resolu¬ 
tion of ±2.0 (0.35) cm; they were used with the 
decay vertex to compute y-ray directions. Time- 
of-flight (TOF) measurements for charged tracks 
and showers were required to be consistent, and 
were then combined to yield a K ° TOF for each 
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FIG. 1, Elevation view of SLAC K t a spectrometer. The trigger requirement waa VWU2T2A or V2T3A. \ repre- 
enta absorption lengths. The E counters and Al chambers were not used in the ny analysis. ■ 


vent with an uncertainty of ±0.25 nsec. 

Since the experimental problems associated 
'ith finding and reconstructing the decay modes 
'/-art'll 0 and A/~ v*ir> are similar, our 
rimary measurement consists of the ratio 

In this way most experimental un- 
ertainties tend to cancel, and the final result 
as only a weak dependence on the details of the 
lonte Carlo calculation. Nevertheless, a de- 
liled comparison of 3* Monte Carlo and experi¬ 
mental data was used to confirm our under stand - 
mg of kinematic and geometric distributions for 
harged tracks and y' s. 

From those eventB which had two charged tracks 
’ith a vertex, plus one or more converted y’ s, 
e isolated two sets of data by requiring the kine - 
matte quantity P 0 ' a < >0.014 (GeV/c) 1 for wvy 
andidates, and -0.002 <P a ' 3 <0.01 (GeV/cY for 
v events.’ Both sets of data were required to 
ass additional cuts, the most important being 
1 ) neither charged track be identified as an elec¬ 
tion or a muon; (2) one y (one or two y’B for 3s 
vents); and (3) cos 0 ^ < 0.9996, where 6^ is 
me angle in the laboratory between the directions 
F the observed y ray and either charged track at 
me decay vertex. 

After cuts, 1074 s ty candidates and 165000 3s 
vents remain. The P 0 ' a cut for the wry candi- 
ates removed essentially all the 3 s background 
i maximum contamination of 5% remains). Most 
ivy events (internal and external bremsstrah- 
mg) were removed by the cos6^ cut The re¬ 


maining background in the wwy sample is primari¬ 
ly due to K ls ° events with a random y in which 
the lepton was not identified. 7 

Two methods were used to extract the number 
of ss y events. The first consisted of calculating 
4>, the angle between the measured and predicted 
y-ray direction. The latter was calculated using 
P t t, P, and the K L ° direction. Specifically, 
the two solutions for the laboratory y directions 
corresponding to forward and backward emission 
in the K L ° center of mass were calculated, and 
the solution which gave the better agreement with 
the measured direction was selected. Events 
were rejected if ITOF n ,„,-TOF f)l l»0.7 nsec, 
where TOP n , corresponded to the chosen solu¬ 
tion. After this procedure, 106 front-shower 
and 788 rear-shower events remained; their 
cos^ values are shown in Figs. 2(a) and 2(b) for 
those events with costp >0.9968. 

The second method consisted of reconstructing 
the mass of the rwy system. The events were re¬ 
quired to be consistent with transverse-momen¬ 
tum conservation by applying A<? cuts of 450 
(150) mrads for the front (rear) showers, where 
&<p is the difference between the predicted and 
measured y angles in the plane perpendicular to 
the K l ° direction. P y was obtained from the ex- 
pression P y =P /b\h 8 yK , where is the 
transverse momentum of the charged pion pair, 
and 6 yt is the laboratory angle between the y 
and If/. Events with sin6 y< <0.03 were rejected, 
since they gave a jxxir determination of P y . For 
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CM* (FRONT) 



FIG. 2. (a) Cos if), the angle between the measured 
and predicted y-ray directions for iriry candidates with 
a front y shower; (b) coetp for mry candidates with a 
rear y shower; (c) m„y - The backgrounds dis¬ 

cussed In the text are Indicated by dashed lines. 


a typical y ray of momentum 1 GeV /c, this gave 
lAP y /P y K 5%. Events were rejected If lTOF mell 
-TOF flt l> 0.7 nsec, where TOF ftt was obtained 
from , P, -, and ? r The mass of the tty 
system is plotted in Fig. 2(c) for the 79 surviving 
events. 

The Monte Carlo program generated raw data 
tapes of try and 3 * events® with unit >-conver¬ 
sion efficiency. The tapes were processed by 
the same reconstruction and analysis programs 
used for the data. The probability of converting 
and detecting a > ray was calculated by compar¬ 
ing ratios of 3 * events having one and two show¬ 
ers in the Monte Carlo program and experimen¬ 
tal data.® Using those 3 » events with both y’s 
converted, we have found no measurable energy 
dependence in the conversion efficiency for P y 
>150 MeV/c. Below this momentum the conver¬ 
sion efficiency was poorly determined. A cut was 
therefore made removing tty candidates with P y 
<150 MeV/c to enable a distinction between CP 
odd- and even-matrix elements. This cut was 
not applied to the Sir data where P y was undeter¬ 
mined. This introduced a negligible bias in the 


normalisation. We find the overall detection effi¬ 
ciency for front (rear) showers to be (45.0 ± 1.1)% 
[(46.1 ±0.9)93* This is close to the measured 
maximum of 51% 10 ; the difference is due in part 
to TOF cuts and in part to a small software inef¬ 
ficiency for locating showers in die data. A study 
of Monte Carlo generated t*> events indicates 
that 73% (82%) of front (rear) tty events have 
cob 4, >0.9996 (0.9998), and that the signal in Fig. 
2 (c) peaks with a full width at half -maximum of 
15.0 MeV/c® about the mass. The contribu¬ 
tions of the previously described background 
sources were found to be smooth, and in no case 
were they peaked at m M or at cos^ -1. The back¬ 
grounds in Fig. 2 were obtained from unrenor¬ 
malized fits to the same data after substituting a 
random photon from another event. 

The three distributions of Fig. 2, when com¬ 
bined with the Monte Carlo efficiency calculations 
and the number of 3* events observed, provide 
three correlated determinations of the Kj° — r't'y 
branching ratio. After background subtraction. 
Figs. 2(a)-2(c) yield a branching ratio X\tvy)/ 
r(3v) = (5.3^)xl0' 4 , (5.8±1.6)xl0~*, and (3.8 
± 1.6) xlO" 1 , respectively. The weighted average 
of these results, combined with the value" ItK/ 
-r«V)/r(Jr x # -all)-0.126, yields r(X A °-vVy)/ 
It K l ° - all) * (6.2 ± 2.1) x iO-». 

Figure 3 shows a folded Dalltz plot of events 
with lm„„ r -m it l<7.5 MeV/c®. The signal-to- 
background ratio is roughly 3:2 and the back¬ 
ground is evenly distributed in this plot The ob¬ 
served E .* distribution was such that no cut was 
necessary to obtain the branching ratio. H the 
K i — v*t'y decay proceeds via the CP -noncon¬ 
serving mode K l ° - t*t' followed by inner b reins - 
strahlung, one would expect a branching ratio 
“1x10"* (Ey* >20 MeV) and the bremsstrahlung 
y -ray energy distribution in Fig. 3. In contrast 
we show also the y spectrum produced by a CP- 
conserving, L,,= 1 (Ml) matrix element. Thus 
both our measured branching ratio and crude 
Dalitz-plot distribution of these events are con¬ 
sistent with a CP -conserving transition dominat¬ 
ing this decay. 

Our measured branching ratio is ~ 5 times low¬ 
er than the Moshe-Singer and Rockmore-Wong 
calculations as quoted. 1 ’ However, if one takes 
the Rockmore-Wong theoretical value for T{K° 

- x + ir*>) without renormalizing to T{Ji° - yy), 
one obtains agreement with our result Thus, the 
zero-free-parameter fermion loop model ap¬ 
pears to give excellent predictions for both the 
K L a — t*t'y and + — decay modes. M The 
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FIG. 3. Dalltz plot (folded about the y energy axle) 
nd projected y-ray energy spectrum. The shaded por- 
oq Is the difference between the observed distribution 
nd the expected background. The smooth curves show 
le predicted spectra Including experimental acceptance 
)r L wt = 1, CP-conservlng (-) and -nonconserving (+) 
latrlx elements. 


urrent-algebra treatment 1 "* relating the jrty to 
te n rata la also In agreement with our value. 
Kir branching ratio implies that the contribution 
f the any intermediate state to the unitarlty limit 
or K * — m *n~ is less than 2%. 
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The qualitative consequences of Hawking’s prediction of thermal emission from blaok 
holes are considered. Whereas mass and angular momentum loss proceeds on oosmo- 
loglcally long time scales, on the other hand electric discharge will take place extreme¬ 
ly rapidly. Hypothetical mechanisms for baryon and lepton conservation are discussed. 


In classical (i.e., unquantized) general rela¬ 
tivity theory any black hole in equilibrium has an 
angular velocity ft and an electromagnetic poten¬ 
tial *, which are necessarily constant over the 
horizon. 1 " 3 When an incoming wave correspond¬ 
ing to a boson state with energy E, axial angular 
momentum rth, and electric charge e is scattered 
by the black hole, the absorption probability r 
will be negative. (amplification), whenever E 
- nisi - p is negative, where the chemical poten¬ 
tial p is given by 

p=c*. (1) 

This “superradiance” effect led Zel’dovich 0 to 
predict spontaneous emission, which will occur 
in the corresponding (time and axial angle re¬ 
versed) outgoing states. Hawking 7 has recently 
predicted that spontaneous emission will occur 
much more generally at just the rate required to 
maintain thermal equilibrium with angular velo¬ 
city ft and chemical potential p at a temperature 
Q given by 

6 = (V 2rrk) K , (2) 

where k, which is also necessarily' 8 constant 
over the surface of the black hole, determines 
the asymptotic exponential relation 

T 0 -T«exp{-K/ rel } (3) 


should be thought of as having an entropy S given 
by 

S = (*c7«G)o 0 (4) 

(in striking confirmation of an order-of-magni- 
tude prediction by Bekenstein") where a 0 is the 
“irreducible cross section’’ af the hole which is 
given in terms af the surface area A of the hori¬ 
zon by 

o„ = *r 0 a * \A, (5) 


the irreducible Schwarzschild radius r„ being re¬ 
lated to the irreducible mass M m as introduced 
by Christodoulou, 10 by 

» 0 = 2GAf 0 /c , -GAf/c 2 , (6) 

where Af is the mass of the black hole. 

By introducing the dimensionless form param¬ 
eter 

e = 1 - 2ft.f/Afc* - yfc/Afc 8 , (7) 

where J and Q are, respectively, the angular 
momentum and electric charge, and by using the 
generalized Smarr formula, U8,s one obtains the 
estimate 


<?M c’ft e_ 
ZS e ~ kG Af * 


( 8 ) 


between the proper time r along the world line of 
a particle crossing the horizon at 7 a and the ig- 
norable outgoing null-time coordinate that would 
most conveniently be used by a distant observer. 
(This decay constant also represents the limit¬ 
ing “gravitational acceleration” of a co-rotatlng 
particle, meaning a certain “red-shifted” acce¬ 
leration, not the locally measured acceleration 
which would tend to infinity on the horizon; the 
inverse k~' represents the characteristic time 
scale for exponential decay of normal modes, 
and hence also for formation of the black hole.) 

By the “first law" of black hole mechanics, 3 ’ 8 
the prediction (2) also implies that a black hole 


Using the much more obvious order-of-magni¬ 
tude estimates 

ft - J /Mr * ~ cV/G s Af 8 , (9) 

Q/r„~ c*Q/GM, (10) 

one is led (by considering the limits to accretion 
that would arise, respectively, from centrifugal 
and electrostatic repulsion) to guess that ft and 
* should be limited by conditions of the form 

(oi/GAf 8 j* ~ (GAfO/c 3 ) 3 s. 1, (ID 

Q*/GAf* - Gi*/c* - Gp*/cV i 1. (1Z> 

It is clear from (7) that the same order-af-mag- 
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nltude limits are necessary for e to remain posi¬ 
tive, and that for fixed M the temperature 6 will 
tend to sero os these limits are approached. 

[The “no-bifurcation theorems” u,s,n to the ef¬ 
fect that continuous secular changes in an iso¬ 
lated black hole equilibrium state can only de¬ 
pend on the changes in M, J, and Q, in conjunc¬ 
tion with the conclusion 14 * 1 * that the only possible 
nonrotating limits are spherical, make it vir¬ 
tually certain that the only isolated stable equili¬ 
brium states are described by the Kerr solution 1 * 
and its charged generalization, 20 for which one 
has the explicit precise formula c = (1 - c , J*/G*Af l 
- However in order to obtain gener¬ 

ally able conclusions we wish to avoid relying on 
special properties of the Kerr solutions.] 

Although the special Kerr separability proper¬ 
ties of the scalar* 1 and higher-spin” wave equa¬ 
tions simplify Hawking’s discussion, 7 they are 
not essential for the outcome which can be ex¬ 
pressed as a prediction that there will be parti¬ 
cle emission within the energy range dE in any 
outgoing state with well-defined axial quantum 
number n and (asymptotic) total quantum number 
; at a rate given by 

,1. TdE \___{E-nKl ~n\ .. r‘ 

~ dJ * HtF ) exp v—*5) 4l [ • (13) 

where the sign is positive for fermions and nega¬ 
tive for bosons. By the usual principles of scat¬ 
tering theory we can expect for uncharged parti¬ 
cles that T will be very small compared with uni¬ 
ty unless 

j»*Pr M (14) 

where p is defined in terms of the particle rest 
mass m by J£* “pV +m*c 4 . If we can ignore the 
electric charge on the black hole (which, as 
shown below, will always be justifiable in prac¬ 
tice except perhaps for supermasslve black holes), 
we are led to predict masB and angular momen¬ 
tum loss rates 


M drops below the limit (16) since an unknown 
number of mesas and baryon states come into 
operation, possibly 23 so many that the mass loss 
would become explosive, but above this limit 
(about 10* tons) the characteristic mass-decay 
time Beale t„ will be given by 


JL M J He* 
M~~J ~ G i M i ’ 


(17) 


so that it will always be at least as long as the 
present age of the universe which is given* 445 by 
the characteristic stellar evolution lifetime 

r ~ tt/cGmf. (18) 

It is to be noted that for given M, the loss rate 
- M is roughly Independent of 6. If e is very 
small the dominant superradiant contribution 
will ensure that it increases so that the black 
hole will tend asymptotically towards a state of 
conformal contraction with a fixed limiting form 
parameter e e >0. 

Let us now consider what will happen when 
there is a nonzero electric charge quantum num¬ 
ber N, » Q/e. Wherever E - me* S p the centri¬ 
fugal barrier-penetration condition (14) must be 
supplemented by the electrostatic barrier-tunnel¬ 
ling condition Ep ■£ (eQ/hc)ni‘c a so that, as Gib¬ 
bons” has pointed out, superradiant discharge 
modes, i.e., those with E < p, can be effective 
only if 


n > 

pp-sm.Vo, 


(19) 


since there is no charged particle lighter than 
the electron. Hence, using (13) to estimate the 
discharge rate -N ,, we find that there are three 
essentially distinct regimes: (a) If 

|p| i,(Gc/h)m*M, 1 » GMtnjHc, (20) 

there will be essentially no discharge at all; 

(b) in the thermal discharge regime, with 

GAfp/»c*s;l, GMmJhc -i 1, (21) 


~M~ hS/G'A?, ~J~ha, (15) 

provided that r 0 is not less than the proton Comp¬ 
ton wavelength; i.e., provided that 

| MzHc/Gm,, (18) 

so that only a limited number of kinds of parti¬ 
cles [those with zero rest mass, and also when 
the limit (ie) is approached, electrons with mass 
w .l can contribute. The present theory is inca¬ 
pable of dealing reliably with the situation when 


we shall have 

( 22 ) 

(c) and finally, in the superradiant discharge re¬ 
gime, i.e., when 

(Gc/h)m m *M |p|, 1 s,GMn/Rc\ (23) 

we shall have 

-fl,~ (G 2 /Vc*)JWV. (24) 
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It follows {since Gm * ~ 10' 4 *-* e*/*c- 1/137< 1) 
that unless conditions (20) are satisfied, the 
characteristic discharge time r e = - N t /N t will 
always be extremely short in comparison with 
7 „; In fact T e will actually be shorter than the 
characteristic time k~‘ *r Jc for formation of 
the black hole—which means that the charge 
could never have been there at all—unless M is 
within a factor (hc) l/2 m p /em t (which works out 
to be - 10% using We 3 - 137, m^m,- 1800) of 
the mass limit (16). Hence for all practical pur¬ 
poses we may take It that 



which is small compared with the limit (12) un¬ 
less M Is greater than the typical stellar mass 
M~ (la'/GY^M / 2 by a factor (m p /m a f(e 2 /tlc ) i/2 
~10 5 . For black holes below this mass, the elec¬ 
tromagnetic field will never have a perceptible 
effect on the space-time geometry. [For black 
holes above this mass, it is conceivable that the 
charge could be great enough to invalidate (IS); 
it would be possible for the factor c to tend to 
zero, bringing the decay asymptotically to a 
halt.) 

In any case, whenever a black hole decays be¬ 
low the mass limit M~Hc/Gnt„ and hence before 
reaching the critical mass (16), it will neutralize 
Itself camfrletclv. 

Even if it does not explode immediately (i.e., 
even if there is not an absolute upper limit,’ 5 
k& ~ m,c*, to physically attainable temperatures), 
a black hole which falls below the critical mass 
(16) will certainly dissipate all its remaining 
mass on a time scale shorter than the present 
age (18) of the universe (the last stage being in¬ 
evitably explosive as Hawking has pointed out 7 ). 
According to previous ideas, the fact that bary- 
ons, leptons, etc. could be hidden in a black 
hole was interpreted as 'transcending" the cor¬ 
responding conservation laws, but if the black 
holes themselves can disappear without trace It 
must be recognized frankly that for practical pur¬ 
poses these conservation laws are violated. In 
order to avoid this conclusion Wheeler* 7 has sug¬ 
gested, though without discussing the possible 
mechanism, that the chemical potential n in the 
emission formula (13) should contain additional 
contributions due to baryons, etc.. In addition to 
the electric contribution (1). It is difficult*** 4 to 
see how this could come about except by the ac¬ 
tion of repulsive classical force fields extending 
outside the horizon and proportional to the num¬ 


bers of particles inside (such fields being gener¬ 
ated by zero-rest-maas, odd-Integer-spin bo¬ 
sons). 

Let us consider the case of baryons, for which, 
as Dicke has pointed out, 30 the corresponding 
coupling constant e B /hc (the analog of the elec¬ 
tric "fine structure" coupling constant) must be 
extremely small, e B /Gm p s. 10' 7 , in order to 
have escaped detection by the Eotvos experiment. 
Assuming that the preceding order-of-magnitude 
formulas apply also to baryon discharge, with 
e B , nif, and baryon number N B In place of e, m„ 
and N„ we see there 1 b a striking difference 
from the electric case, for which the analogous 
ratio is e?/Gm, 2 » 1. This means that super ra¬ 
diant discharge can never become effective and 
that a decaying black hole will retain an effective¬ 
ly constant baryon number N m and so will charge 
right up to the limit corresponding to (12) at 
which stage Q would tend to zero so that further 
decay would be prevented. The black hole would 
settle down at a finite ground state with residu¬ 
al mass At* given by 

( 26 ) 

It is conceivable that e B could be sufficiently 
large that an “ordinary" black hole 31 - 3 * formed 
by the collapse at a star with N B - (hc/GY^m, 2 
could leave a residual black hole above the limit 
( 16 ). 

The Dicke-Eotvos experiment also places an 
upper limit on any hypothetical electran-leptonic 
charge (though not on a muon-leptonic charge). 
However since there are no known lower limits 
on neutrino masses, the corresponding charge/ 
mass ratios might be either large (leading to rel¬ 
atively rapid leptonic discharge) or small (lead¬ 
ing to leptonic contributions to the residual mass). 
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The quantity R-*o L /a r is extracted for the proton, deuteron, and neutron from deep In¬ 
elastic e-p and e-d scattering cross sections measured in recent experiments at Stanford 
Linear Aooelerator Center. For u * 5 the kinematic behavior of vRp In consistent with 
scaling, indicative of spin-} constituents In a parton model of the proton. We also find 
that within large statistical errors, Rg and R n are consistent with being equal to Rp. 


We have extracted longitudinal and transverse 
virtual photoabsorption cross sections o A and a T 
from deep inelastic electron-proton {e-p) and 
electron-deuteron (e-d) scattering cross sections 
that were measured in two experiments 1,2 at the 
Stanford Linear Accelerator Center (SLAC). Val¬ 
ues of = <r i /o r for the proton (R t ) are presented 
and compared with current theoretical predic¬ 
tions. In an earlier experiment , 3 R t was found 
to be consistent with the constant value 0.16 
*0.10. This small value of R t suggested spin-} 
constituents 4 of the proton, but full verification 
of this hypothesis requires a detailed knowledge 
of its kinematic variation . 9 In the present work 
Is determined over a larger kinematic range 


and its accuracy is sufficiently improved to allow 
examination of its kinematic variation. The first 
determinations of R for the deuteron and neutron, 
R, and R„, are also reported. 

The inelastic scattering of an electron of inci¬ 
dent energy £ to final energy E' through an angle 
6 is described in the first Born approximation by 
the exchange of a virtual photon of energy v=£ 

- E ' and invariant mass squared q* = - 4EE' sin*( 6/ 
2) = -<?’. The differential cross section is re¬ 
lated to <r L and cr T as follows*: 

M1e’ ( e ' e '< 6)=v ' Q3) + «*> 1 . 

where T is the flux of transverse virtual photons 
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and t * [1 + 2(1 + /Q 2 ) tan 7 ( 6 / 2)]' 1 is the polariza¬ 
tion of the virtual photons. Also, W = (M*+2Mv 
-Q 2 ) ln is the mass of the unobserved final ha¬ 
dronic state, where Af Is the proton mass. We 
uBe the scaling variable w defined by u = \/x 
= 2Mv/Q 2 . The quantity R is related to the famil¬ 
iar structure functions W, and W 2 by 

R = oJa t = (W^/lV.Xl + S/Q 1 ) -1. 

Extraction of R and o T at fixed (v, Q 1 ) requires 
differential cross sections for at least two val¬ 
ues of 6 (or «) and is equivalent to separation of 
W, and IV,. 

The inelastic e-p and e-d cross sections were 
measured with two different single-arm focusing 
spectrometers in separate experiments to obtain 
data over a Urge range of t. The bulk of the 
cross-section data used in the extraction of R 
had been measured 1,7 '" at 18", 26", and 34° with 
the SLAC 8 -GeV spectrometer. Incident ener¬ 
gies £ ranged from 4.5 to 18 GeV; at each inci¬ 
dent energy, scattered energies E' ranged from 
that corresponding to electroproduction threshold 
down to 1.5 GeV. The measured cross sections 
consequently spanned trianguUr regions of ( v, Q 2 ) 
space at each angle and permitted interpoUtions 
for radiative corrections and for extractions of 
R. Additional cross sections used in the analysis 
had been measured in an earlier experiment 7,9 ' 10 
at 8 " and 10° with the SLAC 20-GeV spectrometer 
and a different set of target cells. In that experi¬ 
ment E ranged from 4.5 to 19.5 GeV and E' 
ranged as low as 2.5 GeV. The analyses 7 ** of the 
raw experimental data from the two experiments 
were similar and the radiative-correction proce- 
dures 7 '* were Identical. 

A fit to the elastic e-p cross sections measured 
at the small angles was on the average 2% lower 
than the eUstic e -P cross sections measured at 
18', 26°, and 34". Detailed studies 7 of effects 
that could alter the elastic and inelastic cross 
sections differently showed that this 2 % differ¬ 
ence was also applicable to the inelastic e-p 
cross sections. Therefore, the 6 " and 10' inelas¬ 
tic e-p cross sections 10 were multiplied by the 
relative normalization factor 1.02 ± 0.02 before 
the extraction of R t . An accurate determination 
of die normalization factor for the Inelastic e-d 
cross sections was not feasible due to the quasi- 
elastic e-d cross-section uncertainties arising 
both from the inelastic background subtractions 
and from corrections due to deuteron binding ef¬ 
fects. Therefore, the 6 ° and 10° e -d data were 
not used In the extraction of R t and R r 


Values of 

were obtained by InterpoUtion of the e-p cross 
sections measured at each angle to selected ki¬ 
nematic points ( v, Q 1 ) that fell within the overUps 
of two or more of the five triangles measured in 
the two experiments. An array of 80 kinematic 
points with JV > 2 GeV and Q 2 > 1 GeV*, chosen to 
reflect the number and distribution of measured 
cross sections, was used in a systematic study 
of the behavior of R t at fixed io. For each ( v, Q 2 ) 
point, R, was determined from the slope of a 
linear least-square fit to values of £ versus c. 
Values of R t are given in Table I along with their 
statistical errors and estimates of the systematic 
uncertainty AR # . Because of the interpolations, 
the value of R t and its error at any point are cor¬ 
related with those of neighboring kinematic 
points. One contribution to AH > at each ( v, Q 2 ) 
point arises from uncertainties in the experimen¬ 
tal parameters (e.g., E' dependence of the spec¬ 
trometer acceptance, and fluctuations in the in¬ 
cident beam direction) leading to systematic 
changes in £ as a function of 6. This uncertainty 
ranges from 0.03 to 0.19 in R t and generally is 
less than 0.08. Where cross sections from both 
experiments are used in the extraction of R t , 
the 2 % uncertainty in the relative normalization 
factor contributes an uncertainty of typically 0.07 
in R p . A third uncertainty arises from approxi¬ 
mations in the radiative corrections and is esti¬ 
mated to range from 0.01 to 0.18 in R t , with the 
largest uncertainty occurring at large u> or large 
v. For w « 5, however, this uncertainty is be¬ 
lieved to be no more than 0.06 in R t . The sys¬ 
tematic uncertainty quoted in Table I is the qua¬ 
dratic sum of the above three uncertainties. 

Within parton models, the behavior of vR p as 
a function of Q 1 for fixed w = l/x reflects the spin 
quantum numbers of those charged partons carry¬ 
ing a fraction x of the proton’s momentum .' 1 ’ 5 H 
the charged partons have spin-£, light-cone alge¬ 
bras predict that vR p should scale 5 ' 11 ; i.e., vR, 

- r(w). If there are some charged spln-0 partons 
present , 17 then vR p =td,u) + b(u)v; here, 6 (w) 

= W t (0) /W, (in \ where W,®* and W, <1/ * are the con¬ 
tributions to IV, from spin-0 and spin-i partons 
in the limit of large Q*. Figure 1 shows vR p plot¬ 
ted versus Q 7 for w = 2, 5, and 10; the solid lines 
represent least-square fits of the form vR p *a 
+ bv=a + (w/2M)bQ 2 . Best fit v&hies of b and its 
statistical error are given in Table n for the ten 
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TABLE I. Value* of Rp Hated with etattetleal errors and estimated systematic uncer tainti es CtRp. 


r 

r 

fO*V) 

»o*v>* 

S 

"p 

u 

¥ 

( 0 *v> 

Q 2 

<o*v> a 

r p 

“p 

V 

¥ 

(OV) 


r p 

*p 

1.5 

5.0 

0.20 

0. Hr 0.17 

0.00 

s. a 

3.0 

2.25 

0.20*0.05 

0.13 

6.0 

3.0 

1. 13 

0.40* 0.12 

0.20 

1.5 

6.0 

T.fil 

o.osio.ee 

0.00 

t.o 

4.0 

3.00 

0.18 i 0.05 

0.08 

5.0 

4.0 

t.5o 

0.48*0.12 

0.13 

1.5 

7.0 

8.70 

0.04*0.88 

0.13 

1.6 

fi.O 

3.73 

0.17 10.08 

0.08 

S.O 

S.O 

1.88 

O.20*0.fi7 

0.08 

1 5 

0.0 

10.01 

0.78*0.36 

0.17 

2.6 

6.0 

4. 50 

0.14 i 0.05 

O.OT 

5.0 

5.0 

2.23 

0 16*0.07 

0.08 

1.3 

0.0 

11. M 

0.18*0.18 

O.OB 

8.S 

7.0 

5.25 

0.00*0.05 

0.05 

S.O 

7.0 

2.53 

0.16*0 07 

0.05 

1 'k 

10.0 

18.51 

-0. 10*0.15 

0.00 

a 5 

8.0 

0.00 

0.03*0.05 

0.08 

S.O 

5.0 

3.00 

0.18 i 0 09 

0.11 

1 r » 

lt.0 

15.01 

o.t6*o,s« 

0. 18 

2.6 

9.0 

6.78 

0.221 0. 14 

0.07 

S.O 

9.0 

3.38 

0.30*0. 13 

0.14 






M 

10.0 

7.01 

0.20*0. IS 

0.07 

fi.O 

10.0 

3. 76 

0.18 * 0. 12 

0 12 

1.73 

4.0 

4.SO 

0.04*0.00 

0.07 

2.6 

11.0 

8.20 

0.25 *0.27 

0.12 

fi.O 

11.0 

4.13 

0.12 • 0.12 

O.II 

l 75 

fi.O 

3.N 

0-2* < 0.08 

0.08 

2.6 

12.0 

9.01 

0.01 * 0.20 

0.09 






1 75 

8.0 

0.43 

0.14*0.07 

0.08 






6.0 

4.0 

1.23 

O.A2* 0. IS 

0.18 

1 70 

7.0 

7.81 

0.32*0. 18 

0.08 

3.0 

3.0 

1.83 

0.06*0.00 

0.10 

6.0 

G.O 

1.58 

0. M* 0 OB 

0 1(J 

l 75 

8.0 

8.58 

0.01*0.14 

0.05 

3.0 

4.0 

2.30 

o.mno.oe 

0.08 

6.0 

0.0 

1.84 

0.22*0.09 

0 . to 

1.75 

8.0 

8.66 

-0.08*0. 15 

0.05 

3.0 

S.O 

3.13 

0.14*0.06 

0.07 

0.0 

7.0 

2. 19 

0.33*0.08 

0 It 

1.75 

10.0 

10.7t 

-0.03*0.13 

0.00 

3.0 

8.0 

3.75 

0.01 i 0.00 

0.05 

0.0 

8.0 

2.50 

0.41 « 0. ]0 

0 .12 

1.75 

It. 0 

18.87 

0.08*0.45 

O.lfi 

3.0 

7.0 

4.38 

6.13* 0.08 

0.09 

0.0 

9.0 

2.82 

0.41*0. 14 

0. 16 






3.0 

8.0 

5.00 

0.08 * 0.00 

0.08 

e.o 

10.0 

3. 13 

0.24 • 0.13 

0. 13 

2.0 

4.0 

3.75 

0.07*0.06 

0.07 

3.0 

9.0 

6.83 

0.05* 0.07 

0.00 

0.0 

11.0 

3.44 

0.12< 0. 13 

0.12 

2.0 

fi.O 

4.08 

0.12*0.06 

0.08 

3.0 

10.0 

8.28 

0.53 t0.34 

0.16 

5.0 

12.0 

3.75 

0.08*0.18 

0.11 

2.0 

8.0 

5.53 

0. 18*0.00 

0.07 

3.0 

11.0 

6.88 

0.40*0.34 

0.13 






2 0 
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S.O 

1. 25 
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0.09 

2.0 

fl.O 

7.Cl 

-0.08*0.10 
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7.5 

8.0 

1.S0 

0.17*0.09 
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0.0 

6.44 
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0.06 

4.0 

3.0 

1.41 
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7.3 

7.0 

1.76 

0.35*0. 10 

0.11 

2.0 

10.0 

8.38 

0.02*0. 16 

0.05 

4.0 

4.0 

1.88 

0.31*0.10 

0.13 

7. S 

8.0 

1.00 

0.59*0. 16 

0.13 

2.0 

11.0 

10.32 

0.20* 0.15 

0.07 

4.0 

5.0 

2.26 

0.28*0.08 

0.10 

7.5 

8.0 

2.26 

0.01*0.18 

0.13 

2.0 

12.0 

11.88 

0.47*0.00 

0.20 

4.0 

8.0 

2.82 

.V 22*0.OS 
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7.S 
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0.28*0. 14 

0.14 






4.0 
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3.28 

0. 16 i 0.08 
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7.6 
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2-76 
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0.13 
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3.00 

0.21*0.23 

0.14 






4.0 

9.0 

4.22 

0.08i 0.09 

0.08 











4.0 

10.0 

4.66 

0.01 *0.00 

0.08 

10.0 

6.0 

1.13 
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0.09 






4.0 

11.0 

6.18 

0.57 t 0.48 

0.15 

10.0 

7.0 

1.31 

0.30* 0. 14 

0.10 










• 

10.0 
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1.60 
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6. 10 
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1.68 
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1.00 
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10.0 

11.0 

2.06 

0.58*0.31 
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io.o 

12.0 

2.2S 

1.03*6.67 
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values of id studied. The three effects leading to 
the aforementioned uncertainties in h„ also give 
uncertainties In b; the systematic uncertainty 
&A is the quadratic sum of these three uncertain¬ 
ties. For id < 5 the slope 6 is small and consis¬ 
tent with zero, indicative of predominantly spin- 
»partons. Over this range of w, we get a 2 stan¬ 
dard deviation upper limit of 20 % for the contri¬ 
bution of spin-0 partons to W g . For u >5, b may 
be different from zero, but the data for these w 
lie in a small range of low Q a and a nonzero slope 
might reflect only the low-<? J threshold behavior 
of R $ . 

We have made a number of least-square fits to 
86 values of R, listed in Table L A constant 
value of R t provides a better fit to the data than 
or the simple vector-dominance 11 
forms Rp-cQ* or R,~ c$*( 1 -xf. We obtain R t 


TABLE n. Best fit values of the coefficient ft and 
their statistical errors from least-square fits of the 
form vRp^a-i bv. Also given are the estimated system¬ 
atic uncertainties oft and average values of 
for the range l,5<u<5.0 where these data are avail¬ 
able. Only statistical errors in ft are given. 


W 

ft 

Aft 

ft 

1.5 

0.11*0.28 

0.14 

-0.09*0.09 

1.75 

0.02*0.15 

0.08 

0.08*0.07 

2.0 

0.04*0.10 

0.06 

0.13*0.06 

2.5 

0.03*0.07 

0.06 

0.04*0.06 

S.O 

0.12*0.07 

0.07 

-0.01*0.08 

4.0 

0.02*0.07 

0.06 

-0.25*0.12 

5.0 

0.02*0.06 

0.08 

— 0.20 ±0.21 

6.0 

0.20*0.13 

0.12 

... 

7.5 

0.66*0.19 

0.17 

... 

10.0 

0.80*0.31 

0.18 

• • e 
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FIG. 1. Values of vRp plotted with their statistical 
errors versus Q 1 for fixed values of u. The solid lines 
represent least-square fits of the form vJ^=a + &v = a 
+ (to/2M) and the dashed lines represent 1^ = 4> ! /v ! . 


= 0.16±0.01 (x a = 138) with an estimated system¬ 
atic error of ±0.09. An even better fit is ob¬ 
tained with the form 13 A # =/(to)Q 3 /V, where /( w) 
=gw* or, equivalently, R p =4gM 2 /Q 2 . The best 
fit coefficient is £ = 0.13 ±0.01 (x J = 110) with an 
estimated systematic error of ±0.06. This devia¬ 
tion from simple <? 3 /V behavior at large to, pre¬ 
dicted from Regge arguments 13 in the framework 
of light-cone algebras' and deduced 13 from p-elec- 
troproduction data, 14 is apparent in Fig. 1 where 
the dashed lines represent R t =Q 2 /if. 

Since only 18“, 26", and 34° e-d data were used 
In the analysis, R d and R„ are less well known 
than R t . The quantity b = R d -R t was extracted 
at each of the ( v, Q 2 ) points where interpolated 
cross sections at two or more of these angles 
were available. This quantity is determined 7 
from the slope of the ratio of deuteron-to-proton 
cross sections, o d /o p , plotted versus t'= e(l 
+ eR p )’ 1 , and is insensitive to the choice of R t . 

The major systematic uncertainties disappear in 
this ratio* and the uncertainties in 6 are predomi¬ 
nantly statistical. The extracted values of 6 are 
everywhere consistent with aero, within large 
statistical errors. Values of 6 averaged over Q 2 
at fixed w are presented in Table n. The value 


of 6 averaged over the full kinematic range 1.5 
* <»> *5.0 is 0.02 ±0.03. It can be shown* that A 
=R p implies A,* R t and therefore, within the e 
peri mental errors, R, and R n are consistent 
with being equal to R t . 
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Coherence in He I and II Excited States Produced by an Asymmetric Collision* 
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(Received 8 July 1874) 

In an external magnetic field, q u a ntum beata at the I.armor frequency uj are observed 
In circularly polarized light aa a result of coherent orientation of fast Re i and II states 
by a thin foil with exit-surface normal sot oMnoident with the beam direction. Effects 
resulting from variation of detection geometry, quantum state, incident ton energy, foil 
tilt angle, and foil material are discussed. An interpretation in terms of an Impulsive 
asymmetric electric interaction is considered. 


Symmetry considerations admit the possibility 
of the production of orientation by the beam-foil 
collision process when the normal to the foil exit 
surface does not lie along the beam axis. 1 Such 
orientation of the 3 p l P° level of He I, character¬ 
ised by the emission of circularly polarized light, 
has recently been observed and analyzed. 1 In 
Ref. 2, linear and circularly polarized compo¬ 
nents of the emitted light were measured at dif¬ 
ferent angles under static conditions. At 135 keV, 
alignment of the level was found to decrease, 
while orientation increased, as the angle of the 
foil normal relative to the beam direction was in¬ 
creased from 0 to r/4. 

We describe here measurements In which inter¬ 
ference effects In the optical-decay radiation re¬ 
flect the coherent time development of the aniso- 
tropically excited atomic sublevels. A fast ion 
beam Is passed through a thin carbon foil (“8 
Mg/cm 1 ) with exit-surface normal not coincident 
»itb the beam direction. The resulting coherent 
mixture of excited sublevel wave functions devel¬ 
ops in time at frequencies which are multiples of 
*be Larmor frequency w in the presence of a uni- 
for ® external magnetic field directed perpendlcu- 
to the beam direction. Polarized light emit¬ 
ted at a fixed time subsequent to excitation, per¬ 


pendicular to both beam and field directions, dis¬ 
plays this periodicity as a function of magnetic 
field strength. The presence of a variation at w 
in circularly polarized light is evidence of ori¬ 
entation.. 

Figure 1 shows the excitation and detection 
geometry. The narrow light observation region 
is maintained parallel to the foil surface, a dis¬ 
tance d downstream from the foil. Parallel light, 
collected by a lens (not shown), is passed through 
a polarization analyzer and refocused through a 
monochromator to a photomultiplier. We used 
two polarization analyzers in these measure¬ 
ments. One, a linear polarizer, was oriented at 
several angles to be described; the other was a 
left-circular polarizer. Valid comparisons of 
relative intensity measurements through these 
polarizers can always be safely made; the re¬ 
mainder of the detection Bystem acts only as a 
polarization-dependent attenuator.* 

The periodic light-intensity variations with 
field strength appear on a constant background, 


and have the form 

■ y. 

l(fi) =A + eM(*«k/« + <p t ), 

**» ^ 


where the Larmor frequency u> ~yH is propor- 
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FIG. 1. Schematic drawing of the geometry of the ion-excitation and light-detection apparatus. As shown, the 
monochromator la rotated about the y axis to the same tilt angle 0 as the foil to preserve the time resolution of the 
measurement. 


tlonal to the magnetic field strength, v is the par¬ 
ticle velocity, and the phase factor <p t is found 
to be 0 or v in these measurements. When the 
foil normal lies along the beam direction (0 = 0 
In Fig. 1), the usual quantum beats (*«2 corre¬ 
sponding to 2a ) due to collision-induced align¬ 
ment** 4 are observed in light linearly polarized 
parallel to the beam axis. As the angle of the 
transmission axis of the linear polarizer relative 
to the beam direction is Increased from 0 to w/2, 
the relative amplitude B t /A of the 2w beats de¬ 
creases to zero. Now, when the foil normal is 
rotated by an angle p about the y axis (Fig. 1), 

2a beats are still observed in light linearly po¬ 
larized parallel to the beam axis, but through a 
circular polarizer beats for both k -1 (corre¬ 
sponding to a) and k -2 are observed. Figure 
2(a) shows such beats in both light polarizations 
in the 2p *0, transition near 4922 A in 

He I. The measurements discussed below refer 
to this transition but similar beats have also been 
observed in other singlet and triplet D levels of 
He I at energies in the range 20-80 keV, and In 
transitions from the 4levels of Hen at 
Input ion energies of 70 keV. Consequently, the 
interaction producing these effects is quite gen¬ 
eral. Both a and 2a beats are phased to produce 
an extremum in intensity at H * 0. The 2a inten¬ 
sity B t is found to be a maximum,* while the a 
Intensity JB, is a maximum or minimum at H = 0 
depending on the direction of the foil exit-surface 
normal and the helicity of polarization of the de¬ 
tected light [Fig. 2(b)]. When left circularly po¬ 
larized light is detected, and 0--*/4, l.e., the 


foil-exit normal lies in the upper left quadrant of 
the x-z plane (Fig. 1), the circularly polarized 
light intensity is a minimum at H = 0. Figure 2(b) 
shows the phase shift of » in the a beats produced 
when the foil angle p is changed from - v/4 to 
+ »/4. Hence the expectation value of the net an¬ 
gular momentum of the level, (L), lies along the 



>* 

I 


-«0« 0 
H 



FIG. 2. (a) Quantum beats in light emitted from the 
4d ’I), level of He 1 In (1) left-circularly and (2) linearly 
polarised light, with a foil tilt angle 0«x/4. The pri¬ 
mary beat frequencies correspond to u and 2 a. re¬ 
spectively. (b) Quantum beats in left-circularly polar¬ 
ised light for (1) 0=-x/4 and (2) 0- + */4. The inci¬ 
dent ion energy is 40 keV in all oases. 
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-y axia (Fig. 1), in agreement with the analysis 
or the 'Pj level of Ref. 2. With a given foil tilt 
ingle P, in linearly polarized light, the relative 
unplltude of the beats decreases uniformly 
o 0 when the polarizer angle is rotated from par- 
.llel to perpendicular relative to the beam direc- 
ion. However, beats at u> appear in this llnear- 
y polarized light at polarizer angles intermedi- 
ite between 0 and x/2, dropping to zero as one 
.pproaches either of these angles. The relative 
naximunv intensity of the w beats appears with 
jolarizer angle near the vicinity of the foil tilt 
ingle p (/J = ff/4 for these measurements). 

Fano and Macek 1 have formulated the compo- 
lents of the orientation vector and alignment ten¬ 
or of the excited level in the “detector frame.” 
Substituting the angles appropriate to our detec- 
,or geometry in their equation [Eq. (18), Ref. l] 
lelds the following relations: 

0 0 d “ = 0 1 . col sin9 (orientation parameter), 

A** = ^,,“*(3 008*9 - 1) - sln*9, 

A tr ia = iA,,™ 1 sin’9 cos2((i + iA I4 . c ° 1 6tn20cos2$ 

- ^^“'(l + cos*8)cos2$. 

i is the angle between detector and beam dlrec- 
lon and 4> is the direction of linear polarization 
■elative to the beam direction. These parameters 
low represent the static light emission of our 
lystem for H = 0. For a uniform magnetic field 
mrallel to the x axis (Fig. 1) these tensor com¬ 
ponents will process about the field direction at 
he Larmor frequency. This can be represented 
yy replacing 9 with orf in the above equations. 

This substitution in the case of the orientation 
parameter (O 0 de ') gives a variation at the fre¬ 
quency w for observation in circularly polarized 
.Ight, in agreement with the experimental obser¬ 
vations. 

The alignment components predict variations 
inly at 2w for observation in linearly polarized 
ight. Our observations are consistent with this 
iredlction except for the occurrence of u> beats 
ibaerved in linearly polarized light for angles 
'$) of the polarizer axis between 0 and x/2 as dis¬ 
cussed above. It is therefore reasonable to as¬ 
sume that this signal is not a result of alignment. 

We suggest that these observations of the lre- 
uency w terms may be interpreted as a coherent 
superposition of left- and rlght-circularly polar- 
xed light components with different intensities, 
nitlally in phase at U *>0 in a plane approxlmate- 
y parallel to the foil surface. When the magnet¬ 


ic field is applied along the y axis, no ui beats 
appear in circularly polarized light as expected 
for an eigenstate, although the 2u> beats remain. 
These 2u) beats, when H does not lie along the y 
axis, are now not only due to alignment, but al¬ 
so are in part due to the coherence of the orien¬ 
tation. 

As usual in coherence measurements of this 
type, some damping of the beat signals is ob¬ 
served as a result of insufficient time resolution. 
An increased damping of beats over that produced 
by a normal foil is noted for the tilted foils. 

A dependence on the incident ion-beam energy 
in the range 20-80 keV was found for the ampli¬ 
tude of both the oi and the 2w beats. The id beat 
amplitude was also found to Increase with the foil 
tilt angle P at a given energy. Foil angles P of 
30, 45, and 80 deg were investigated. The ener¬ 
gy dependence of the amplitude B 1 of the id beats, 
relative to B t for 2a>, was most pronounced at 30 
deg, and least at 60 deg. At all angles, the B, 
amplitude decreased as the beam energy was in¬ 
creased from 30 to 70 keV. 

As a mechanism for the asymmetric interac¬ 
tion which produces the orientation of the excited 
levels, we have considered two possibilities: a 
spin-dependent interaction or a torque exerted 
by external fields on the multipole moments of 
various orders of the excited system.* Spin-de¬ 
pendent orientation might be expected in a non- 
aligned *S, level. The transition near 4713 A 
from the 4s *S, level of He I exhibited no identifi¬ 
able beats, however. 

Lombardi and Glroud have shown that an elec¬ 
tric field acting on an aligned system can produce 
orientation.* A stronger interaction is, for ex¬ 
ample, an electric field gradient, directed along 
the foil normal, acting on the aligned states nor¬ 
mally produced by the beam-foil collision in lev¬ 
els with L * 0. This could also generate an ori¬ 
entation tensor with the appropriate symmetry. 

The electric fields or field gradients may be 
associated with the foil surface, or with its in¬ 
ternal crystalline fields. Reasonable estimates 
of these parameters yield appropriate magnitudes 
for the observed effects. Fano has given a gen¬ 
eral expression for the precession of the multi¬ 
pole moments of a particle produced by torques 
exerted by such fields.* His equations are strict¬ 
ly applicable to particles which do not deform un¬ 
der the Influence of these fields. Such deAfjcma- 
tions may be important during a strong; ■j||j>rt- 
term interaction of an ion with the foil, fibWever. 

To test further this precession hypothesis, we 
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attempted to vary possible surface or Internal 
fields, which might arise from work functions, 
crystalline fields, or Image charges, etc., by 
coating conventional carbon foils with thin layers 
of aluminum (which was permitted to oxidize) or 
gold. The Increased energy loss of the ions upon 
passage through these foils slightly changed the 
period of the beats because of the consequent 
velocity decrease, but did not produce increased 
dephasing. This proves that the coated surface 
remained substantially intact during the life of 
the folL 

The magnitude of the relative orientation pro¬ 
duced by the carbon foils was found to be about 
20% larger than that observed with the gold-coat¬ 
ed foils at 50 and 70 keV incident Ion energies; 
at 70 keV the aluminum and carbon surfaces pro¬ 
duced indistinguishable results. It must be noted 
In connection with these measurements that the 
vacuum was only of the order of 10‘* Torr, so 


1974 

surface-contamination effects cannot be excluded. 

The general orientation and coherence of ex¬ 
cited levels of fast ions and atoms can be used in 
atomic-structure Investigations, such ae tsm = ] 
level crossing, particularly in ionic levels which 
are difficult to orient by other techniques. 
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Muonium Formation in Noble Gases and Noble-Gas Mixtures* 
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In an experiment at the Clinton P. Anderson Meson Physics Facility, no muonium for¬ 
mation was found in pure He or Ne, and abundant formation In Ar and Xe. A small Xe ad¬ 
mixture (0.1%) in He and Ne resulted In abundant muonium formation, due to the process 
In which Xe serves as an electron donor to a low-energy positive muon. These results 
are qualitatively consistent with our knowledge of relevant atomic collision cross sec¬ 
tions. 


Muonium was discovered 1 '* by observing the 
characteristic muonium Larin or precession fre¬ 
quency when positive muons were stopped in pure 
Ar gas, and It was found that between 50 and 100% 
of the muons stopped In Ar form muonium. In 


subsequent magnetic-resonance experiments on 
muonium using Ar and Kr, M It was established 
that greater than 50% of the muons stopped in 
either Ar or Kr form muonium. 

As muons slow down in a gas, the competition 
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etween electron -capture and electron-loes col¬ 
lision with the gas atoms principally determines 
tbe fraction of the muona that form muonlum. 

This fraction can be estimated from available 
'jata'S and theoretical calculations 1)7 on capture 
and loss cross sections for muons and protons In 
noble gases. The calculations of muonlum forma¬ 
tion require simultaneous numerical Integration 
of the differential equations* for the charge frac¬ 
tions of the muon beam and the energy loss (dE/ 
it). The cross-section data for protons below 
0.7 keV and the dE/dx curve below 10 keV, as 
well as the applicability of proton results to 
muons, are not known well enough to enable quan¬ 
titative predictions. Our estimates are less than 
20% muonlum formation in He, less than 40% in 
He, 70% to 90% In Ar, and 100% In Xe. Muonlum 
atoms with less than about 50 eV will survive 
stably to thermal energy because the capture and 
loss reaction rates are very small below 50 eV. 
Muonlum can be formed at thermal energy only 
in Xe, which is the only noble gas whose ioniza¬ 
tion potential is less than tb&t of muonlum. Our 
measurements on muonlum formation by muons 
stopped in gases provide information not avail¬ 
able from proton studies, and many types of 
atomic collisions from thermal energy to 100 
keV contribute to the final result. 

A study of behavior of positive muons stopped 
in liquid helium was done at the Space Radiation 
Effects Laboratory* and is reported In the follow¬ 
ing Letter. No muonlum formation was found, 
and the muona behave In liquid helium both above 
and below the A point as free, polarized muons. 


TABLE I. Properties of p* beam. 


Proton energy 

650 MeV 

Proton ourrent 

1.5 pA, av 

Duty factor 

4.5% 

Production target 

6.0 cm C 

It* rate* (1* 2) 

23 500/sec, av 

M + Btops b 

930/aec, av 

pf. (backward decay) 

93 MeV/c 

bp v /p v 

±3% 

Spot size 0 

250 cm* 

Polarization 

(80 ±2)% 

Impurities: 



<0.01 

•/p 

0.03 


"Rate Into 280 cm’, 38 cm from last quadrupole. 

^50-atm He gas target: 0,22 g/om’i area, 320 cm’. 
c Full width at half-maximum at 75 cm from last 
quadrupole. 


In view of this Interesting result, which differs 
so dramatically from the behavior of positive 
muons stopped In Ar or Kr gas, the experiment 
reported In this Letter was done to study the be¬ 
havior of positive muons stopped in He, Ne, and 
Xe In order to provide a more complete under¬ 
standing of muonlum formation in the noble gases. 

The method of our experiment is the classic 
one for studying the Larmor precession of free 
muons* (13.8 kHz/G) or of muonium 1 (1.40 MHz/ 
G), which relies on the availability of polarized 
muons from pion decay and the correlation of the 
muon spin direction with the direction of emis¬ 
sion of the positrons from muon decay. 

Our experiment was done at the Clinton P. An¬ 
derson Meson Physics Facility (LAMPF), and 
Lndeed is the first muon physics experiment done 
at this new laboratory. The muon channel—a 21- 
magnet system-*- Is basically of conventional de¬ 
sign consisting of a plon collection, a plon decay, 
and an analyzer section. 10 The characteristics of 
the output muon beam are given In Table L 

A schematic diagram of the experimental ar¬ 
rangement is shown In Fig. 1. The high-pressure 
gas target contained Internal scintillation coun¬ 
ters. The gas was circulated over Ti at 750°C to 
remove impurities. The gases used were re¬ 
search grade with Impurity concentrations below 
1.0 ppm (except for Xe which had 5 ppm O,). 

Three pairs of mutually perpendicular Helmholtz 
colls were used to null out the stray field, and 
an additional Helmholtz pair produced the preces¬ 
sion field transverse to the muon spin. The field 
was measured with a Rb optical pumping magne¬ 
tometer 11 and was homogeneous to 1%. The coun¬ 
ters were plastic scintillators. Counter 5 was 



CM. 

FIG. 1. Diagram of apparatus. The pressure win¬ 
dows were 4.76 mm thick. 
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0.012 cm thick to minimize stops In the scintil¬ 
lator which would count as stops In the gas, and 
its efficiency was > 50%. Muons which stopped in 
the target walls counted as p„ op( (1*2-3-4- 5-&- 1 ?) 
and contributed a small background of free muon 
precession which was measured In vacuum runs. 
Curves of p, topl versus gas pressure were taken 
to estimate the fraction of muons stopping In the 
walls. For the He and Xe runs, two thirds of the 
wall surface was lined with a scintillator which 
was optically coupled to counter 7. This addi¬ 
tional veto cut the wall stop background In half. 

The time distributions were taken with a CA- 
MAC digitron clock. The signal fi, top started the 
digitron counting a 100-MHz clock. Either E f 
[T* 2* 5* 5*6* 7j or [T-S-5-?• 10-11] stopped the 

count. The digitized time was used to update a 
histogram in a PDP-11/20 computer. Two spec¬ 
tra, 90° out of phase, were thus obtained. Figure 
2 shows time distributions for the E, for Ne. 

The essential data consist of time distributions 
which can be represented by 

V(/) = V 0 e' ,/T 

x [l +A exp(-//r D )cos(cut + <(,) + B], (1) 

where t Is the muon lifetime, r c Is the depolar¬ 
ization time, A is the precession amplitude, o> 
is the precession frequency, <p Is the Initial 
phase, B is a constant background term, and N 0 
is a normalization constant. Equation (1) was 
fitted to the time distributions. Free-muon pre¬ 
cession runs were made at 60 G and muonium 
runs at 3 and 4 G. Pressures used were 50 atm 
He, 26 atm Ne, 30 atm Ar, and 4.4 atm Xe. 

Table II gives the target gas and the correspond¬ 
ing fractions of muons remaining free (F M ) and 
forming muonium ( F M ). These fractions are cal¬ 
culated from the values of A with corrections for 
counter geometry, absorption of low-momenta 
positrons, beam polarization, and background. 

As Table n Indicates, no muonium formation 
was found in pure He or pure Ne, while abundant 
formation was found in Ar and Xe. Due to in¬ 
adequate gas circulation by a low-pressure pump 
used only for the 3-G Xe run, these data were 
taken with substantial O, contamination, which 
is known to depolarize muonium by electron-spin 
exchange collisions. 19 The 4-G run was taken 
with the pump used for all other runs, which re¬ 
duced the O, content a factor of 2 during the run, 
and increased the muonium amplitude. The re¬ 
sult quoted for muonium formation in Xe Is an 
extrapolation to zero O,-impurity contest. 


The results are more definitive, especially for 
Ne, than the theoretical estimates, indicating the 
need for better understanding of the low-energy 
collision processes. The fact that muons appear 
to be free, fully polarized particles In He or Ne 
might provide a useful approach to measuring the 
magnetic moment or other properties at the free 
positive muon, but the possibility of formation of 
the molecular ions 1 V He or p*Ne must be con¬ 
sidered. 

In Ar and Kr the dominance of the electron- 
capture cross section leads to nearly 100% muon¬ 
ium formation at muon kinetic energies below 1 
keV. In He and Ne we have found that muonium 
formation does not occur because the electron 
loss process dominates, and the muon is free In 
the gas and presumably thermallzed. Only for 
Xe is electron capture energetically allowed at 
thermal energy. From our knowledge of the cor¬ 
responding proton reaction 1 '** 18 and theoretical 
calculations, we can estimate that the cross sec¬ 
tion for the electron-donor reaction 

p* + Xe- n*e' + Xe*( l P 1 fr or 1 P^ i ) (2) 



Fig. 2. Free-muon precession at 60 G (a) in pure Ne 
and (b) In Ne + 0.15% Xe. Muonium precession at 2.75 
G (c) in pure Ne and (d) in Ne+ 0.16% Xe. 
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TABLE II. Results on muonlum formation, 



** 

F M 

Target gas 

(%) 

<%> 

He 

99(5) 

1(5) 

He +0.015% Xs 

83(15) 


He+ 0.09% Xe 

25(9) 

75(9) 

Ne 

100 (2) 

0 (2) 

Ne+0.15% Xe 

19(3) 

81(3) 

Ar 

35(5) 

65(5) 

Xe • 

10(5) 

100 * 


•No error estimate given. 


will be of the order of 10' 1 “ cm 1 from 1 keV to 
thermal energies. Hence with a Xe density of 
lO'Vcm 1 added to the high-pressure He or Ne 
(about 1 part In 10 s Xe), the large electron-cap¬ 
ture cross section from Xe leads to muonlum 
formation for muon kinetic energies less than 50 
eV, 

Data were taken with gas mixtures with the re¬ 
sults shown in Table IL Figure 2 shows the dra¬ 
matic effect of an admixture of 0.15% Xe with Ne, 
which leads to the disappearance of the free- 
muon precession signal and the appearance of a 
arge muonlum precession signal. Similar re- 
ults were observed when 0.09% Xe was added to 
le, as indicated In Table H. 

The effectiveness of Reaction (2) encourages 
he possibility 18 of forming the muonic helium 
.tom a/i ~e ' by this reaction, involving ap " 

-ather than /x + , when n' are stopped In He with 
l small admixture of Xe. 
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Behavior of Positive Muons in Liquid Heiium* 
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Searches were made with positive muons stopped In liquid helium for free-muon pre¬ 
cession, for muonlum precession, and for depolarization of the muon spin. The muons 
behaved as free muons both above and below the X point. There was no muonlum forma¬ 
tion (<2‘fc) and no depolarization of the muon spin (depolarization time >20 Msec). 


Investigations of the behavior of charged parti¬ 
cles In liquid helium have revealed rather intrin¬ 
sic properties of liquid helium as well as many 
new phenomena involving the Interactions of 
charged particles with liquid helium. 1 Thus vor¬ 
tex lines were observed with electrons and a par¬ 
ticles, and vortex rings were discovered with a 
particles. 2 ' 1 Electrons stopped in liquid helium 
form a “bubble.” 4 Positrons apparently form 
posltronium in a "bubble” environment. 5 The a 
particle forms a massive ion involving many he¬ 
lium atoms.® Since no studies appear to have 
been done with positive muons In liquid helium, 
and since In liquid different and unexpected phe¬ 
nomena may occur as compared to gaseous heli¬ 
um, we have done an exploratory study of the 
magnetism of positive muons in liquid helium. 7 
We point out that as compared to the other charged 
particles studied in liquid helium, the muon pro¬ 
vides the unique opportunity of studying magnetic 
effects. 

The principal method of the experiment Is the 
classical one for studying the Larmor precession 
of free muons (13.6 kHz/G) or of muonlum (1.40 
MHz/G).' In addition, a time-dependent depolar¬ 
ization of the muons in a weak external magnetic 
field longitudinal to the incoming muon spin di¬ 
rection was searched for. 

A diagram of the apparatus used at the Space 
Radiation Effects Laboratory is shown in Fig. 1. 
The liquid-helium target had been used in experi¬ 
ments with stopped muons and pions and has been 
described.® The target also serves as a scintilla¬ 
tion counter and is divided Into two sections T, 
and T, with the downstream half (T s ) being a 
veto counter to eliminate muons stopping in the 
walls. A system of three orthogonal pairs of 
coils (only one pair shown in Fig. 1) served to 


balance out the residual magnetic field and to 
produce the external magnetic fields required. 

To observe free-muon precession, a magnetic 
field of about 70 G transverse to the incoming 
muon beam direction and with a homogeneity of 
0.1% over the target region was used; for muonl¬ 
um precession, magnetic fields of 4 and 6 G with 
a homogeneity of -1% were used; and for depo¬ 
larization measurements, a magnetic field of 1 
G in the direction of the incoming muon beam 
with a 10% homogeneity was used. The magnetic 
field was determined with a rubidium magnetome¬ 
ter. 10 

A muon stopping in the liquid helium was detect¬ 
ed by the coincidence signal (S 1 *S,*S,*T 1 *7','S 4 ) 
and the decay positron by (S,'S 4 *S,). The time in- 



FIG. 1. Horizontal oross section of the liquid-helium 
target. Not shown are the upstream counters S t and S,, 
which were 1.6-mm-thick scintillation counters. 
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terval t for an event consisting of a muon start 
signal and a positron stop signal was measured 
with a tlme-to-amplltude converter which fed in¬ 
to a pulse-height analyzer. Each stopped-muon 
signal generated a 7-Msec gate; if an additional 
stopped-muon signal or more than one positron 
signal occurred during the muon gate, the time 
interval was rejected to reduce rate dependence 
in the data. 

Data were taken with magnetic fields suitable 
for the observation of either free-muon preces¬ 
sion, muonium precession, or muon depolariza¬ 
tion, with the liquid helium at 4.2°K and, below 
the A point, at 2.0°K. In addition, a brief search 
was made for muonium in cold (< 10°K) helium 
gas. 

The number of events, N(t), was fitted by the 
following equation: 

N(t) =V 0 {c‘‘ / t [ 1 +Ae~ t/T i>coB(ut +<p)]+ fl}, (1) 

where N a is a normalization constant, r is the 
muon lifetime, r D is the polarization time, A is 
the precession amplitude, u> is the muon preces¬ 
sion frequency, (p is the initial phase angle, and 
B is a constant background term. 

The results of a typical run at 66 G are shown 
in Fig. 2. The interesting feature of the data is 
the large amplitude of oscillation (A -0.20 ± 0.01) 
at the free-muon Larmor precession frequency. 
Considering the measured muon beam polariza¬ 
tion, this value of A Implies that at least 90% of 
the muons contribute to the free-muon preces¬ 
sion. This result sets an upper limit of 10% on 
the fraction of muons forming muonium. Using 
all of our data, we obtained a value for the muon 
gyromagnetic ratio of 13.58±0.02 kHz/G, in 
agreement with a precision determination of 
13.553 76±0.00005 kHz/G. 11 

In the search for muonium precession, Eq. (1) 
was modified to Include both the free-muon and 
the muonium precession frequencies. The best 
fit obtained with all the data gave the fraction 
(1.7 ±0.5)% muonium formation. Since a small 
fraction of the muons could have stopped in the 
sapphire window and formed muonium, 18 we in¬ 
terpret our results as indicating at most 2% of 
the muons stopped in liquid helium form muoal- 
um. A small amount of data were obtained with 
cold helium gas (< 10°K) and indicated that less 
than 6% of the muons formed muonium. 

We searched for depolarization of the muons in 
two ways. The free-muon-precesslon data at 70 
G fitted by Eq. (1) set a lower limit of 20 nsec 
foe t 0 at the 87% confidence level. Also, data 



FIG. 2. Data obtained at 66.95 G showing the free- 
muon precession in liquid helium at 2.0TC. (a) Events 
as a function of time, (b) The precession amplitude af¬ 
ter the muon decay and background dependences have 
been removed. 


were obtained with a low magnetic field of 0.88 G 
parallel to the muon beam direction. The low 
magnetic field was used to avoid decoupling a rel¬ 
atively weak depolarization interaction. These 
data set a value for t b of >12 nsec. 

The absence of muonium formation in liquid 
helium both above and below the A point agrees 
with the behavior of muons in helium gas and with 
data for electron capture and loss by protons in 
helium. 18 The presence of the free-muon Lar¬ 
mor precession amplitude for muons in liquid he¬ 
lium and the absence of muon depolarization does 
not necessarily imply the muons are indeed free. 
This behavior is also consistent with the forma¬ 
tion of a helium-muon molecular ion, Hen*, or 
of a cluster of helium atoms 8 about the n*• Neith¬ 
er for the Hep* ion nor for the cluster would we 
expect significant Internal magnetic fields at the 
n* site. A precise measurement of the muon pre¬ 
cession frequency in liquid helium to an accuracy 
at the parts per million level, by comparison to 
the free-muon magnetic moment, would reveal 
magnetic shielding effects and help elucidate the 
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Behavior of Positive Muons in Liquid Helium* 

T. W. Crane, D. E. Casperson, H. Chang, V. W. Hughes, T H. P. Kaspar.t B. Lovett, 
A. Sc Mz, P. Souder, R. D. Stambaugh, and G. zu PutlitzJ 
Gibbs Laboratory, Physics Department, Yale University, Nets Haven, Connecticut 06520 

and 


j. R. Kane 

College of William and Mary, Williamsburg, Virginia 23185 
(Received 21 May 1974 


Searches were made with positive muons stopped In liquid helium for free-muon pre¬ 
cession, for muonium procession, and for depolarization of the muon spin. The muons 
behaved as free muons both above and below the A point. There was no muonium forma¬ 
tion (‘-2%) and no depolarization of the muon spin (depolarization time •'20 peep). 


Investigations of the behavior of charged parti¬ 
cles in liquid helium have revealed rather intrin¬ 
sic properties of liquid helium as well as many 
new phenomena involving the interactions of 
charged particles with liquid helium. 1 Thus vor¬ 
tex lines were observed with electrons and a par¬ 
ticles, and vortex rings were discovered with a 
particles. 3 •* Electrons stopped in liquid helium 
form a "bubble.” 4 Positrons apparently form 
posltronlum in a “bubble” environment. 5 The a 
particle forms a massive ion involving many he¬ 
lium atoms." Since no studies appear to have 
been done with positive muons in liquid helium, 
and since in liquid different and unexpected phe¬ 
nomena may occur as compared to gaseous heli¬ 
um, we have done an exploratory study of the 
magnetism of positive muons in liquid helium. 7 
We point out that as compared to the other charged 
particles studied in liquid helium, the muon pro¬ 
vides the unique opportunity of studying magnetic 
effects. 

The principal method of the experiment is the 
classical one for studying the Larmor precession 
of free muons (13.8 kHz/G) or of muonium (1.40 
MHz/G).“ In addition, a time-dependent depolar¬ 
ization of the muons in a weak external magnetic 
field longitudinal to the incoming muon spin di¬ 
rection was searched for. 

A diagram of the apparatus used at the Space 
Radiation Effects Laboratory is shown in Fig. 1. 
The liquid-helium target had been used in experi¬ 
ments with stopped muons and pions and has been 
described. 9 The target also serves as a scintilla¬ 
tion counter and is divided into two sections T 1 
and T x with the downstream half (T t ) being a 
veto counter to eliminate muons stopping in the 
walls. A system of three orthogonal pairs of 
coils (only one pair shown in Fig. 1) served to 


balance out the residual magnetic field and to 
produce the external magnetic fields required. 

To observe free-muon precession, a magnetic 
field of about 70 G transverse to the incoming 
muon beam direction and with a homogeneity of 
0.1% over the target region was used; for muoni¬ 
um precession, magnetic fields of 4 and 8 G with 
a homogeneity of ~ 1% were used; and for depo¬ 
larization measurements, a magnetic field of 1 
G in the direction of the incoming muon beam 
with a 10% homogeneity was used. The magnetic 
field was determined with a rubidium magnetome¬ 
ter. 10 

A muon stopping in the liquid helium was detect¬ 
ed by the coincidence signal (S 1 *S 1 -S s *7’ 1 *7’,*S,) 
and the decay positron by ( SfS^S ,). The time in- 



FIG. 1. Horizontal cross zaction of the liquid-helium 
target. Not shown are the upstream counters S, and $, 
which were 1.6-mm-thiok scintillation oounters. 
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terval t for an event conflating of a muon start 
,ignal and a positron atop signal was measured 
with a time-to-amplltade converter which fed in¬ 
to a pulse-height analyzer. Each stopped-muon 
ilgnal generated a 7-psec gate; If an additional 
stopped-muon signal or more than one positron 
signal occurred during the muon gate, the time 
interval was rejected to reduce rate dependence 
in the data. 

Data wef-e taken with magnetic fields suitable 
for the observation of either free-muon preces¬ 
sion, muonium precession, or muon depolariza¬ 
tion, with the liquid helium at 4.2°K and, below 
the X point, at 2.0°K. In addition, a brief search 
was made for muonium In cold (< 10°K) helium 
gas. 

The number of events, N(f), was fitted by the 
following equation: 

N(t) * V 0 {e *^ T [l + Ae ~ llT n cos(u>/ + </>)] + B}, (1) 

where N 0 Is a normalization constant, r Is the 
muon lifetime, t d Is the polarization time, A is 
the precession amplitude, u> is the muon preces¬ 
sion frequency, tp Is the initial phase angle, and 
B is a constant background term. 

The results of a typical run at 86 G are shown 
in Fig. 2. The interesting feature of the data Is 
the large amplitude of oscillation (A =0.20*0.01) 
at the free-muon Larmor precession frequency. 
Considering the measured muon beam polariza¬ 
tion, this value of A implies that at least 90% of 
the muons contribute to the free-muon preces¬ 
sion. This result sets an upper limit of 10% on 
the fraction of muons forming muonium. Using 
all of our data, we obtained a value for the muon 
gyromagnetlc ratio of 13.58*0.02 kHz/G, in 
agreement with a precision determination of 
13.55370*0.00005 kHz/G. 11 

In the search for muonium precession, Eq. (1) 
was modified to Include both the free-muon and 
the muonium precession frequencies. The best 
fit obtained with all the data gave the fraction 
(1.7*0.5)% muonium formation. Since a small 
fraction of the muons could have stopped In the 
sapphire window and formed muonium, 12 we in¬ 
terpret our results as Indicating at most 2% of 
the muons stopped In liquid helium form muoni¬ 
um. A small amount of data were obtained with 
cold helium gas (<10°K) and indicated that less 
than 6% of the muons formed muonium. 

We searched for depolarization of the muons In 
two ways. The free-muon-precesslon data at 70 
0 fitted by Eq. (1) set a lower limit of 20 psec 
lor Tj, at the 87% confidence level. Also, data 



FIG. 2. Data obtained at 65.96 0 showing the free- 
muon precession In liquid helium at 2.0*K. (a) Events 
as a function of time, (b) The preoeeslon amplitude af¬ 
ter the muon decay and background dependences have 
been removed. 


were obtained with a low magnetic field of 0.88 G 
parallel to the muon beam direction. The low 
magnetic field was used to avoid decoupling a rel¬ 
atively weak depolarization interaction. These 
data set a value for j B of >12 psec. 

The absence of muonium formation In liquid 
helium both above and below the X point agrees 
with the behavior of muons In helium gas and with 
data for electron capture and loss by protons in 
helium. 13 The presence of the free-muon Lar¬ 
mor precession amplitude for muons in liquid he¬ 
lium and the absence of muon depolarization does 
not necessarily Imply the muons are indeed free. 
This behavior is also consistent with the forma¬ 
tion of a helium-muon molecular ion. Hep 4 , or 
of a cluster of helium atoms* about the p 4 . Neith¬ 
er for the Hep 4 ion nor for the cluster would we 
expect significant internal magnetic fields at the 
p 4 site. A precise measurement of the muon pre¬ 
cession frequency in liquid helium to an accuracy 
at the parts per million level, by comparison to 
the free-muon magnetic moment, would reveal 
magnetic shielding effects and help elucidate the 
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actual state of ft* in liquid helium. 
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Injection and Control of Intense Relativistic Electron Beams in a Torus 

J. Benford, B. Ecker, and V. Bailey 
Physics International Company, San Leandro, California 94577 
(Received 17 June 1974) 


Efficient injection (> 80%) of an Intense relativistic electron beam Into a torus has been 
achieved using curvature drift Injection. Drift was stabilized with a supplemental dipole 
magnetic field but beam loss In the radial direction due to the defocusing effect of the 
dipole field limited containment time. We propose a system for beam trapping and con¬ 
finement which employs drift Injection and beam energy losses In a toroldal-plus-beta¬ 
tron—type field. 


Intense toroidal relativistic electron beams 
have been proposed as a means of heating toroi¬ 
dal reactors, as well as a means of producing 
the confining field for the plasma. w We recently 
proposed drift injection as a way of injecting ex¬ 
ternally generated Intense beamB into toroidal 
fields when the injection duration is longer than 
the time of one toroidal circuit (multiturn injec¬ 
tion).’ This Letter reports an experiment which 
demonstrates drift injection and the control of 
the circulating beam using a supplemental mag¬ 
netic field. We also describe the conceptual ex¬ 
tension of die drift-injection technique to give 
stable toroidal containment. 

Beam injection using the curvature drift demon¬ 
strated previously 5,4 works by drifting the beam 
along the direction of the major axis, away from 


the injector insert, during the first toroidal cir¬ 
cuit. Drift velocity is adjusted so as to clear the 
injector by Judicious choice of the toroidal field 
strength B r and/or beam relativistic factor y. 
Drift continues until the beam reaches a chamber 
surface unless additional forces are applied to 
stabilize the motion at a suitable distance from 
the injector. For stabilization we have used a 
supplemental magnetic field because this gives 
greater control of beam trajectory than does con¬ 
ducting-wall stabilization. Since the curvature 
drift is actually an? e xB, drift, with F„ the cen¬ 
trifugal force, we need only apply a counteract¬ 
ing radial force to stop the drift. This force 
must be small near the injector and increase 
along the direction of drift so that beam drift will 
be little reduced at first, and be stopped only 
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after the displacement needed to miss the lnjec- 
to r is attained. By applying an external field 
with predominant component £, parallel to the 
ma ]or axle, beam electrons will experience a 
radial force F r = (e/c) V where V^ Is the to¬ 
roidal velocity of the beam electrons, e is the 
electron charge, and c is the speed of light. The 
net drift velocity is then 

V,°-{c/eB,)(l 0 -F r ). (1) 

If B t , and therefore F r , increases with distance 
from the injector, V, will decrease as the beam 
drifts until F c = F r , halting the drift. The criti¬ 
cal B, field, B k , for which the drift velocity is 
zero is B^yn^cVeitj, where it, is the major 
radius of the electron beam. 

By extending the 180° sector used previously, 3,4 
a cast-epoxy torus was constructed with major 
radius 20.5 cm and interior dimensions 10.5 cm 
(radial) by 16.5 cm (axial). 

Figure 1 shows the experimental arrangement. 
Some of the toroidal field lines are diverted to 
the beam-generating diode through the injector 
and return to the torus through free space. Hie 
Injector section was 47 cm long, and the injector 
field equalled the toroidal field at the major ra¬ 
dius. The drift-control field B t (z) was generated 
by dipole field coils (Fig. 1) 1 cm above the floor 
plane of the torus. The beam generator was a 
Physics International Pulse rad 312 with 1-in.- 
diam carbon cathode. Injection of two different 
beams was investigated: a 40-nsec pulse at ei- 



FIG. 1. Schematic of apparatus. (1) Toroidal field 
coll (18), (2) Inner dipole-field coll, (3) outer dipole- 
field ooll, (4) Injector, (5) Injector field coil, (6) beam 
injection aperture, and (7) abutment wall at <p = 240*, 
the injector “insert." 


ther 10 kA, 1.75 MeV or 10 kA, 0.06 MeV (peak 
values). The system was filled with neutral ni¬ 
trogen at 1000 Torr to provide rapid (few nano¬ 
seconds) charge neutralization by primary elec¬ 
tron-atom collisions. Drifted distance was de¬ 
termined from the discoloration at a sheet of 
Cinemoid 4 No. 48 in the r-z plane as witness 
plate. This gave accuracy of ± 0.3 cm in drifted- 
beam edge position. Cinemoid position varied 
from <p = 180° to 540°, with <p=0° defined as the 
injector-torus junction. A Rogowski coil at <p 
* 120° measured net toroidal current /„(/). On 
some pulses a Faraday cup at <p =0° or 180° gave 
beam current. Relativistic electrons striking 
walls were detected by a scintillator-photodiode 
combination which time resolved the bremsstrah- 
lung. The central results of the experiment are 
these: 

Beam injection .—Integration of the wave forms 
from the Faraday cup at 180° indicates charge 
injection and transport efficiency of 80%. This 
figure should be Interpreted as a lower limit be¬ 
cause of suspected reflection from the carbon 
Faraday-cup collector due to magnetic mirror¬ 
ing (line-tying effect in the carbon, diamagne¬ 
tism in the beam channel). With Cinemoid across 
the lower region of the chamber, the drift of the 
0.96-MeV beam in a 4-kG toroidal field was fol¬ 
lowed to 1 i turns, when the beam reached the 
floor. 

Drift control by dipole field .—Figure 2 shows 
the good agreement obtained between theory and 
measurement of drifted distances in the toroldal- 
plus-dipole field. Here the calculation includes, 
in addition to Eq. (1), a toroidal-self-field effect 
which causes an additional small radially out¬ 
ward force l see Eq. (2) belowj. The data corre¬ 
spond to drift velocities V M at 0.05c to 0.12c. 

The agreement shown in Fig. 2 is significant be¬ 
cause it lends confidence to further predictions 
of beam motion in special toroidal configurations, 
such as the one proposed below for toroidal con¬ 
tainment. 

Stopping of vertical beam drift by dipole field. 

—To study the effect of the critical field B K in 
the freely circulating case (no Cinemoid or Fara¬ 
day cup), we analyze the x-ray wave form from 
the photodiode, which was collimated using lead 
to view only the 0-120° sector of the torus. 

The wave-form amplitude is a measure of Instan¬ 
taneous electron-loss flux in that sector. Using 
the 1.75-MeV beam with B f -2.35 kG, the dipole 
field strength was varied up to 888 G at its spa¬ 
tial maximum For this case, 400 G. 
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FIG. 2. Comparison of calculated and observed drift¬ 
ed distances In toroidal plus dipole field. Dipole-field 
spatial maximum, B„, ranges from — 510 to +800 G 
in these measurements; toroidal field B ¥ ranges from 
1.5 to 4.0 kG. In all cases here the beam was inter¬ 
cepted before drifting to the position (if any) where B t 
- B m 


Thus for B m < 400 G the beam should reach the 
floor, but when B n > 400 G the beam should be 
held off the floor and the drift stopped. 

The results of these measurements are compli¬ 
cated by the fact that the dipole field’s horizontal¬ 
ly (i.e., radially) diverging components would in a 
few nanoseconds bring the beam to the sidewalls 
even if the vertical (i.e., axial) drift stopped 
when the beam reached the B,= position’; 
and by the fact that the detector did not discrim¬ 
inate between floor x rays and wall x rays. How¬ 
ever, we observed that the shape and amplitude 
of the x-ray wave form varied with and that 
this variation was very gradual except in a nar¬ 
row range of B„ around B„ = B K : The transi¬ 
tion from B„<B X to B„>B m . gave an abrupt 
change in both the structure and amplitude of 
the x-ray wave form. This is shown in Fig. 3, 
and can be reasonably taken as the signature 
of a qualitative difference in the mode of elec¬ 
tron loss when the critical field was applied. 

Note In Fig. 3 that the effect occurs in midpulse, 
when the injected electron y is highest; I.e., the 
highest-? electrons are the ones involved in the 
change. These are the only electrons in the 
pulse that would still reach the floor when B„ 



FIG. 3. Photodiode wave forms, showing change In 
photodiode-signal structure when dipole-field maximum 
B„ exceeded critical value B K = 400 G. A third repli¬ 
cation of each type Is not shown. 


was Just less than B mc , because B^ccy (and be¬ 
cause B m = 400 G was computed for peak y). It is 
therefore reasonable to deduce that electron loss 
to the floor was dramatically reduced by making 
B rm > B„, i.e., the axial drift was effectively 
stopped. This conclusion is clearly Inferential 
and is supplementary to Fig. 2. 

The above results show the viability of drift 
injection as a multiturn toroidal injection scheme. 
Beams were efficiently injected into the torus 
and a simple dipole field gave drift control but 
caused radial loss of the beam. The remaining 
obstacle to the creation of a toroidal beam of 
useful duration is a magnetic-containment geom¬ 
etry compatible with drift injection. 

The method we propose uses toroidal-plus- 
betatron-type field geometry, with containment 
resulting from partial beam energy loss by self- 
magnetic-field generation and/or by heating of 
plasma. The z and > components of the betatron- 
type field are B, (r, 2 ) = B^Jia/t Y and B r (r, z) 

= - (n/r)zB 0 (Bo/rY , respectively, where B 0 and 
ti 0 are constants. A single-particle analysis (no 
self-field) shows that for B t « B^, the projec¬ 
tion of the trajectory in the r-z plane is an el¬ 
lipse (with Larmor gyration superimposed) if 
0< n< l. 7 '* We have analyzed the guiding-center 
equations including the beam’s poloidal self- 
magnetic-field; in this case the ellipse’s center 
(which always lies on the symmetry plane of the 
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betatron field) la at radius 




where / A la the Alfven current, a la the beam ra¬ 
dius, and It la assumed that B a «B f , 0 X «B, 

(cold beam), and (fi,- R„)/R 0 «1. 

II y and /. vary with time suitably, the conse¬ 
quent time variation of R, can be used to trap the 
beam away from the Injector, which lies on the 
Initial elliptical trajectory. Two Important ef¬ 
fects can decrease y and thereby modify the tra¬ 
jectory: (1) Part of the kinetic energy goes Into 
self-magnetic-lleld energy (inductive trapping), 
and (2) plasma heating extracts beam energy. In 



the case where y decreases due to toe back emf 
Induced by toe buildup of toroidal net current /„ 
differentiation of Eq. (2) (taking account of the 
coupled time dependence of l m 3,, y, and IJ 
shows that R, decreases as long as I, increases: 


dR, 

dt 


joj*. r 

R 9 c(1-.«)L 


In 


lift, 

a 



(3) 


We have developed a computer code that calcu¬ 
lates the trajectory of a test-beam electron, in¬ 
cluding self-field effects (hoop force and Induced 
electric fields), given lJit). Figure 4 shows one 
such case, Illustrating toroidal containment by 
toe effect described in Eq. (3). 

In conclusion, we have shown that drift Injec¬ 
tion and an external magnetic field can be used 
to circulate and control an Intense relativistic 
electron beam in a torus. We propose and have 
numerically shewn that trapping can be achieved 
using toroidal-plus-betatron-type fields and 
beam energy losses. Reactor application of this 
technique, with substantially larger currents and 
fields, is tinder study. 

We are pleased to acknowledge informative dis¬ 
cussions with D. W. Kerst and T. Fessenden, 
helpful comments from C. Stallings, S. Putnam, 
and T. Young, and the fabrication work and ex¬ 
perimental support of C. Parks. 


no. 4. Computer calculation of Inductive trapping 
of test-beam electron, showing trajectory projected 
Into r-c plane. Parameters In this case areljt) 

= Ji(l-e‘* /T ), Jo*5 kA, t = 50 nsec, y»4.0 (injected), 
torus major radius 60 cm, minor radius 16 cm, 4 cm 
beam diameter, B f - 5 kG, and H t »90 G at minor axis, 
a = 0,5, (1) Test electron injected at i - 0 at beam cen¬ 
ter, 12 cm from minor axis, Bi/Bh = 0.18. <2 ) Initial 
instantaneous center of ellipse (l.e., corresponding to 
position 1), (3) Electron drift during period of decreas¬ 
ing y. Center of instantaneous ellipse continuously 
moves Inward radially. (Trajectory appears Irregular 
because only a sampling of lnnremsnta la plotted.) Af- 
r 1 turn toe electron has drifted down 1,8 cm, radlal- 
tnward 0.7 cm, nominally clearing toe injector struo- 
re. (4) dy/<e<»0 and atf ^100 naec (7.4 turna)i 

us toe ellipse stops changing and la traced out by 
ibaoquent motion. The trajectory is now on a closed 
irface entirely contained and away from the Injector. 

) Final canter of elliptical motion. (6) Toroidal cham- 
ir. 
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The thermal boundary resistance between liquid tel ourtece to which a vacuum chamber *s,, t 
helium and solids, the well-known Kapitsa reala- Inched. The chamber contained either vacuum 
tance. Is still not understood. 1 The magnitude of He 4 gas, or bulk liquid. The pressure was fflea . 
the thermal resistance la much smaller than pre- aured by a Barocal capacitance manometer an 
dieted by the acoustic mismatch theory ol Khalat- corrected for thermomolecular flow. * The end 


nikov. 9 Several refinements of the theory remain 
unsatisfactory as yet, and heat-transfer mecha¬ 
nisms other than direct transmission of phonons 
have been proposed. 1 More recently. In experi¬ 
ments with high-frequency phonons (> 100 GHz 
or 5 K), Anderson and Sabi sky’ have apparently 
found an almost complete transmission through 
the Interface. A strong phonon loss due to the He 
bath was also reported by Trumpp, Lassmann, 
and Eisenmenger." By scattering heat pulses at 
surfaces covered with helium, Guo and Marls' 
found that the “transmission” was more effective 
for transverse than for longitudinal phonons. 

We wish to report here on measurements where 
we employed monochromatic phonon pulses with 
variable frequency" rather than heat pulses, by 
using superconducting tunneling junctions as pho¬ 
non generators and detectors. A frequency range 
extending from below the roton minimum to far 
above the dispersion curve of superfluid He 7 was 
Investigated (130 to 870 GHz). The frequency of 
the backscattered phonona was discriminated by 
using the frequency threshold of the detector 
Junction." No Indications of a direct transmis¬ 
sion of phonons Into bulk liquid He modes was 
found so that the previous Interpretation' must 
be modified. Rather, effects due to inelastic pro¬ 
cesses In a few atomic layers near the interface 
were observed by our technique. 

The experimental arrangement is shown in the 
Inset of Fig. 1. The phonon-generator junctions 
were placed 0.2 mm apart on the same surface 
of a crystal. Mechanically polished disks of 
Aip„ 6 mm thick, in c orientation, and of Ge, 

4 mm thick, in ll 10] orientation were used. The 
phonons were scattered back from the far crya- 


arrangement was immersed In a He bath to en¬ 
sure rapid heat removal and constant condition) 
for the junctions. 

The method of phonon generation was describe 
previouslyThe pulses emitted by the generate 
Junction consist of two contributions, the mono¬ 
chromatic “bremsstrahlung” phonons with tunabli 
frequency (eV- 2a g )/a, where V is the bias voit- 



FIG. 1. Phonon echoes scattered from solid surface 
without helium (trace 1), with He 4 films (traces 2-7), 
and with bulk liquid at aurfaoe (trace 8). L, longitudi¬ 
nal; FT, fast transverse; ST, alow transverse echo. 
Inset shows sample with generator and detector junc¬ 
tions and vacuum ohamber. 
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>5** WSrfe 

tfwxxu le *tm> 0v*n 

* ontet of r*a»orptU*. famo*.*' 

, Sn Junctions f»M u»«d with 2* /?' 

• (-H10. In aomc W^rVm^ 

up to 810 GRn (-41 *> 

. PbBl JunctiOM. The aa« of these jun c - 
;.m be deBcribed elsewhere. The detector 
on is sensitive only to frequencies exceed- 
Je energy gap This threshold was 130 
x (~ 6 K) lor the A1:0 Junctions used. 

^Figure 1 shows the rate* ot backscattered pbo¬ 
ons at 200 GHz as a function of time In a Ge 
rystal at 1.0 K, for various He* pressures at 
‘he reflecting surface. After a pulse of 0.1 fiaec 
uratlon was generated at f=>0, a bulk scattering 
ignal was first observed. This decreased as f* 
rtien the scattering zone propagated away from 
he Junctions. The dashed line Is the appropriate 
ixtrapolation for times when the echoes from the 
ar surlace entered the detector. 

The echoes due to longitudinal (L), fast trans¬ 
feree (FT), and slow transverse (ST) phonon 
nodes were readily identified from the known 
ultrasonic velocities. The two additional pulses 
were probably due to mode conversion, resulting 
from the diffuse scattering at the far crystal sur¬ 
face. That the scattering waa indeed diffuse rath¬ 
er than specular Is also seen from the tails of 
:he echoes which could be largely suppressed by 
in annular metal coating, such that the phonons 
raveling at oblique angles (having longer round- 
rip times) were absorbed by the metal rather 
ban being diffusely scattered back into the detec- 
nr. 

On introducing He, die echoes strongly de¬ 
ceased. Strikingly, the magnitude of the de¬ 
cease was different even for the two transverse 
nodes. In total, the L echo decreased to 70% of 
its original height, die FT echo to 45%, and the 
3T echo to 32%. With Al/D„ the L echo de¬ 
ceased to 90%, and the T echo to 30%. With the 
leat-pulse technique, Guo and Marls* found only 
i decrease to about 70% for the T phonons In 
Ufl,. 

By measuring the emission of second sound 
from heat pulses, Swanenburg and Wolter u found 
equal Intensities for both L and T modes. This 
>e not Inconsistent with our results however, be- 
:au *e their L pulse corresponds to the sum of the 
L and the mode-conversion echoes (L to FT) in 
■ )UI " case. Hie latter was In fact strongly de- 


^ ealcuU ted by* 

™ " being the gee preeeure, J»„ the nturMad 
vapor preeeure, T the temperature, o> a materi¬ 
al parameter, and d a the thickness of s monolay¬ 
er at a density of bulk He*, since the result is 
relatively Insensitive to a, we can use for Ge the 
value for SI, 36 K, together with </„ « 3. 6 A. 11 Ac¬ 
cordingly, Fig. 2 shows the relative height of the 
ST echo as a function of the film thickness. 

Obviously 2 or 3 atomic layers are already suf¬ 
ficient to cause the effect while increasing the 
film thickness has very little influence, and fill¬ 
ing the chamber with bulk liquid has no effect. 

Thus it Is clear that the effect Is not merely due 
to an enhanced direct transmission. This would 
simply lead to reflection at the film surface and 
retransmission into the solid with the same high 
transmission coefficient. Similarly, other di¬ 
rect, l.e. frequency-conserving, processes such 
as conversion to and delayed reconversion Irom 
surface waves, or just an enhancement of the dlf- 
fuslvlty of the backscattered phonons, would not 
allow the phonons to leave the system. Thus, If 
the echoes were decreased by such a process, 
their tails would be increased rather than also 
decreased as observed (see Fig. 1). 


ATOMIC LAYERS 



FILM THICKNESS d (Hi 

FIG. 2. ST echo height versus absolute helium flb n 
thickness. Upper scale shows thickness in atomic lay¬ 
ers. At 9 atomic layers the bulk limit la almost reached. 
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FIO. 3. Frequency dependence of ST echo between 
130 and 290 GHz, The dashed traces Indicate the de¬ 
creased background of “recombination phonons." The 
actually measured traces show an additional contribu¬ 
tion due to the up-converslon of “bremsstrahlung" pho¬ 
nons. No structure Is seen due to the roton minimum 
(R) or the phonon maximum (M) of the helium disper¬ 
sion. 


The only direct process by which a phonon can 
Indeed leave the system Is the direct desorption 
of a He atom from the film surface. In that case, 
however, an onset frequency Is expected 1 * corre¬ 
sponding to the energy of vaporization, 7.17 K 
(150 GHz), plus a contribution of the order kT 
xl i^Pq/p). No Indication of this was observable, 
a a one can see tram Fig. 3 where the ST echo 
height is displayed as a function of the frequency 
of the "bremsstrahlung" phonons. 

Thus, no direct processes can be responsible 
for the signal decrease In the case of thin films. 
Rather, one has to consider indirect, i.e. Inelas¬ 
tic, processes which Involve conversion of the 
frequency of the incident phonons. Evidence for 
such processes can be obtained by analyzing the 
frequency distribution of the backscattered (or 
reemltted) phonons. A true frequency analyzer 
for this purpose is not available yet. However, 
one can obtain similar information by using the 
frequency threshold of the detector Junction. At 
frequencies just below 24^, the "bremsstrahlung” 
phonons are not detectable. If some of the inelas¬ 
tic processes due to the helium film lead to the 


hac k s c a tt ering (or reemlsslon) of phonons with 
higher frequencies, however, these will show up 
as a detector signal. 

One can in fact see this from Fig. 3 after ac¬ 
counting properly for the decreasing background 
of "recombination” phonons. The latter have the 
fixed frequency 2Ag/h = 290 GHz so that they de¬ 
crease with the same ratio as the signal at 290 
GHz. Therefore, this ratio can be used to calcu¬ 
late the decreased background from the vacuum 
trace 1, for each film thickness. The result is 
plotted as the dashed traces In Fig. 3. As com¬ 
pared to these, the actually measured traces are 
enhanced, thus demonstrating that additional pho¬ 
nons with frequencies higher than 24,/A were in¬ 
deed detected. Their rate was largest for trace 
4 (about 10 times the noise), and equally large 
also for a trace taken at i>» 0.28 mTorr (not 
shown). Thus we have obtained experimental evi¬ 
dence for relatively strong frequency-up-conver¬ 
sion processes. 

The up-converslon processes naturally also im¬ 
ply the presence of down-conversion processes. 
For frequencies above 24^, all the up-converted 
phonons will be detected in the same way as the 
original ones. However, the down-converted pho¬ 
nons will not be detected if they have frequencies 
below 24 Jh. Thus, the strong loss of phonons 
at the frequencies above 24 Jh can be indeed al¬ 
so understood by the inelastic processes. 

In the case of very thin films (trace 2), the 
spread of the backscattered (or reemltted) spec¬ 
tral distribution seems still to be narrow, so 
that at low or high frequencies away from the 
threshold, the signal has not yet changed where¬ 
as near the threshold the spread already mani¬ 
fested itself by the change in signal amplitude. 

For thicker films, the spread seems to become 
larger and down conversion dominates, leading 
effectively to thermalization. Simultaneously the 
gas pressure becomes larger so that the heat 
conduction to the gas is no longer negligible. In 
fact, the signal decrease observed with the heat- 
pulse technique’ shows that heat is conducted into 
the gas, because the bolometers used were not 
particularly sensitive to frequency-conversion 
effects. However the total decrease observed 
with bolometers seems to be smaller than what 
we observe with junction detectors, so that even 
in the case of bulk liquid there seems to be some 
of the energy returning to the solid as thermal 
phonons. We plan to clarify this point by detect¬ 
ing the backscattered phonons simultaneously by 
a bolometer and a junction detector. 


580 



Volumi 33, Numb i* 10 


PHYSICAL REVIEW LETTERS 


2 Siniutn 1974 


Since the signal shows no further change after 
about 3 atomic layers are completed, it Is very 
likely that the Inelastic processes occur in these 
few atomic layers regardless of whether gas or 
bulk liquid Is adjacent. This Is also consistent 
with the fact that we have observed no structure 
at the frequencies of the maximum phonon (M in 
Fig. 3) and minimum roton (R) energies, in the 
case of bulk liquid (trace 8), whereas one would 
expect singularities J in the transmission coeffi¬ 
cient if the phonons were directly transmitted in¬ 
to bulk liquid-helium excitations. Also, the total 
signal decrease was found to be independent of 
frequency up to 870 GHz which is far above the 
dispersion curve of liquid helium. 

Thus our measurements indicate that indirect, 
l.e. frequency-conversion, processes are Involved 
in the mechanism responsible for the enhanced 
heat conduction through the interface observed 
above -IK when the higher-frequency phonons 
become more important. To understand the Ka- 
pitza problem, one should therefore consider the 
microscopic nature of the first few atomic layers 
at the interface which are compressed by the Van 
der Waals force. 

It is a pleasure to acknowledge the many fruit¬ 
ful discussions with C. H. Anderson, W. Bucket, 
W. Elsenmenger, J. Jackie, and F. Pobell. We 


are indebted to R. L. Melcher for valuable dis¬ 
cussions and reading the manuscript. 
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Dielectric Response in the Wannier Representation: Application 
to the Optical Spectrum of Diamond* 

W, Hanket and L, J. Sham 

Department of Physics, University of California, San Diego, La Jolla, California 92037 

(Received 13 March 1974) 

A method of calculating local-field effects in the time-dependent Hartree-Fook approx¬ 
imation utilising the Wannier representation Is presented and applied to the optical spec¬ 
trum of diamond. The results establish the Importance of including both the local-field 
effects and the exchange effects beyond the random-phase approximation. 


In a crystal, which possesses lattice transla¬ 
tional symmetry, a small electric perturbation 
0 / wave vector q + G' and frequency w can excite 
responses of wave vector q + G and frequency w, 
where 5 and S' denote reciprocal-lattice vectors, 
ThuB, the dielectric matrix, describing this re¬ 
sponse, is of the form <(5 + G, q + S'; w). An ex¬ 
ternal macroscopic electric field may be regard¬ 
ed as a perturbation of vanishingly small wave 
vector q and, therefore, the screening of the ex¬ 
ternal macroscopic field Is given by the matrix 
element e'‘(q, q; o>) of the inverse dielectric ma¬ 
trix. In Insulating crystals, this results In a 
formula for the macroscopic dielectric constant, 

e(«) = llmll/€''(q,q; u>)J. (1) 

q -0 

In the special case of an ideal insulator in which 
the electrons are so tightly bound that the dipole 
approximation Is valid, the Inversion of the di¬ 
electric matrix has been shown 1 to lead to the 
local-field (or Lorentz-field) effect. The result¬ 
ing Lorentz-Lorenz relation has been used to 
demonstrate* empirically the Importance of the 
local-field effect in the optical spectrum of CsCl. 

It Is still common practice to relate electronic 
band structures to the optical spectra of ionic 
and covalent crystals without Including the local- 
field effects. This corresponds to neglecting the 
off-diagonal terms of the dielectric matrix and 
to using as the macroscopic dielectric constant 

c (w) = lime (q, q; w), (2) 

an approximation which is rigorously justified 
only In the free-electron limit. On the other 


e(q + G, q + S'; w) = 62 < J,-ti(q+G)y(5 + G,q + G'; u>), 


hand, for covalent crystals, with the electron 
wave functions sufficiently spread out to form 
bonds, physically it appears that the Lorentz- 
Lorenz relation Is Invalid. In fact, we have 
found that its use yields a poorer agreement with 
the measured optical spectrum. To examine the 
fundamental relation between band structure and 
the optical spectrum, a first-principles investi¬ 
gation of the local-field effect is, therefore, 
very Important. 

We report here a method of calculating the 
local-field effect in the time-dependent Hartree- 
Fock approximation by expressing the dielectric 
response In terms of Wannier functions In much 
the same way as we did In the case of lattice dy¬ 
namics in metals.* This method is used to cal¬ 
culate the optical spectrum of the covalent crys¬ 
tal diamond. Van Vechten and Martin 4 have in¬ 
vestigated the local-field effect In diamond by 
directly evaluating and inverting a dielectric 
matrix with size 59x59 In the plane-wave repre¬ 
sentation using the pseudopotential method. The 
contrast between the two methods of studying the 
local-field effect Is as much as that between the 
linear combination of atomic orbitals (LCAO) and 
pseudopotential methods for calculating the band 
structure. In the plane-wave formulation, there 
Is an Intrinsic problem of slow convergence both 
for the dielectric matrix and for the wave func¬ 
tion. The LCAO or Wannier-function method 
seems to be the more natural concept to describe 
the local-field effects, because it Is precisely 
the localization of the wave functions which Is the 
physical origin for these effects. 

The proper polarization part x is related to the 
dielectric matrix by 

(3) 


where n(q + S) Is the Fourier transform of the Coulomb potential. Thus, the inverse dielectric matrix 
is determined by 

€’’ = 1 + cxc* 1 . ^ 
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We have noted 1 that in the tine-dependent Hartree approximation [or random-phase approximation 
(RPA)], when the electron wave functions are expressed in terms of Wannier functions or LCAO’s, the 
polar 1 cation is of the separable form 

X(5 + 3,q+3'; w)JV*(q+5'). (5) 

The inverse dielectric matrix then becomes 

<“(q + 5,q+3';a>) = 32 i S,+ e(g + 3)I) J ,,F J (q + G)S 14 ,(q 1 w)F t ,*{q+G'), (8) 


where the matrix S is given by 

S*JV(1 - VW) _1 (7) 

with 

( 8 ) 

Thus, the inversion problem is reduced to the 
inversion of a matrix of the same dimension as 
AT. If the density matrix element between Wan¬ 
nier functions at different sites decreases rapid¬ 
ly with distance, the size of N is quite manage¬ 
able. 

We have gone beyond the RPA and studied the 
effect of exchange on the proper polarization part. 
Within the time-dependent Hartree-Fock approxi¬ 
mation, the exchange effect can be taken into 
account by an integral equation for the vertex. 5 
We again express the kernel for the exchange in 
terms of the Wannier functions. The dominant 
term is then given by exchange processes within 
the same bond in the covalent crystal. This ex¬ 
change contribution has the same structure as 
the Coulomb interaction in RPA and the net ef¬ 
fect of this term is a modification of correspond¬ 
ing terms in the Coulomb matrix V given by Eq. 
( 8 ). 

We follow Ambegaokar and Kohn’ in treating 
the divergence in the long-range Coulomb inter¬ 
action and obtain for the macroscopic dielectric 
constant 

c(ti>) = lim[l -v(5)x(q,q; w)], (9) 

?-* 0 

where £ is the sum of all polarization processes 
not Involving the long-range part of the Coulomb 
interaction t>(q). 

For certain types of symmetry for the bands, 
e.g., s and p symmetry for the conduction and 
valence bands, respectively, or vice versa, as is 
approximately the case for the alkali halides, 
the density form factor F, in the separable polar¬ 
ization part (4) takes the dipole form. Such a 
form was assumed by Sinha, Gupta, and Price. 7 


From this, we can derive the Lorentz-Lorenz 
relation with a specific prescription for the seif- 
interaction term. In general, the separable form 
is not necessarily dipolar in nature. 

Since there are not yet available Wannier func¬ 
tions for covalent crystals of the diamond type, 
we follow Hall’s method* to construct a set of 
LCAO’s for the band structure. The s and three 
p atomic wave functions of the valence shell are 
combined according to Pauling’s prescription* to 
form four hybridized wave functions localized in 
four tetrahedral directions. The atomic wave 
functions are expressed in the Gaussian basis 
which allows for analytic integration of all the 
multicenter Integrals Involved in Eqs. (6) and (9) 
and furthermore enables us to test easily the con¬ 
vergence of higher overlap corrections to e(u-). 

The hybridized orbitals from two neighboring 
atoms in the same direction are added and sub¬ 
tracted to form the bonding and antibonding or¬ 
bitals <p v , where the index v stands for ± and a 
tetrahedral direction. Linear combinations of 
the bonding orbitals are used to form the four 
valence bands, and of the antibonding orbitals to 
form the four conduction bands. We include up 
through the thtrd-nearest-neighbor overlap inte¬ 
grals of the Hamiltonian to fit the energy spec¬ 
trum of a first-principles calculation by Painter, 
Ellis, and Lubinsky. 10 This yieldB a Hamiltonian 
matrix in our LCAO basis from which the ener¬ 
gies and wave functions are determined. 

Using the Wannier-function formulation of di¬ 
electric response described above, we obtain 
the macroscopic dielectric constant 

e(u>) = 1 - (4 ve*/n 0 )E..'f, a S„S. a *, (10) 

where 

/."= JvSftroVfi-Wr (H) 

with x, being the lattice vector, the volume of 
the unit cell, and s short for (v, n, I). The screen¬ 
ing matrix S is given by Eq. (7) with 


N„,(w)= S,c B *(kk)c s (*«'k)exp(flt' 




( 12 ) 
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wJiere E(nk) denotes the electron energy, /(»£) the occupation number, and c/xk) the wave function in 
the bonding and antibonding orbital basis. 

In the RPA, the Coulomb matrix defined in Eq. (8) can be written as 


V„.*'Effd*r‘t 3 r' <p v *(? -xjvyff -x, -x„)r(r- 

When exchange is taken into account as described 
above, v is modified by subtracting from Eq, (13) 
half of the x„“0 term if either (a) x, and p 
= p' or (b) v- v'. 

For the calculation of the dielectric constant 
we have Included only nearest-neighbor overlaps 
of wave functions ip v , having found the rest neg¬ 
ligible within the error range of our approximate 
band structure and wave functions. The dimen¬ 
sion of the matrices N, V, S, etc. is then 28. 

The k summation of (12) was done by the Gilat- 
Raubenhelmer method" with the smallest box 
having a width of 0.078 a.u. The dielectric ma¬ 
trix can be expressed in terms of either the den¬ 
sity-density response or the current-current re¬ 
sponse. We adjust the s and p orbitals such that, 
indeed, either representation gives the same 
answer. This adjustment, which is used in all 
the calculated dielectric functions below, gener¬ 
ally Increases the strength of the absorption 
spectrum without changing its characteristic fea¬ 
tures. 

The results of our calculation of the optical 
spectrum £,(<»), i.e., the Imaginary part of e(w), 
for diamond are plotted in Fig. 1 and compared 
with experiment." The optical spectrum is quite 
sensitive to local-field corrections. Consider 
the main peak which is close to 12 eV. The RPA 
calculation without local-field effects (F RPA in 
Fig. 1) places the peak a little too high. Local- 
field effects within the RPA (e RPA in Fig. 1) pro¬ 
duce an additional shift by approximately 0.5 eV 
to higher energies contrary to what is required 
to reconcile theory with experiment. The shift 
to higher energies and the reduction of strength 
below the main peak introduced by local-field 
effects in the RPA have alee been reported by 
Van Vechten and Martin, 1 however to a less dras¬ 
tic extent. Inclusion of local-field effects in the 
time-dependent Hartree-Fock approximation (« 
in Fig. 1), on the other hand, results in a 1.5-eV 
shift of the main peak to lower energies and an 
Improvement of the overall agreement with ex¬ 
periment, especially on the low-energy side. 

In view of our approximate band structure and 
wave functions, we do not claim to have calculat¬ 
ed quantitatively the absolute magnitude of e,(w). 

To do this our formulation of the dielectric func- 




(13) 


tion can be used in exactly the same manner di¬ 
rectly utilizing the results of a first-principles 
Hartree-Fock band calculation based on LCAO’s 
or Wannier functions. The use of more accurate 
wave functions than ours gives significantly bet¬ 
ter agreement of f RPA without local fields with 
experiment, as has been shown by Lubinsky, 
Ellis, and Painter 19 ; however, it is not clear 
that replacement of the statistical exchange po¬ 
tential used in the underlying band structure cal¬ 
culation by the exact Fock potential does not spoil 
that particular agreement." We believe that the 
sign and the order of magnitude of the shift in¬ 
troduced in the peak structure of £ a (u>) by local- 
field and exchange effects is not affected by our 
approximate treatment of band structure and 
wave functions. 

In summary, our results demonstrate the ne¬ 
cessity for incorporating both local-field and ex¬ 
change effects in the dielectric function of cova¬ 
lent crystals. These microscopic effects are im¬ 
portant not only for the identification of struc- 
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FIG. 1. Imaginary part of the dielectric constant 
versus energy; experimental data from Ref. 12; F RPA 
calculated within RPA without local-field correction; 
c RPA calculated within RPA with local-field correction; 

calculated with local-field correction in the time- 
dependent Hartree-Fock approximation. 
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lures in the measured optical spectrum with the 
electronic transitions between energy bands but 
also lor other purposes, such as a calculation of 
the phonon frequencies. 

We are grateful to Dr. Z. Kam for his help with 
the Gilat-Raubenheimer program and to Profes¬ 
sor W. Kohn for stimulating discussions. 
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Direct Transform-Deconvolution Method for Surface-Structure Determination 
David L. Adams and Uzl Landma n 

Chemistry Research Laboratory, Xerox Corporation, Webster, New York 14580 
(Received 6 March 1974) 

We describe direct method tor surface-structure determination from low-energy elec¬ 
tron-diffraction (LEED) intensities. Fourier transforms of LEED intensities are shown 
to contain convolution products of functions of the Interatomic vectors with data trunca¬ 
tion and potential windows. A deconvolution method and substrate-subtraction procedure 
is described, yielding an aocurate structural determination of dean surfaces and over¬ 
layer systems. Applicability of the method to experimental data is demonstrated by us¬ 
ing LEED Intensities from Al(100). 


Since the discovery 1 of low-energy electron diffraction (LEED), the extraction of surface structures 
has been the subject of Intensive efforts, mainly via an indirect approach ,* which is Intrinsically depen¬ 
dent on model assumptions and proceeds by comparisons of microscopic model calculations with ex¬ 
perimental intensities. However, a full variation over the geometrical and electronic parameters is 
not carried out because of the prohibitive expense in computation time and storage. 

In this paper we present the principles of a rapid, direct method of surface-structure determination* 
and demonstrate its applicability to the analysis of experimental data.' 1 

In the diffraction of low-energy electrons from solids, momentum is conserved in the plane parallel 
to the surface, giving rise to diffracted beams characterized by discrete {hk) Miller indices of the two- 
dimensional net. Electron propagation in the direction normal to the surface is strongly attenuated 1 
and is, therefore, characterized by the continuous variable S, where 2*S is the normal momentum 
transfer and S>0 as a result of the half-space nature of LEED measurements and the inner potential 
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of the solid. Consequently, the complex Fourier transform of the intensities may be written as 

P(x,y,*)= £ X.dS/ 4 n(S)w fl (S;S 1 , S,) exp[2rf(Ar+fey)]exp(2»»S*), ( 1 ) 

= •* 

where Is the Intensity of the (hk) beam and a)j(S; S,, S,) Is a “box-car” truncation function (unit 
magnitude for S 1 <S<S, and zero otherwise). 

The transformation given in Eq. (1) defines a three-dimensional vector space. 1 Structure determina¬ 
tion, however, can be carried out by using reduced forms of the three-dimensional transform. The 
analysis proceeds by the determination of Interlayer spaclngs from one-dimensional projections of the 
transform, the result of which are utilized in the determination of interlayer registries via two-dimen¬ 
sional transform sections as we have previously demonstrated. 1 The one-dimensional line projection 
P{t) is defined by 

P(z) = /.. dSI„(S)w a iS; S lf S t ) exp(2 eiSz), (2) 

where A» is the intensity of the specular beam. As shown below analytically for the case of kinematic 
scattering, and through analysis of experimental data exhibiting pronounced multiple-scattering fea¬ 
tures, P(t) contains the projections of interatomic vectors on the surface normal. As we have indicat¬ 
ed previously, the problems of deconvolution, discussed below, are most acute in the analysis of line 
projections. 

The fundamental problem involved in the use of the LEED transform consists of the extraction of 
geometrical Information from its convolution with the effects of data truncation, scattering potentials, 
and temperature. We emphasize that failure to perform a proper deconvolution results in most cases 
in ambiguous structural assignments and inadequate spatial resolution.*' 7 

The scattering amplitude and hence the diffracted intensity can be expressed as a series expansion 
in the order of scattering events. Hence, the transform of the intensity consists of a linear combina¬ 
tion of transforms of nth order scattering processes (n *1, 2,3,...) which can be expressed in turn as 
convolution products of geometrical and electronic and vibrational factors. However, we anticipate 
that the first-order convolution product will produce the dominant features in the transform. Multiple- 
scattering contributions to the diffracted intensities are generally aperiodic with momentum transfer, 
and are effectively attenuated by Fourier transformations. 

The above conclusions are supported by results of numerical studies* using intensities calculated 
from a full multiple-scattering theory, and by the application of the deconvolution method to the analy¬ 
sis of experimental data exhibiting pronounced multiple-scattering features, as described below and 
in detail elsewhere. 4 Accordingly, we now demonstrate the principles of the transform-deconvolution 
method, using kinematlcal theory with realistic scattering potentials and inclusion of temperature ef¬ 
fects. 

The kinematlcal expression for the intensity of specularly diffracted electrons from a lattice com¬ 
posed of a uniform substrate with layer spacing d, and an overlayer at a distance from the surface 
plane is given by 

KS) = l/„(S) |“ + 2 |/;s) 1*^(1 - a, 3 ) £ (a, 1 ' cos?„ -1) 

V ~ ° ^ 

+ 2% £ a, v [f 0 ,{S) cos(<f>„+0) +/ 01 f (S) sin(cp„+0)], (3) 

where a,= exp{- a s = exp{- and p' = p/cos0 with n the attenuation coefficient 1 and 8 the an¬ 

gle of incidence. The phase angles are defined as (p v =2irSvd, and 0 = 2 vSd t . f, f0 {S) are the effective 
atomic scattering factors, renormalized to incorporate atomic vibrations* by multiplication by the as¬ 
sociated Debye-Waller factors, of the substrate (s) and overlayer (o) which can be expressed in a par¬ 
tial-wave expansion with scattering-potential phase shifts 10 0 ti ,(S) and 4 ,,, for the substrate and over¬ 
layer, respectively. The function /„JS) is defined as f a JS) =f,(S)f,\S). The transform [Eq (2)] of the 
above intensity expression is given by 

P,(s) *F.(z)*C(e) +F£z)*a*(l - a/)* 1 £ a,|v|fl(x +dj 

+ a,£ a,"{F 0 ,(z)*t>{x -d,-vd)+F K (t)*6(z +<4+i*y], w 
v *0 
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FIG. 1. Calculated Intensities (a) for Al(100) (solid and dashed curves, fi-26* and 8*, respectively) aul (b) for 
Va overlayer on A1 with d 4 «2.2 A (dash-dotted curve, 9 = 81 using four phase shifts (Ref. 12). (o) Substrate w, 
(solid and dashed curves for 8 -25* and 8*, respectively) and overlayer (dash-dotted curve for 6-8*) potential win¬ 
dows, corresponding to the above intensities. 


where the asterisk denotes convolution and F a F„ F aa and F m are the transforms of I f m f, |/,|*, f a J a , 
md/ D V» respectively, convoluted with the transform of the “box-car” window u> B defined In Eq. (1). 

In the following we refer to the functions ti> 4>< = l/ 01 Pu) fl (S; S„ S t ) as the potential envelopes (windows) 
for the overlayer (o) and substrate (s), respectively. 

The second term in the above equation with the substitution 0 (, = 1 is the transform P,(z) of the clean- 
substrate Intensity. It consists of peaks at * = vd t (- <*>< v < «°), weighted by the damping factors (1 
- a/)’ 1 , convoluted with the transform of the truncated atomic scattering potential. Thus, a transfor¬ 
mation of the Intensities diffracted from a clear surface followed by a deconvolution of the complex 
transform F,[z) yields a “5-functlon transform.” Because of the ldempotency of the window matrix, 
conventional matrix-inversion algorithms cannot be applied In the deconvolution. A solution to this 
crucial problem has been formulated by modifying a relaxation method described by Southwell.* 1 •* 

The deconvolution is demonstrated first for the clean substrate. Figure 1(a) contains calculated ki- 
lematlcal intensities for the (00) beam from Al(100), lor two incident angles, and T = OTC; Figure 1(c) 
contains the associated potential envelopes. The Fourier transforms of the intensity records are giv¬ 
en in Figs. 2(a) and 2(b), from which It is evident that peak broadening and extra peaks due to the trun¬ 
cated potential envelopes preclude direct structural interpretation. The computer deconvolutions* •* 
jf the truncated potential windows from the transforms for 5=8° and 25° are identical. The unique re¬ 
mit Is shown In Fig. 2(c). 

Interpretation of the transform [Eq. (4)] of the Intensity diffracted from an overlayer system Is com¬ 
plicated by the convolution of maxima which are structural In origin with functions associated with the 
differences In scattering potential of the substrate and overlayer atoms. An accurate determination 
if the overlayer geometry is achieved by the substrate subtraction method defined as 

Prk(*)=P 0 (*) ~gP.(*) - 8 (*)*F,(e), (5) 

where P Q and P, are the overlayer and substrate transforms, respectively. For g = a t *. 


Pris(*) 

Optimum substrate subtraction Is achieved by a 
'ariation of g in Eq. (5) to minimize 

»-o 

Determination of the overlayer spacing is demon¬ 
strated for the case of a Na overlayer on Al(100). 
A calculated (00) intensity for an arbitrarily 


( 6 ) 


chosen overlayer spacing <4 = 2.2 A and 6 = 8° us¬ 
ing a four-phase-shift expansion in the descrip¬ 
tion of the substrate and overlayer scattering po¬ 
tentials is shown in Fig. 1(b) along with the over- 
layer potential envelope I f t f in Fig. 1(c). It is 
again evident that structure determination can¬ 
not be made solely on the basis of the correspond' 


*«<* - d, - d) + F m (t) *b(z+d a + vd )). 

l/=0 
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FIG. 2. (a), (b) Modulus and real part of the P(*) 
transforms derived from the Intensities shown in Fig. 
1(a). (e) Computer deconvolution CP.) (Ref. 8) obtained 
bj> dooonvolutlng tbs transform of the windows in Fig. 

1 (a) from the transforms shown In (a) and (b). (d) P(s) 
transform for the overlayer Intensity [Fig. 1(b)]. Note 
the absence of peaks at substrate spacings, (e) Sub¬ 
strate-subtraction residuals lEq. (&)], obtained from 
the transforms shown In (b) and (d). (0 Computer de¬ 
convolution (P„) (Ref. 8) of the residual, exhibiting 
highly resolved peaks corresponding to the substrate- 
overlayer vectors. 


ing transforms which are shown In Fig. 2{d). 

The residual transform, P ^ ts («), derived from 
the transforms shown in Figs. 2(b) and 2(d) is 
shown In Fig. 2(e). Deconvolution of the residual 
transform yields the overlayer-substrate inter¬ 
layer vectors as shown In Fig. 2(f). 

We now illustrate the applicability of the trans¬ 
form-deconvolution method to experimental data. 
In Fig. 3(a) we present (00) intensity profiles 
measured 4 at room temperature from Al(100) for 
i v "0° and 6 =8° and 16°. The real parts of their 
transforms are shown in Fig. 3(b). We draw at¬ 
tention to the pronounced multiple-scattering fea¬ 
tures in the Intensity profiles, and to the vibra¬ 
tions in both the intensity profiles and their trans¬ 
forms with angle of incidence. In constructing 
appropriate potential envelope windows for decon¬ 
volution of transforms such as are shown in Fig. 
3(b) we have used eight phase shifts calculated 
from Snow's potential. 11 

The deconvolution results shown in Figs. 3(c) 



FIG. 3. (a) (00) Intensities from AI(100) measured 
at T »296°K for V-0. 6-8° and 16°. (b) Real part of 
tbs P(t r) transforms of the Intensities shown in (a). 

(c), (d) Computer deconvolutions (P-) of the transforms 
shown in (b) (6=*8° and 16°, respectively). The base 
width of the peaks is 0.06 A. Structural peaks forming 
a consistent vector set have been filled. The use of 
eight phase shifts (Ref. 13) in the potential window re¬ 
sulted In a suppression of “noise” level (open peaks). 


and 3(d) for 6=8° and 18°, respectively, were ob¬ 
tained by using optimized values of the inner po¬ 
tential and effective Debye temperature of 14 eV 
and 300°K, respectively. In comparing these re¬ 
sults with those obtained from calculated kine¬ 
matic Intensities shown in Fig. 2, it can be seen 
that in addition to the prominent structural peaks 
in Figs. 3(c) and 3(d) there is a low level ol noise. 
(Similar noise peaks of negative amplitude have 
been suppressed in the figures since obviously 
they convey no structural information. Convolut¬ 
ing the total deconvolution results with the corre¬ 
sponding potential windows used reproduces the 
observed transforms to better than 1%.) 

In the above results, and in results for other 
angles of incidence, 4 prominent peaks occur only 
at 2.05 N A (N = 0,1, 2, etc.) and form the only con¬ 
sistent periodic vector set. The unique value of 
the interlayer spacing determined from different 
intensity profiles, despite their strong variation 
with angle of incidence, demonstrates the consis¬ 
tency of the method and Illustrates its applicabil¬ 
ity. We note that the determined value 2.05 A is 


588 





/oLVUt 33, Nukju 10 


PHYSICAL REVIEW LETTERS 


2 September 1974 


ji agreement with the hulk Interlayer spacing of 
j.025 A to within our estimated accuracy of ±0.05 
'. In addition it compares with the conclusions 
3 f extensive multiple-scattering calculations.” 

Further details of our method and applications 
:o experimental data are given in forthcoming 
publications. 
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Backward Scattering in the One-Dimension8l Electron Gas* 


A. Lutherf 

Lyman Laboratory, Harvard University, Cambridge, Massachusetts 02138 

and 


V. J. Emery 

Brookhaven National Laboratory, Upton, Nets York 11973 
(Received 16 July 1974) 


An exact solution to the one-dimensional electron gas with a particular attractive- 1 n- 
teraetlon strength for scattering across the Fermi “surface” Is given. It is shown that 
conductivity enhancement oooura for physically Interesting values of the coupling con¬ 
stants. Sealing arguments are advanced to demonstrate that this solution applies gener¬ 
ally for attractive backward scattering. In addition, the spinless problem Is solved ex¬ 
actly for arbitrary couplings. 


Progress towards an understanding of the equi- 
Ibrium and transport properties of quasi-one-dl- 
nenslonal conductors has been hampered by a 
ack of knowledge about the underlying Interacting 
-lectron system. Although the Tomonaga and Lut- 
tnger models 1 have provided some insight, their 
enerallty can be questioned as a result of their 
neglect of interactions near twice the Fermi mo¬ 
mentum, 2Jt r , which are responsible for back- 
v ard scattering. This note reports an exact solu¬ 
tion to the more general problem with an attrac¬ 
tive Interaction at 2 *f, suid uses it to construct a 
lualttative picture for the general Interacting 
ane-dimensional system. 


Several properties of the exact solution are par¬ 
ticularly significant. It requires an attractive in¬ 
teraction at 2k e of a specific strength but the 
small-momentum interaction can be arbitrary, a 
situation of sufficient generality to be of interest 
for experiments on the quasi-one-dimensional 
systems. Depending upon the sign and magnitude 
of the small -momentum part, a large conductivi¬ 
ty enhancement can occur as the temperature 
tends to zero, in contrast to a recent approximate 
treatment.* We compute the temperature depen¬ 
dence of the conductivity as well as other physi¬ 
cally Important response functions which describe 
the low-temperature pairing, charge and spin 
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fluctuations, and magnetic susceptibility. 

Together with the renormalization-group calcu¬ 
lations of Menyhird and Solyom,* our solution can 
be used to provide a complete, if qualitative, pic¬ 
ture of the one-dimensional Interacting gas. This 
approach is analogous to the scaling argument of 
Anderson, Yuval, and Hamann for the Hondo 


problem. 4 

The model we solve Is a logical extension of 
the Luttlnger or Tomonaga model to include spin 
as well as interactions which scatter particles 
from -t-A F to -k r . The Hamiltonian is the sum of 
free-particle kinetic energy, linearized near k r , 
plus the usual small-momentum Interaction, 4 


K.-«r2X®»,. to M -t> K . f b K ,) + 2L' 1 EVp l (k)p,(-k), (1) 

M A 

where the operators a tJ (b Kt ) describe spin -i fermions with momentum k (- k); p t (k) and p,(k) are den¬ 
sity operators, = and p t (k) = 2' 1/4 It is helpful In our subsequent 

discussion to Introduce the spin-density operators o,(ft) = 2‘ 1 '*£}„ and 

with s =*± 1. The operators p and a satisfy the algebra of the Luttlnger model, [p I (-*),p l (+*')] = [p 1 (+/t) I 
together with Identical equations for the a commutators, [o,(- k), ct,(+ fe')] =* [o,(+ k), 
cr,(— *')]=- b kk .kL/2-n, while all others vanish. The length of the sample is L and all states below v r k r 
are filled. The kinetic energy term in Eq. (1) can be written In terms of these operators, by making 
use of well-known identities extended to the spin-1 case: 


V pI>KXi - ) - 2»»J f L~ [ p.ftjp^- k) + 0,(*K(- *) + p,(- k)p M (k ) + o,(- 2r)<r,(*)], 

*.» » 


Indicating a separation into density and spin-density operators. 

The large-momentum-transfer terms are described by an additional X L in the form 6 

= £ Jdx (r■ (*)*,,. M[U «+ U ± b K . .-], 


( 2 ) 


where *, 4 (r)==L" 1 ' , 2},exp(ffcic)a fcJ and+ Ji ,(x) = L' l/, ]F) ll exp(»fe*)h M . The £/„ term can be written In 
terms of the density and spin-density operators by a permutation of the Inner two operators, and be 
comes equal to 


The Ul term contains field operators of opposite spin, for which we use the boson representation 7 *: 

* j,, (*) “ (2f«)' ,/ *exp {± [i£ f x + 2nL' l £k "* exp(- |of|*| - ik\ )p jt , (*)]}, (3) 

* 

where I’fO -1 is the bandwidth, p h ,(It) =£* a t+kn a x,* Pa«(* r ) = S>^#+a* t ^*«i 31111 the plus (minus) sign goes 
with j = 1 O' = 2). This relationship has been discussed in detail for the spinleBS case 7 and the general¬ 
ization here is trivial, although the notation Is somewhat cumbersome. This permits us to write the 
products of field operators in the term as (2va)' , exp{2" l ' , [^ 1 tr) + <(» J (r)]}, with 

(f> l (*) = 2vL‘ l £ k k‘ l expfaa\k\ -ikxhW 

The total Hamiltonian X,+X L can now be written as the sum X 0 +X lt where 

3C 0 = 2iru F L- 1 S,tP,(fr)Pi(-fe) + P>(-fe)P.(*)i + L' 1 i;,(2K-£/,)p 1 (*)p 1 (-*), (5) 


and 


X l = 2*r F I ■ 11 £»[a,!*)o,(- k) + a,(- fcjo.fe)1 - L ‘ :1 k) 

+ U 1 (2Tia)~*fdx {exp(2' l, *[<p t (*) + <p,(*) ]) + H.c(8) 

and a separation into density and spin-density operators has been achieved. Obviously [3Cj,J<^] = 0. It 
Is interesting to note that the most general Hamiltonian for splnless fermions, o(fc) = 0, Including large- 
momentum interactions is still of the Tomonaga-Luttlnger form, for which the thermodynamics 6 and 
correlation functions 7 are known. 

This separation into 3C, and Kg is essential because Xg Is a quadratic form In boson operators and 
may be diagonalized by means of a canonical transformation. We now show that for a particular value 
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of Un, Ki also be diagonalized. Since the part of JC 1 which does not Involve U ± Is quadratic It may 
he diagonalized by a transformation e“3C,«-«=De,' t with S = 2mX-V<Mfe)a,(-*), and tanh2 
x (2nv y) *. This transformation changes the velocity to v F ' * o F sech 2 cp and the exponent of the U x term 
to 2* l/ *e*[<p,(x) +?,(*)]. The point now Is that If 2' Vi e*= 1, comparison of Eqs. (3) and ( 6 ) shows that 
the U x term Is Just the boson representation of a product of BpinlesB Fermi lields *, T (x)* 1 (x)exp(-2f 
■xkft). Writing the kinetic energy also In fermion representation, we find that DC,' Is quadratic and 
solvable: 


*V=» f ) + UA2na) ■ l l 

It is possible to make 2~ vt e*~ 1 by choosing U, 
so that tanh2^>=-t/ B (2iri> F )' 1 * J-. Equation (7) 
has the eigenvalue spectrum u F * F ±[(/fr - A F )* 
+A*] 1 '* and t» F * r ±[(fe + * F )® + A , ] 1/, f where A = f/ X 
x(2 eo)' 1 , Indicating the appearance of gaps at 
+ k r and -k r . These gaps have important conse¬ 
quences lor the properties of our solution. 

The total Hamiltonian DC'* 9 “DCs" U »3C„ + DC,' is 
now diagonalized, and it is straightforward to 
compute the free energy and correlation functions 
In the usual fashion. We may distinguish two re¬ 
gions: low temperatures, T « A, for which the 
gap at the Fermi energy means that only excita¬ 
tions in DQ, (and consequently density operators) 
are important; and high temperatures, T» A, 
when the gap, and consequently U x , are negligible. 
(A similar division applies to the frequency and 
momentum dependence.) In either case, the Ham¬ 
iltonian is of the Tomonaga form, and the analyt¬ 
ic behavior of correlation functions is therefore 
known from previous work . 7 

The properties of our solution are best ex¬ 
pressed by the exponents characterizing the dif¬ 
ferent spectral functions. These exponents are 
defined by ImC(w)ocaj , ‘, where C is the correla¬ 
tion function In question. Because the analytic 
form of these functions is of Tomonaga-Luttlnger 
form, the temperature and momentum dependence 
Is also determined by this exponent. The total 
scale dimension of these correlation functions 


+H.c.). (7) 


is given by 4 + 2 , the extra 2 resulting from two 
Fourier transforms In the definition of C. The 
exponents are listed in Table I, along with the 
temperature dependence of the magnetic suscep¬ 
tibility, for both low and high temperatures. 

The electrical-conductivity relaxation rate in 
the impurity-dominated region is determined by 
the spectral function for the parallel-spin 2 * F 
susceptibility,* the characteristic energy W re¬ 
sponsible for the interaction, and the free-partl- 
cle conductivity o a . The result in Table I then 
means that o = ne*T/m = o 0 (7'/HO' 1 ', which will be 
enchanced (4 >0) whenever Under these 

conditions, the spectral density at 2 * F vanishes, 
causing the reduction in scattering from the im¬ 
purity. 

It is interesting to compare with the renormal¬ 
ization-group approach of Menyhard and Solyom.* 
They considered the special case Ui*U x *g l and, 
for g, < 0 , their exponents are qualitatively dif¬ 
ferent from ours because they find that g, Beales 
onto a fixed point (g,=» - 2vv f ) which Is outside 
the weak-coupllng region for which their pertur¬ 
bation expansions are adequate. A more credible 
use of the renormalization-group equations, anal¬ 
ogous to scaling theories of the Kondo problem , 4 
uses the fact that, provided no fixed point inter¬ 
venes, the coupling constant would scale through 
the value g,= -fwv F at which our exact solution 


TABU! I. Exponents of the spectral functions, defined In text, and the low- and high-tem- 
perature behavior of the magnetic susceptibility. The parameters v ' = VX*> F )' 1 + t and A 
*17 j.(2ira)''. 


Spectral funotlon 
and operator 

Low-temperature 
<r» A) 
exponent 

High-temperature 

(T»A> 

exponent 

2* r susoeptibillty, *i,+^*i,+ 

2kf susceptibility, 

Singlet pairing, T 

Triplet pairing, 

Susoeptibillty, 

-2 + 1(1 -v’)/a +«»')] ,/ * 

-2 + 1(1 -»')/(l +r')J ,/J 
.-2 +t(l 

-2 + l(l+t>V«-v , )] ,/, 
<to f T , (2t0A) i 'V 6 * 

-i+Ki-vVa +v'» 1/ * 
ki-t»')/a +v')] 1/J 
-| + l(l +v')/(l-v')V n 
1(1 +v')/(l —v')] 1 ^ 1 

2 <w F r'(i-tr,/ 2 w F r l 
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may be used. This suggests that the gap A exists 
for the weaker-coupling problems, 0>g l >-fxv F , 
as well. If this gap exists, the low-temperature 
exponents given in Table I are still correct, with 
a new v'2trv r = 2V-U\ [ . The high-temperature ex¬ 
ponents are more complicated but can be com¬ 
puted by Betting U x = 0, and following the usual 
procedure for the Tomonaga-model correlation 
functions. 7 

These exponents give substantial physical in¬ 
sight into the behavior of the system. For exam¬ 
ple, if the conductivity exponent is negative at 
high temperatures and positive at low tempera¬ 
tures a conductivity peak occurs at a temperature 
of the order of the gap, where the two power laws 
“cross over". The magnitude of this peak de¬ 
pends on W and U x as well as the difference Op 
between the two exponents. For Utlvvf)' 1 * -f, 
there can be a rather small peak because Op is 
only i. We have calculated dp for smaller W[ ,f, 
assuming that the scaling arguments are correct, 
and find that Op approaches f- as I Util- 0. This is 
a new mechanism for a conductivity peak which 
merits a more detailed discussion than can be 
presented here. 

Spin-flip impurity scattering will have a tem¬ 
perature dependence given by the opposite-spin 
2k f susceptibility. Here the difference in expo¬ 
nents is large, indicating a stronger scattering 
at low temperatures which would dominate other 
mechanisms. 

At the risk of making this problem appear more 
complicated (but even more intriguing), we now 
point out the reason behind our notation and 
U x . These have been chosen to emphasize the 
connection to the Rondo parameters -J n and J x . 
The Hamiltonian in Eq. (6) has many similarities 
to the Tomonaga version of the Rondo Hamilto¬ 
nian, and we expect many of the renormalization- 
group arguments to be applicable here as well. 

In particular, the weak-coupling scale energy for 
.TO, is lft| ,/, exp(— lt/1* 1 ), for U„ = f/, = U <0, as in 
the Rondo problem. 

The Inclusion of electron-phonon coupling 


raises many questions for which there are only 
qualitative answers at present. In the adiabatic 
model, which views these interactions as giving 
rise to additional electron-electron coupling 
constants, the question of resistivity or conduc¬ 
tivity enhancement depends sensitively on the 
relative signs and magnitudes of all coupling 
constants. Furthermore, if the phonon frequen¬ 
cies shift with temperature, these coupling con¬ 
stants also vary, and the calculation of the ap¬ 
propriate exponents becomes complicated. This 
problem is currently under Investigation. 

Much of this work was carried out while A. L. 
was a summer visitor at Brookhaven National 
Laboratory. The model solved in this paper ap¬ 
pears to be related to generalizations of the Thir 
ring model, 10 as pointed out to us by S. Coleman. 
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Angular-Momentum Effects on Continuum Gamma Rays Following Heavy-Ion Reactions* 

P. O. Tfotei,t F. S. Stephens, R. M. Diamond, J. de Boer,land W. E. Meyerhof# 
Lawrence Berkeley Laboratory, University of California, Berkeley, California 94720 

(Received 10 June 1974) 

The average number of continuum y raye above 0.6 MeV has been measured for each 
of several final products In the reaction! p + "*Ho, ‘'o + ^Sm, and M Kr + 8e. This num¬ 
ber ranges from 2 to 20 and la shown to correlate mainly with the average angular mo¬ 
mentum leading to each product. 


The y-ray spectra following heavy-ion (HI, Any) 
reactions have two main features: discrete lines 
from heavily populated low-lying levels of the fi¬ 
nal-product nuclei, and a continuum which pre¬ 
sumably represents all the higher transitions, 
none of which has sufficient population to be re¬ 
solved with present techniques. Most recent 
work has focused on the discrete lines, produc - 
ing systematic information on the low-lying hlgh- 
spin (s 20k) states of nuclei. A few attempts 
have been made to study the continuum region. 
Mollenauer 1 studied (a, xny ) and ( la C, xny) reac¬ 
tions without specifying the outgoing reaction 
channel. He measured the average number of 
continuum y rays, N y , their average energy, 
and their angular distribution. Sunyar and co- 
workers’ have reported some preliminary re¬ 
sults on N y for the reaction '“Nd( ls C, 5wy) I5 'Dy. 
The present work, using p, 'X), and ”Kr pro¬ 
jectiles, shows that large variations occur in the 
number of y rays in the continuum region depend¬ 
ing mainly on the outgoing channel, and that this 
variation may be understood in terms of a simple 
model. 

In our work it was essential to specify the reac¬ 
tion channel because many channels occur simul¬ 
taneously in the reactions and a composite con¬ 
tinuum of y rays would be difficult to interpret. 
Thus we measured the continuum in coincidence 
with known discrete transitions that specified 
particular channels, as was done by Sunyar and 
co-workers.’ For the discrete lines we used a 
40-cm 11 Ge(Li) detector at an angle of 90° to the 
incident beam direction and about 5 cm from the 
target. The continuum y rays were detected in a 
7.5 cmx7.5 cm Nal crystal, 15 cm from the tar¬ 
get, and at angles of 0°, 45°, and 90°. An absorb¬ 
er, consisting of 0.32-cm Pb and 0.32-cm Cu, 
was placed in front of the Nal detector, resulting 
in an overall detection efficiency which is very 
nearly constant for any y ray above 0.5 MeV. 

Since there are known discrete lines in the spec¬ 


tra of interest up to about 0.6 MeV, and since 
there are not likely to be many continuum y rays 
below this energy,we took 0.0 MeV as the low¬ 
er limit for measurements of the continuum. The 
detection probability for 1.1 -, 1.4-, and 2.8-MeV 
y rays in the coincidence arrangement was found 
to be the same within about 20% and equal to 
0.43%. Thus, even for multiplicities as high as 
20 , the probability of two y rays being detected 
simultaneously was less than 10% and represent¬ 
ed a small correction. The arrangement was 
further tested with a *"Cf fission source, by us¬ 
ing fission fragments as the coincidence triggers, 
and agreement with previous results’ for the num¬ 
ber of y rays per fission was obtained. In these 
calibrations,’ as well as during the in-beam ex¬ 
periments, a background spectrum was taken 
with a 5-cm-thick Pb cone between the Nal de¬ 
tector and the source (target). We have shown 
that a simple subtraction of the spectrum with 
the Pb cone from that with no cone is very unlike¬ 
ly to cause an error In FI y exceeding 10%l 
Beams of 347-MeV M Kr provided by the Berke¬ 
ley SuperHILAC were used to bombard targets of 
“Se (1.3 mg/cm*) enriched to 97%. This pro¬ 
duced the compound nucleus 1M Yb, and various 
discrete lines in the final nuclei ***Yb (3*), la *Yb 
(4n), and 181 Yb (5w) could be used as coincidence 
gates. A target of 99% enriched 15 °Sm (1.4 mg/ 
cm’) was also bombarded at the Berkeley 88-in. 
cyclotron with 88-MeV “0 to produce the same 
compound nucleus and products. Both targets 
were evaporated onto Pb backings about 25 jum 
thick, which stopped the beam and recoiling nu¬ 
clei with no appreciable background. We also 
bombarded a las Ho target (220 mg/cm’) with 25- 
MeV protons at the cyclotron in order to produce 
the compound nucleus 1M Er, and product nuclei 
l “Er (3s) and 1<M Er (2*). The average numbers 
of y rays, N y , associated with each discrete 
line are given in Table I. The uncertainty at¬ 
tached to each R r value is estimated to be ± 20%, 
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TABLE I. Average number of continuum y rayB 
above 0.6 MeV. 


E 

(keV) 

h-h 

M Kr + >2 Se 

Ny 

,8 0 + 1M Sm 

166 

,,J Yb<4«> 

2-0 

11 

8 

320 

4 — 2 

14 

10 

437 

6-4 

12 

9 

521 

8—6 

12 

9 

579 

10-8 


9 

202 

,ss Vb(3B) 
17/2’ —13/2 + 

20 

14 

345 

21/2’ - 17/2’ 

19 

9 

232 

,81 Yb(5«) 
17/2'* —13/2-* 

10 

5 


/> + ,,6 Ho 


127 

ws Er(3«) 

13/2’-9/2" 

1.2 

165 

15/2’-13/2’ 

2.2 

171 

13/2'-31/2* 

2.3 

190 

9/2" — 5/7' 

1.3 

213 

15/2’ - 11/2’ 

1.3 

218 

17/2’-13/2’ 

1.7 

236 

11/2' —7/2' 

1.6 

208 

,,4 Er<2«) 

4-2 

3.7 

314 

6 — 4 

3.3 

410 

8—6 

3.2 


except for the 232-keV line in the "’Kr + a3 Se data. 
This line appeared broad in both the singles and 
the coincident spectra, and thus the uncertainty 
toward lower values has been doubled to 40%. 

The Se target thickness causes a ± 8 -MeV spread 
(c.m.) about the average value of the excitation 
energy of the compound system; the N r values 
listed in Table I for the Se target are thus aver¬ 
age values over this range of excitation energy. 

The variations of N } in Table I are more than 
a facter of 10 overall, and nearly a factor of 3 in 
various ‘"O +■ l,0 Sm reactions alone. Such large 
variations are not likely to be caused simply by 
the difference in excitation energy resulting from 
different numbers of neutrons evaporated. This 
is shown by the p + 18,l Ho reaction, where a dif¬ 
ference of one neutron causes a change of less 
than two y rays. It seems more likely that these 
large variations in result from angular-mo¬ 
mentum effects. This can be tested by applica¬ 
tion of a simple semiciassical model . 4 We 


picked a compound nucleus as neutron-rich as 
possible in order to be able to neglect charged- 
particle competition, and indeed, the (HI, axny) 
products that could be detected in our spectra 
had individual cross sections less than 10 mb. 

The number of neutrons emitted from a compound 
system depends on the energy available, which is 
roughly the difference between the excitation en¬ 
ergy and die minimum energy E, required to 
carry the angular momentum m of the system. 
Since an evaporated neutron cannot change l by 
more than 1 or 2 units, the energy E , must be 
left in the residual nucleus. R for example, / is 
such that £, is equal to the sum E n of the neutron 
binding and kinetic energies, then it is apparent 
that one fewer neutron can be emitted than would 
be the case for 1 = 0 (£ 0 = 0). We can estimate 
that £,<"/J a f a / 2 *, where * is a moment of inertia 
near the rigid-body value. Since E„ is about 10 
MeV for the nuclei considered here, and A a /26 
is approximately 9 keV, this gives A(/ a )/Ar 
= 1100 (x is the number of neutrons emitted). 

Thus if a large amount of angular momentum is 
brought into a compound nucleus in this region, 
the total cross section will be divided into “bins,*’ 
having widths A(f*) = 1100, each of which corre¬ 
sponds to a particular number of neutrons being 
evaporated. For example, if a bin starts at 1 = 0, 
it can hold all angular momenta up to 33, and the 
bin starting at l = 33 corresponds to the evapora¬ 
tion of one less neutron. It is important to note 
that at a given bombarding energy the maximum 
cross section for each bin is approximately con¬ 
stant. Using a relation given previously*—I upper a 
= 1.5 opE c nu , where c is in barns, n is the re¬ 
duced mass in mass units, and £ c>m . Is the cen- 
ter-of-mass energy in MeV—we find 

Ao [A(/ a )/Ax] _ 740 

Ar 1.5/iE c-n , t 

For our l8 O + 1S0 Sm case, with u = 14.5 and JE c-m _ 

= 78, Eq. (1) gives Ao = 850 mb, compared with 
our measured Ac for the 4» reaction of 540 ± 100 
mb. For the M Kr + sa Se case, Eq. (1) gives Ac 
= 110 mb, compared with our measured 4n cross 
section of 105*25 mb. For protons, the calcu¬ 
lated Ac is around 30 b, indicating a bin size 
much larger than the reaction cross section. 

Thus Eq. (1) seems reasonably well borne out in 
our cases. 

Some of the expectations derived from this sim¬ 
ple model for our three projectile-target systems 
are illustrated in Fig. 1. First the yrast, or 
lowest-energy, states for each l are plotted by 
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FIG. 1. Plot of excitation energy versus an gu l a r mo¬ 
mentum squared for a nucleus having A m 160. The 
yrast line Is shown, together with the excitation ener¬ 
gies and angular-momentum ranges for the three re¬ 
actions studied. The projectile energies shown have 
been corrected for target thlokness. 


using the fl*/2i value given above. For the **0 
+ *“Sm case we take the 4n cross section of 540 
mb to represent a "full" bin. The measured 5n 
cross section then represents 0.22 of a bin or a 
A(f a ) of 240, and the 3n cross section represents 
0.09 of a bin or A(f a ) = 100. Thus the 5n-4« bound¬ 
ary can be located at I* = 240, the 4n-3n boundary 
at I* = 1340, and the upper limit of the Sn reaction 
at f* = 1440. This Indicates l„„ for this reaction 
to be 38, in accord with the estimate 

*m*» = 0.219fl(ji (£-E C fi)] I/s , (2) 

where E CB Is the Coulomb barrier energy in MeV 
and R is the sum of the nuclear radii in fern tome - 
ters. For the M Kr + “Se case, we again take our 
4n cross section as a full bin, and find 0.27 and 
0.65 bins for the 5 n and 3» reactions, respective¬ 
ly. This makes the 5n-4n boundary at i 2 = 304, 
the 4it-3n boundary at f 2 = 1410, and the upper 
limit of the 3n reaction at l *= 2140. This Indi¬ 
cates an of 46, whereas Eq. (2) gives l m 
* 79. At first this might seem surprising since 
the 3fi is not a full bin according to our measure¬ 
ments and we find the 2n cross section to be only 
" 5 mb. However, it Is well known that above a 
certain angular momentum the compound nucleus 
fissions* or does not form, 1 and the above value 
of ~50A represents an experimental estimate of 
that angular momentum. For the p + ***Ho reac - 
tion, Eq. (2) gives 8, so that essentially no an¬ 
gular-momentum effects should occur. 

For each full or partial bin in Fig. 1, an rms 



FIG. 2. Average number of continuum y raye l£ 7 
> 0.6 MeV) coincident with the lowest observed discrete 
transition (2 — 0 or *f- —1^) versus the Input l rm , val¬ 
ues estimated from Fig. 1. The crosB Is for this reac¬ 
tion lai Bo(j>,sow) 1 ** le4 Er and the circles, triangles, 
and equates are for the Sh. 4a, and Ai reaction* from 
’*0-1 ls8 Sm (open) and *K( re Se (solid). The parentheses 
on the M Kr a n Se data Indicate that considerable uncer¬ 
tainty In the 2 tmi values is Introduced by the target 
thickness In this case. 


value of l can be estimated. These are 11, 28, 
and 37 for the 5n, 4n, and 3n reactions in the 
‘*0 + 150 c>m case; 12, 29, and 42 for the M Kr + “Se 
case; and 6 for the p + '"Ho case. To test wheth¬ 
er the R r values from Table I correlate with 
these / rnil values, we have plotted these quanti¬ 
ties against each other in Fig. 2. For the p + ‘"Ho 
case, we took an average (weighted by the cross 
sections) for the 2 n and 3n reactions of S ; =3. 

It is quite apparent that a correlation exists in 
Fig. 2, although the relationship is not so good 
as to exclude completely the possibility of some 
other effects. For example there is some sug¬ 
gestion that the M Kr + “Se reaction produces 
slightly more > rays than does the le O + tM Sm re¬ 
action. Nevertheless, we conclude that most of 
the variation of K y is due to variation of the input 
angular momentum. The correlation in Fig. 2 
also supports the ideas embodied in Fig. 1, and 
indicates that the lines separating the different 
bins cannot be too fuzzy. 

It is also interesting to consider whether there 
are enough > rays to carry off the rms / values 
obtained from Fig. 1. Figure 2 shows that an in¬ 
put angular momentum of 30# gives about ten y 
rays. Since a multipolarity higher than £2 is not 
likely, this accounts for a maximum of 20*. How¬ 
ever, the 4 n reactions from both ,8 0+ 1M Sm and 
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w Kr + “Se have at least 5 discrete y rays below 
0.6 MeV which are known to carry off 10*. hi 
the odd-mass cases (3n and 5 n reactions) even 
more angular momentum is carried off by the 
discrete lines. Thus the K r values are consis¬ 
tent with the rms l values estimated from Fig. 1 
provided the continuum y rays are predominantly 
of the stretched (/-*/- 2) E2 type. It is not yet 
clear whether the angular distributions are con¬ 
sistent with this requirement. The situation 1s 
somewhat relieved since the neutrons may carry 
off a few units of angular momentum, and there 
may be a few continuum y rays below 0.6 MeV. 

We have found large variations in the number 
of y rays emitted following (HI, xny) reactions, 
especially for different products of the same tar¬ 
get-projectile system. These variations have 
been shown to be mainly an angular-momentum 
effect, and support a simple model which gives 
considerable Insight into the effects of angular 
momentum in compound-nucleus de-excitation. 

The question as to how much information the con¬ 
tinuum y rays can give beyond these angular-mo¬ 
mentum effects is an interesting one. Some of 
our preliminary results for average energies and 
angular distributions of the continuum y rays 
suggest that different de-excitation modes in a 
given product nucleus can be distinguished experi¬ 
mentally. 
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Average Multiplicity of Unresolved Photon Cascades in the De-excitation 
of Highly Excited Compound Nuclei* 


E. der Mateosian, O. C. Kistner, and A. W. Sunyar 
Bronkhaven National laboratory, Upton, New York 11973 
(Received 2 July 1974) 

Heavy ion (IU,xN) reactions leading to ls, Py. l« 2 . aQ d 1T! Hf were studied In 

order to determine the average multiplicity of the unresolved photons underlying discrete 
spectra of rotational band transitions observed in rare-earth even-even nuclei. The aver¬ 
age multiplicity is found to be small (6), independent (to the accuracy of this experiment) 
of the ground-mute rotational band level lu which the cascade terminates. 


The basic features of the processes by which 
compound nuclei of high excitations and large an¬ 
gular momenta divest themselves of excess en¬ 
ergy and spin have been known for some time. 1 
A clear and detailed treatment of this topic has 
been given In a series of papers by Grover and 
collaborators.’ It is reported that compound nu¬ 


clei with angular momenta up to (40-50)* have 
been formed by heavy ion (HI) reactions.’ De¬ 
excitation proceeds through successive particle 
emission followed by y-ray cascades. This pro¬ 
cess Is shown schematically in Fig. 1 in which 
the nuclear levels of compound, daughter, and 
residual nuclei are plotted on an angular momen- 
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FIG. 1. Grover-type diagram of the do-excitation of 
highly excited nuclei. The example Illustrates a (HI, 
xN) reaction In the rare-earth region. The compound 
nucleus (open circle) decays by emitting neutrons until 
It assumes a state close to the dotted line, about 1 neu¬ 
tron binding energy above the yrast line, whore photon 
emission becomes as probable as neutron emission 
(ky - 0.5) . The yrast line Joins the lowest energy states 
with given J'b. The decay proceeds In region I by pho¬ 
ton emission until the yrast line Is reached, which Is 
then followed to the ground state. The Individual levels 
In the Initial portion of the yrast line represent the lev¬ 
els In the ground-state rotational band. 


turn versus excitation energy diagram.* The 
heavy solid line represents for the residual nu¬ 
cleus the locus of states of lowest energy as a 
function of the angular momentum J. Grover has 
named this line the yrast line and the states rep¬ 
resented by this line, the yrast levels. The shad¬ 
ed region represents possible Initial states of 
the compound nucleus formed in a HI reaction. 

In the rare-earth region studied Individual states 
(open circles) decay by neutron emission until 
levels of the residual nucleus at excitations of 
less than 1 neutron binding energy above the yrast 
line are formed. The dotted line appearing about 
1 neutron binding energy above the yrast line in 
Fig. 1 Indicates where the probability of photon 
emission is 0.5. At this point in the de-excita¬ 
tion process the nucleus has lost little angular 
momentum. The nucleus now de-excltes by a va¬ 
riety of photon cascades to the yrast line.' These 
cascades produce a continuum composed of a 
large number of unresolved y rays. A discrete 
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FIG. 2. Spectrum of y rays in coincidence with the 
4* — 2 + transition of IS *Qy. 

spectrum results from the final cascade along 
the yrast line to the ground state. The purpose 
of this investigation is to determine N y , the aver¬ 
age number of y gays in the “continuum” i>er dis¬ 
integration for compound nuclei formed in the 
rare-earth region. This average multiplicity N r 
- Ci,m»„)/<T tot , where n is the multiplicity of a 
cascade, cr„ the cross section associated with 
multiplicity n, and o t0 , the cross section for all 
cascades. 

Analyses have been made on 1M Dy, 
and populated by (’*C,4«) and ( li O, An) 

reactions. The ls *Dy results have been reported 
earlier. 4 Thick metallic rare-earth targets of 
8 to 10 mg/cm* were used, y-y coincidences 
were observed with two Ge(Li) detectors placed 
at various distances and angles around the target. 
Singles data were stored In core while 4096 
*4096 channel coincidences were recorded in 
“event mode” on tape. Background-subtracted 
spectra of y rays In coincidence with the transi¬ 
tions in the ground-Btate rotational band were ob¬ 
tained by analyzing these data. 

The spectra consist of discrete jjeaks corre¬ 
sponding to the transitions in the rotational band 
and a "continuum” which extends beyond the last 
of the observed discrete lines (Fig. 2). By mea- 
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suring the counts in each discrete peak, correct¬ 
ing lor total as against peak counts, summing 
the discrete counts, and subtracting from the to¬ 
tal number of counts In the spectrum, we ob¬ 
tained the number oi counts In the continuum. 

Since more than 80% of all decays In these nuclei 
proceed through the 6* — 4* and the 4*-2* transi¬ 
tions, the number of counts in these transitions 
were taken as a measure of c, ot in all cases and 
N y was taken to be the number of counts in the 
continuum divided by the number of counts in one 
or the other of these transitions. The ,M Dy ex¬ 
periment was repeated with a 6.3-cm-high lead 
cone in front of the detector in order, through 
selective absorption, to suppress the detection 
of photons originating at the target. In this way 
10 % of the continuum was found to be due to neu¬ 
trons and scattering effects. Addition effects 
were accounted for where necessary. No correc¬ 
tion for total-efficiency variation with energy 
was applied, since the energy distribution of the 
continuum is unknown. In the energy range of in¬ 
terest, this variation and its associated error do 
not exceed 30%. 

All results are summarized in Table I where 
the numbers are the Ny s for cascades (region I 
in Fig. 1) feeding into the ground-state rotational 
band of the indicated nucleus at all levels above 
the transition used as a gale. Therefore, the Ny 
for the 2*-0* transition is averaged over all type- 
I cascades while the N y for the 10* — 8* transi¬ 
tion is averaged over the cascades which feed in¬ 
to rotational levels at the 10* or higher levels 
only. Nevertheless, it is possible to Infer some 


of the general, average properties of N y . Only 
the 1M Dy data were corrected for neutron events 
and the other effects. It was assumed that the 
correction in the other nuclei is the same (10%). 
The average o! all N r (with the exception of one) 
is S.0. Statistical errors have not been given be¬ 
cause it was felt that inherent systematic errors 
could play a larger role than statistics, and a 
better indication of the precision of the measure¬ 
ments is obtained from a comparison of the three 
independent *®°Er runs. It is therefore reason¬ 
able to take 1.5 as the error and to state that N f 
for all these nuclei is 6± 1.5. The spread In the 
numbers of any particular row is usually less 
than this. It is interesting to compare this num¬ 
ber with other determinations of N r appearing 
in the literature. Karnaukhov and Oganesyan' 
irradiated Sn with 78-MeV **C ions and estimat¬ 
ed the average number of y rays in the total (in¬ 
cluding yrast transitions) cascade to be “not less 
than 10." In the "*Dy run reported in the present 
work, the average number of discrete y rays per 
cascade is about 6.5 and thus the average number 
of photons per cascade is about 12.5, Mollenauer* 
reported about 14 photons per reaction in an ex¬ 
periment in which l '*Ho was bombarded by 103.5- 
115-MeV **C ions. Williamson et al. 1 report a 
value for N y of 5.4 in (a,3n) and (or, 4«) reactions 
on la7 Er at 40.5 MeV. Finally, Degnan et al.* re¬ 
ported a multiplicity of about 4 or less in the com¬ 
plete y cascade for compound-nucleus formation 
in light nuclei with ( d,p) and (p,p') reactions at 
12 and 17 MeV. The agreement between this 
measurement and the HI reactions reported in 


TABLE I. Average multiplicity of photons In the continuum. 


Transition Uswd Gets 




Energy 

<MmV) 

2 + -0* 

4 + -2 + 


8 + -6 + 

10 + -9 + 

12 + -*10 + 

14 + -12 + 16 + -1* + 18*-16 H 

l5 V 

l2 C 

65 


5.5 

4.8 

5.7 

5.9 

5.3 


16 °Er 

l2 C 

70 


8.3 

8.4 

7.9 

7.1 

7.3 


'■ 

l2 C 

71.3 


7.2 

6.4 

6.9 

6.3 

8.0 

5,6 7.8 

" 

12 C 

73.5 


8.0 

6.9 

7.0 

6.5 

6.3 


" (*ver«g«) b 




7.8 

7.2 

7.3 

6.6 

7.2 


1W Er 

12 C 

66 



6.3 

4.4 

3.4 

4.6 

4.0 


18 0 

73 

8.9 

9.5 

8.4 

9.3 

7.0 

6.2 


170 Hf 

12 C 

70 



8.9 

7.6 

7.6 

7.3 

7.6 8.2 

172 M 

12 c 

70 


11.3 

6.2 

6.4 

6.5 

5.2 

5.4 7.9 


'These data for ,H Cy have been corrected lor neutron and addition effects which oontrlbute to Hie background con¬ 
tinuum. 

b Average of the three'"Er rune. 
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the above referenced papers la Interesting since 
coincidence measurements were used in this 
work, and singles In the others. This suggests 
that most of the reactions studied in the earlier 
works were remarkably clean so that the results 
were not affected by the presence of accompany¬ 
ing reactions. 

It is interesting that N r does not change with 
position in the rotational band of the transition 
being fed by the cascade. Barring the suggestion 
of a trend to higher values for the few lowest 
gates in Table I, N T remains remarkably con¬ 
stant for gates varying from the 8 + — 4* transi¬ 
tion to (in one case) the 18 + —16 + transition. 

Thus, when the three lnn Er runs are averaged, 
the N y obtained is close to 7 (uncorrected) from 
the 6* — A* to the 12* — 10* transitions Inclusive. 

If it is accepted that the number of y rays in 
the “continuum" cascade is independent of the 
spin of the rotational state at which the cascade 
terminates, one may offer a simple picture of 
the de-excitation process with the help of Fig. 1. 
In the Grover picture the energy available to cas¬ 
cades in region I is the same regardless of J, 
since y-ray emission becomes prominent at an 
excitation of 1 binding energy of the neutron above 
the yrast level. If it is now assumed that at a 
given A E above the yrast level the distribution 
of states available to the Intermediate cascade 
and the population distribution 1 of these states in 
energy after neutron emission are roughly inde¬ 
pendent of J, one would account for the constancy 
of Ny as a function of entry point in the ground- 
state rotational band. The effect of a thick target 
is to Introduce a variation in the average excita¬ 
tion energy with angular momentum not unlike 
that associated with the yrast line in the region 
of the ground-state band. Thus the available en¬ 
ergy for neutron and y emission to the yrast line 
is roughly independent of angular momentum. 

This assumption of the independence of the dis¬ 
tribution of states above the yrast level as a func¬ 
tion of J la not totally unfounded. According to 
Glnocchio* the energy dependence of shell-model 
states with a definite angular momentum is close 
to Gaussian for nuclei with a large number of 
particles in a large but finite set of shell-model 
orbits. His approximate expressions for the en¬ 
ergy centroid and width of the distribution of 
shell-model states agree with exact shell-model 
calculations for *°Ne and "Ni, indicating that 
they are already large enough systems to Satisfy 
the required initial conditions. It follows from 
his analysis of the distribution of intrinsic states 


as a function of both energy and angular momen¬ 
tum that 

P/'tAj(AE +E 0 IA)), 

where E 0 (J) is the yrast energy for angular mo¬ 
mentum J and +£,(</)) is the level den¬ 

sity for angular momentum J+ A J at an excita¬ 
tion of A E above the yrast level. For example, 

1 MeV above the yrast level for J* 10, the den¬ 
sity of .7 = 11 states is the same as the density of 
the 19 states 1 MeV above the J * 18 yrast lev¬ 
el. Thus, it is plausible that the Intermediate 
cascade may find distributions of states and rela¬ 
tive properties [e.g., B(£ 1), fl(£2)] sufficiently 
similar so that N y may to flrBt approximation be 
Independent of the path of the cascade in J space. 

It should be noted that the value of 6 for N r re¬ 
quires a relatively high average energy for the y 
rays in this intermediate cascade («j 1.0 MeV) in 
Grover's scheme. This is consistent with esti¬ 
mates of the average energy of the photons in the 
continuum of 1 MeV or greater indicated by our 
data. In any case, these values for N y and the 
average energy of the photons in the cascade are 
in agreement with Grover’s calculations, indi¬ 
cating that photon emission becomes Important 
at an excitation of 1 neutron binding energy above 
the yrast level. 

Studies of the de-excitation process following 
(a, 3n)‘ and 40 Ar-induced 10 reactions have led to 
a more complex description of this process. In 
these investigations it was thought that rotational 
transitions of softer y rays were needed to help 
carry angular momentum away from the nucleus 
during the Intermediate cascade, and a detailed 
scheme involving rotational bands has been 
made. 10 These studies, however, were conduct¬ 
ed under different conditions from the present 
one. The experimental results of the present 
paper (N r = 6 Independent of the rotational level 
terminating the type-I cascade) are not incom¬ 
patible with the conclusions of these other Inves¬ 
tigations. 

The authors wish to thank J. Vary and J. N. 
Glnocchio for Informative discussions and con¬ 
structive comments and P. Thieberger for sig¬ 
nificant help with and interest in various aspects 
of this work. 


•Work tup ported by the U. S. Atomic Energy Com¬ 
mission. 

'For references and a general review of this subject 
see T. D. Thomas, Annu. Rev. Nucl. Sol. IB, S49 (1668). 
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Nucleus-Nucleus Optical Potential Using a Density-Dependent Two-Body Interaction 
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The Niels Bohr Institute, Copenhagen, Denmark 
(Received 17 June 1974) 

The nucleus-nucleus optical potential Is calculated by using a density-dependent two- 
body effective Interaction where the local density takes into account the contribution of 
both the proJectUe and the target densities. The results Indicate that it is important to 
use such an interaction when the densities of the colliding nuclei overlap significantly. 


The nucleus-nucleus optical potential has been 
derived recently by several authors by folding In 
a phenomenological nucleon-nucleus optical po¬ 
tential with the projectile density. 1 In this pro¬ 
cedure each nucleon of the projectile is treated 
essentially as free and bo the perturbation felt by 
each nucleon in the projectile as a result of the 
field of all other nucleons is Ignored. The most 
important consequence of such a scheme is the 
implicit neglect of the saturation properties of 
the two-body Interaction, which prevents the nu¬ 
clear density from increasing beyond a certain 
magnitude. The optical potential calculated in 
this way Is therefore overestimated when the cen¬ 
ters of mass of the colliding nuclei are at short 
distances from each other and the densities of 
the two nuclei overlap significantly. It Is, how¬ 
ever, expected to be of the right order of magni¬ 
tude at or near the touching radius of the Inter¬ 
acting nuclei when the overlap is not so signifi¬ 
cant. 

Galln el al., 2 on the other hand, have computed 
the energy of the nucleus-nucleus interaction by 
using the phenomenological energy-density func¬ 
tion of Brueckner et al 2 The structure of each 
nucleus in this calculation Is assumed to be con¬ 
served entirely during the contact and the nuclear- 
matter densities are assumed to overlap in a re¬ 
versible process without any rearrangements. 
Although the method of Galin et al. 2 is an improve¬ 


ment over other works, 1 the Brueckner “sudden 
approximation" described above cannot be expect¬ 
ed to yield realistic results after the nuclei have 
fused. On the other hand, if one of the colliding 
nuclei is light, for example, a '‘He or s He, the 
concept of a phenomenological energy-density 
functional cannot be used with any confidence. 

In this Letter I propose to use a density-de¬ 
pendent two-body effective interaction to con¬ 
struct the nucleus-nucleus optical potential—the 
density-dependent part, as is well known, 1 takes 
into account approximately the saturation proper¬ 
ties of the two-body interaction. It will be shown 
that the nucleus-nucleus potential, in this way, 
can be calculated for any kind of projectile, light 
or heavy, without any loss of generality. First, 
the nucleon-nucleus optical potential is calculat¬ 
ed by folding in this Interaction with the target 
density 9 ; the nucleon-nucleus potential is then 
folded in with the projectile density. The impor¬ 
tance of using an effective two-body interaction 
such as a density-dependent Interaction has been 
amply demonstrated recently* for the nucleon- 
nucleus optical potential. In a nucleus-nucleus 
interaction, however, each nucleon in the pro¬ 
jectile is embedded in a nuclear medium, thus 
departing from a free-nucleon case. The local 
density in the two-body interaction therefore 
should be computed taking into account the con¬ 
tribution of the density from both the target and 


600 


VOLUMI 33, Numbu 10 


PHYSICAL REVIEW LETTERS 


2 Simnii 1974 


the projectile. The density-dependent part ol the 
interaction, as will be shown, contributes most 
significantly to the lowering of the attraction as 
the local density increases, thus producing sat¬ 
uration. This particular feature is absent in a 
simple folding of a phenomenological one-body 


optical potential into the projectile density distri¬ 
bution. 

By use of a linear density-dependent interaction 
(for computational convenience) given by Lande, 
Molinari, and Brown,* the one-body optical poten¬ 
tial at a point "t relative to the center of the tar¬ 
get Is given by* 


fM0= Z/ /pi < (?i) y K-K l (l5|)a , {l-0 , (p,n(3) + P*»(? 1 +iB)]}ii s t, (t = proton, neutron), (1) 

!■*« 

where the exchange effects between target nucleons and projectile nucleons are neglected, V K . K is the 
Kallio-Koltveit* Interaction, (a‘,$') are parameters given by Lande, Molinari, and Brown," p,' is the 
nucleon-density distribution of the target measured from its own center p ml , the target-matter den¬ 
sity, is evaluated at 5E=a(I+?,), whereas the projectile-matter density p n is evaluated at ?,+ *?, with 
£, the internal coordinate of the projectile and with 131 = It - ?,l. Expanding p„ and noting that the 
short range of VV. K would render the higher-order terms in s negligibly small, we write P«(f, + iff) 

(?,), where the direction of ff has also been averaged, exactly in the same manner 
employed by Negele and Vautherln. 1 £/,(f) has now three components: 

/p* , (?,)V K .gflf|)o , [l-fl‘p« l «]^ 1 , (2.1) 

I-*/» 

-P«(f.)U„(/)--P«,(?,)E /p, , (?,)f r K-K(IS|)«V»'<* , «i, (2.2) 

-v* P-i (? t K; ll «) = -v*p„(f 1 )E /V<?,)v K -K(l*l)« , P l *«*rf , «i. (2.3) 

i-».” 


Equation (2.1) is attractive but Eq. (2.2) is repulsive indicating the reduction in the one-body optical 
potential arising from the density-dependent part of the two-body interaction. The sign of Eq. (2.3) ob¬ 
viously will depend on V , p m (i t ) which is usually negative bo that U a (t) in Eq. (2.3) behaves as an at¬ 
tractive potential. The third term, however, as discussed below, is small compared to Eqs. (2.1) 
and (2.2). Folding in Eqs. (2.2) with the projectile density the nucleus-nucleus optical potential, as a 
function at R, the distance between the centers of the two nuclei, becomes 


One of the advantages of Eq. (2) is that U n , U it , 
and f/„ can be evaluated for a particular target 
without referring to any particular projectile. 

Thus one needs to evaluate the optical potential 
for say *°Ca as a target and then fold it in with a 
variety of projectile densities, such as ’He, "He, 
‘*0, etc. To check the symmetry in the folding 
procedure, we changed p ml to p„ and evaluated 
lf NN (R) for a set of target and projectile. The dif¬ 
ference between the two sets of results is approx¬ 
imately 3%, mainly because of truncation errors 
in the p m expansion. The optical potential, in 
Fig- 1, is plotted for *°Ca as a target and ’He, 

‘He, and **0 as projectiles. The *°Ca and le O den¬ 
sity distributions were taken from the work of 
Negele and Vautherln 7 whereas for ‘He a Woods- 
Saxon phenomenological distribution was used.’ 
For ’He a Gaussian distribution was used.* The 
solid line is I/ NN (5) as given in Eq. (3), whereas 
the dashed line is just the first term of Eq. (3). 

The following observations are of some impor- 


' tance: The third term is quite small but attrac¬ 
tive. The second term in Eq. (3), which I shall 
refer to as the saturation term, has a negligible 
contribution in the very tall region of P NN (5) but 
gives rise to substantial repulsion as R decreas¬ 
es and the densities of the two nuclei overlap 
more and more. The saturation term generally 
depends on the density of the projectile and/or 
target. For a particular target such as ‘°Ca, it 
has little contribution for ’He; for ‘He, however, 
the effect is already significant, and for ,# 0 it 
becomes even more important. It is felt that the 
scope of the application of Eq. (3) is general. Dif¬ 
ferent types of approximation are not required 
for different types of projectiles. It should be 
noted, however, that for the heavier projectile 
such as **0 the results still do not have any mean¬ 
ing below a certain value of R when the colliding 
nuclei tend to fuse together. The results for ‘He 
and ’He agree remarkably well with the phenom- 


601 



Volume 33, Numhi 10 


PHYSICAL REVIEW LETTERS 


2 Siptimmi 1974 



FIG. 1. The nucleus-nucleus optical potential as a 
function of R, the distance between the centers of the 
colliding nuclei. 


enologlcal predictions. 10 For heavier projectiles 
we have tried to extract an approximate empiri¬ 
cal relation of t/ NN (R) at large distances Si 5 fm, 
following the arguments of Broglia and Winther. 1 
Assuming that the densities of the colliding nuclei 
behave as exponentials at large distances, it can 
be shown that the will behave aB but with 
a diffuseness half of that of p*,. Thus 

— Sj/t^expf— {it—RojJ/flj] 

+ S,/?’ exp[- (R -R m }/s,] , (4) 

where I estimate that S^l.5, R m = 1.14(A l ,/ * 
»V'). O, =0.0, and S, = 0.5, R m = 0.75(A, l/s 


+ A, 171 ), a, = 0.36. The first term of Eq. (4) Is 
represented by the dashed line In Fig. 1, and 
comes from only the first term In Eq. (3). The 
depth parameter S t >1.5 is smaller compared to 
the results of Broglia and Winther. 1 This is prob¬ 
ably because of the use of a density-dependent 
interaction. The second term arises from the 
second term of Eq. (3). In general, however, it 
is suggested in the light of the present work that 
the empirical formulas given by Broglia and Win¬ 
ther 1 and also by Brink and Rowley 1 tend to over¬ 
estimate the optical potential. The implication 
of Eq. (3) for determining the fusion criteria 1 
will therefore be rather interesting—a study 
presently being pursued. It should be empha¬ 
sized that Eq. (4) is only an approximate one and 
cannot be applied to lighter projectiles. A de¬ 
tailed study of this model and its application to 
other studies is postponed for a future publica¬ 
tion. 

The author wishes to thank Dr. David Brink and 
Dr. Phillip J. Siemens for stimulating discussions 
and his colleagues at King’s College for construc¬ 
tive suggestions. A travel grant from the Royal 
Society of England for a visit to The Niels Bohr 
Institute is gratefully acknowledged. 
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Observation of a Dip Due to 1=0 t- Channel Exchange in the Reaction 
nN at 4.5 and 6 GeV/e* 

H. A. Gordon, M. Habibi, and I, Stumert 
Brookhaven National Laboratory. Upton, Netc York 11973 

and 

Kwan-Wu Lai 

California Institute of Technology, Pasadena, California 91109, and Brookhaven National Laboratory, 

Vpton, Neto York 11979 
(Received 6 June 1874) 

In the reaction r'p — Af p , we observe a dip In the differential cross section at / *<1.2 
GeV 1 . Analysis In terms of t-channel contributions from isospin-0 and -1, natural- and 
unnatural-parity exchanges suggest that the dip la mainly due to natural-parity, /=o ex¬ 


change. 

The production of A t can be analyzed In terms 
of the isosplns (/) and natural (N) parity and un¬ 
natural (U) parity (-channel exchanges. For /= 0, 
P (Pomeron) (N), /• (N), and tj (U) are allowed, 
whereas for / = 1, p (N) and B (U) can be ex¬ 
changed [Fig. 1(a) InsetJ. In this Letter, we pre¬ 
sent the data of 4.5 and 8 GeV /c v'p —A t ~p for 



A(1S20) removed. (b),(c) Decay distributions fop the 
■V — KjlC In the Gottfrled-Jackson frame. Shaded 
areas are for events In the hlgb-t region. Solid points 
Indicate best fit to tbs data. 


A," Oir analysis from this reaction and 

other relevant reactions (jt*i and s*p 
~A t *p) allows ub to separate the contributions 
due tof + 0 and / = 1, and N- and U-parlty exchang¬ 
es in the (-channel. A dip is observed at (“1.2 
GeV* and can for example be interpreted as the 
nonsense wrong-signature zero (NSWSZ) of the /“ 
trajectory in the context of the Regge-pole model. 
In addition to the f° contribution, the B exchange 
seems to dominate in the /= 1 and U-parity con¬ 
tribution. 

The data for this study come from a series of 
bubble-chamber exposures (this experiment) with 
details presented elsewhere 1 and other published 1 
and unpublished experiments 1 (See Table I). Since 
normalizations are important for this analysis, 
we have calculated the cross sections in a con¬ 
sistent way for our experiment. The procedure 
is to (1) determine A,*-p°r* production cross 
sections from the v'ti'v* modes by using the Uni¬ 
versity of Illinois partial-wave analysis program, 4 
(2) obtain the total A t production cross sections 
by appropriate corrections from p» to include all 
modes, 5 and (3) obtain the shapes of the differen¬ 
tial cross sections and density-matrix elements 
from the A,*—K,°K* modes, where the normal!- 


TABLE I. A t date. 



A lab 
(GeV/c) 

Modes used 

o*A,~ all) 

(Mb) 

a 2~ 

4.5 

K.’jr 

159*25 


6 

pV K,°K~ 

... 

A, 5 

6* 

P**’ 

80*15 

-V 

6 

pV 

132*0 


7.1 b 

K*K* v** 

' V 1 H 1 


*Ref. 2. b Ref. 3. 
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FIG. 2. (a) do/dt tor A{ production (corrected for ail 
decay mode*). Inset shows the same distribution In t'. 
(b) Ratios of contributions from o N and o tl exchanges. 


zatlone come from step (2). We use the K°K* 
modes" because of small background In the A,* 
region (<20%) as illustrated In Fig. 1(a) for the 
K°K~ mass spectrum with A(1520)— K'p removed . 7 
Since our study of the differential cross sections 
extends to the high-/ region, to check the quality 
of the data, we present events with 1/1> 1.0 GeV* 

In Fig. 1(a) In the shaded area. A clear A," sig¬ 
nal is seen. Decay angular distributions In COS0 
and * (Gottfrled-Jackson frame) In the A,' rest 
frames are also Bhown in Figs. 1 (b) and 1 (c). 

Both / regions show slightly different angular dis¬ 
tributions but both are characteristic of a reso¬ 
nance. 

In Fig. 2(a) we show the differential cross 
section of tr> -A,> as obtained from the A, j 


2s ^ »«aa». n 

the cross section at 6 GeV/cas shown 
I, A forward « ■ 0) dip is observed. The aigj! 
button In /'-/ - fmi. 1» *l*o shown In the w 

Fig. 2(a). Thin forward dip, which has been n 

ported before, *is Associated with the s-cham- 
spin-flip contribution to the A, production, and 
thus we will not discuss It further. However, v t 
see another dip at I/1*1.2 GeV* followed by a sec 
ond maximum centered at about 1.8 GeV * To 
understand this structure, we first examine the 
J*= 2* spin density-matrix elements os a func¬ 
tion of t. We use a maximum-likelihood fit to the 
K,°K' decay angles In the Gottfrled-Jackson 
frame. To separate the N- and U-parity contri¬ 
butions, we uBe the definitions p N ”= (p„+p, -,) 

+ (P u ~Pt -«) “I Pu=Poo + <Pn -Pi -i) + (P,» + P, 
thus do m ^/dt=p m \do/dt. Figure 2(b) displays 
the ratio 




as a function of /. it P (t)= 1 (- 1) implies all N- 
(U-) parity contribution. K is evident that all val¬ 
ues of 7 t,(/) are greater than 0 for the whole t 
range, and approach 1 for the high-/ region, In¬ 
dicating that the differential cross section for N- 
parity exchange la dominant over that for U-par¬ 
ity exchange, particularly at the high-/ region 
(1 /1 > 1.0 GeV 1 ). Thus the structure In the differ¬ 
ential croBS section at the high-/ region mainly 
comes from the N-parity exchange. 81nce there 
are two possible isospins /■ 0 (P and f°) and I 
= 1 (p) in the N-parity contribution, we now pro¬ 
ceed to separate the isospln exchange in the t 
channel. 

We consider the /, = 0 (a 0 ) and 7, = 1 (a,) /-chan¬ 
nel amplitudes to describe the A, production: 


/(w*p-A, i p) = |a 1 T( l/i/ 8 )a 0 , (1) 

/(v*n-A l °p) = (l//2)a 1 , (2) 

and 


o /( ., = / |a J | a <f/ = 2o(ir 7 w-A a °p), 

< 7 J( . 0 = f |a 0 I’d/ = 3[o(ir'/) — A,’p) + o(ir*p — A a p) — u(ir tt- m A I p)], 
and the Isospin interference term (/, = 0 , 1 ) 


2 /Re (a v *a 0 ) d/*-/6 [e(x > - A, >) - e(i 7 P - A, + p)]. 

We evaluate the above expreesions at 6 GeV/c using (1) A," data as described before, »M£*J* 
from Ref. 2, and (3) A , 7 data obtained from the normalization from Table I and the shape ot the dll 
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(erentUl cross section from Ref. 3 with the use 
of the K,°K* and V** modes. Figure 3(a) shows 
dobN-AJ'ftiro/dt and Fig. 3(b) shows d<r(*N 
-AjOi •Jdt (all solid points) as the results of 
the lsospin separation. We note that the /, = 0 con- 
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Interference (I i * 0,1) • ■^■(irN-^AjN) 
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FIG. S. (a) Contributions to the A s production from 
o, (solid points) compared with o N in it,* production 
(open points). (b) Contributions to the A, production 
from Uj (solid points) compared with o u in A{ produc¬ 
tion (open points). (c) Ratios of contributions from Co 
and ffj exchanges. (d) Interference term between 7-0,1 
amplitudes in the (-channel exchange. 


tribution is dominant over the /, ■ 1 contribution, 
particularly evident in the high-/ region. It is 
again interesting to display the ratio 


R/(n= 


/ do a _da 1 \ /(da a + do i \ 
K dt' dt') / \dt' dt'J 


in Fig. 3(c), and R,{t')* 1 for the high-/' region, 
and there appears very little or no Interference 
as shown in Fig. 3(d). 

To examine further the dominance of l t » 0 and 
N -parity exchange to the available / range In this 
experiment, we note from Eq. (1) that a(»> 
-A 2 >) = io s +-Jn 0 Bince the lsospin interference 
is negligible. Furthermore a{t'p~A t 'p) = a t , J Kj Vr 
and therefore o N +a u =ic 1 +^o 0 . Thus it is inter¬ 
esting to investigate whether a separation of iso- 
spin contributions 1 b equivalent to a separation ol 
N- and U-parlty exchanges (i.e., 6c N =c 0 and 4 ct 0 
= c,). From this experiment, we obtain c 0 =603 
±111 pb, 6c n =666± 114 fib, Cj» 180 ± 30 pb, and 
4cr t ,= 192 ±40 pb for all / regions. The agree¬ 
ments between 6c N and a 0 as well as 4c 0 and o, 
are Impressive. This is further illustrated In 
differential cross sections, namely, 6dc N (r> 
-‘A t ~p)/dt' compared with da(vN~AJi), t ^Jdt' 
and 4 do v (v~p ~A t ~p)/dt' compared with doiytN 
-AJ1), .,/</(' as Bhown In Figs. 3(a) and 3(b). 

It Is evident that not only cross sections but also 
differential cross sections are In good agreement 
between I, = 0 and N-parity contributions as well 
as I, -1 and U-parity contributions. With the as¬ 
sumption that N- and U-parity amplitudes as well 
as 7, = 0,1 amplitudes do not Interfere, an equal¬ 
ity between 4c u =a, implies that p contribution is 
negligible if one can assume that the q exchange 
in the A,* production is small." In this case, the 
B exchange would dominate the /, = 1 amplitude. 

Thus our analysis shows that the differential 
cross sections for A,* productions at the moder¬ 
ate-to-high-/ region are due to contributions 
from the 7” 0 and N -parity exchange. This im¬ 
plies that only P and/or /° are responsible for 
the exchange In this / region [Fig. 1(a) Inset]. It 
is, however, unlikely for the P to make Impor¬ 
tant contributions in the high-/ region, and there¬ 
fore lt Is natural to ascribe the structure (the dip 
at 1/1* 1.2 GeV*) to the/ 0 exchange. To further 
speculate on f° trajectory, when a degenerate /°- 
w trajectory is extended to the - / region, it inter 
sects with <*(/) = 0 at / - - 0.4 GeV* and or(7) - -1 
at /* —1.3 GeV*. The zero at /■- 0,4 GeV* cm 
be interpreted as the NSWSZ for w which ha# ’ 
been observed experimentally by Crennell e/•«/.“ 
In isolation of u exchange from the p production 
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from an earlier analysis of this experiment. The 
zero at t » - 1.3 GeV* may be associated with the 
NSWSZ for f° which has been observed here from 
the present analysis. 

We thank F. Buhl and Group-A Lawrence Berke¬ 
ley Laboratory for letting us use their A t * data, 
and K. Robinson, W. Fickinger, A. Engler, and 
R. Kraemer for showing us their A t ° data before 
publication. 1 A discussion with L. Trueman was 
useful and one of us (K.-W.L.) enjoyed an unusual 
conversation with G. Fox. 
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Exotic Interactions of Charged Leptons* 

M. A. B. B6g and G. Feinbergt 
The Rockefeller University, New York, New York 10021 
(Received 6 May 1974) 

Wc consider the Information available about nonelectromagnetlc lepton Interactions In 
experiments which are relatively Insensitive to the loop structure of the underlying the¬ 
ory. Further experiments which would clarify the role of exotic Interactions are proposed 
and discussed. 


Recent theoretical and experimental developments have once again focused attention on the question: 
What is the precise nature of the interaction between electrons, muons, and hadrons? Almost all 
gauge theories 1 augment the conventional electromagnetic interaction between these particles with ad¬ 
ditional Interactions. Furthermore, recent experimental results Indicating (a) a nearly constant cross 
section in e*e' annihilation into hadrons 1 and (b) deviations from Bjorken scaling in deep Inelastic 
muon-hadron scattering 3 have Invited the speculation 4 that exotic (i.e., nonelectromagnetlc) interac¬ 
tions may be coming Into play at newly available energies. 

In this note we report on a systematic study of the information available about exotic lepton interac¬ 
tions in "tree experiments." (By “tree experiments" we mean experiments which are insensitive to 
the loop structure of the underlying theory.) We restrict ourselves to energies well below the masses 
of all Intermediate vector bosons; this permits us to encompass a variety of theoretical proposals In 
a compact phenomenological Interaction. We determine the consequences of this interaction for (a) aton 
1c spectroscopy, (b) «*«' annihilation, and (c) deep inelastic lepton-hadron scattering. While our anal¬ 
ysis leads us to tilt towards the view that exotic lepton interactions are unlikely to play a significant 
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role in (b) and (c) at present energies or to provide a sale avenue of escape for the notion of "preco¬ 
cious asymptotic freedom,” its confrontation with recent experiments does not allow us to make any 
categorical statements. Novel and precise experiments, of the type discussed below, must be carried 
out before the matter is fully resolved. 

Phenomenological parametrization .—We postulate the effective {V,A)-type interaction 

R eff =(G F /2»aV7)£(e l /%y%? y y p i^ + £ j /^ < y^ < ^ypy,^ + € 0 A ^ l y^' t M;ypy 8 i(’>). (D 

the summation being over e, p and all the quarks required to meet the needs of weak-lnteractlon theory 
and hadron spectroscopy. G r and a are the Fermi and the fine-structure constants, respectively. 

Thd theoretical values of the parameters e can be quickly read off in any gauge model, from the ex¬ 


pression for the neutral current. Thus, in the popular quartet charm model 1 ’*• 8 

= t(ty-4Qsin*£ )i(t, -4Qsin*£)j, e,/ A = -E(t,- 4Qsin , $) < (r 1 ) it (2) 

where Q is the electric charge, £ is the Salam-Ward-Weiaberg angle , 7 and r, = + 1 for p and p', - 1 for 
n, X, e, and p. Also 

£ * ra (m v */m g * cos*f ) = va (for one Higgs doublet). (3) 

In the "purely elastic” variant of a triplet charm model , 118,8 

€(/"* = e ( / A = 0. (4) 

Here fi, = [(1 - 2 sln*£)m v /m x cos {] 7 can be bounded experimentally 8 : R t < 0.48. 


In relating the parameters e to physically observed quantities, we shall make free use of the naive 
—but highly successful—quark model* for protons and neutrons as well as the quark-parton picture of 
high-energy dissociation. 10 This is within the spirit of one of the objectives of this Btudy, namely, to 
see if exotic lepton-hadron interactions can rescue asymptotic freedom, since the quark-parton picture 
provides a pedestrian handle on asymptotic freedom, which is adequate modulo logarithmic correc¬ 
tions. 11 

Atomic spectroscopy .“— The derivation of atomic level shifts, resulting from the interaction of Eq. 


(1), is quite straightforward. We merely state the results. 1 * 

(1) Hyperfine splitting in muonlum: 

A£(*S t ) - AE(‘S 0 ) = - 64Xe,/’*crt»,*/.M**, (5) 

where 

X=G F A/„Vl8ir*a , /2‘<*10' 8 . ( 6 ) 

Equation (5) corresponds to 

Av = -0.005e, p AA MHz. (7) 

If we require that this Av be less than the limits of disagreement between conventional theory [quantum 
electrodynamics (QED)] and experiment, we obtain the bound 

< 10 . ( 8 ) 

(li) Shift of nS levels in hydrogenlc atoms: 

AE(nS)« (18£*/n*)x[£(2e, > rr + €„ rr ) + (A -Z)(e w r,r + 2e„ rr )]a*m,*/M H *. (9) 

Most important Is the shift of the 25 level in atomic hydrogen, 

Ap(2S) o* 1 .8 x 10" , (2€ w Kr + e„ rr ) MHz. (10) 

The agreement between conventional theory and experiment will tolerate a Av<10 ' 1 MHz. Hence 

+ ' m rY )\ <200. (U) 

(Hi) Hyperfine splitting in hydrogen: 

A|/ hf./ 1 V. = 12 X(m # /M)[e./^(l +g A )+c m AA (l - g A )]/0- + **)• ( 12 ) 


6<n 
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Here g A Is the axial-vector-to-vector ratio in neutron £ decay and *, = 1.79. Requiring that Av bfl be 
less than the theoretical uncertainty in the conventional calculation 11 of v hr , (the experiment is good to 
1 part in 10 11 , so there is essentially no experimental error), we obtain 

|e i / A -|e„ A 4 |<i, (13) 


a remarkably stringent bound. 

(iv) Muonic atoms: While the level shifts in S states of muonic atoms due to exotic interactions are 
much larger than in ordinary atoms, the major contributions to the observed shifts depend on poorly 
known parameters such as the distribution of charge and magnetic moment in the nucleus. Therefore, 
one cannot learn much about t Mt rr and from muonic atoms. However, by comparing nuclear 
charge radii as determined from muonic atoms and from electron scattering, we can conclude that 


+ €. 




r \ <40. 


(14) 


The circular polarization of muonic x rays, or other pseudoscalar correlations involving such x rays, 
appears to be a feasible atomic probe of and Measurement of the circular polarization of 

the photon in the decay 2S l/t — 1S U , + (one photon) in muonic atoms gives information 1 * about c M / r , 
whereas a measurement of the photon circular polarization in the muonic hyperfine transition (n,S, F 
= 1 + i to n,S, F=l- |) gives information 15 about e M M . Detection of these transitions, and measure¬ 
ment of the relevant correlations, may be feasible with the intense muon sources now being developed. 
Similar experiments have been proposed for heavy electronic ions 14 and atoms 11 to measure e, k Ar . 

e*e~ annihilation .—The cross sections for muon-pair and hadronic final states, in the presence of 
the interaction of Eq. (1), take the form 

o(e 4 c*- < lV)/a y (c*«■-MV) = l-4(xs/M ^ )£./ v ' + 4(Xs/M , ) 1 £ (£.,*")*, (15) 

n a 

a(e*e' — hadrons )/a y (e*e~ - hadrons) = 1 + 4(Xs/A#*)A + 4(Xs/Af a )*B. (16) 

Here s is the square of the total c.m. energy and 

A-E t Qi*.i rr /E,Qi*, 07 ) 


Q, being the quark charges. Also, throughout this paper, a y refers to one-photon exchange crosB sec¬ 
tions: 


a y (e *e* - hadrons)/o r (e *e" - p V) = £, , (18) 

o y (e*e~ — p*n') = 4ira’/3s. (19) 

Careful measurements of o(e*e~ - U*p~) at SPEAR will permit us to put more stringent bounds on the 
e„ M than was possible, for example, in Eq. (8). 

Despite the presence in o(e*e‘ -hadrons) of a term falling as 1/s, a constant term, and a term ris¬ 
ing as s, one can choose A and B such that this cross section is within 20% of 25 nb in the interval 
8 Af* < s < 28M *. Values of e as high as 30 or so are needed. 

Deep inelastic scattering. —Let p be the momentum of the target hadron and let ft and * -q be the mo¬ 
menta of the incident and outgoing leptons, respectively. In terms of the usual scaling variables [x 
- \q*\/2q'p, y=q‘p/k-p] the double differential cross sections may be displayed as follows: 

Mods'V) + ff(fi. + Wlj,,/<T r (rA0, y = l -4(x|<7 t |/lM*)A' + 4(x|< ? 1 i/Af , ) 1 B', (20) 

Mads'V) - o(/ i t *)U/o r (r*) w = - l4(2y -,v*)/(2 - 2y + y 1 )](x|? , |/Af 1 )[C' - 2(\\q'\/M*)D']. (21) 

Here B*a/8xBy and R and L denote incident-lepton helicities. 17 The coefficients A', B ', C', and 
9' are, In general, functions of x and their precise form is not terribly enlightening. In specific situ¬ 
ations and/or models, they can become x independent. For example, if we assume that nucleons con¬ 
tain only p- and «-type quarks, we find that 


A ' - #(2(«i/ r + «i/ r ) - («i/ r + «i/ r )J: = If (t,/ r + C|/ r )* + (e,, AA + f+ (terms with p - «)]; 

C' = |f2(€,/* + «,/'*) - (£,/*+€,/'*)]; D' = |[(€,/ r + *„ Ar )U lk AA + e,> YA ) * (terms with p - **)]. 


(22) 
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Here again, despite the presence of terms lin¬ 
ear and quadratic in lq*l in Eq. (20) one can ac¬ 
commodate a nearly constant deviation of about 
30% from the scaling limit, in the interval 2QAf’ 

< !< 7 *l <4QM , 1 by Judicious ascription of numeri¬ 
cal values to the e’s, in the range 5-10. 

Remarks _(i) We have followed the path sug¬ 

gested by gauge theories and have parametrized 
exotic lepton-hadron couplings In terms of quark 
fields Juid restricted ourselves to V and A inter¬ 
actions; S interactions stemming from Higgs 
fields have been discussed in the literature 11 and 
we have little to add. 

Note that, so far as atomic spectroscopy is con¬ 
cerned, we could equally well have parametrized 
the interaction of Eq. (1) in terms of nucleon 
fields and bounded the relevant parameters with¬ 
out appeal to the quark model. The bounds ob¬ 
tained for follow by identifying the appropriate 
c 0 with the left-hand side of Eq. (11) or Eq. (13). 
We could also have included S-, P-, and T -type 
covariants which, however, would be indistin¬ 
guishable from V and A In the static Limit. 

(il) It is evident that exotic lepton couplings of 
the sort expected in some of the existing gauge 
models have almost negligible effects at present 
on atomic spectroscopy, and on e*e~ annihilation 
and deep inelastic scattering at present-day en¬ 
ergies. However, improvements in spectroscop¬ 
ic measurements and in QED calculations, and 
the availability of higher energies, will certainly 
bring the effects of these couplings into the realm 
of measurability. In the meantime, one can still 
draw some useful inferences from Eq. (13) in the 
context of present-day models. For example, if 
the Higgs sector of the quartet charm model is 
enlarged so that m w >m x cost, rather than being 
equal to it, the usual lower bound on m t (>76 
GeV) is no longer valid; Eq. (13) can be used to 
yield the modest bound 

m x > 6 GeV. 

(ill) Theories which attempt to explain the 
SPEAR e*e~ data and the, rather preliminary, 
muon-production data from the National Acceler¬ 
ator Laboratory in terms of exotic couplings re¬ 
quire that some c's be on the order of 10 or so. 

If these theories are constrained 4 in such a way 
that e 44 is of the same order of magnitude as the 
other e’s, Eq. (13) implies that they must be re¬ 
jected. The speculation that oxotic lepton cou¬ 
plings are at the root of the difficulties faced by 
the notion of precocious scaling can not be dis¬ 
missed, however, until better bounds are avail¬ 


able on all the e’s. The t rA and e 4 *' are partic¬ 
ularly tricky; two independent handles are avail¬ 
able, however, and worthy of experimental in¬ 
vestigation: (a) the circular polarization of mu¬ 
onic x rays, mentioned above, and (b) the differ¬ 
ence between l* and I* deep inelastic cross sec¬ 
tions calculated in Eq. (21 ). 11 

(lv) An interesting difference occurs between 
the effects of exotic interactions in deep inelas¬ 
tic scattering, as given in Eqs. (20) and (21), and 
the uncalculated effects of two-photon exchange 
which might also be large in some kinematic re¬ 
gions. While the former may interfere with one- 
photon exchange in both o(l K ~N)i<j(l u *N), the lat¬ 
ter can interfere with one-photon exchange only 
in o(fjj'-V) - o(l L *N), essentially by the charge- 
conjugation properties of the current. Measure¬ 
ment of both quantities therefore would go far to 
distinguish these two possibilities. 

We thank L. S. Brown and V. Rlttenberg for in¬ 
teresting discussions. 
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A 2 -A , Interference Phase* 

G. Ascoll, L. M. Jones, R. Klanner, U. E. Kruse, and H. W. Wyld 
University of Illinois at Urbana, Vrbana, Illinois 61801 
(Received 22 April 1974) 

The A 2 -A| phase difference observed in »"/> — s*r~s~p is compared with the A 2 ~ phase 
from a Regge fit to the do/dt data for A{ and the A{ phase given by a Reggelzed Deck 
model. The agreement <~ 30°) depends crucially on the contribution of the Reggelzed 
plon propagator to the A, phase and requires equal signs for the / and P residues In 
the A 2 amplitude. 


Phases of strong Interaction amplitudes—al¬ 
though of obvious interest—are all too seldom 
measurable. Partial-wave analyses 1 ' 1 of the re¬ 
action n ~p -v "» ~p give not only the magnitudes 
of A, (defined as the state 1*S-px) and A, pro¬ 
duction amplitudes but also their relative phase. 

In this note we use the phase of the A,' amplitude 
from a Reggeized-Deck-model calculation, and 
the A,* phase from a Regge fit to do/dt tor A v 
to predict the A,'-A,' phase and compare the pre¬ 
diction to the data. 

Phase of the s~p-A x 'p amplitude ,—A version 
of Berger’s Reggelzed Deck model 1,1 has been 
shown to agree well with the data for f ~p * t*s "»~p 
for Af,»fc 1.5 GeV, excepting the A, partial wave 
(which Is nearly absent In the model). In particu¬ 
lar, the model predicts correctly the relative 
phases between different partial waves. It also 
predicts that the only important amplitude for A t 
production Is the nucleon s-channel helicity non- 
flip amplitude leading to the 1* state with J M =0 
(in the f channel). The phase of this amplitude 
(extracted by partial-wave analysis 1 at the model 
amplitude) shows only minor dependence on Af,,, 


in accord with the data. 

Typical values of the phase (atM,,=Af Xl ) are 
shown in Table I. We note that the phase exceeds 
by - 60° the value of 90° one would obtain for dif¬ 
fractive production of a stable particle or reso¬ 
nance. The extra phase comes from the signa¬ 
ture factor of the Reggelzed x propagator and is 
directly proportional to a/ (a/ =1 GeV"* was 
used). This extra phase is required to explain 
the phase differences observed between different 


TABLE I. Deck-model phase for A\ production at 


\(GeV 5 ) 

f’ubV 
(GeV) \ 

0 

-0.1 

-0.2 

- 0.S 

6 

146* 

158* 

170* 

179‘ 

16 

146* 

156* 

166* 

175" 

26 

146* 

156* 

165* 

173” 

36 

146* 

155* 

164* 

172” 
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nonreaonant partial waves (e.g., between 1*S 
-P* and l + P-«). it turns out also to be neces¬ 
sary to explain the A i ~A l phase difference. 

*N-A t N data .—We review briefly relevant as¬ 
pects of the data. 

(a) Above * 10 GeV, A,' Is produced in v 'p 

—A*‘ In a pure state (a linear combination of the 
states 12 ** 1 )): I 2 *l>+ 12 * - 1 ) in the t- 

channel frame. This result—consistent with 
dominance of natural parity exchanges—has been 
obtained In three A, decay modes: A,'-»*»'» V* 
A,"—and A s ‘-q'V.'’ In all subsequent 
discussions we consider only A, production In the 
above state. 

(b) The cross section for production of A," in 
the above state decreases as p kb ' 0 ’ 8 from 5 to 40 
GeV. This result has been seen In the channel 
A,-3* and confirmed in the A a -rpr channel. A 
Regge fit to the observed energy dependence will 
clearly require Inclusion of a trajectory higher 
than the p-f trajectory. 

(c) TheAj' differential cross section, (p u 
+P 1 . 1 )da/dt, vanishes In the forward direction. 

The A,‘-3»r data can be fitted by l/-/ mta lexp(«), 
with b Increasing from 5 GeV " 4 at 5 GeV - ’ to 8.5 
GeV* at 40 GeV. 

(d) The A,‘-A, * phase has been extracted from 
the jt ~p - v *v "* 'p data at several energies (p ub 

= 5-40 GeV). 1 ’* The phase difference comes from 
the interference density matrix element p AlAl be¬ 
tween the A, state (I2 + 1)+ 12*- 1)) and the A, 
state (11*0), l*S~pv). As already noted the po¬ 
larizations refer to /-channel axes. The de¬ 
pendence of the observed phase Is as expected 
for a resonant A, and an A, with slowly varying 
phase. In the following. A, production phases re¬ 
fer to phases obtained by subtracting the phase 
of the A, propagator (90° at from the ob¬ 

served phases. The s and t dependence of the A, , 


M rf (s,/)=-v^(|/-/ mll |)**[exp<Ap/)(^) ** exp 

withe, K, A P , and A, as free parameters, We |- 
use s 0 »l GeV and the trajectories <*,> = 1 +0.36/, 
o, = O.58+O.80/. n 

The differential cross section Is related to the 
amplitude of Eq. (1) by 

to„ -dda/dt a |lAf'IVs 4 . 

We have fitted the n ~p -A t 'p data from r ~p f 
'■ ~p (pu, *5-40 GeV). A satisfactory fit 
to the data tf/NDF *10.5/11) wa* obtained as 
shown In Pigs. 1 and 2 . 


production phase is shown in Pig. 3. 

(e) The other observed quantity relating to A,- 
Aj Interference is the coherence between A, and 
A l states, defined as Ip^ l/(p A>Xl p Xj ^) 1/ *. 

This factor would be unity if A, and A, amplitudes 
had the same dependence on nuclear spin vari¬ 
ables. The observed values’ range from 0.7* 0.1 
at 5 GeV to 0.9± 0.06 at 40 GeV. At energies 
above 5 GeV the observed coherence is consis¬ 
tent, within errors, with unity. Since the A, pro- ' 
duction (In the model) is nonflip (In the s channel), 
we conclude that A 2 production Is also mainly 
nonflip, particularly at high energy. 

(f) The A,-A, phase differences and the cross 
sections are nearly equal in the two reactions 
v*p-ir*fVp at 5 and 7.5 GeV . 4 SinceA, produc¬ 
tion Is mainly isoscalar exchange, this suggests 
that lBoscalar exchanges dominate. 

It Is unfortunate that the available »*« -A,° da¬ 
ta* are very limited and inadequate to shed fur¬ 
ther light on this point. 

Regge fit to * ~p—A t 'p .—The above discussion 
suggests a simple model for A,~ production In 
which nucleon spin-flip and 1*1 exchange contri¬ 
butions are neglected, with / and P trajectories 
as the main contributors. Some theoretical pre¬ 
judices are available to support these assump¬ 
tions. Michael and Ruuakanen 10 discuss the rela¬ 
tive contributions of / and p trajectories. Using 
factorization, duality, and v-N scattering data, 
they predict that the p contribution to the nonflip 
amplitude and the / contribution to the flip ampli¬ 
tude are unimportant; further the p contribution 
to the flip amplitude should be small at small l 
[it is suppressed by an additional factor (-// 

4m 2 ) 1 n , where m is the nucleon mass}. 

We have therefore fitted the data 1 *’ using only 
a nucleon nonflip amplitude with only Isoscalar 
contributions from P and/. We have chosen a 
simple parametrlzation of the amplitude: 

(.*VV-*MSr-w(- e * da )] 0. 


The parameters of the fit are C* 1120* 300 mb, 
A,*3.5±0.5 GeV‘*, K = \. 5*0.7, andA / =-0.5 
±0.8 GeV*. 

Three comments are in order: 

(a) The fit shown does not include spin-flip con¬ 
tributions. Equally good fits can be made with 
moderate spin-flip contributions (the size of the 
flip contribution is limited by the observed A t -Aj 
coherence). 

(b) Our fit neglects isovector (p) exchange con- 
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(GeV/c) 2 

FIQ. 1. Comparison of measured to fitted differential cross sections for *'/> — jt 2 "t—p **-)£, 


trlbutlons to the nonflip amplitude. The model A 2 
amplitude, in fact, does contain some p exchange 
(at p hh ”6 GeV, 1=0 the A/ amplitude leads the 
A,' amplitude by 30"). Equality of A 8 *-A t + and 
A,'-A,‘ relative phases suggests that some iso¬ 
vector contribution to the nonflip A, amplitude Is 
probably present. 

The data are not adequate to resolve either 
question. Furthermore, the resulting predictions 
about A, -A,' phase difference are not very sen¬ 
sitive to the answers. We conclude that there Is 
not much reason to push these matters further. 

(c) The data on da/dt show no preference for 
positive or negative K. Comparable fits can be 
obtained with / and P contributions with imaginary 



FIG, 2. Measured and fitted Integrated cross sections 
for Aj'f— p°*~)p for 1.2c Afj,« 1.4 GeV and 0 

<|f—*^1 < 0-7 (GeV/c)*, as a function of beam momen¬ 
tum. Solid curve for fit with K < 0 and dashed curve 
for fit with K< 0 [see Eq. (1)]. 


parts having either the same or opposite signs. 
The solution given above (equal sign) is preferred 
since it alone gives a reasonable agreement with 
the observed A„'-A,' phase differences. 

Comparison with observed A t -A t phases. —Fig¬ 
ure 3 shows the comparison between the observed 
Aj'-A," relative phase and the difference between 
the A,‘ phase from the Regge-model fit [Eq. (1)] 
and the A,' phase from the Deck model (Table I). 
For all momentum transfer bins and all incident 
momenta the agreement is within 30°. We note 
that with a 90° phase for the A, amplitude the dis¬ 
agreement would be about 90°. 

The estimated uncertainties In the predicted 
phases associated with uncertainties in various 
parameters are relatively small: (1) A change 
In Pomeron slope from 0.36 to 0 changes the pre¬ 
dicted A, phase by ~ 5°. (2) A 20% change In the 
slope of the i trajectory (from a,' = l GeV' a ) 
changes the predicted A t phase by -10°. (3) The 
main uncertainties are presumably those associ¬ 
ated with the precise form chosen for the Deck 
model, and with possible contributions of lsovec- 
tor exchange to the A," nucleon nonflip amplitude. 

We conclude that in view of the above uncertain¬ 
ties the agreement obtained is satisfactory. 

Since the A, is a “normal” resonance we ex¬ 
pect the amplitude for A, production In vlV~AJI 
to have the same properties as the production 
amplitude of a stable 2* meson. In particular, 
the phase of the amplitude (assumed even under 
s-u Interchange) can be Inferred from the s de¬ 
pendence (at fixed t) of the Imaginary part either 
via a Regge fit or from a dispersion relation. 

The same arguments do not apply to the A t pro- 
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FIO. 0. Comparison of measured A j-A, interference phase to the phase predicted from P.egge and Deck model 
calculation. Dependence on incident momentum Is shown for different momentum transfer Intervals. (Mote: The 
data at 40 GeV/c extend only to momentum transfer of -0.3 (GeV/c)*.] Solid (dashed) curve for fit with K> 0 
(JT<0) in Eq. (1). 


ductlon amplitude. According to the data the A, 
observed In up — 3s p la not a normal resonance 
but a kinematic accident in the 1* projection of 
the five-point amplitude for t'p~p a tp. It is 
therefore not surprising to find that the Regge- 
ized Deck model gives an production phase 
which Is very different from the A, production 
phase, In spite of the almost Identical s depen¬ 
dence of the cross sections. 

The Regge fit to the A, production data con¬ 
firms the suspicion that a significant Pomeron- 
like contribution Is required to account for the 
observed s dependence. While this result vio¬ 
lates often-stated prejudices 151 regarding Pom- 
eron couplings, It violates—as far as we know 
—no fundamental principle. In fact, the result 
seems to be In line with the similarity between 
Pomeron and f° couplings observed In other re¬ 
actions (In particular in elastic scattering). 

With a view to characterizing the couplings In 
this reaction, we emphasize that the observed 
A, polarization corresponds to a hellclty change 
l AA 1 = 1 In the t channel (not s channel) at the ff- 
A s vertex. Because the range of t explored lim¬ 
its the nucleon crossing angle to relatively small 
values, the available data (coherence between A, 
and A,) do not allow us to distinguish s-channel 
hellclty conservation from f-channel hellclty con¬ 
servation at the nucleon vertex (even with our as¬ 
sumption of s-channel hellclty conservation for 
the Ai), 

We note that the data favor equal signs for the 
f° and P coupling In np~AJ>. Carlltz, Green, 


and Zee 13 have speculated that p/t)/p P (t) might 
be the same in all reactions. Comparison of our 
ratio of couplings In — AJ> with the correspond¬ 

ing ratio in it N-vN and pp — pp shows rough 
agreement. 
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Weinberg Angle as a Test of SU(n)-Type Unified Gauges 

S. P. Rosen* 

Purdue University, West Lafayette, Indiana 47907 
(Received August 12 1974) 

1 consider generalizations of the Georgi-Glashow unified gauge theory to SUM, and 
show that *1^0*,= (a -2)/2(* -1). I also note a difficulty in extracting the value of aln z 0 w 
from neutral-current data, and suggest that the best method for doing so is the compari¬ 
son of V u -e and v.-e scattering provided that the ratio of the oross sections Is less than 

I* ” F 


Georgi and Glashow 1 have proposed a unified 
gauge theory of strong, electromagnetic, and 
weak interactions based upon SU(5). They embed 
the direct product of the leptonic gauge 2 SU(2) 
«U(1) and the SU(3) of color within the larger 
group and thereby predict a value of sin s e w = f 
for the Weinberg angle. Here I consider the pos¬ 
sibility of embedding the leptonic gauge in SU(«), 
and show that sin 2 0 w = (n - 2)/2(n - 1). 

This formula may be useful in two ways. Should 
the spectrum of quarks eventually turn out to be 
larger than presently envisaged, the unification 
of all elementary-particle interaction along the 
lines proposed by Georgi and Glashow will re¬ 
quire a unitary group larger than SU(5), and the 
appropriate Weinberg angle can be obtained from 
the formula. On the other hand, should the em¬ 
pirical value of sin 5 0 w turn out to be greater than 
i, then all of these SU(»)-type embiddings will 
have to be discarded no matter what the quark 
spectrum may be. 

Measuring the Weinberg angle is complicated 
by the number of Higgs scalar mesons required 
in this type of theory. The original Weinberg 
model 9 contains only one doublet of scalar mesons 
and so the masses of the W and Z gauge bosons 
are related by M w - M t cos (? w . Consequently the 
value of ain 2 6 w can be extracted, at least in prin¬ 
ciple, from a single neutral-current cross sec¬ 
tion, for example The SU(«)-type theories 

considered here require several multlplets of 
Higgs scalars and so the relationship between 
M t and M t is tost 4,9 As a result we can no lon¬ 
ger extract the Weinberg angle from a single 


cross section. I shall show, however, that we 
can extract sin 2 e w from the ratio of cross sec¬ 
tions o(P (i e)/a(i' M e); moreover its value is unique 
if the ratio is less than if. 

The Lagrangian coupling the left-handed dou¬ 
blet L*(v,,e t ~) and the right-handed singlet R 
a e*' to the isovector gauge bosons A p and to the 
isosinglet one B „ is 9 

2 £ =gZr^L-K II + g\Zy ll L + 2lly II R)B ll , ( 1 ) 

where f are the usual Pauli matrices. The Wein¬ 
berg angle is defined by the relation 

sin a fl w =g'7<« a +*' 8 ). (2) 

I now assume that the left-handed doublet of 
leptons are the first two members f, and f, of an 
n* representation of SU(n), and that the remain¬ 
ing members (f„ I,) are hadronic quarks 

as in the Georgi-Glashow theory. 1 '" The right- 
handed singlet e H ~ is identified with the (1,2) 
member of the sn(» - U* tensor T u constructed 
from the antisymmetric product of two n* repre¬ 
sentations. The muon and its neutrino are treat¬ 
ed in exactly the same way. Gauge bosons belong 
to the adjoint representation B s a , where a and (3 
run from 1 to n and 

£b x x = 0. (3) 

A“ l 

The SU(n)-symmetric coupling of left-handed 
leptons to gauge bosons 1 b 

i=f S (7a 

a. 1 

where I have suppressed all space-time indices. 
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The strength ol the coupling of the right-handed 
multiplet T u to gauge bosons is chosen so as to 
yield the combination ol left-handed and right- 
handed leptons given in Eq. (1). Picking out the 
purely leptonic terms from Eq. (4), one obtains 

JS = (g/V2)[I fL-R + (l/V^ZUB^+B^)]; 

A, = 7 y(B a l + B 1 , ) ) A 8 = 7 y(B, ! -B 3 1 ), (5) 

>' ! ^(b 1 1 -b ,, ) ) *-»(}*) 

The combination B, 1 + B a s represents an isoscalar 
meson, and in order to determine the Weinberg 
angle one must compute its normalizatlzatioa 
This can be done by Imagining the vector me - 
sons to be constructed from hypothetical quark- 
antiquark pairs: 


section depends on the angle and on the ratio M,/ 
M t at gauge-boson masses. This ratio is equal 
to cos in the simplest version of the Weinberg 
model, 3 but it differs from cos fly, when more than 
one multiplet of Higgs scalars are present, 4 as 
Is the case with the Georgi-Glashow model.' 
Therefore in the phenomenological analysis of 
neutral-current data one should treat M w /M x as 
independent parameters. 7 

The total cross section for neutrino-electron 
scattering can be written as* 

0 *(B*»* # £ /»X(8V *£.«)* + 5(gV ***)*]> (10) 

where E is the laboratory energy of the incident 
neutrino, and the upper signs are for Incident 
neutrinos, while the lower ones are for antineu¬ 
trinos. For v M -c scattering the constants F, g r , 
and g A are 


Bb"=?<,«<-;V ( fi ) 

™ X” 1 

When a a f3, the meson wave function is automat¬ 
ically normalized to unity, but when a = 0 It Is 
not; moreover B„” and B r 1 are not orthogonal. 
Now from Eq. (6) the lsoscalar combination of 
Eq. (5) is given by 

Bi ,+ B,*= 5 ^(q 1 9 1 +q a g 2 )-| E$x«x. ( 7 ) 

and so its norm is [2(« -2)/n]' n . One may there¬ 
fore write 



where B„ is normalized to unity, and after sub - 
stituting Eq. (8) into Eq. (5) one obtains 


sL 

& 



or 8in J fi w = 


n - 2 


i-D* 


(9) 


From Eq. (9), it is seen that sin'fl* tends to i 
from below as n tends to infinity. Therefore, if 
its empirical value turns out to be greater than 
i, one will have to discard the entire class of 
SU(») embeddings discussed above. Unfortunately 
it may not be easy to decide whether the Wein¬ 
berg angle fails above or below this barrier. 

Because the Weinberg angle has been defined 
in terms of the coupling constants for leptons 
and gauge bosons [see Eqs. (1) and (2)], some 
care must be exercised in relating to experimen¬ 
tally observable quantities. In general the ratio 
of vector to axial-vector components in the neu¬ 
tral current depends on sin*fly,, while the cross 


F=C/, / = M v /M x cosfl*, 

gy =■ 2 Sin' fly, - i, 


where G is the usual weak-interaction coupling 
constant; for v t -e scattering they are 


F = G, * r = l+/ , (2sin , fl w -|), 
gA'l-if*' 


( 12 ) 


I have explicitly allowed for the possibility that 
AfjCosfl* by introducing the factor / into 
Eqs. (10)—(12). The occurrence of / in these for¬ 
mulas makes It very difficult to determine sin's* 
from total cross sections alone. In the case of 
y^-e scattering the effects of / can be eliminated 
by taking the ratio of neutrino and antineutrino 
cross sections: 


R , v e) g(7,«) _ *» + 3(I-x)» 

" < t (« v 0 3 **+ (1 -xf ’ 

where the parameter x Is given by 


(13) 


x= 1 — 2 sin?A*, 


(14) 


and ranges in value from - 1 to +1. As x In¬ 
creases from -1 to +$, R(v x e) runs from ^ to 
a maximum of 3 at r = 0, and then decreases to 
^ again at x= As x Increases from i to 1, 
H(v u e) decreases monotonically to its minimum 
value at i; the ratio is shown in Fig. 1. 

This behavior means that for experimental val¬ 
ues of B(v M e) between ^ and 3 there are two pos¬ 
sible solutions for sin? A*, but for values less 
than ^ there ie only one solution. For example, 
if R(v„e) turns out to be | then ain*0 w either can 
have its 8U(5) value of |, 1 or It can be }, a value 
which excludes all SU(«) embeddings. On the 
other hand, If B(v v e) should be equal to 1, then 
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FIO. 1. The ratio of v v -e to v v -e scattering cross 
sections as a function of * = 1 — 2 sin J 0 w . Notice that 
there are two possible solutions for x when * R*t 3, 
but only one when R < 4p. 


the only possible value for sin 9 8^ Is 4. In the 
event that there are two solutions, one will have 
to measure the polarization of the outgoing elec¬ 
tron in order to choose the correct one. 

In the case of v, -e scattering, Eqs. (10) and 
(12) show that there is no clear separation be¬ 
tween / and the Weinberg angle; thus one of 
these parameters will have to be known in order 
to determine the other from this leptonic process. 
For semlleptonic neutral-current interactions 
the situation is similar to v^-e scattering: The 
overall strength becomes Gf instead of G, but 
the A/V ratio remains unchanged. 9 However, a 
knowledge of the hadronic matrix elements will 
be required if one is to extract the Weinberg an¬ 
gle from semlleptonic data. 10 

I therefore conclude that the best chance of ob¬ 
taining a unique value for the Weinberg angle is 
to find that the ratio of antineutrino to neutrino 
cross sections in v^-e scattering is less than 
and hence that sin*fl w < 3. This would have the ad¬ 
ditional advantage of excluding all symplectic 
groups Sp(2n) and all spinor representations of 
0(2n) and 0(2 k+ 1 ) as possible embeddings for 
the leptonic gauge. The Sp(2n) groups give sin* 8* 


* i for all », and the orthogonal ones give sin* 8* 
«(n-2)/n for n* 3. 

Up to now I have not considered the question of 
anomalies. If one takes the basic particles of the 
theory to be the two n*’a containing the left-hand¬ 
ed leptons v tt e L ~, Vp, p", and the two i»(*-1) 
representations containing the antileptons e L * 
and m*, then the theory is anomaly free only in 
the SU(5) case considered by Georgl and Glashow. 1 
For higher SU(n) anomalies can be eliminated 
either by putting e L * and 11 in different repre¬ 
sentations, or by adding more multiplets of par¬ 
ticles. Since this problem does not affect the val¬ 
ue of sin* dy I do not pursue it any further here. 

In summary I may say that the Weinberg angle 
may prove to be a very powerful tool for ellmat- 
ing entire classes of gauge models. 

The author wishes to thank T. K. Kuo and B. W. 
Lee for helpful comments. 
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Observation of Protoplasmic Streaming by Laser-Light Scattering* 

R. V. Mustacich and B. R. Ware 

Department of Chemistry, Harvard University, Cambridge, Massachusetts 02138 
(Received 3 June 1974) 

Data are presented which demonstrate that the laser light scattered from the proto¬ 
plasm of living algae cells Is Doppler shifted by the streaming motion of the macromole¬ 
cules and particles In the protoplasm. The laser-light—scattering spectra are used to 
determine the velocities and velocity distributions Inside the cells. 


Laser Inelastic light scattering has become a 
common and useful technique for the observation 
of the hydrodynamics of biological macromole- 
culea. 1 ' 3 If random diffusion of the macromole¬ 
cules Is the only motion In the solution, the scat¬ 
tered light Is diffusion broadened about the inci¬ 
dent frequency, and the extent of the broadening 
can be measured to determine the magnitude of 
the diffusion coefficients of the macromolecules 
In the solution. If the macromolecules are In di¬ 
rected motion, the scattered light is Doppler 
shifted, and the magnitude of the shift in frequen¬ 
cy is a direct measure of the velocity of the di¬ 
rected motion. This principle has been used to 
measure the velocities of flowing solutions 4 and 
to determine electrophoretic velocities of charged 
macromolecules in solutions under the influence 
of electric fields. 11 ' 7 In this Letter we report the 
first observation of light-scattering spectra which 
have been Doppler shifted by the flow of proto- 
>lasmlc components inside a living cell. 

Our experiments have been performed on the 
common alga Nitella flexilis (species identifica¬ 
tion was very kindly performed by Professor 
Richard D. Wood of the University of Rhode Is¬ 
land). Nitella samples were obtained from Caro¬ 
lina Biological Supply Company and were grown 
in sterile aqueous media at room temperature. 
Nitella is one of the many lower plants which ex¬ 
hibit pronounced cytoplasmic streaming (for an 


extensive review of this phenomenon, see Kaml- 
ya*). The streaming Is observable under a light 
microscope by the motion of large particles 
which are carried with the flow. However, the 
determination of velocity and velocity distribu¬ 
tion by thiB procedure Is very tedious and is nec¬ 
essarily confined to the motion of particles which 
are large enough to be seen under a microscope. 
We have found that the measurement of velocities 
and velocity distributions in Nitella by laser- 
light scattering is very precise, perfectly objec¬ 
tive, and extremely rapid. 

The light-scattering spectrometer is of conven¬ 
tional design. 1 * 7 The laser is a Spectra Physics 
Model 125A helium-neon laser and the spectrum 
of the photocurrent is measured by a 8AICOR 
Model SAI-51B time-compression spectrum ana¬ 
lyser. The Nitella cells are positioned in die ap¬ 
paratus in a special holder which holds them 
firmly in place but does not bind them. The hold¬ 
er can then be rotated to select the desired spa¬ 
tial component of the velocity. (The magnitude 
of the spectral shift is proportional to SJ • v where 
v is the velocity and i? 1 b the scattering vector, 
the vector difference of the Incident- and scat¬ 
tered-light wave vectors, a coordinate which Is 
determined by the geometry of the experiment 4 "*) 
All cells were immersed in aqueous solution at 
all times. In order to avoid damage to the Nitel¬ 
la, It was essential to attenuate the incident laser 
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FIO. 1. Spectra of light scattered from the proto¬ 
plasm of Nltella. The horizontal axis Is frequency In 
hertz and die vertical axis la relative Intensity. Spec¬ 
trum (a) was taken at a scattering angle of 19.5 deg. 
Spectra (b> and (o) were taken at a scattering angle of 
36.1 deg. Spectrum (o) waa taken from the same point 
on the oell as spectrum (b), Immediately after addition 
of para-ohloromereuribenzoate, a streaming Inhibitor. 
Each of these spectra was collected in about 30 seo. 

The points are the output of the spectrum analyzer, 
and the dark lines have been drawn merely to make the 
data more perspicuous and to emphasize the reproduci¬ 
ble features of the data. 


power to lens than 0.2 raW. All measurements 
were made at 23°C. 

Representative light-scattering spectra obtained 
from Nltella lnternodal cells are presented In 
Fig. 1. The horizontal axis is In frequency, but 
It may be helpful to think of the horizontal axis 
as a velocity axis. The velocity conversion fac¬ 
tors can be calculated from the experimental ge¬ 
ometry and the Doppler equation. For spectrum 
(a) In Fig. 1 a shift of 10 Hz corresponds to a ve¬ 
locity of 14.1 pm/sec, and for spectra (b) and (c) 
in Fig. 1 a shift of 10 Hz corresponds to a veloci¬ 
ty of 8.0 pm/sec. The experimental geometry 
waa such that the velocity component being ob¬ 
served is along the long dimension of the inter- 


nodal cell. Spectra (a) and (b) are taken at differ 
ent scattering angles and at different points on 
the same celL The centers of the shifted peaks 
correspond to streaming velocities along the 
length of the cell of about 50 pm/sec for (a) and 
about 60 pm/sec for (b), which represent differ¬ 
ences in velocities at different points In the cell. 
Spectrum (c) was obtained Immediately after 
spectrum (b), except that para-chloromercurl- 
benzoate, a known streaming inhibitor,* was add¬ 
ed just a few seconds before the spectrum was 
taken. Clearly all evidence of streaming has dis 
appeared. Observation of a change in light-scat¬ 
tering spectra upon quenching of streaming has 
been previously reported.* 

The width of the spectrum about zero frequency 
in Fig. 1(c) la a measure of the diffusion of the 
various components in the protoplasm. This dif¬ 
fusion width is almost exactly equal to the width 
In spectrum (b), suggesting that the width In 
spectrum (b) is due to diffusion rather than to 
the variation in streaming velocities. Even if 
only part of the widths of the shifted spectra are 
due to diffusion, we can conclude that the veloci¬ 
ty distribution of the particles represented In 
these shifted peaks 1 b quite narrow. It was ob¬ 
served that the quenching of the streaming by 
para-chloromercurlbenzoate was reversible aim 
ply by washing the cellB with their normal nutri¬ 
ent solution, and it was often the case that cells 
reversed in this way showed a 10-20% increase 
over their initial streaming velocity, suggesting 
either that low levels of para-chloromercuriben- 
zoate act as a stimulant to streaming or that the 
cells streamed faster as a result of their dor¬ 
mant period. 

In addition to the main peaks in spectra such as 
(a) and (b) in Fig. 1, there is considerable inten¬ 
sity at higher and lower frequencies, correspond 
ing to higher and lower velocities. Movement at 
lower velocities is easy to Interpret as hindered 
motion of larger particles, although this inter¬ 
pretation may not be valid because the velocities 
corresponding to the main peaks correlate well 
with the velocities of very large particles seen In 
microscopes. The intensity at higher frequencies 
Is even more intriguing. Although the high-fre¬ 
quency Intensity may be due to experimental arti¬ 
facts (one of which will be discussed later), it 
would be very interesting if this part of the spec¬ 
trum indicates that some particles In the cell are 
moving much faster than the bulk of the proto¬ 
plasm and hence faster than previous microscop¬ 
ic observations have reported. This high-vslocl- 
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ty motion could be coming from macromolecules 
t«hlch are too small to be Observed In a micro¬ 
scope, or may be related to some form of local 
motion which Is responsible for the streaming of 
the entire protoplasm. Further Investigations 
are needed to resolve these Interesting possibili¬ 
ties. 

The flow pattern In the Nltella lntemodal cell 
Is helically wound in a pattern similar to a pep¬ 
permint stick with alternating bands flowing In 
opposite directions. The spacing of the bands is 
approximately 4 mm. The diameter of the fo¬ 
cused laser beam used In these experiments is 
approximately 0.1 mm, so that we were able to 
probe the local velocities anywhere on the cell 
with high resolution. These velocities are nor¬ 
mally uniform*; but we observed that one set of 
cells (an old specimen which had become Infested 
with parasites) often showed a constant and re¬ 
producible difference In flow velocity between the 
bands which flow In opposite directions. Spectra 
(a) and (b) in Fig. 1 are examples of this. The 
difference in velocities observed was usually 10- 
20 % and was always the same for any given cell. 

1 This velocity difference was seen on both edges 
of the cell and throughout Its entire length. This 
kind of anomaly, of which we are aware of no 
previous report, was never seen on fresh and 
healthy cells. 

The theory of this technique predicts that the 
magnitude of the Doppler shift should be propor¬ 
tional to the sine of the scattering angle 0 (the 
angle between the vectors of propagation of the 
■ Incident and scattered light).* To verify this, we 
. have measured a series of spectra as a function 
of the scattering angle. Throughout this series 
the laser beam was impinging on the same spot 
on the same Nltella cell. The plot of the Doppler 
shift as a function of scattering angle Is shown In 
Fig. 2. The predicted linear dependence is ob- 

I served. 

It is occasionally observed that the spectrum 
Till have a second small peak at a frequency 
.equal to twice the frequency of the main peak 
'see spectrum (a), Fig. 1]. This arises from the 
feet that the detection in laser-light-scattering 
experiments is by optical beating. In these ex- 
eriments the detection is of the heterodyne type, 
to which the scattered light is mixed at a photo¬ 
multiplier tube with an unshifted component of 
he Incident light to produce the low-frequency 
electronic beats which we observe. However, if 
*he light being scattered from one of the direc¬ 
tions of Qow Is beat against light scattered from 



FIG. 2. A plot of the magnitude of the Doppler shift 
from a fixed point on a Nltella cell as a Amotion of the 
sine of the scattering angle S, the angle between the 
propagation vectors at the Incident and scattered light. 
The line la the best least-squares fit to the points. The 
predicted linear dependence Is verified, and the devia¬ 
tions from die line provide an estimate of the experi¬ 
mental precision. 


the other direction of flow, then, because their 
relative velocities are approximately twice the 
absolute velocity, the beat will be of approxi¬ 
mately twice the fundamental frequency. We 
have seen a definite correlation between the pres¬ 
ence of these peaks and the position of the laser 
beam on the cell, with the double-frequency beat 
appearing when the beam is traversing both di¬ 
rections of flow. We have also observed a rela¬ 
tive Increase in this double-frequency beat when 
the Intensity of the unshifted beating component 
(the "local oscillator") Is reduced. These double¬ 
frequency beats from broad distributions of ve¬ 
locities could account for some of the higher-fre¬ 
quency intensity seen in our spectra. 

We have measured the various components of 
the velocity In the Nltella internodal cell by ro¬ 
tating the cell with respect to the scattering vec¬ 
tor. The maximum velocity Is seen when the ve¬ 
locity Is along the scattering vector, and the 
magnitude of this velocity Is 70-75 nm/sec. We 
have also observed the response of the cell to ex¬ 
cess light. If an intense laser beam is focused 
on the cell, the cell will stop streaming in that 
area, but It will continue to stream elsewhere. 
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even a few tenths of a millimeter from the in¬ 
tense beam. This is consistent with a very local 
mechanism for the streaming. Similar responses 
to other types of perturbations have been observed 
microscopically.* 

We have also observed protoplasmic streaming 
in the whorled leaf cells of Nltella. In these cells 
the flow pattern seems to follow the leaflike con¬ 
tour of the cells, and the maximum velocity was 
determined to be 55-60 pm/sec. This flow Is 
also reversibly quenched by para-chloromercurl- 
benzoate. 

We believe that the technique of laser-light- 
scattering spectroscopy Is ideally suited to the 
measurement of flow patterns within cells. Some 
of the advantages which we have found this tech¬ 
nique to have in comparison with microscopy are 
as follows: (1) It Is objective; l.e., all motion 
within the scattering region la viewed, rather 
than just the motion of selected particles. (2) The 
Information Is directly interpretable in terms of 
velocities. (3) It is exceedingly fast. Complete 
velocity distributions (spectra) are obtained in a 
few seconds. (4) Any desired component of the 
velocity can be measured just by changing the 
orientation of the cell with respect to the scatter¬ 


ing vector. (5) The motion of submicroscopic 
particles can readily be Observed. This tech¬ 
nique may have a great role to play In the eluci¬ 
dation of the mechanism of protoplasmic stream 
ing and in the study of other phenomena in which 
protoplasmic movement Is an Important factor. 
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Nuclear Spin-Lattice Relaxation in Liquid Crystals by Fluctuations in the Nematic Director 
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We show that a finite cutoff of the hydrodynamic modes (order fluctuations) In die ne¬ 
matic liquid-crystalline phase explains the measured spin-lattice relaxation in this 
phase. A calculation of T t based upon such a cutoff and a fit to the data of MBBA (4-s- 
methoxybenrylidene-4'-«-butylaniIine) ahow this cutoff to be 1 molecular length. At r,„ 
frequencies, far from the cutoff, order fluctuations are shown to be the dominant re¬ 
laxation mechanism. This Is done by comparing the predicted angular dependence of 
7 1 ,,, for theae modes with that measured In MBBA. 


The published measurements 1 ' 19 of spin-lattice 
relaxation in nematic liquid crystals have not 
lent themselves to a single interpretation. For 
example, one compound, PAA (p-azoxyanisole) 
has been shown to exhibit a frequency depen¬ 
dence characteristic of thermal fluctuations of 
the director, whereas the compound MBBA (4-w- 


methoxybenzylidene -4 '-n -butylaniline) has not 
shown this dependence over the same frequency 
range. 11 It has not been clear why one compounc 
should obey one mechanism while another com¬ 
pound in die same phase appears to obey another 
In this paper we shall show that this behavior 
can be explained by a cutoff of the collective or- 
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der fluctuations at the molecular level, where 
, the dispersion relations for these modes are ex- 
^ pected to break down. The frequency dependence 
of Tj is calculated for an arbitrary cutoff and fit¬ 
ted to the data of MBBA. The best fit gives a 
value for the cutoff of 1 molecular length. 

In addition, it is shown that at frequencies far 
removed from the cutoff frequency (as is obtained 
by T lp measurements) MBBA does indeed follow 
the order-fluctuation mechanism. This is done 
by measuring the angular dependence of T, p in 
the nematic phase of MBBA and comparing it 
with a calculation based on fluctuations of the di¬ 
rector. 

In this Letter we outline the calculation of 7\ 
and in the nematic liquid-crystalline phase. 
This calculation includes the angular dependence 
of and T lp as well as the cutoff. The calcula¬ 
tion is based upon the magnetic dipole interac¬ 
tion between two like spin-J nuclei with a fixed 
separation distance and also applies to the quad- 
rupole interaction of spin-1 nuclei with an elec- 


Tip' 1 - ^y*h*r ’[!-«/,(a7 0 )+ ^J,(2a> 0 )+ xJ 0 (2<i> t )], 
where 

J„{P^ = X"<F*(0)E»*(f)) exp{- ipwDdt, 


trie field gradient of fixed magnitude coming 
from within the molecule. In our discussion we 
shall only refer to the dipole interaction. 

The calculation is greatly simplified because 
of the rapid rotation (t^IO -10 sec) of the rodlike 
molecules about their long axes. This motional- 
ly averages the dipole interactions in such a way 
that all the spin interactions in the molecule are 
effectively along the direction of the molecular 
axis. Rapid fluctuations of the molecular axis 
about the director further average die interac¬ 
tion. The much Blower thermal fluctuations of 
the director fihf about some average direction 
are the modes we ultimately consider. It is 
these thermal fluctuations that provide the relax¬ 
ation mechansim. 14 "” 

For the situation described above, the spin- 
lattice relaxation is related to the spectral densi¬ 
ties of the correlation functions, J t (pw), by the 
following expressions’ 7 : 

T, •’ = ••U.K) + J s (2u. 0 )], (l) 

and 

( 2 ) 


( 3 ) 


and where the F k (t) are the time-dependent spherical harmonic functions: 

F a {t) = 1 -3n a ; F,(/) = (I+»m>!; F,(fl = (i + *m) a , (4) 

1 with l, m, and n the direction cosines of the molecular axis (time-averaged direction of the dipolar in¬ 
teraction) with respect to the laboratory coordinate system ( x, y, s) in which the s axis is In the direc¬ 
tion of the applied magnetic field if 0 . 

In general, the vector fT 0 will be parallel to 3 0 as a result of the anisotropy of the diamagnetic sus¬ 
ceptibility. With the application of competing electric fields, the use of thin films, or perhaps even the 
rotation of very viscous nematic liquid crystals, the direction of can be oriented away from the di¬ 
rection of H 0 . Under these circumstances, we must make a transformation of the direction cosines to 
a frame (primed frame) where the s' axis is parallel to 3„. In terms of the Euler angles (<p, 6, $) the 
transformed spherical harmonic functions become 

I r o( < ) = T(3cos 1 'fl-l)E' 0 '(/) + 3isineco8ee i *F,V) + c.c. + fsln , 9e 8 ‘*F I '(0 + c.c.; (Sal 

F,(fl=e , ''{4^«8inflcosS)F 0 '(f)+ y€ (l, (l + cos6X2cosfl - l)F,'(f)+ je M *(l -cos6)(l + 2cos0)F,'*(O 

+ J-»sinfi{-e a<a (l + cos0)F,'(f) + e‘ a, *(l -coe0).F,'♦(/)]}; (5b) 

F,(<)=e aif ty(l -cos'^FatO - ie <a sin9(l +cosfl)F 1 '(f) - ie' ta sin6(I-cose)jF\'*(/) 

+ ‘* a <»(l + cos6) a F > '(0+i-e- a, »(l -coseyF,'*^)], (6c) 


where the F„ ' have the same functional form as Eqs. (5) except that the direction cosines are primed 
uid describe the molecular axis relative to H 0 . The instantaneous preferred direction of orientation 
the molecular axis i?(f, t) will thermally fluctuate about 5 0 . Explicitly, the expression 

ff(?,fl=if 0+ ci7 4 (r,f) (6) 

describes the orientational order fluctuation at time t at position r in the nematic phase. In order to 
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Include this motion In the spectral densities we make a second infinitesimal transformation of the 
spherical harmonic functions F k \t) from ff 0 to ff(r, t). This transformation has been described In a 
previous publication 1 ' where it was shown that the correlation functions become 

<F, %0)F l '*(/)>» S\SS(t, 0) t)>, (7a) 

and 

<F o '(0)F o ’*(f)) = <FAQ)F,’*(‘)) = 0, (7b) 

where S is the degree of molecular order. In calculating the correlation functions (F k (0)F t *(f)) it is 
therefore only necessary to retain the terms containing (F,'(0)F 1 , *(f)). By making use of thiB fact and 
the cylindrical symmetry about H 0 and fl 0 , the correlation functions become 

<F>(. 0]F„*(t)) =f k (8)<F l (0)F i *V)\ ( 8 ) 

where 


/„(6) = 18{cos*e-cos 4 6) (8a) 

/,(6) = |(1-3008*6 +4 cos 4 8), (8b) 


/ a (6) = 2(l-cos 4 6). (8c) 

With the use of the dispersion relation iw(q) =Kq*/i\ for the order modes” where K is the appropriate 
deformation constant and tj the viscosity, the spectral density is calculated in the usual fashion with 
the only modification being the cutoff in the modes near the molecular length. That is, instead of In¬ 
tegrating over all of the hydrodynamic modes, we integrate up to the wave vector q e . The spectral 
densities may then be expressed as” 

J„[pw) =/ k {0)l4S 1 V/{2i) s )J g "‘J“jkT/Kq*V)exp{-t/T t )4*q a dqexp[-ipw()cU, 

where kT/Kq 3 V is the thermal amplitude of the modes, V the volume, [V/(2*y]4 tq 3 dq the number of 
states in a shell of volume 4vq 2 dq, and t ,* 1 =Kq 3 /i\. The result can be expressed in closed form and 
becomes 

J t <pw) = C/,(6Xpw)- J/ *g(fl), (9) 

where 


g(a) = w - i- In | (a* + 2 l '*o + 1 )/(a* - 2‘ n a +1) | - tan ‘‘(l + 2 in a) - tan - , (2’ n a -1 ), (10) 

where a =p in (w/w c )' n -, w is frequency of the NMR measurement and is a., for the case of 7\ p ; w c =Kq 3 
ri and is the cutoff frequency. The constant C is given explicitly as 


C =• 2 ,/, S*fc Tri l,3 /n*K ,,t . 

To determine T,‘* and Tip’ 1 Eqs. (1) and (2) are used and become 1 ® 

7\ *Ag(u)w M/, l(f+ 2 l/ ®) - f cos*6+ (2 - 2 ,/J )cos 4 6] +B, (11) 

T lp ’ l =A p g(a)w, ' 1/a ^9/2 3/ *Xcos*e -cos 4 6) 

+ ((f - 2■*«) - ^ cos’6 + (5 - 2 - s/ * cos 4 6](a- 1 /u. 0 ) 1/i 5+B p , (12) 


where A and A p are constants obtained from Eqs. > 
(1), (2), (8), and (9). The constants B and B p are 
contributions of other relaxation mechanisms at 
frequencies above the cutoff, i.e., where g(a) 

—0. These expressions are easily modified for 
the quadrupolar case by replacing y 4 J)*/r' by 
« 4 4*Q®/4, where q is the electric field gradient 
and Q is the quadrupole moment. It is not clear, 
however, that the magnitude of q will not be 
modulated in the nematic phase. 


To compare Eq. (10) with experiment we have 
used the measurements of Vilfan, Blinc, and 
Doane 11 of the frequency dependence of T," 1 in 
MB BA shown in Fig. 1. The fitting parameter is 
v e = w c /2t. The best fit gives a value of 80 ± 20 
MHz for v„. For MB BA at room temperature, 

K “6.0 xlO" 7 dyn.* 0 * 1 For the value of rj we 
take the value of y, measured by Meiboom” as 
0.5 P. Taking $ e *2i/A # we obtain a„=31±5A 
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FIG. 1. Frequency dependence of T l In MB BA (from 
data of Bef. 11). 


which is within error of being the molecular 
length for MBBA (28 A). 

At T, p frequencies, w c » w, so that the relaxa- 



0 (DEGREES) 

H M 

FIG. 2, Orientational dependence of T]. In MBBA 
for u,w 40 kHz and id. = 30 MHz. The solid line Is Eq. 
H2). 


tlon time is not influenced by the cutoff, and, 
therefore, should follow the angular dependence 
of Eq. (12). The angular dependence of T lp in 
MBBA oriented in an electric field is shown in 
Fig. 2. The angular dependence of T t in MBBA 
was also measured at 30 MHz which is so close 
to (» c that g(a) is small, resulting in only a small 
angular variation in T,. The form of T, agrees 
well, however, with Eq. (11). In contrast, PAA 
does not show a cutoff behavior, as w c is near 
200 MHz which is far above the range of frequen¬ 
cies in which 7, has been measured in PAA. 

It would be interesting to test the concept of a 
cutoff in systems where there exists short-range 
smectlc-A order. Such order should also cut off 
these modes. In particular, one might use this 
technique to determine the size of the short-range 
smectic-A order. 


•Research supported in part by the National Science 
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Anisotropy in the B Phase of He 3 
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The magnetic anisotropy of the B phase (assumed to be a Ballan-Werthamer phase) is 
investigated within the Landau-Glnzburg theory. The anisotropy is determined by the 
action of the dipolar energy and the magnetic Reid on a single vector 5 and it is shown 
that wallB will induce variations in 5 on a scale of R 0 ~ 0.1 cm. In the presence of a field 
H this characteristic length becomes RcH B /H, where H B is of the order of 100 Oe. 


The discovery* of the new superfluid phases of 
He 3 has generated considerable excitement be¬ 
cause of the anisotropic nature of the states in¬ 
volved. These phases are undoubtedly BCS-type 
states made up of Cooper pairs with the orbital 
and spin angular momenta equal to 1.* The A 
phase has attracted most attention because in it 
each pair has m t =l along some axis f and i»,» 0 
along some other axis k.*** These axes, along 
with the phase and magnitude of the order param¬ 
eter, characterize the state of the A phase. It 
has been shown that 1 acts as an anisotropy axis 
for propagation of the various types of sound 
waves' 1 and superfluid flow. 5 * 5 It has also been 
shown® that f will be oriented perpendicular to 
the surface of any walls so that the A phase should 
exhibit textures, that is, gradual variations of T 
which are determined by the shape of the sample, 
the applied fields, and any imposed currents. In 
this sense this phase is similar to a liquid crys¬ 
tal. In the same context little attention has been i 


paid to the B phase because it is generally be¬ 
lieved to be isotropic. Although In many respect, 
this statement is true it is not so for the magnet¬ 
ic properties of the B phase, 7,8 and we shall show 
that there are a number of theoretical reasons 
which make the B phase attractive from the point 
of view of studying textures and singularities of 
the order parameter with nuclear magnetic reso¬ 
nance techniques. 

The B phase is believed to be the Ballan-Wert¬ 
hamer state* in which each pair has J = L + S»0, 
but with the spin variables rotated (arbitrarily) 
relative to the orbital variables. The state is 
therefore specified by a rotation matrix which we 
write in terms of the axis of rotation n and the 
angle of rotation 8. Thus introducing the nota¬ 
tion used previously 10 to specify the order param¬ 
eter, namely that 

<fitoa.l r )'x'Ed al £ a (o > o r ) B)l , ( 1 ) 

at 

we write 


da, m (a// 3)(A«, cose + **«,(! - cose) +f aU n > sine]. 


( 2 ) 
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Here lAl is the Isotropic gap. For an Infinite 
system the value of the angle 8 is determined by 
minimizing the dipolar energy 7 and it has been 
found to be 8 =cos'“(- i). we will find that even 
in the presence of surfaces this angle remains 
essentially unchanged. The dipolar energy does 
not orient n but In the presence of a magnetic 
field n tends to orient Itself along the field be¬ 
cause of a combination of the depalrlng effect of 
the field and the dipolar energy . 7,a For a finite 
system the fact that the surface acts to depair 
the m, =* 0 component along Its normal must be 
taken into account. To do this we introduce a 
trial form for d^j(r) which incorporates this 
boundary condition: 

(3) 

The Rai(r) Is the rotation matrix specified by n(r) 
and fl, s la a vector normal to the surface, and 


F/JT dV{ 16 |vxn|* + 13(V-n)* - 2 ^15(V.n)(n* 
where 

c= £( 1 -|;)(t)‘ (5) 

The last term In (4) is a surface term but Is 
generally nonzero. There are other terms In¬ 
volving / but these can be shown to be small or 
independent of 5. We have set 8 =cos" l (- i). 
Equation (4) along with the orientation energy in 
an external field constitute the bulk energies that 
depend oil n. This orientation energy is 

F t B = -af d~r( H*n)*, (8) 

where a is given In terms of the dipole energy E 0 
and the gyromagnetlc factor a»K t y»E D /lT e (T c 

- T)]. Using (3) we find two different surface en¬ 
ergies. The first comes from Inserting (3) into 
the dipolar energy* and Is of the form 

F 0 s = -6^r[(I.n)’-Ad.n)H < 7 > 

where b * (E a , that is, the coherence length times 
the bulk dipole energy, This term tends to align 
5 perpendicular to the surface. The second con¬ 
tribution arises because near the surface the or¬ 
der parameter is not symmetric and consequent¬ 
ly the susceptibility is no longer isotropic. l * 

This induces a field-dependent surface energy of 
the form 

F/ — d/d»r(S.l.H)‘, (8) 


f(r ± ) is assumed to be nonzero only when the per¬ 
pendicular distance from the surface r x Is of the 
order of the coherence length ((T) (~ 2004). With 
/(0) « 1 this function satisfies the boundary condi¬ 
tions imposed by the depalrlng of the m, =0 com¬ 
ponent of the triplet. There are actually addition¬ 
al depalrlng effects* due to the undoubtedly non- 
spec ular nature of reflection from the walls and 
due to the curvature of the walls. These will tend 
to reduce the tangential components of the order 
parameter but should not change the dominant 
anisotropies at the surface Induced by the strong 
depalrlng of the component normal to the surface. 
We ensure that there are no spin currents flow¬ 
ing Into the surface by Imposing the additional 
boundary condition that (f*V)n =0. By using Eq. 
(3) and the general expression for the gradient 
terms In the Landau-Ginzburg theory of these 
phases 7 ' 11 we can calculate the energy required 
to bend n as a function of position. It Is found 
to be 

' xn) - 5(n • V x 5)* + 16V. [(n- V)n - S(V-n)]}, (4) 


where R is the rotation matrix in (3) and d is of 
order 4(x* - Xb). l.e., the coherence length times 
the difference in susceptibility between the nor¬ 
mal state and the Ballan-Werthamer state. Tills 
term 1 b minimized if R Is such as to rotate H in¬ 
to ±5. If 8 Is greater than the angle between S 
and H a direction for n can always be found such 
as to minimize F M ‘. Since the equilibrium value 
of 0 is > 90° one can always minimize this term 
by varying the direction of n. Also, since the 
surface dipolar term cannot compete with the 
bulk dipole energy, 6 does not vary appreciably 
near the walls, so that we are allowed to concen¬ 
trate on the variation of 5. Inserting the expres¬ 
sion for H in terms of n we find for 5 J-H 

Fj - ~ / s d*r[(S. n)(n. 2) + ($ ) l/ *n. (S * 2)]*. (9) 

Combining these results we find that the textures 
of n for various shaped samples are character¬ 
ized by two fields H s and H B and a characteristic 
length R„ 

R„m c/b » 0.1(1 -T/T,) in cm, 

U s m {b/d) in , 

H a *(b*/acY n . 

Both H s and H B are of order 10-100 G and are 
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relatively temperature Independent. That the 
length R e goes to zero is a reflection of the soft¬ 
ness of the bending energy a a T — T e . Very near 
T c the surface terms become small and the bulk 
anisotropy dominates so that n becomes every¬ 
where parallel to H This fact may help explain 
the recent experiments of Webb, Kleinberg, and 
Wheatley 1 ’ and Ahonen, Haikala, and Krusius.” 

The most relevant situation to study is a cylin¬ 
drical sample with H parallel to the sample axis. 
In zero field there are two competing textures 
(see Fig. 1), one in which n points along the cyl¬ 
inder axis and simply flares out as a function of 
the distance from the center (texture I) and the 
other where n lies in the plane perpendicular to 
the cylinder axis and exhibits an in-plane struc¬ 
ture in which there are two dlsgyratlon lines on 
opposite sides of the cylinder (texture II). In Fig. 
1 we have drawn these textures as they appear at 
zero field. A dlsgyratlon here Is defined in a 
fashion similar to that used by de Gennes for the 
A phase, that is, a line about which n rotates al¬ 
ways pointing in a tangential direction. We find 
that the in-plane structure is stable for the radi¬ 
us of the cylinder R <74ft e . As R decreases the 
dlsgyrations are gradually excluded and the tex¬ 
ture becomes uniform with n along an arbitrary 
direction In the plane. In an external field the 
texture I is more favored, and one finds that if 
one starts with texture n there is a first-order 
transition at a critical field to texture I. 

Turning now to the question of NMR line shapes, 
since 6 is fixed the NMR resonance frequency 



FIG. 1. A plot of the hlgh-fleld NMR line shape for a 
cylindrical sample, The two textures that we have con¬ 
sidered are Illustrated In the upper part of die figure, 
The first is a side view of the cylinder and the arrows 
represent the direction of 2. To illustrate the second 
texture we take a view along the axis of the cylinder 
and die lines represent tangents to the vector field. 


only depends on the angle between n and the ex¬ 
ternal field. At large fields (yH»(l L ) the trans¬ 
verse resonance frequency w, is T 


»«* = (ytf)* +' H * 8 sin*x(?), 


(io; 


where x is the angle between 5 and H and O* is 
the longitudinal resonance frequency. 

The shift in frequency gives rise to a line shapt 
P( w), which we calculate assuming that each re¬ 
gion of the sample resonates at its local frequen¬ 
cy U) t . It is 

P((tl) a V l /dVd[ui-«,(?)], (11, 

where V la the cylinder volume. 

In texture I where n has a component along H 
we may And P(w) corresponding to the case in 
which R » R e H B /U, since the variation of n is 
then described by 


X(r) =A sinh (rH/R B H B ), 


( 12 ; 


where r measures the distance from the cylinder 
axis. A is a constant given by A =A,/sinh(R/// 
R c H b ), where A 0 is the angle between n and the 
magnetic field at the cylinder surface. Since 
over moBt of the Bample n 1 b nearly parallel to 
H, we may approximate sinx by its argument. 

We get 


P(u>) - 2(H B R 0 /HR) t (l/r]fUU o> - yflVrD, 
ui *yH, 


(13) 


where the characteristic width is r = {n L 3 /yH)A 3 
and 


f(x) = ln[*’ n + (x + l) 1/3 J/(x +x 3 ) 1 ' 3 . 


(14) 


This function is exhibited in Fig. 1 in which P(w) 
is plotted versus frequency. 

Experimentally” what is observed is not the 
ideal line shape P( w), but an average of it corre¬ 
sponding to the variation in magnetic field streng 
over the sample caused by the presence of a fin¬ 
ite field gradient. Consider such an average for 
the transverse line shape: 


ryH ♦ Aw 

Ar(Aw) = J P{(j))dw 




(15) 


a 1 _ ffaffn in /-O i l- A A (10) 

HR U AuYH A °n 1 

which is valid when N is close to unity. The mail 
dependence on magnetic field comes from the fac 
tor HbRJhR, since the logarithm is slowly vary¬ 
ing. The average represents the amount of un¬ 
shifted signal which is observed,” as a function 
of magnetic field. If we plot the maximum ab- 
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FIG. 2. The maximum absorption data of Ref. 13 
plotted versus 1/a. The slope gives an estimate of 
HgRc * 10—20 om Oe. The curves from top to bottom 
are Increasing pressures (decreasing temperature) 
relative to the A transition; from the top down the pres¬ 
sures relative to A are 21.0, 23.S, 27.1, 30.7, 34.3, 
38.0, 41.6, and 49.2 mbar, respectively. 

sorption data of Ref. 13 versus the inverse mag¬ 
netic field (Fig. 2), this dependence on 1 /H shows 
up very clearly. Because of the uncertainty in 
the estimates of H„ and R„ as well as Aw, a di¬ 
rect numerical comparison between the mea¬ 
sured and calculated slopes cannot be made. We 
wish to point out, though, that the experimentally 
determined slope of the curves in Fig. 2 is re¬ 
produced for reasonable values of the parame¬ 
ters, namely, to 20 cm Oe, assuming 

the logarithm to be about 2 to 4. 

It should also be mentioned that_these results 
only depend on n not being along H at the surface 
and consequently are not dependent on the de¬ 
tailed knowledge of surface energies. 

In conclusion, we emphasize that there are 
several reasons that NMR studies of textures 
may be very rewarding in the B phaBe. 

(1) There is only a single vector involved, n, 
and the local resonance frequency is determined 


by its angle relative to the external field. In the 
A phase the directions of both i. and T play a role 
in determining the resonance frequency. 

(2) The lengths in the B phase are longer, R e 
= [(/■*- F s )/£ c ] 4 = 10“£ ~ 0.1 cm, so that textures 
should be easily observable and, Indeed, are 
clearly evident in the data in Fig. 2. In other un¬ 
published NMR data rather sharp dips occurred 
which may be due to a point singularity in the or¬ 
der parameter. These will be discussed else¬ 
where. 

The authors would like to thank P. W. Ander¬ 
son for much useful discussion, particularly for 
pointing out the field-dependent surface term, 
and to V. Ambegaokar for useful discussions re¬ 
garding the work in Ref. 6. 
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Phase Diagram of Liquid 3 He between 0.7 and 2.5 mK 

A. I. Ahonen, M. T. Halkaia, M. Krusius, and O. V. Lounasmaa 
Low Temperature Laboratory, Helsinki University of Technology, SF-02150 Otaniemi, Finland 

(Received 8 July 1974) 

We describe a nuclear demagnetization cryostat In which liquid *He has been cooled to 
below 0.7 mK. Data on the boundaries between the normal Fermi-liquid and the super- 
fluid phases of hie, as determined from NMR measurements, are presented between 0.7 
and 2.8 mK and from 0 to 27 bar. The “X point’ of hie was found at 0.93 mK. 


Wheatley and co-workers 1 have previously de¬ 
termined the phase diagram of liquid *He above 
1.9 mK and 10 bar pressure. By employing nu¬ 
clear refrigeration techniques we have extended 
this work to lower temperatures and pressures, 
including the saturated vapor pressure. In con¬ 
nection with these experiments liquid *He was 
cooled to 0.7 mK, lower than ever before. A 
considerable effort was made to measure the 
temperature of *He directly. 

Adiabatic demagnetization of the nuclear spins 
of a suitable metal* •’ is a method whereby liquid 
*He can, in principle, be cooled well into the 
microkelvln region. A drawback of this method 
is that the cryostat is necessarily quite compli¬ 
cated because a low starting temperature, be¬ 
low 20 mK, and a high initial magnetic field, 
over 5 T, are required for successful nuclear 
demagnetization. 

Furthermore, it was thought that the high 
Kapitza thermal boundary resistance, assumed 
proportional to 1/T S , between liquid helium and 
a metal would prevent the use of nuclear refrig¬ 
eration for cooling *He below 2 mK. Subsequent¬ 
ly it was observed,'* however, that the heat re¬ 
sistance is smaller than expected, exhibiting a 
relatively weak 1/T temperature dependence be¬ 
low 10 mK. The low thermal boundary resistance 
is presumably due to a magnetic interaction be¬ 
tween the nuclear spins of ’He and the electronic 
impurity moments of the metal. This additional 
thermal coupling is of paramount importance for 
nuclear refrigeration of liquid *He, 

Our cryostat is illustrated in Fig. 1. The nu¬ 
clear stage is made of a bundle of 0.1-mm-diam 
copper wires containing a total of 22 moles of 
copper; the bundle was made stiff by epoxy. 
Highest purity wire, having a resistance ratio 
/t(300 K)/A(4 K) = 150, was used. The wires were 
welded at their top end to a copper piece which, 
in turn, was welded to the ’He cell. 

In order to achieve good thermal contact be¬ 
tween liquid ’He and the nuclear refrigerant, the 


cell was sintered full of copper powder* with a 
40% packing factor, except for a cylindrical apac 
occupied by the NMR coils. The main magnetic 
impurities of the powder are 200 ppm of iron and 
4.4 ppm at manganese; it is believed that manga¬ 
nese is the more Important element in reducing 
the thermal boundary resistance to *He. With 
28 g of sinter in the cell the total surface area 
for heat exchange is 30 m*; the space available 
for liquid *He is 6 cm’. Because the bulk ther¬ 
mal conductivity of the sinter is relatively poor 
the ’He chamber was equipped with sixteen cop¬ 
per rods of 2 mm diameter, welded to the bot¬ 
tom of the cell. Hlghest-purlty copper was em¬ 
ployed for constructing the 'He cell and other 



FIO. 1. Schematic illustration of the lower part of 
the cryostat showing the mixing chamber of the pre- 
cooling dilution refrigerator, the 5 He cell, and the nu¬ 
clear stage. 
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parts through which heat must flow. 

A 7.S-T superconducting solenoid is used for 
nuclear demagnetisation; it incorporates two 
compensating colls which cancel, over the re¬ 
gion of the 'He cell, the field produced by the 
main solenoid. The smaller coils as well as the 
relatively large distance between the demagne¬ 
tisation solenoid and the cell ensure that the 
field applied to liquid 'He can be varied inde¬ 
pendently. 

Two 7-mm-long NMR coils, each wound on an 
epoxy former 14 mm long and with a 4.5 mm i.d., 
are located on the center axis of the 'He celL 
The upper one is filled to 35% by volume with 
platinum powder of 8 pm average diameter; it is 
used for thermometry by observing the NMR sig¬ 
nal of platinum, and also for measurements on 
'He. The lower resonance coll contains only 'He. 

The static magnetic field for NMR measure¬ 
ments is generated by means of a saddle magnet 
made of two colls which produce a field trans¬ 
verse to the vertical axis of the NMR coils. The 
overall field homogeneity AB/J3 is 6 x 10* * as de¬ 
termined from the llnewidth of the 'He resonance 
signal. NMR measurements on liquid 'He were 
made by sweeping the static field and by frequen¬ 
cy modulating the rf excitation; low-frequency 
phase-sensitive detection techniques could thus 
be employed. 

Our pulsed NMR thermometer' was self-cali¬ 
brated via an automated measurement of the nu¬ 
clear spin-lattice relaxation time T t of 195 Pt and 
by the use of Korringa’s relation, t,T, = 29.8 
msec K; T, is the lattice and conduction-electron 
temperature of platinum. The measuring proce¬ 
dure was to find the calibration constant A in 
Curie’s relation Xu =A /T„ from relaxation-time 
measurements between 2 and 4 mK; here x» is 
the dynamic nuclear susceptibility and T, the 
nuclear spin temperature of platinum. Above 5 
mK the platinum thermometer could also be 
checked against a nuclear orientation thermome¬ 
ter, based on the anisotropy of y rays emitted 
by oriented M Mn nuclei in nickel. It should be 
noted that a pulsed NMR thermometer measures 
the temperature Just before the pulse; the read¬ 
ings are thus equilibrium temperatures and un¬ 
affected by transients. We also want to empha¬ 
size that the platinum powder is in thermal con¬ 
tact with liquid *He only; our thermometer thus 
measures the *He temperature directly. This is 
an important improvement over some of the ear¬ 
lier nuclear refrigeration experiments. 2 

A dilution refrigerator cools the nuclear stage 



T tmK) 

FIQ. 2. The maximum resonance amplitude aa a 
function of temperature near T c and for P - 22.4 
bar. Between 2.4 and 2.2 mK the amplitude decreases 
by 40%. The inset shows the NMR signal at Tj,; the 
transition from the A to the B phase happens to occur 
In the middle of a resonance peak. 

to 17 mK. Demagnetization from 7.5 T to a final 
field between 0.05 and 0.1 T is then performed 
in 3.5 h, and liquid 'He reaches its lowest tem¬ 
perature, presently slightly below 0.7 mK, in 4 
h; the subsequent warm-up time to 1,0 mK, 
caused by an external heat leak of 0.2 nW per 
mole of copper, is 20 h. 

Our transverse NMR measurements were per¬ 
formed in a static field of 32 mT. The signal 
was recorded both upon cooling and during sub¬ 
sequent warming through the phase transitions 
which were identified by changes in the signal 
amplitude. Above 2Q bar, the A phase could also 
be recognized from a shift of the resonant fre¬ 
quency. 7 

Figure 2 illustrates a typical behavior of the 
NMR signal. Upon crossing the second-order 
phase boundary from the normal Fermi liquid 
into the A phase at T e , the amplitude first In¬ 
creased a few per cent and then slowly startsd 
to decrease. These variations in the maximum 
absorption are caused by changes In the line 
shape; the total area under the resonance curve 
appears to be roughly constant within our reso¬ 
lution. At the first-order transition between the 
A and B phases the amplitude changed discontinu- 
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FIG. 3. The phase diagram of liquid ’He. Our data 
at 32 mT: open olroles, T 0 ; crosses, T^; crosses in 
eirelea, “average” of T c and T M . Triangles, melting- 
curve data from Ref. 8. 


ously and then decreased rapidly in the B phase. 
The transition temperature T AB could be deter¬ 
mined, above 20 bar, only upon warming because 
substantial supercooling always occurred; super¬ 
heating was never observed in the lower coll con¬ 
taining bulk liquid. In order to avoid thermal in- 
homogenelties, the temperature was varied slow¬ 
ly, 50 pK/h, through the transition region. In 
most cases T AB and T e could be determined with 
a precision of 30 pK. 

By tracing the NMR signals as a function of 
temperature at different pressures we have de¬ 
termined the phase diagram of liquid a He; the 
results are shown in Fig. 3. Below 15 bar the 
A phase becomes so narrow that the resolution 
of our NMR measurements is not sufficient for 
distinguishing between T c and T A B . At these pres¬ 
sures the measured transition temperature thus 
corresponds to an “average" of T c and T Aa \ the 
transition was identified by a discontinuity in the 
temperature derivative of the resonance ampli¬ 
tude. 

We observe that the boundary between the nor¬ 
mal Fermi-liquid region and the superfluid 
phases is smooth all the way to the saturated 
vapor pressure, which probably means that the 
main features of the phase diagram have by now 
been observed. The “x point” of s He, i.e,, T c at 
zero pressure, is at 0.93 mK. The precision of 
our transition temperatures on the platinum NMR 
scale is about 0.02 mK. We have also plotted in 
Fig. 3 the transition points on the melting curve 


as determined recently by Halperin et al .* from 
thermodynamic measurements. 

The phase diagram of liquid 'He has previously 
been investigated above 1.9 mK by Wheatley and 
co-workers 1 ; discontinuities in the temperature 
derivatives of heat flow and static magnetic sus¬ 
ceptibility were employed for identifying the 
phase boundaries. For the sake of clarity these 
results have not been Included in Fig. 3 but the 
agreement with our data, especially below 20 
bar, Is surprisingly good. The same transition 
temperatures for the second-order phase change 
at T c were also obtained from resonance data on 
liquid ’He intermixed with 8-p.m platinum pow¬ 
der.’ There are Indications that in the A phase 
T„ is pushed towards lower temperatures for 
some of the liquid within the powder. This inter¬ 
pretation of the data Is based on the fact that 
both an unshifted and a shifted resonance line 
are simultaneously observed in the A-phase re¬ 
gion; the intensity of the former signal decreas¬ 
es rapidly towards lower temperatures. 

It appears from our data that the thermal re¬ 
laxation time between liquid ’He and the nuclear 
stage is not increasing significantly upon cooling. 
This gives us hope that even lower temperatures 
can be achieved by nuclear refrigeration of li¬ 
quid ’He. It also seems that the temperature of 
liquid ’He below 1 mK can be measured reliably 
by the platinum-powder NMR thermometer, al¬ 
though further investigations are required. 

Finally, it should be pointed out that nuclear 
refrigeration now has made possible experi¬ 
ments involving the free surface of superfluid 
’He. 

We wish to thank T. A. Alvesalo, D. S. Fisher, 
M. S. Grbnstrand, U. A. LahteenmSki, and 
E. Turtlainen for help with the experiments and 
in analyzing the data. 
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Superfluid Mass of Liquid Helium Three* 

A. W. Yanof and J. D. Reppy 

Laboratory of Atomic and Solid State Physics and The Materials Science Center, 
Cornell University, Ithaca, New Yorh 14850 
(Received 8 July 1974) 

Fourth sound has been generated and detected in the superfluid phases of liquid ’He by 
means of a new technique. 


The discovery of transitions to new phases of 
iquid ’He in the milllkelvln temperature range 
ly Oaheroff et al. 1 revitalized old speculations 
ibout the possible superfluidity of liquid ’He. A 
convincing demonstration of superfluidity has 
>een provided by measurements of fourth-sound 
nodes in liquid ’He by Kojima, Paulson, and 
/heatley,® and more recently by our group.’ 

Kojima, Paulson, and Wheatley 3 have employed 
he technique developed by Shapiro and Rudnick" 
o obtain the fourth-sound velocity. The porous 
nedlum used is a compressed powder of cerium 
nagneslum nitrate (CMN) which also serves as 
l refrigerant and thermometer. Drawing a rea- 
lonable analogy to fourth sound in 4 He, Kojima, 
Paulson, and Wheatley’ interpret their results in 
erma of simple two-fluid hydrodynamics and ob- 
ain the superfluid fraction p,/p from the expres- 
ilon’ 

P,/P*#WC|)', W 

vliere c t is the measured velocity of fourth sound 
wd c, Is the velocity of ordinary sound In bulk 
iquid. The factor n’ is a correction term which 
irises from the complex geometry of the porous 
nedlum through which the fourth sound must 
iropagate. 

In the work reported here, we employ the meth- 
>d developed by Hall, Kiewiet, and Reppy.’ 
fourth sound is generated by oscillating the en- 
ire sample chamber. The liquid properties are 
hen deduced from the response of the sample 
; hamber to a known applied force, and the lner- 
ial mass of the oscillating superflvid is obtained 
Urectly. This independent measurement can be 
compared to the value of superfluid density ob- 
ained from Eq. (1), thus giving a partial test of 


the validity of the simple two-fluid model for ’He. 

The apparatus is shown in Fig. 1. A cylindri¬ 
cal sample chamber, packed with CMN powder, 
is suspended elastically by an epoxy rod inside 
a massive epoxy incasement. An electrode mount¬ 
ed in the lncasement drives the cell electrostati¬ 
cally along the cylinder axis. The resulting cell 
displacement X is sensed electrostatically and 
monitored by two lock-in amplifiers In quadra¬ 
ture. 

Figure 2(a) shows the frequency response with 
the cell filled with liquid ’He at a temperature of 
0.5 K. At 0.7 kHz a suspension resonance is 
seen. Here the cell oscillates along its axis at 



FIG. 1. Sohematio diagram of fourth-sound appara¬ 
tus. 1, Epoxy sample chamber; 2, packed powder 
(see Ref. 4); 3, metal electrode for driving cavity elec¬ 
trostatically; 4, epoxy suspension rod; 5, fill capil¬ 
lary; 5, high-purity oopper wire to heat switch and 
mixing chamber; 7, wire brush (40 cm* surface area); 
S, electrode for detecting cavity motion; 9, suscepti¬ 
bility ooils and solenoid for magnetic cooling; 10 , mas¬ 
sive epoxy lncasement. 
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FIQ. 2. Response of fourth-sound apparatus, (a) Fre¬ 
quency response of cell filled with *He. <b) Both quad¬ 
ratures of cell displacement at the suspension-reso¬ 
nance frequency as a function of reduced temperature 
r, for the ’He-fllled cavity. The fundamental longitudi¬ 
nal fourth-sound resonance occurs at approximately t 
-0.05. 

the natural frequency determined by Its mass 
and the stiffness of the suspension rod. The high¬ 
er-frequency resonance Is the fundamental fourth- 
sound standing wave at 3.2 kHz. When the reso¬ 
nant frequencies of the suspension and the fourth- 
sound modes are widely separated they may be 
considered Independently. However, In our ’He 
measurements a fourth-sound frequency crosses 
the suspension resonance; at crossing, the sus¬ 
pension system becomes a sensitive detector of 
the fourth-sound mode. 

At the beginning of a run, the drive frequency 
Is fixed at the value which maximizes the sus¬ 
pension-resonance amplitude while the ’He is 
still in the normal phase. The cell Is cooled to 
the lowest possible temperature by demagnetiz¬ 
ing the CMN, and the displacement of the cell, 
X(w, t, t), is monitored during the subsequent 
warm-up. Figure 2(b) shows the two quadrature 
components of the amplitude of the cavity dis¬ 
placement as a function of reduced temperature t. 

The superfluid mass m, and the fourth-sound 
quality factor <?, are obtained from an analysis 
of the response curves shown in Fig. 2(b). The 
displacement X of the cell is determined by the 
force equation 


F < f* u ‘-KX-D&-m,'r=W+m-m.)X, (2) 


where F^* is the drive force along the cylinder 
axis; K and D are the spring and damping con¬ 
stants of the cell support; M and m are the mass 
of the cell and the total mass of the fluid within 
the cell. The term mis the reaction force due 
to the acceleration of the center of mass Y of the 
superfluid within the cell. 

To obtain the motion of the fluid we require a 
slight generalisation of the usual fourth-sound 
wave equation which will allow for the accelera¬ 
tion of the porous medium as well as that of the 
superfluid. Let x be the coordinate in the rest 
frame along the axis of motion of the cell. We 
wish to develop a wave equation for the average 
superfluid displacement in the x direction. 

The averaging is understood to take place over a 
volume of fluid large compared to the character¬ 
istic dimensions of the porous medium yet small 
in comparison with the fourth-sound wavelength. 

The actual superfluid velocity v, can be expresBc 
as v, = ? + V<p, where x is the velocity of the por¬ 
ous medium or cell and <p is a potential function 
which satisfies the boundary conditions Imposed 
by the complex geometry of the porous medium. 
We shall define c, and c 2 as the volume averages, 
in the sense mentioned above, of the quantities 
8 <p/8x and I V<p?, respectively. Then the aver¬ 
age Buperfluid velocity in the x direction may be 
expressed as (,=X +€,. 

The average kinetic energy density is given by 

t =W<7+(« a *i-•*)■]. 


We can now write a Lagranglan density for the 
fluid as £ = T - (P,cVp)( 84,/8*)’. The constant 
c in the potential energy term will be equal to c„ 
the bulk sound velocity, in the absence of any 
thermal terms. The fourth-sound equation ob¬ 
tained from the Lagranglan density is 


a 8 {, P.c.V s a 4. 

8 1 1 pe a 8x 3 




0 . 


(3) 


We define n‘ x € 2 /e, a in making the connection 
with the fourth-sound velocity expression, Eq. 
(1), introduced by Shapiro and Rudnlck.* In Eq. 
(3) the factor 1 - «,’/€, represents that fraction 
of the superfluid which adds an induced hydrody¬ 
namic mass to the porous medium during accel¬ 
eration.* A damping term, r#>,~ l (X - 1b add¬ 
ed to Eq. (3) to allow for possible attenuation. 

Finally, Eqs. (2) and (3), augmented by the 
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damping term, determine the motion of the cell: 

X =F ( / u *{fC-(M+m)w* - iuD + (m 4 /**)[l - (2/*L) tan(i*L)](w/c**)*}' 1 , (4) 


where L is the length of the cavity and & is a 
complex quantity given by k =<uc 4 '*(l +iQ 4 ~ 1 ) ln , 
where Q 4 = <pp,ti' 1 . 

We fit Eq. (4) to the observed response curves 
such as shown in Fig. 2(b) to determine the val¬ 
ues of m,/n 2 and Q 4 for the temperature at which 
the drive and fourth-sound fundamental-mode 
frequencies coincide. The superfluid fraction, 
p ( /p*m ( /m, is then obtained by using a value of 
it 2 taken from '"He measurements. In Fig. 3 agree¬ 
ment is shown between a value of p,/p, open cir¬ 
cle, obtained by this method and values generat¬ 
ed from the temperature dependence of c, through 
the use of Eq. (1). This indicates that thermal 
terms are not Important in the present experi¬ 
ment. 

The temperature dependence of c, was deter¬ 
mined from observation of the passage of a num¬ 
ber of different fourth-sound modes through the 
suspension-resonance frequency. The range of 
temperature coverage was extended by using a 
number of different suspension frequencies rang¬ 
ing from 0.7 to 1.8 kHz. 

These observations have been made at a num¬ 
ber of pressures. For a given reduced tempera¬ 
ture we see only a 10% Increase in superfluid 
density as the pressure is increased from 15.9 
to 27 bars. The data at these two pressures are 
indicated in Fig. 3 by the dashed lines. The 32- 
bar curve published by Kojlma, Paulson, and 



FIO. s. Superfluid fraction in ®He as a function of re¬ 
duced temperature. Data points shown are measure¬ 
ments at 22,8 bar. 


Wheatley 8 lies only a few percent higher than our 
27-bar curve. This agreement is most interest¬ 
ing In view of the differences in the packing frac¬ 
tion and geometric factor n 2 for the two fourth- 
sound cells. 7 

The fourth-sound quality factor Q, is also ob¬ 
tained from the fitting of Eq. (4) to the observed 
response curves. We find that the value of Q, 
for a given mode shows no systematic variation 
with temperature. A temperature-independent 
value for Q 4 would imply that the damping coeffi¬ 
cient 7] approaches zero at the transition approxi¬ 
mately as r 3/I . However, there is some mode de¬ 
pendence of <? 4 ; thus for the fundamental mode 
we find Q 4 = 85 at t = 0.05 while = 32 for the sec¬ 

ond harmonic. 

Much higher values of Q 4 are obtained at low 
temperatures with ‘‘He In the cell. For instance, 
at 0.2 K, a value of Q, = 2 x 1C is observed for 
the fundamental mode. At higher temperatures 
the value of Q 4 decreases (Q, = 160 at 1.5 K). Un¬ 
der the assumption that fourth-sound attenuation 
is due to imperfect damping of the normal com¬ 
ponent, one obtains an estimate of the pore size 
from the observed temperature dependence of Q, 
and the known values of viscosity and superfluid 
density.* Inverting this analysis, and using a vis¬ 
cosity value from Alvesalo et al. a and an average 
pore size estimate of 2 pm from the ‘‘He data, 
we would expect a value of <? 4 = 500 for the ’He 
fundamental mode at t = 0.05. In contrast the 
measured value is 65 at this temperature. Thus 
the mechanism of normal-fluid slippage seems 
inadequate to account fully for the Q values ob¬ 
served for fourth-sound modes in ’He. Note that 
the maximum superfluid velocity at the resonance 
shown in Fig. 2(b) is 1 mm sec' 1 . 
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Time-Resolved Laser-Plasma Backscatter Studies* 

B. H. Ripln, J. M. McMahon, E. A. McLean, W. M. Manhelmer, and J. A. Stamper 
Naval Research Laboratory, Washington, D, C. 20375 
(Received 20 May 1974) 

Time-resolved and time-integrated measurements of the energy, spectra, and other 
characteristics of the backscattered laser radiation from a laser-produced plasma are 
presented. Theoretical comparison shows that most of these measurements are consis¬ 
tent with the stlmulated-Brillouln-backscatterlng Instability. 


The mechanisms responsible for absorption 
and reflection of laser energy In plasma are of 
prime Importance and concern In laser fusion. 

The reflection of laser energy by the irradiated 
target represents a potentially Important energy 
loss to the system In addition to possibly damag¬ 
ing the laser. A number of experimental* ' 7 and 
theoretical"'** studies of laser backscatter indi¬ 
cate that an appreciable amount of energy is re¬ 
flected back from the target with a modified spec¬ 
trum. In this Letter we describe experiments 
which Include both time-integrated and time-re¬ 
solved energy and spectral measurements, and 
compare these results with stimulated-Brlllouin- 
backscatterlng predictions. 

The experimental setup used in these studies 
consists of a neodymlumiglass laser beam (A„ 

= 1.064 pm) focused with either an//14 or an// 

1.0 lens onto a slab target in an evacuated cham¬ 
ber. 4 The pulse duration used is either 900, 250, 
or 50 paec full width at half-maximum energy 
with energy * 100 J. A prepulse identical in 
shape to the main pulse with approximately 5% 
of the pulse energy is usually applied 700 psec 
ahead of the main pulse. For the main pulse the 


irradiance at the focal spot is in the range / * 5 
xlO* 5 W/cm*. Calorimeters independently moni¬ 
tor the Incident energy and the energy reflected 
back through the lens. 

A semiquantitative measurement of the angular 
distribution of the scattered 1.06-pm laser light 
at solid angleB other than hack through the focus¬ 
ing lens was performed. 12 By rotating the target, 
we determine that the intensity of this scattered 
radiation peaks at the specular- reflection angle 
from the target, has an angular extent of about 
± 40°, and has a total energy content of 5-10% of 
the incident laser energy. The specularly reflec¬ 
ted energy per solid angle is typically small com¬ 
pared to the direct backscattered energy. Howev¬ 
er, the total energies scattered outside and in¬ 
side the solid angle subtended by the//14 lens 
(± 2°) are comparable. The fact that we indepen¬ 
dently detect specular reflection allows us to con¬ 
clude that the much more Intense light which is 
directly backscattered through the lens Is the re¬ 
sult of some anomalous process. Henceforth we 
will discuss only the 1.06-pm radiation backseat- 
tered through the lens solid angle. 

It was verified that the backscattered light is 
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ENERGY ON TARGET (J) 

(a) (b) 


FIG. 1. Laser energy backscattered through the fo¬ 
cusing lens near 1.06 pm versus incident energy for 
(a) deuto rated polyethylene and aluminum slab targets, 
with an //14 focusing lens and 900-pseo (full width at 
half-maximum) laser pulses, and (b) deuterated poly¬ 
ethylene and oopper slab targets, with an//1.9 foous- 
lng lens and 900-pseo (full width at half-maximum) la¬ 
ser pulses. In this plot the specular-reflection contri¬ 
bution (1% of the Incident energy) Is subtracted from 
the book-reflected energy. 

almost completely polarized in the same plane 
as the Incident laser beam, and that the optic 
rays of the backacattered radiation retraced the 
optic rays of the incident beam to a very high de¬ 
gree. 5 

Another property of the Integrated backscat- 
tered radiation at 1.06 pm Is that its total energy 
increases exponentially with incident laser ener¬ 
gy up to a “saturation level” as shown In Fig. 1. 

A saturation occurs In the case of the //14 lens, 
at approximately 10 J Incident energy (-10 14 W/ 
cm*) at which point ~ 5% of the energy is directly 
backscattered. The large scatter in the data Is 
shot-to-shot reproducibility, not diagnostic un¬ 
certainty. The “saturation” of the energy back- 
scattered through the lens may not imply a satu¬ 
ration of the total scattered radiation since con¬ 
siderable energy is scattered outside the sam¬ 
pled solid angle. An almost exponential depen¬ 
dence of the backscattered laser light upon inci¬ 
dent energy ia also found with the//1.9 lens [Fig. 
1(b)]. The behavior of the back-reflected energy 
has little sensitivity to the target material. How¬ 
ever, no saturation is observed within the ener¬ 
gy range covered with the//l.9 lens. The ex¬ 
planation (or the different behavior of the //1.9 
and //14 lenses has not been uniquely determined 
as yet, although the //1.9 aspheric lens produces 


a smaller focal spot diameter (-30 pm) than the 
//14 plano-convex lens (-100 pm) and causes a 
more convergent optical path. 

The exponential increase of reflected energy 
with incident power is characteristic of the linear 
behavior of stimulated Brillouln backscatterlng 
if the power is such that the system is above the 
inhomogeneous threshold. This instability Is con¬ 
sistent with the polarization and ray-retracing 
measurements. The amplification factor for pow¬ 
er of this Instability 8 is 

P r « exp{2 ty»L % /cv,), (1) 

where y is the Instability growth rate near thresh¬ 
old given by y* = /V)(v„/v t ,)\vjc), L Is the 

spatial extent for phase coherence, and c, v,, v u , 
and v„ are the speed of light, Ion acoustic speed, 
electron thermal speed, and peak electron quiver 
speed in the laser field, respectively. With the 
assumption that the underdense plasma is iso¬ 
thermal, the phase coherence length L Is given by 


r~2 t, 2 V, Uj.* 

‘ («> " v,)L~ (w* -w„ 2 )L. ' 


where k t Is the incident laser wave number, L m 
and L, are, respectively, the plasma density and 
flow velocity gradient scale lengths, and v f is the 
plasma flow velocity. For a typical temperature 
of 700 eV, 4 and assuming Interaction near one- 
fourth the critical density, we find that Eq. (1) 
gives a good fit to the exponential portion of Fig. 
1(a) if we take 1= 4 pm. A density gradient scale 
length of 30 pm, a velocity gradient scale length 
of 200 pm, and an initial fluid velocity of one- 
fourth the sound speed give approximately this 
value. The comparable number obtained for the 
//1.9 data, adjusted for specular reflection and 
laser irradlance at the interaction region, is L 
“2.7 pm. 

The light reflected from the target directly 
back through the lens is intercepted by a pellicle 
beam splitter placed near the laser - 34 m from 
the target. A portion of this light Is focused, 
with a cylindrical lens, onto the slit of a 2-m 
spectrograph. Time-integrated spectra from a 
single shot have been recorded using Kodak 1-Z 
plates. Alternately, for time-resolved studies 
an EPL streak camera (T r *6 psec) with an 3-1 
photocathode Is used. The spectrometer is mod¬ 
ified by masking the grating to reduce the Instru¬ 
mental temporal dispersion to a near time-band¬ 
width-limited 20 psec (AX “ 0.8 A). Spectra of 
the backscattered light time Integrated over the 
laser shot showed many characteristics similar 
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FIG. 2. (a) Shift of backnaafter time-integrated spec¬ 
tra towards the red for an increasing angle 0 between 
the target normal and laser direction. Time-resolved 
backscatter spectra for (b) a oopper target, //14 lens, 
H.fi-J, 900-psec laser pulse with 100 pace temporal 
resolution, and (c) a do (iterated polyethylene target, 
//14 lens, 16-J, 250-psec laser pulse with 20 paec 
temporal resolution, (d) Densitometer tracing of (c) 
along the time axis through the center of the spectrum. 
Traces have not been corrected for film exposure ver¬ 
sus density curve and are saturated at the peaks. 


to those obtained by other groups. 2 - 3,r ' Briefly, 
the spectra were broadened by 10-50 A with cen¬ 
troids shifted from the incident wavelength (often 
to the blue) by up to 10 A. It was found in our ex¬ 
periment, however, that as the target is rotated 
away from normal Incidence to the laser bean 
the spectrum shifts toward the red. This is 
shown in Fig. 2(a). The magnitude of these spec¬ 
tral shifts with target angle are numerically con¬ 
sistent with a superimposed Doppler blue shift, 
due to plasma motion normal to the target sur¬ 
face «t ’j)* 4xl0 7 cm/sec), and a red shift due to 
ion acoustic waves propagating into the target 
(A/=»7xl0“ Ha). The time-integrated spectra 
often shows a linelike structure. 

The time-resolved spectra of the backscattered 
radiation, such as those shown in Figs. 2(b) and 
2 (c), show that the spectrum may evolve consid¬ 
erably during the laser pulse, and, therefore, 
correct conclusions based solely upon time-in¬ 
tegrated spectra appear fortultious. The slab 
geometry target is normal to the Incident beam 


In each case. A small portion of the incident- 
beam spectrum is monitored and it is usually 
found to be roughly Gaussian in time and mono¬ 
chromatic to within 1 A. The backscatter spec¬ 
tra have varying characteristics; however, they 
share an Initial red shift, a time-dependent spread 
in wavelength, a very fast rise time, and complex 
structure in time and wavelength. After onset the 
reflected energy appears distributed for the dura¬ 
tion of the laser pulse and exhibits the laser- 
pulse fall time. A question arises as to why 
there is no cutoff threshold for instability. Both 
the velocity and density scale lengths increase 
with time in the laser-produced plasma and there¬ 
fore the threshold for Brlllouln backscatterlng 
would be reduced at the end of the pulse. When 
the incident beam is time modulated (caused by, 
for example, self-phase modulation) the back- 
reflected spectrum Is similarly modulated. 

There Is also a tendency for the centroid of the 
spectra to shift increasingly to the blue with time. 
ThlB Is especially evident In Fig. 2(b) which ex¬ 
hibits a blue shift linear In time. This blue shift 
could occur as a result of a constant acceleration 
of the Interaction region toward the laser for the 
duration of the shot. This is consistent with the 
effect of target rotation upon time-integrated 
spectra noted earlier. It is likely that the Initial 
spectral red shift Is due to a stimulated process 
such as Brlllouln scattering rather than a Dop¬ 
pler shift since the Interaction region would not 
have an initial net velocity away from the laser. 
The magnitude of the initial red shifts from the 
incident laser line (2-10 A) correspond to Ion 
acoustic wave frequencies, i.e., from 2 to 10% 
of the ion acoustic frequency at the critical sur¬ 
face. With the assumption that the usual disper¬ 
sion relations for the Incident and reflected elec¬ 
tromagnetic waves (wt'/vWtS+ki'fc*) and Ion 
acoustic waves [w 4 . = (t>,-o,)*,.], and the back¬ 
scatter matching relations = 

u>, = w r + u>,,, hold in the interaction region, the 
spectral measurements lead to estimates that the 
Interaction region is between 0.1 and 0.9 of the 
critical density and is typically near 0.25 of the 
critical density. 13 

The rapid rise time of the backscattered radla- 
tlon and the existence of an intensity threshold is 
demonstrated in Fig. 2(d). Figure 2(d) is a den¬ 
sitometer tracing along the time axis through the 
center at the spectrum of Fig. 2(c) which shows 
that the rise time of the backscatterlng onset, 
due to both the laser prepulse and main pulse, 
is less than the resolution of the spectrometer 


636 





Voium*33, Numbs* H PHYSICAL REVIEW LETTERS 9S*btbmbs* 1974 


(~ 20 pssc). When the backscattered radiation ie 
streaked directly without going through the spec¬ 
trometer the rise time still appears instrument 
limited (-6 psec). The dynamic range of the 
camera and film is sufficient to characterize 
these rise times. The broad spectrum at the on¬ 
set of the backscatter spectrum In Fig. 2(c), if a 
result of a tlme-bandwidth-llmited effect (AuiAt 
« Js- half width at half-maximum), would corre¬ 
spond to a rise time of about 1 psec. This 1 psec 
rise time is consistent with the calculated growth 
rate for Brlllouln backscattering of y “ 10 4 ’ sec _1 
near the threshold power observed of approxi¬ 
mately 10” W/cm*. This threshold value is that 
predicted by the theory 8 within experimental er¬ 
ror. The threshold and Intensity of backscattered 
radiation appears Insensitive to the presence of 
a prepulse for all laser pulse durations used. 

Another aspect of the backscattered spectra 
that Is intriguing, but not yet satisfactorily ex¬ 
plained, Is the occasional appearance of line 
structure as In Fig. 2(b). These lines are rather 
closely spaced (~ 2 A) and may represent multi¬ 
ple Brlllouln backscattering. However, It is dif¬ 
ficult to satisfy all the matching conditions ex¬ 
cept very close to the critical surface [(- 0.96- 
0.98)«J. 

The bulk of our experimental evidence supports 
the hypothesis that stimulated Brlllouln backscat¬ 
tering Is responsible for most of the energy di¬ 
rectly backscattered. Specular reflection ac¬ 
counts for 5-10% of the Incident energy but Is 
reduced In intensity with respect to the direct 
backscattered radiation by a large factor. An ex¬ 
panded study of laser light scattering will be pub¬ 
lished elsewhere. 
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The period of the Pelerls distortion in a one-dimensional system is assumed to be in¬ 
commensurate with the lattice. The fluctuation conductivity just above the mean-field 
transition temperature is calculated in the presence of electron-impurity scatterings. 

In the clean limit for sufficiently strong electron-phonon interaction, the conductivity is 
enhanced by fluctuations whose contribution is impurity limited and goes like (T -T p )‘ ' n 
in the leading approximation. In the dirty limit, the conductivity is reduced by fluctua¬ 
tions. 


Recent experiments on quasi one-dimensional 
conductors have excited much interest in the 
properties of a one-dimensional electron-phonon 
system which exhibits a Peieris instability. 1 
The conductivity behavior of such a system var¬ 
ies drastically depending on its commensurabili- 
ty. If the first reciprocal lattice vector G of the 
undistorted lattice is commensurate with the 
Fermi diameter q 0 (= 2k F ), then the system be¬ 
comes an Insulator below the Peieris transition 
temperature T P . The half-filled case (G = 2 <?„) is 
a special example; its fluctuation conductivity 
just above T P is inBulatorlike,’ i.e., the conduc¬ 
tivity is depressed. On the other hand, if G is 
incommensurate with q„, then the system pos¬ 
sesses infinite conductivity at zero temperature. 3 
In this case, the fluctuation conductivity is found 
to be positive and proportional to (T - T P )' 1/a by 
Allender, Bray, and Bardeen/ by means of a 
phenomenological theory. We report here the re¬ 
sults of a microscopic calculation for the incom¬ 
mensurate case. 

Random impurities are included to provide fi¬ 
nite conductivity in the normal phase, and have 
two types of effects. The first is to introduce 
the usual finite lifetime into the single-electron 
states. The second is to cause a static distor¬ 
tion of the lattice, an effect which is enhanced 
by the Kohn singularity in one dimension. The 
Importance of this second effect depends on the 
relative magnitude of the impurity potential and 
the electron-phonon interaction. 

Consider the extreme incommensurate case of 
an ideal one-dimensional chain of uniformly 
spaced atoms where the Fermi energy measured 
from the bottom (or top) of the conduction band 
is only a small fraction of the bandwidth. The 


electron-phonon interaction in standard form is 

H.>=N- t '*Z k 'g(q)c kt Sc k (b, + b.' i ), ( 1 ) 

where c and b are the electron and phonon opera¬ 
tors and N is the number of atoms in the chain. 
Electron-impurity interaction is included as 

TiU 1 c kt ,*c t e‘ , “ R, p l< ( 2 ) 

*.< 

where p, denotes the impurity distribution over 
the sites R,. For electrons near the Fermi level 
in the undistorted chain, the important scatter¬ 
ings are (I) in the forward direction, q~0, where 
U, is taken as zero since it does not affect the 
current, and (2) in the backward direction, q~q 0 , 
where U,^U, a constant. 

The impurity scattering is treated in the Born 
approximation. The self-energy correction of 
Fig. 1(a) supplies the electron in the uniform 
chain with a finite lifetime, T=v r /cU*, where J 
» F is the Fermi speed and c is the impurity con¬ 
centration. All other self-energy terms within 
the Born approximation, such as shown in Fig. 

1(b), vanish. We could include in the lifetime 
the effects of the electron scattering by “ordi¬ 
nary” phonons, with wave vectors away from 



(o) (b) (c) (d) (e) 

FIG. 1. Electron self-energy terras. Solid tines 
denote eleotrons, wavy lines phonons, and dashed 
lines impurity. 
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the neighborhood of q D , Le., not belonging to 
those soft phonons just above T P which consti¬ 
tute the fluctuations. 

The self-energy of a phonon with wave vector 
q close to q 0 is calculated in the mean-field ap¬ 
proximation, represented by Fig. 2(a). The 
electron lines are understood to include self- 
energy corrections due to impurity scatterings 
such as shown in Fig. 2(b). Phonon energies, 
temperature, and the reciprocal electron life¬ 
time 1/r are all assumed to be much smaller 
than 8 r , the Fermi energy. The extreme in¬ 
commensurability is used in the sense that the 
process of an electron excited by the q 0 phonon 



(a) (b) (c) (d) 

FIG. 2. Phonon self-energy terms. 


from the neighborhood of -k r to k r is included, 
but not the process from the neighborhood of k T 
to kf +q 0 which is smaller by a factor of max(u), 
1 /t, T)/S t . Then, the phonon Green’s function 
is given by 


1 ID {q 0 +p, *o,) = w, a - Atf {ln(T P0 /T) +*(i) -i*(i +a[l - iT(|u>,| + ,>/>))) 


where A is the usual dimensionless electron- 
phonon coupling constant, O is the unrenormal¬ 
ized phonon frequency at q& * Is the digamma 
function, a = 1/4itT is the electron-hole pair¬ 
breaking parameter, and T Po is the transition 
temperature in the absence of impurities. 

From Eq. (3) it follows that the mean-field 
transition temperature T P is given by 


-i*(i + «[1 - ir(| W|| -w P />)J)} , (3) 


with 


«»*=Ao»(€ + $y), 

(6) 

c = ln(r/T P0 )+*(i+a)-*(i), 

(7) 

4*=-*''(i+a)i- P V32j , T J , 

(8) 

r»An**'(i+a)/4irT. 

(») 


ln(T Po /T P )=*(J +l/4irTT p )-*(j). (4) 

Ordinary impurities serve to depress the transi¬ 
tion temperature in the same manner as for the 
excitonlc insulator 5 and as magnetic impurities 
do in superconductors, 5 as has also been noted 
by Schuster. 7 

For small <u and p , the soft phonon is given by 
l/D(q 0 +p, iw^wZ+cV+ri w,|, (5) 


€ is a treasure of the temperature difference t 
= (T-T P )/T P . For small t, e 1 b proportional 
to t. 

We collect in Table I the limiting values of 
these quantities in two cases: (1) the clean limit, 
T P »1/t; and (2) the dirty limit S F »l/r»T r , 
provided that t does not drop below its critical 
value T rr = y/trT Po , where T P vanishes. 

We include only those impurity dressings in 
the phonon self-energy which are consistent with 
the self-energy diagram of Fig. 1(a). These are 


TABLE I. Summary of expressions In the clean and dirty limits. Con¬ 
ductivity is given in units of « x /% per unit cross-seotlonsl area of a chain 
with 7=t> F r and f = 7t(3)/»*. 



Clean limit (a « 1) 

Dirty limit (ar»l) 

€ 

t 

f/12 a 1 

*, 

(tx*) ,/S /4 

3(a 4 /2) ,/s 


t' n v r /*T 

l/'Pi 

r 

AB*t /8T 

Atfr 

0*1 

- (I - 2t a) (1 + 8a A) } /8ft ' n 

-<l + 6aA)3/6I/4w< 1/1 

0* 

(l+4fa)irf , /84f 1/1 

2^1/H m 

<T, + Oi 

(l-4/3tA)3£ 1/, //4/‘^ 

(1-240^)5^1/4x1 1/1 
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either like those of Fig. 2(b) which contribute to 
Eq. (3) or of Fig. 2(c) which are negligible. Cor¬ 
rections such as in Fig. 2(d), which have not been 
kept, have been found to be negligible in the clean 
limit and to modify the dirty-limit results, though 
not in an essential way. 

As in our earlier work, 3 we calculate the fluc¬ 
tuation conductivity in leading powers of (£ c /e) 1/3 , 
where is the Ginzburg critical value 8 (Table 
I). Interpreted within the one-dimensional model, 
the specific-heat measurements 9 at 55 K would 
imply an order of magnitude e c ~0.1, although the 
transition there may actually be three-dimension¬ 
al. In the dirty limit, since t c »l, there is no 
region of Interest in which the expansion in (e c / 
ef'* is valid. Nevertheless, it indicates the na¬ 
ture of the corrections to the normal-state con¬ 
ductivity. The leading terms of fluctuation con¬ 
ductivity in (£ c A ) 1 ' 3 are given in Fig. 3. Again, 
impurity dressing of the electron propagator is 
understood. The current vertex contains the lad¬ 
der sum of impurity lines. These terms are con¬ 
sistent with the self-energy terms of Figs. 1(a), 
1(c), and 1(d). 

Figures 3(a) and 3(b) are analogous to the con¬ 
ductivity due to the electron-phonon scattering. 
However, the soft phonon now is a long-wave¬ 
length fluctuation. It has the effect of creating a 
fluctuating energy gap in the electron band, giv¬ 
ing the electron self-energy 

Z[k,iE n )** 3 /(iE„ + S„-n/2T+ii’ r c l,3 /k), (10) 

where 8 k is the electron energy measured from 
the Fermi level and the gap fluctuation is given 
by 10 

A s = jN’ F r/24e 1 ' 3 . (11) 



( 0 ) (b) (c) 



(d) (e) (f) 


FIG. 3. Fluctuation contributions to conductivity. 
The circle denotes the current vertex dressed by im¬ 
purities. 


The net effect on the conductivity through the 
processes in Figs. 3(a) and 3(b) is to make the 
contribution Insulatorlike as in the commensu¬ 
rate case, giving 

o 1 = -ir/ l , /4e 1/3 , (12) 

where 

l I = t*'(i+of)-i«*''(i+a)] ,/, I/2v (13) 

and 1=u t t is the scattering length. 

Figure 3(c) is analogous to the ordinary pho¬ 
non-drag term. In the half-filled case this term 
vanishes, 3 while in the extreme Incommensurate 
case it is finite. In the former case, the ground 
state is doubly degenerate and the low-tempera¬ 
ture phase is insulating. In the latter, the 
ground state is continuously degenerate and a 
metastable current-carrying state can be con¬ 
structed. 8 The phonon-drag contribution above 
T p corresponds to the collective-mode contribu¬ 
tion 11 * 13 below T p . Figure 3(c) contributes to the 
conductivity 18 

(14) 

with 

/, 3 =A 8 /»'(i+a), (15) 

where A comes from the triangular vertex, giv¬ 
en by 

A =[♦'(£ +a)-o*"(i +a)| l/v . (10) 

Figures 3(d) and 3(e) correspond to an impurity- 
induced lattice distortion which modifies the gap 
fluctuation (II) to A*(l + 8a/A) and thus increases 

in magnitude. Correction due to the sum of 
terms such as in Fig. 1(e) is of the same order 
of magnitude. The impurity phonon-drag term 
of Fig. 3(f) is analogous to the pinning of the col¬ 
lective mode below T P . It gives no contribution 
to the dc conductivity above T P since there is no 
phonon-drag current associated with a static im¬ 
purity. 

The total fluctuation conductivity Is given by 
the sum of Eqs. (12) and (14) with o, modified by 
the factor (1 + 8a /A). In Table I the limiting val¬ 
ues are given. For sufficiently strong electron- 
phonon interaction, the phonon-drag contribution 
is larger and the fluctuation conductivity is posi- * 
tlve. In all regions the conductivity is impurity 
limited and proportional to /" 1/3 . In the clean 
limit the leading term in t* cancels. This can¬ 
celation follows from the fact that the coeffi¬ 
cients of the t 8 terms are proportional to the 
corresponding diagrammatic contributions in the 
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completely pure case where Pelerls’s theorem 1 
implies the infinite conductivity of the free-elec- 
tron gas. 

In the phenomenological theory of Allender, 
Bray, and Bardeen,' the electron is assumed to 
relax quickly to the running lattice wave. In the 
absence of impurity scattering, such relaxation 
could arise from higher-order electron-phonon 
scattering. 1 '* In the present calculation, the elec¬ 
tron lifetime r may arise from both impurity 
scattering and non -q 0 phonon scattering as dis¬ 
cussed above. Our expression for the phonon- 
drag conductivity cr t has the same form as the 
result of Ref. 4 if we Identify their 4o with the co¬ 
herence length 4 in the ckrty limit. 

We wish to thank Professor J. Bardeen and 
Professor W. Kohn for helpful conversations, and 
Dr. P. M. Marcus and Dr. P. Seiden for their 
king hospitality while we were summer visitors 
at the IBM Research Center at Yorktown Heights 
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Observation of Thermal Fluctuations in Superconducting Microbridges 
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(Received 24 June 1974) 


Thermal fluctuations of the type described by Langer and Ambegaokar and by McCum- 
ber and Halperin have been observed in superconducting thin-film rings containing micro- 
bridge sections. A peak in the fluctuation rate was found near the transition temperature. 
The temperature dependence of the observed rates is in agreement with the MoCumber- 
Halperin fluctuation-rate equations and the deduced parameters are consistent with the 
theory. 


In the course of a series of experiments inves¬ 
tigating the properties of superconducting quan¬ 
tum Interference devices operating at microwave 
frequencies, current-induced steps have been ob¬ 
served In the effective impedance ot. the tin mi¬ 
crobridge sections of our samples which are very 
similar to the voltage steps found in the'dc-cur- 
rent-driven transition to the normal state of one- 
dimensional tin microbridges and whiskers. 1 '* 


These steps appear to be caused by the genera¬ 
tion of localized centers of Ohmic dissipation in 
the microbridge sections of our samples. The 
properties of these steps and their relation to 
the dc-current observations will be discussed In 
another publication. Data are presented on ther¬ 
mal-fluctuation effects associated with the pro¬ 
duction of these steps In a temperature region 
just below the transition temperature of our films. 
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The samples used in these experiments were 
thin superconducting tin films (1000 A thick) de¬ 
posited on quartz rods. The narrow constric¬ 
tions were manually sculptured into the film at 
one point along the circumference of the ring 
[see inset (a) of Fig. 1; not to scale J. Most of 
the detailed data reported here were taken on two 
rings with rectangular shaped constrictions and 
nearly uniform cross sections; one constriction 
was 15 pm wide and 72 pm long (sample I) and 
the other was 7 pm wide and 40 pm long (sample 
II). For the temperature range in which the ther¬ 
mally activated generation of phase slip was ob¬ 
served, the widths of the constrictions were of 
the order of or less than the coherence length, 
except possibly for the 15-pm-wide constriction 
at lower temperatures. However, qualitatively 
similar data have been obtained on samples with 
constrictions less than 2 pm wide which certainly 
satisfied the condition that the width of the con¬ 
striction be less than the coherence length; no 
significant difference in behavior was observed 
compared to wider microbridges. Hence, the 
one-dimensional theoretical requirement of the 
Langer and Ambegaokar model 4 is probably sat¬ 
isfied. 

The superconducting rings were mounted in a 
TE lol -mode microwave cavity in a position of 
maximum microwave magnetic field and orient¬ 
ed so that the currents were Induced circumfer¬ 
entially in the ring and through the microbridge 
[see inset (a) of Fig. l|. The cavity was shield- 



FIG. 1. Typical analyzer spectrum of the time inter¬ 
vals between up switches. The spectrum follows 
distribution. Inset (a) shows the superconducting thin- 
fllm cylinder (diameter d*l mm, length l “ 1 cm) with 
inscribed microbridge (not to scale)-. The microwave 
magnetic Held is applied axially. Inset (b) shows the 
switching between impedance levels versus time. 


ed from ambient magnetic fields by two super¬ 
conducting and three Mumetal shields. The tran¬ 
sitions were observed by monitoring the absorp¬ 
tion of the sample in the cavity with a standard 
superheterodyne microwave-detection system 
with a post-detection bandwidth of 1 MHz. 

In accordance with the model of Langer and 
Ambegaokar at temperatures close to the transi¬ 
tion, thermal-fluctuation-asBiBted flux passages 
will be occurring at points along the microbridge. 
It Is assumed that the inhomogeneties of the sam¬ 
ple are small and that the thermally assisted 
transitions occur randomly along the length of 
the microbridge. These thermally assisted flux 
passages cause changes in the current level In 
the superconducting ring which are superimposed 
on the induced microwave-frequency current. 

The generation of a step in the bridge imped¬ 
ance appears to be associated with the appear¬ 
ance in the microbridge of a localized current- 
driven dissipative center of the type discussed 
by Skocpol, Beasley, and Tinkham. 3 If we bias 
the microwave current amplitude to the onset re¬ 
gion for the generation of a step at temperatures 
just below T e and view the microwave absorption 
signal with a high bandpass we will Bee the step 
appear and disappear as the fluctuations cause 
the total current in the microbridge section to ex¬ 
ceed and fall short of the current limits required 
for the creation and disappearance of the step. 

This extra dissipation will therefore appear and 
disappear at a rate determined by the rate at 
which thermal fluctuations occur along the length 
of the microbridge [see inset (b) of Fig. l]. There¬ 
fore the steps in the effective Impedance of our 
samples monitor the rate of thermal-fluctuation- 
generated flux passages occurring in the samples. 

Inset (b) of Fig. 1 shows a typical time depen¬ 
dence of the microwave dissipation of a sample. 
The increment in effective impedance of the ml- 
crobridge and, hence, the dissipation of the sam¬ 
ple appears to switch on and off (up and down) in 
a manner suggesting a “random telegraph” wave. 
To verify that the observed switching rateB were 
indeed random the spectrum of time intervals be¬ 
tween successive "up" switches was obtained at 
fixed temperature by utilizing a simple logic cir¬ 
cuit and a multichannel analyzer. If the switch¬ 
ing process is indeed a random phenomenon then 
It is expected that the spectrum of time Intervals 
accumulated on the multichannel analyzer will 
follow the Poisson distribution P(l,t)=rtexp(-n) 
where r is the average jumping attempt rate and 
t is the time Interval between two successive “up" 
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FIG. 2. Average a witching rate data veraua temper¬ 
ature (croaaea) aa fitted by Eq. (1) (aolld line). 

transitions. A typical spectrum is shown in Fig. 

1. All the spectra were found to fit the P(l,t) 
law very well. 

To study the temperature evolution of the aver¬ 
age switching rates over the widest frequency 
range, the 1-MHz output of the detection system 
was connected to conventional counting circuits. 
The switching data were taken by adjusting the 
microwave bias level at step onset so that the 
times spent in each Impedance state were equal. 4 
The switching rate was found to peak just below 
T c (see Fig. 2). The peak rates obtained vary 
from sample to sample and are well within the 
detection bandwidth of our electronics. We have 
traced switching rates over as many as seven de¬ 
cades and found these temperature-dependent 
rates to be reproducible over many hours of an 
individual run. 

According to the Langer and Ambegaokar (LA) 
theory* as modified by McCumber and Halperin 
(MH),“ the rate T of thermally assisted phase 
8lips occurring in a long [length »?(T)] micro¬ 
bridge section is given by an equation of the form 

r = 0'(r c -T)»' 4 exp[-.F'(T c -7’) 3/, ] f (1) 

where the rate prefactor parameter fi'(/// c ) and 
the normalized mean-field free-energy param¬ 
eter F'(j/l e ) are dependent on the ratio of the cur¬ 
rent flowing through the sample during the mea¬ 
surement to the critical current at which the en¬ 
tire sample goes normal, I/I e (the equations 
which determine the current dependence of O' 


TABLE I. The experimental values of the mean free- 
energy parameters F tXf> ' (units mlT s/J ), the free-ener¬ 
gy parameters per microbridge cross section F^'/o 
(units 10* mK' w Vom > ), and the experimental and cal¬ 
culated values of the prefactor parameters Q' (units 
sec' 1 for sample 1 (steps 1 and 3) (Ref. 7) and 

sample II (step 2). 


Sample 

F ' 

fexp'/o 

Q ' 
exp 


I 1st step 

0.206 

0.14 ±0.03 

1.18x10* 

1.4x10* 

I 3rd step 

0.271 

0.18±0.03 

2.08x10* 

1.9x10* 

H 2nd step 

0.086 

0.12±0.03 

1.68x10* 

4.3x 10* 


and F' are cited in Ref. 7). It Is assumed that 
the microwave current amplitude at which a step 
toward the normal state occurs scales with the 
critical current I c and so the rate data are as¬ 
sumed to be taken at an effectively constant I/l c 
ratio. With this assumption Eq. (1) was used to 
fit our switching-rate versus temperature data 
and to find the constants fl„ p ' and F„J. Very 
close fits to the data could be obtained (see the 
solid line in Fig. 2). At the lower-temperature 
end of the plot the average switching rates In¬ 
crease exponentially in agreement with the Boltz¬ 
mann exponential factor in Eq. (1). At higher 
temperatures the fluctuation rate levels off, 
peaks, and starts to decrease at temperatures 
within a few millidegrees of TV Equation (1) is 
expected to fail as the temperature approaches 
within a few millidegrees of T e \ the fluctuation 
rate, however, should continue to decrease as is 
indicated by the data. 

In Table I we list the parameters F tlp ’ and 0 oxp ' 
derived from fitting the data from two samples 
by Eq. (I). For sample I data were accumulated 
by biasing the microwave power to the onset of 
two different steps (first and third).* In this anal¬ 
ysis F' is a mean-field free-energy factor and Is 
assumed to be proportional to the sample cross 
section a. In Table I we list the ratio F'/o and 
find that it is constant within our experimental 
error limits. The values of F^' have been used 
to calculate the prefactor n aX '(f/l c ), with the AL- 
MH expressions for the transition rate in a cur¬ 
rent-carrying microbridge. Comparing the mea¬ 
sured prefactors to the calculated prefactors, 
we find that the agreement is quite good for sam¬ 
ple I but there is an order-of-magnltude discrep¬ 
ancy for sample □. The rate prefactors are quite 
sensitive to the current through the sample; the 
zero-current values of fl cxI '(0) calculated from 
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the measured cross section and critical temper- 
.tures of the microbridges and the bulk critical 
'lelds are 10* to 10® times greater than the mea¬ 
sured current-biased values. Therefore, the 
verall agreement between the experiment and 
.he AL-MH theory is quite encouraging as the ex- 
jeriment was done at microwave frequencies 
while the theory was derived assuming a dc cur¬ 
rent flowing through the mtc rob ridge. 

In summary the creation and collapse of local- 
zed dissipative centers in tin microbridges has 
jeen used to monitor the thermally activated mo- 
:ion of magnetic flux into and out of the supercon- 
lucting ring. The observed switching rates are 
:n good agreement with the theory of McCumber 
jui Halperln. The rates were found to follow an 
exponential dependence in the lower-temperature 
region, and then with increasing temperatures 
:he rate was found to peak and finally decrease 
ss the temperature approached the transition 
remperature of the film. This is the first exper- 
mental observation of the peaking predicted by 
he model of McCumber and Halperin. The nu- 
■nerical values deduced for the free-energy bar- 
'ier and the transition rate scale with micro- 
iridge cross-sectional area and are in reason- 
ble agreement with the values prediced by Mc- 
-umber and Halperin. 

We would like to thank Professor M. Tinkham 
or sending us several preprints and Professor 
3easley and Dr. W. J. Skocpol for stimulating 
llscuaslons of their work. We would also like to 
hank Professor H. Fink for hts preprints and 
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Temperature-Modulated Reflectance of Gold from 6 to 35 eV 
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The thermoreflectance spectrum of gold has been measured in the 6-35-eV region at 
about 200 K by using synchrotron radiation. Considerable sharp structure exists through¬ 
out this region, showing that lifetime broadening is not large enough to preclude the ex¬ 
tension of high-resolution modulation techniques to at least 35 eV. The structure arises 
from interband transitions of the 5 d electrons and from plasmons. 


The contributions of modulation spectroscopy 
0 the understanding of the band structure of sol- 
ds have proven to be fundamental. This tech- 
tique Is the only one capable of displaying contrl- 
xitlons to the optical spectra arising only from 
ocallied regions In the Brillouln zone, such as 


critical points In the band structure.*•* Until now, 
modulation spectroscopy, with few exceptions, M 
has been limited to the spectral region from the 
infrared to about 10 eV, for lack of suitable ra¬ 
diation sources. Recently, Intense synchrotron 
radiation from the extremely stable beam In the 
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storage ring Tantalus 1, operated by the Physi¬ 
cal Sciences Laboratory of the University of Wis¬ 
consin/ has made high-sensitivity modulation 
measurements possible. The thermomodulation 
spectrum of gold reported in this Letter ie the 
first spectrum above 10 eV resulting from the 
application of an external modulating field to a 
sample. The spectrum shows a great deal of 
structure, some of which is remarkably sharp. 

It hgs been necessary to use a spectral bandpass 
of less than 100 meV at 25 eV to reveal the de¬ 
tails. This spectrum demonstrates that the high 
resolution possible with modulation spectroscopy 
will be valuable for probing the band structure of 
materials for away from the Fermi level. 

The samples were 400-A gold films evaporated 
on quartz or sapphire substrates. They were 
self-heated with a unipolar 1.6-Hz square-wave 
current supplying 3.75 W peak power. Other fre¬ 
quencies and heating powers were used with the 
spectra scaling predictably. The optical system 
was basically that reported earlier/ the principal 
change being a smaller, simpler sample cham¬ 
ber. The chamber had a liquid-nitrogen cold fin¬ 
ger and was ion pumped to a base pressure of 
less than 10'* Torr to avoid condensation on the 
sample. The avarage sample temperature was 
about 200 K and the modulation was 0.2-0.5 K. 
Radiation was incident on the sample at 30° with 
primarily p polarization. In the 8 to 25 eV range 
a conventional sodium salycllate photomultiplier 
combination was used. From 12 to 35 eV an EMI 
model B603/2B electron multiplier provided a 
great increase in sensitivity along with the rejec¬ 
tion of long-wavelength stray light. The dc sig¬ 
nal (proportional to the reflectivity R) was moni¬ 
tored with an electrometer while the ac signal 
(proportional to the change in reflectivity AA) 
was detected by a lock-in amplifier. To provide 
long integration times the lock-in was used with 
a short time constant and the output was fed to a 
voltage-to-frequency converter and counted for 
60 to 120 sec. The noise limit in AA/A was pho¬ 
ton shot noise and varied from 5* 10"® at the peak 
of the monochromator output to 5x 10' 5 at the 
highest energies. The sample-to-sample varia¬ 
tions In the thermoreflectance spectrum were 
very small and appeared as magnitude effects 
with no change in structure. 

Figure 1 shows the thermorefleciance spectrum 
of gold as a function of energy E from 6 to 35 eV, 
as well as our measured reflectivity, dR/dE, and 
d*R/dE *. The most striking feature of Fig. 1 is 
the very rich structure in the thermoreflectance 



FIG. 1. (a) Thermoreflectance of Au at 200 K, 30*, p 
polarization, (b) Reflectivity of Au at 30*. p polarisa¬ 
tion. (") First derivative dR/dE (dashed line) and sec¬ 
ond derivative d*R/dE 2 (full line) calculated from the 
reflectivity shown in (b). 


spectrum up to 35 eV. This result contrasts 
with a widespread feeling that broadening at high¬ 
er energies due to shorter lifetimes of the excited 
states would tend to wash out any structure and 
make modulation spectroscopy unimportant at 
higher energies. 

Our thermoreflectance spectrum reproduces the 
data of Scouler’ very well from 8 to 10 eV. The 
Interpretation of this portion of the spectrum has 
been carried out by ChrlstenBen and Scraphin/ 
who found good agreement between the energies 
at which the modulated reflectance of gold shows 
structure and the energies they have calculated 
for critical-point transitions. There has been no 
detailed interpretation, however, of the optical 
properties of gold above 10 eV although the opti¬ 
cal constants are well known.*' 11 

Structure in the 10-35-eV thermoreflectance 
cannot be due either to transitions involving core 
states, since the highest core level in gold lies 
about 54 eV below the Fermi level, u or to tran¬ 
sitions terminating at the Fermi level, which 


Volume 33, Numbek 11 


PHYSICAL REVIEW LETTERS 


9 SimMsn 1974 


lies 9.5 eV above the bottom of the conduction 
band.' Thus all the structure In LR/R will arise 
from interband transitions originating in the 5 d 
bands or at the Fermi level, or from plasmons. 
There are two plasmonllke peaks in Im{- 1/e) for 
Au at 25.8 and 32.6 eV. 1WJ Each of these should 
yield a characteristic structure In AR/R. U The 
beginning of the structure below 25 eV is obscured 
by structure due to interband transitions, but the 
positive peak at 28.5 eV and the negative peaks at 
32 eV are of the expected shape and at the ex¬ 
pected positions. Band shifts upon thermal ex¬ 
pansion cause modulation spectra resembling dR/ 
dE. Interband transitions are broadened by pho¬ 
non scattering, the temperature dependence of 
which gives rise to a thermoreflectivity spectrum 
resembling d*R/dE*. Thermal broadening of the 
Fermi function can also give spectra resembling 
iPR/dE*, but transitions originating on the Fermi 
surface should contribute little to the thermore¬ 
flectivity above 10 eV, since no regions of high 
joint density of states are cut by the Fermi level. 
Given the general agreement of ER/R and d*R/ 
dE*, between 10 and 25 eV, thermal broadening 
is the principal cause of the thermomodulation. 
Then the energies of the negative peaks in ER/R 
should correspond roughly to critical-point thresh¬ 
olds In the joint density of states 1 ' for transitions 
originating in the 5rf bands and the lower part of 
the 6s band. 

In Table I we have correlated structures in the 
thermoreflectance with critical points at T, K, 
and W and along <? which can be Identified in the 
bands calculated by Connolly and Johnson. 1 * Sev¬ 
eral critical points are almost degenerate in en¬ 
ergy and overlap to give broader structures. At 
this stage, it is not possible to discriminate be¬ 
tween them. Note, however, that the structures 
in the 10-18 eV region are relatively weak and 
broad. Some of the transitions appear aB multl- 
plets, having the same final state but originating 
in different d bands. A small shift of the energy 
of the final state bringB the theoretical values of 
the transition energies into closer agreement 
with the experimental values for the entire multi - 
plet, as shown in the fourth column of Table I. 
Above 18 eV there are five strong, sharp struc¬ 
tures. Structure is expected from the M 0 critical- 
point transitions T 1+ - r T ., T, + — r 7 _, and T 1+ 

- r T _, but only two peaks are at the calculated 
positions. If the energy of the r T . final state is 
Increased 1.3 eV the predicted transitions occur 
at 20.1, 21.2, and 22.5 eV, in close agreement 
with the sharp structures at 19.9, 21.2, and 22.6 


TABLE I. Structure in the tbermorefleotanee epeo- 
trum of Au and ita assignment to critical-point transi¬ 
tions Identified from the calculated bands of Ref. is at 
some symmetry points and directions In the BrlUouln 
zone. The suffix labeling the states corresponds to the 
number ol the band counted from the lowest band. By 
applying shifts of 0.2, 0.3, and 1.3 eV to final states 
Qj, y t , and r,_, respectively, the calculated positions 
in the third column have been obtained. 




ENERGIES 

(•V) 

SHIFTED 



THE0- 

THE0- 

EXPERI- 

ASSIGNMENT 

RET1CAL 

RETICAL 

MENTAL 

4 - «7 

8.7 

8.9 ' 

9.0 

*4^ *7 

8.9 



*3 ”* *7 

9.7 


10.0 

*4 K 8 

10.4 

10.6 j 

10.6 

-«7 

10.4 



W 5 -* W 9 

11.4 

11.7 

11.7 

W 2 - W 7 

11.7 



U 4 -* W 9 

12.8 

13.1 


W 2 - W 8 

13.2 


13.2 

*1 ^ “8 

13.3 



W 3 W 9 

14.4 

14.7 

14.7 

r 8 + - r 7- 

18.8 

20.1 

19.9 

f 7+ - r 7- 

19.9 

21.2 

21.2 

r 8* - r 7- 

21.2 

22,5 

22.7 

- 

- 

- 

17.3 

- 

- 

- 

21.8 

- 

- 

- 

24.4 


eV.” 

The fact that there is a pronounced peak In the 
reflectivity between 18 and 27 eV indicates that 
considerable oscillator strength is concentrated 
in this region. (See the e, sum rule plot in Fig. 

4 of Ref. 11.) The 5/levels in Au contrilxite to 
the conduction bands at about 20 eV above E r . u 
Actually, the states near r,_ are mostly of/type. 
Transitions from d to/ states generally have 
large oscillator strengths, so that the M 0 critical- 
point transitions we assigned above are expected 
to be strong, and may account for the large 
strength of the 18-23 eV peak In e r " The pres¬ 
ence of the “5/ bands” may explain some of the 
anomalies observed in ultraviolet photoemission. u 
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We have shown that modulation spectroscopy 
j can be extended with the necessary high resolu- 
\ tion up to at least 35 eV. Available band-struc¬ 
ture calculations, baaed on Ferml-surface and 
ultraviolet-photoemission-spectroscopy measure¬ 
ments, give good results for the filled parts of 
the conduction bands and account for the lower- 
energy Interband absorption, but they do not ex¬ 
plain satisfactorily all of our higher-energy data. 
The thermoreflectance spectrum presented in 
this Letter provides a great amount of new infor¬ 
mation, mostly concerning final states far above 
the Fermi level, Information which is necessary 
for future Improved calculations of highly excited 
states. We also suggest that evaluation of some 
dipole matrix elements would enable a better un¬ 
derstanding of the optical and ultraviolet photo¬ 
electron spectra. 
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Stability of Electron-Hole Drops in Germanium under Uniaxial Stress 
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The cohesive energy of the electron-hole drop In germanium at 1.5 K Is determined as 
a function of uniaxial stress, both along <100> and along (111) directions, by the method 
of cyclotron-resonance monitoring at 35 GHz. On application of stress, it starts de¬ 
creasing from the value of 14.5 K at zero stress, but has an air of persisting to have a 


finite value at a considerably high-stress i 

At low temperatures, condensation of excltons 
Into electron-hole drops occurs In germanium. 1 
The ground-state energy, or cohesive energy, of 
such a condensed system has recently teen stud¬ 
ied by Combescot and Nozifcres,* Brinkman and 
Rice, 5 and Vashishta, Bhattacharyya, and Singwi.' 1 


Their results all show that the complexity of the 
actual band etructure In germanium is favorable 
for a stable drop formation. It would be of inter¬ 
est, accordingly, to modify the band structure 
by applying a uniaxial compressive stress which 
lifts the degeneracies of the conduction and va- 
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lence bands in this material. 

Watching the microwave photoconductance un¬ 
der the condition of cyclotron resonance is one 
of the most direct methods of detecting the ap¬ 
pearance of electron-hole drops. Relevant mea¬ 
surements under uniaxial stress were carried 
out with the help of a 35-GHz microwave spec¬ 
trometer and time-resolving technique at 1.5 K. 
Electron-hole pairs were generated by a Q- 
switched yttrium aluminum garnet laser (Coher¬ 
ent Radiation Model No. 60) at the repetition rate 
of 25 Hz. For deliberate stress application, we 
used pillar-shaped ultrahigh-purity germanium 
crystals with square cross section and with the 
long axis being either along (111) or along (100). 
The typical size was 1.5x1.5x3.0 mm 9 . Special 
care was taken to avoid lnhomogenelty in the ap¬ 
plied stress by making the opposite faces of the 
pillar as parallel as possible. 

As previously reported by Hensel, Phillips, 
and Rice, 9 a long-tailed photoconductivity signal 
appears above a threshold pumping power. This 
signal has its origin In electrons emitted through 
internal decay of drops or through collision be¬ 
tween excltons. On application of stress, the 
signal starts decreasing. For compression along 
(111), in particular, it falls rather suddenly in 
the vicinity of 350 kg/cm 2 . On the other hand, it 
decays only gradually for (100) stress. It is fur¬ 
ther observed that the cyclotron-resonance ab¬ 
sorption intensity taken at a fixed delay time af¬ 
ter photoexcitation, say at 15 psec, decreases 
almost to zero with Increasing stress along (111) 
direction. 

Writing n t and for electron and exciton den¬ 
sities outside the drops, respectively, and n t for 
the average number of electron-hole pairs in a 
drop, we have the following coupled differential 
equations involving the work function tp: 

= - «,,/t 0 - a T^n^ 3 exp<- y/kf) 


ionic emission while b represents the backflow 
coefficient for excltons. As for Sq. (2), r„ is the 
decay time for free excltons, N the density of 
drops, and a the capture coefficient for the elec¬ 
tron-hole pair formation. The decay rate 1 /t„ 
for free excltons includes both radiative recom¬ 
bination and decomposition; namely, l/r M « 1/t c * 
+ 1/t cx c . The same appearing in Eq. (3) should 
actually reflect only decomposition. Information 
from the luminescence experiments, however, 
tells us that l/r ex R « 1/t~ 1/t tx . 1 Hence we 
have employed the common notation with that in 
Eq. (2). The effect of electron trapping by neu¬ 
tral impurities will have to be incorporated in 
Eq. (3) when the carrier concentration becomes 
low. In the environment of a high carrier densi¬ 
ty, a 10 1 * cm' 9 , right after photoexcitation, how¬ 
ever, the dominant decay process for carriers 
should definitely be pair formation.” Judging 
from the decay profile of the cyclotron-resonance 
signals, we find that this situation does not seem 
to change essentially, at least for the time inter¬ 
val taken in the presentation here. Accordingly, 
the trapping effect by neutral impurities will not 
be considered here. 

In the case of the backflow being negligibly 
small, Eq. (1) can be solved for yielding 

n„ = + ToB) exp(- i/3t 0 ) - r^Bj 5 , (4) 

with 

B = flT*exp(- ip/kt). 

When the average size of a drop is large and both 
excltons and carriers outside decay rapidly in 
comparison with the drops, the third and fourth 
terms on the right-hand side of Eq. (2) can be 
neglected. The electron density n, is then ap¬ 
proximated, with the help of Eqs. (2) and (3), by 

= (5) 

or, with use of the Initial values of n, and n t . 


+ ( 1 ) 

h„*aNT*n d ,,3 ex p(- <pfkt) -n r J t„ 

-bNnf 3 n cll +CM?, ( 2 ) 

and 

s,»lV» 4 /T A + « ex /T cl - an, 2 . (3) 

In Eq. (1), t 0 Is the electron-hole recombination 
time within a drop which includes both radiative 
and Auger processes. We designate the probabil¬ 
ity for the latter by l /r A . The coefficient a is de¬ 
termined from the well-known formula for therm¬ 


n. ( n t /r A + Bn/ /3 \ l/ * 


(6) 


After disappearance of drops, n, is given by 


ft, = n c /ln c a(t- t e ) + l j, 


(7) 


where t c is the cutoff time at which the drops have 
practically disappeared and n c is the electron den¬ 
sity at that time. In Fig. 1, the effective njn n 
in terms of the cyclotron-resonance absorption 
intensity is plotted against /. The broken lines 
are after Eqs. (6) and (7). From the initial slope 
at zero stress, one finds that r 0 = 65 ± 5 psec. 
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FIG. 1. Relative carrier density at 1.5 K determined 
by means of the cyclotron-resonance absorption Inten¬ 
sity plotted against the time after photoexcitation, both 
for zero and finite (348 kg/cm 2 ) uniaxial stress along 
(111). Calculation Is made In two approximations, (6) 
and (7) In the text. The work function if Is one of the 
fitting parameters and Is Indicated for the two cases. 
Solid line. Initial slope at zero stress. 
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This value of r 0 Is In essential agreement with 
the one reported earlier, l.e., 67*5 psec, ob¬ 
tained from a lar-lnfrared measurement. 1 ' Using 
the quantum efficiency of the condensed-phase 
radiation, 1 one can estimate A to be about 325 
psec. It has been so chosen that tt m = 2.2 x 10 5 
and 14.5*0.5 K by making a fit with experi¬ 
mental observation at zero stress. The appropri¬ 
ateness of n m Is hard to ascertain since a variety 
of drop sizes exist; the value of <p is again In 
agreement with that obtained In the far-infrared 
experiment. 7 For each finite stress, the work 
function Is determined by a similar fitting and 
the result Is shown in Fig. 2. Theoretical predic¬ 
tions for the wort function by different groups 
are also shown in the same figure. One finds that 
our work function, having the value of 14.5 K at 
zero stress, starts falling rather abruptly near 
the stress of 200 kg/cm 2 , down to the value of 
-10 K at 300 kg/cm*, and still continues gradual¬ 
ly falling for increasing {111) stress; whereas 
for (100) stress it shows a very slight monotonic 


decrease down to -12 K at 800 kg/cm 2 . It is a 
challenging question whether a drop is stable or 
not In the high-stress limit. Brinkman and Rice 
and Vashishta, Bhattacharyya, and Singwi have 
obtained small finite binding energies for the me¬ 
tallic phase even In the high-stress limit while 
Combescot and Nozieres predict an eventual dis¬ 
appearance of the drops. From our experimen¬ 
tal result, It is surmised that a finite binding en¬ 
ergy persists under a considerably large stress, 
not only for (100) but also for (111) direction. 

As for the absolute magnitude of the work func¬ 
tion, confining the argument within zero streBs, 
we find that the spectroscopically determined 
ones are generally larger than those thermody¬ 
namically derived including the one presented 
here. Perhaps the discrepancy has a physical 
origin; namely, the thermodynamical one reflects 
the Burface structure of a drop, while the spec¬ 
troscopic one reflects a bulk effect. It has been 
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calculated*'" that the “eurface energy" Is ~1 
xIO"* erg cm' 1 and that the "surface region" ex¬ 
tends over a scale of - 50 A. The average energy 
of an electron-hole pair in the surface region 
should then be higher than that in the deeper re¬ 
gion of the drop by -0.7 meV. Such an excess in 
energy may account for the above mentioned dis¬ 
crepancy between the values determined by dif¬ 
ferent experimental methods. 
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Resonant Scattering of Electrons in Mercury Tellunde 
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Resonant scattering of electrons on optical phonons in inverted band structure Is con¬ 
sidered . It la proved that in intrinsic samples transition of the electrons from the con¬ 
duction band to the valonce band with simultaneous emission of optical phononB can cause 
a minimum of the conductivity. Such a scattering process explains the anomalous be¬ 


havior of conductivity versus temperature 

Mercury telluride belongs to the class of sym¬ 
metry-induced zero-gap semiconductors. In 
such semiconductors a minimum of the conduc¬ 
tion band and a maximum of the valence band are 
degenerate at the r point. Wave functions of 
the conduction and valence bands are mainly of 
the p type, similar to the wave functions of the 
valence band in an uninverted band structure. 

The results of measurements of galvanomag- 
netic phenomena in HgTe pointed out that in the 
temperature dependence of conductivity two kinds 
of anomalies are observed. 1 " 3 A high-tempera- 
ture anomaly was observed in the range 30-50 K. 
In the same range of temperatures a weak anoma¬ 
ly of the Hall constant is reported. 1,2 The exist¬ 
ing interpretations of this anomaly are based on 
a hypothesis of resonant acceptor states, degen¬ 
erate with the conduction band. In this Letter a 
new explanation of the anomalous behavior of con¬ 
ductivity is proposed. I suggest that resonant 
scattering of electrons by optical phonons can 
cause nonmonotonic behavior of the conductivity 
as a function of temperature. It is obvious that 
in intrinsic samples of HgTe there are unoccu¬ 
pied electron states in the valence band. These 


mercury telluride Id the 30- 50 K range. 

states are concentrated at the top of this band 
(see Fig. 1). Thus transitions from conduction 
to valence band with simultaneous emission of 
the longitudinal optical phonon are possible. 
This means that when 6„ + Auj 0 = € f , where e m is 



•ntrsy E [k.T] 

FIG. 1. Density of unoccupied electron states as s 
function of the energy in a semiconductor with an in¬ 
verted band structure. e F is the energy of Fermi lev¬ 
el. 
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the energy corresponding to the maximum densi- 
i ty of unoccupied states in the valence band (see 
Fig. 1) then, because of the type of scattering 
considered, there is a conductivity minimum. 

The calculation of the conductivity was based 
on Borne assumptions: (1) I have assumed that 
both conduction and valence bands are spherical 
and parabolic with the effective masses m c and 
n>„ respectively, 

■ £ e = W/im,, e„ = - (*A*/2«„). 

In the range of the electron energy considered 
this assumption seems to be a good approxima¬ 
tion. (2) Because of the high effective mass of 
holes, their influence on conductivity was omitted. 
(3) In partially ionic crystals the electron-opti¬ 
cal-phonon interaction is realized in two differ¬ 
ent ways. Electrons may be coupled to the longi¬ 
tudinal optical phonons by means of polarization 
associated with the motion of the ions. This type 
of interaction is called polar optical (PO). On 
the other hand, electrons can interact with opti¬ 
cal phonons through the optical deformation po¬ 
tential. This interaction is denoted by NPO. In 
these calculations it is assumed that it is possi¬ 
ble to define NPO scattering by means of a de¬ 
formation potential constant iS^,. 4 

In the presence of electric field E along the * 
axis the Boltzmann equation takes the form 


where P 0 = (i>n c u 0 /h) lf> , a is the Frtfhlich cou¬ 
pling constant which may be given in terms of 
the high-frequency and static dielectric constants, 



and G at ,(y) is the function which determines an 
overlap of periodic parts of Bloch functions of 
the conduction and valence bands. Because of 
the symmetry of these functions G ev (y) takes the 
form 6 

G„(> ) = t sin 2 y, 

where y is the angle between it and k-q. For 
the nonpolar interaction 

W £ k - q) = B(c,(C - q) - e c © + *w 0 ), 

where p Is the density of the crystal and p, is 
the longitudinal sound velocity in the crystal. 

The scattering process considered is Inelastic. 
Hence a uniquely defined relaxation time doeB 
not exiBt. To solve the Boltzmann equation (1) we 
use the variational principle.* 1 In this method the 
conductivity is expressed by an infinite, rapidly 
convergent series. Taking into account only the 
first term of such a series and assuming a strong 
degeneracy of electron gas, which is equivalent 
to the relation 




( 1 ) 


where /„ = {exp[(e - « e )/k 0 T) +1} is the Fermi-Di rac 
distribution function and (a//8i) coB is the change 
in the distribution function due to the scattering. 
If we put 




we obtain the following expressions for conduc¬ 
tivity. In the case of polar scattering 


6 = 


4v'~2 

Tir 5 fra 



(* n r) 1 'V*( 1+e') m 


where t =Kw 0 /k 0 T, 4»t F /fe 0 r, 


then the collision operator takes the form 

where W(k, k') Is the probability of transition 
from the state £ to the state if' in a unit time. 
The corresponding transition probability for the 
polar Interaction is found to be 

xa(e„(£-q) - e e (S)+X w 0 )g„(y) 


$(*,£) = l-^l+s’-—^tanh’Ms)) (3) 

for 



For s> 1 the expression for 4>(z, 4) can be ob¬ 
tained by replacing tanh‘‘(s) with coth'Vs) in 
Eq. (3). For NPO scattering 



For the particular case of HgTe formulas (2) and 
(4) are graphically represented in Fig. 2. In the 
calculation, the following parameters for HgTe 
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FIG. 2. Nonmonotonic part of conductivity an a func¬ 
tion of temperature. The dashed curve represents ex¬ 
perimental result. 


were used: m c =0.02m„ m p =‘0.5tn ol a=0.1, fiw 0 
= 14.1 tneV, ii, =2.57x10 s cm/sec, p=8.1g/cm 5 , 
and Enpo = 18 eV. m 0 is the free-electron mass. 

The dashed curve in Fig. 2 corresponds to the 
nonmonotonic part 6 r of experimental conduc¬ 
tivity 1 calculated in the following way. It was as¬ 
sumed that total experimental resistivity p, con¬ 
sists of two parts: p T which is due to the reso¬ 
nant scattering of electrons and p m which results 
from the elastic nonresonant scattering. p„ was 
obtained by linear graphical interpolation of ex¬ 
perimental results.’ Hence 


P,=P~ + Pr 

or 

P." + ■ 

It is seen from Fig. 2 that the minima of theoreti¬ 
cal conductivities are, in both cases, very close 
to the minimum of the nonmonotonic part of ex¬ 
perimental conductivity. The deep minimum of 


PO conductivity results from the strong depen¬ 
dence of this Interaction on a phonon wave vector 
q when q tends to zero and from the strong de¬ 
generacy assumption. This last assumption caus¬ 
es both PO and NPO conductivities to tend to In¬ 
finity when e F tends to Ku 0 . 

In the framework of the above approximation a 
good agreement of the position of nonmonotonic 
experimental conductivity with theoretical re¬ 
sults was obtained. A better fit would be ob¬ 
tained by taking into account the proper degen¬ 
eracy of electron gas and by adding other scat¬ 
tering mechanisms which are Important in the 
region of temperatures considered. 

The proposed scattering mechanism can be ob¬ 
served in intrinsic semiconductors with inverted 
band structure, only if mobility due to other scat¬ 
tering mechanisms is not too low. Thus it can 
explain the similar conductivity anomaly ob¬ 
served in HgTe-CdTe’- 8 and HgTe-MnTe 9 mixed 
crystals. 
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Electron Energy-Loss Spectroscopy of GaAs and Ge Surfaces* 

R. Ludeke and L. Esaki 

IBM Thomas J. Watson Research Center, York town Heights, New York 10598 
(Received 1 July 1974) 

The energy-losa spectre of ~ 100-eV electrons were measured for (100) and (ill) 

GaAs and (111) Ge surfaces. The portion of the energy-loss spectra attributed to excita¬ 
tions of d electrons Is proportional to the density of states In the conduction bands and 
empty surface states. The GaAs surfaces stabilized Into Ga-rlch and As-rlch conditions 
permit unambiguous identification of Intrinsic surface states. Empty and filled surface 
states, attributed to dangling Ga and As bonds, are observed near the conduction-band 
and vale nee-band edges, respectively. 


We report In this Letter low-energy-loss spec¬ 
troscopy (LELS) on GaAs and Ge surfaces with 
special emphasis on 3d-core-to —conduction-band 
transitions. These transitions allow the precise 
probing of empty bulk and surface states, in con¬ 
trast to the more complex spectra Involving the 
excitation of valence electrons. In addition, by 
stabilizing the polar (111) and (100) GaAs sur¬ 
faces to terminate in a surface layer predomi¬ 
nantly composed of either As or Ga atoms, we 
are able to provide a unique and convincing meth¬ 
od of characterizing both empty and filled intrin¬ 
sic surface states. 

Because of the absence of a rigorous theoreti¬ 
cal treatment, interpretation of the observed 
LELS spectra is presently somewhat controver¬ 
sial. The energy-loss spectra have been Inter¬ 
preted In terms of a dielectric model 1 and a den- 
Blty-of-states model.* In view of the indirect na¬ 
ture of the electronic transitions,* which may ln- 





where F^ c (jt, Alt) is proportional to the scattering 
ctosb section. The integral in Eq. (1) is a gener¬ 
alization of the Joint density-of-states function for 
optical lnterband transitions to Include Unite mo¬ 
mentum changes In the sum over Ait. For a nar¬ 
row valence band v', V,e o .(k)«0. If furthermore 
this band Is isolated and no other scattering chan¬ 
nels exist near Ac, Eq. (1) may be written as 

/,>(Ae)«£e^ v .. e Af e (Ae), (2) 

where F, >iC is the function F,. iC averaged over all 
available a£, and W„(Ae) is the density, of states 
of the conduction band c. Thus, except for a 
Possible modulation due to F vV , /.,{Ae) Is propor 
tional to the conduction-band density of states 


volve momentum changes comparable to a recip¬ 
rocal-lattice vector, an Interpretation of LELS 
data in terms of the dielectric loss function at 
zero wave number seems dubious. An Interpre¬ 
tation In termB of a density-of-states model Is 
equally unsubstantiated, except, possibly, under 
special conditions. It is one of the conclusions 
of this Letter that such an Interpretation may be 
valid if the energy-loss spectrum arises from 
electronic transitions from narrow, filled energy 
levels to empty conduction-band states, provided 
there is no additional interfering loss channel of 
comparable energy. We believe this to be true 
for excitations of d electrons In GaAs and Ge and 
probably for other materials with narrow Isolated 
dor/core levels. 

An approximate expression for the number of 
electrons suffering an energy loss Ae due to Indi¬ 
rect excitations of valence electrons of energy 
e s (k) to empty conduction-band states of energy 
e c (£+Ak) is given by* 

, ( 1 ) 


and includes both bulk and surface features be¬ 
cause of the shallow sampling depths (typically 
& 10 A). The conditions implied In Eq. (2) seem 
to be satisfied by the 3d core levels of GaAs, Ge, 
and several other semiconductors. 

The energy-loss spectra were measured by an 
Auger cylindrical-mirror analyzer with integral 
coaxial electron gun. The primary beam was at 
normal incidence to the specimen surface. The 
primary electron energy was varied between 50 
and 200 eV, with 100 eV being a good working 
compromise between resolution (~0.8 eV) and 
adequate signal intensity. The lack of Shiite in 
energy of the energy-loss structure with varying 
primary electron energy suggest that diffractive 
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effect* are unimportant. Both first- and second- 
derivative spectra were measured, the former 
permitting better resolution, 4 the latter greater 
accuracy in the energy position of the energy- 
loss structure. 1 The samples were cleaned by 
Ar* sputtering and annealed. The GaAs (111) 
samples were, in addition, overgrown in situ by 
a thin epitaxial GaAs film, by using a molecular- 
beam technique,* which permitted the stabiliza¬ 
tion of the atomi c su rface layer into Ga-rich (111)- 
/19 or As-rich (lll)-2 surfaces* prior to the en¬ 
ergy-loss measurements. The surface structures 
were monitored by grazing-incidence high-energy 
electron diffraction. This ability to change the 
"intrinsic" surface conditions, as opposed to ex¬ 
trinsic contamination by foreign impurity atoms, 
constitutes a novel and inherently more convinc¬ 
ing method of probing the surface-sensitive fea¬ 
tures of binary compound semiconductors. 

Figures l(a)-l(c) show the second-derivative 
spectra of various GaAs surfaces. Certain fea¬ 
tures in the spectra are common to all surfaces 
and are interpreted in terms of bulk behavior. 
These features include the 3.4- and 5.6-eV struc¬ 
tures attributed to bulk valence-band-to-conduc- 
tlon-band transitions, 7 a peak near 8.6 eV of un- 



FIG. 1. Second-derivative energy-loss spectra of 
GaAs: (a) (100) surface,_Ga stabilized; (b) (Ill) aur- 
face^Ga stabilized; (c) (111) surface, As stabilized; 
(d) (111) surface, sputtered. 


known origin, a doublet structure at 21.8 aad 
23.5 eV due to Ga 3d-core-level-to-conduction- 
band transitions, and a peak at 42.4 eV due to 
similar transitions from the As 3d core level. 

In addition, peaks due to surface- and volume- 
plasmon losses are observed near 10.2 eV and 
16.2, respectively. 

The energy-loss spectrum of the Ga stabilized 
(100)-e(8x2) surface’ in Fig. 1(a) exhibits sur¬ 
face-sensitive structure at 2.2 and 19.9 eV. We 
attribute these, respectively, to transitions 
from the valence band and the Ga 3d core level 
into empty surface states near the bottom of the 
conduction band arising from dangling Ga bonds 
at the surface. Ar * bombardment enhances these 
peaks, while oxygen adsorption depresses them. 4 

Stronger evidence for the notion of intrinsic 
surface states due to dangling bonds is obtained 
from energy-loss data of the Ga and As stabilized 
(Hi) surfaces shown in Figs. 1(b) and 1(c). The 
Ga stabilized (111)-/19 surface again exhibits 
structure at 20.3 eV in the region of the d-band 
transitions. This structure disappears as the 
surface becomes As stabilized, while a strong 
peak appears at 1.7 eV, which is attributed to 
transitions from filled surface states to empty 
conduction-band states.* A small, possibly relat¬ 
ed structure appears at 4.5 eV which may be due 
to transitions into higher lying conduction bandB. 

It may also be noted that for the As-stabilized 
surface a doublet structure is observed in the 3d- 
core-level structure of As near 43 eV. The sep¬ 
aration of their peaks agrees well with that due 
to the Ga 3d-core-level transition. This doublet 
Is not clearly resolved on the Ga-stabllized sur¬ 
faces because of As depletion in the surface layer. 
Figure 1(d) shows the loss spectrum of a sput¬ 
tered (111) GaAs surface. Sputtering should en¬ 
hance the density of broken bonds and somewhat 
deplete the surface of As.* This conjecture is 
supported by the enhancement of the 20.3 eV peak. 

Since the energy of the Ga 3d core levels with 
respect to the top of the valence band is quite ac¬ 
curately known for GaAs, 10 it is possible to locate 
the peaks in the conduction-band density of states 
with relation to the valence-band edge. This has 
been done in Fig. 2. The solid curve for the con¬ 
duction band is obtained from the 3d-core-level 
structure of the As stabilized (TIT) surface and 
represents the non-surface-sensitive, or bulk- 
like, portion of the conduction-band density of 
states. We have also sketched the estimated posi- 
tion of the filled surface states S Al of the (lll)-2 
structure. Depending on the assumption of the 
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FIG. 2, Conduction-band density of states of GaAs 
surfaces based on energy-loss spectra of Ga 3d-core¬ 
level excitations: solid line, bulklike density of states 
forflll) As-stabilized surface; dot-dashed line, for 
(Ill) Ga stabilised surface; dashed line, for (100) de¬ 
stabilized surface. S c , marks the peak positions In the 
density-of-states curve of empty surface states, and 
S A| that of filled surface states. Energies are referred 
to the top of the valence band (E, = 0); E a marks the 
bulk oonduotlon-band edge. 

energy position of the final state (possibly the L, 
symmetry point), S A , should lie from 0.1 to (M 
eV above the valence-band maximum. The (111) 
S Gt surface state 1 b located near the bottom of 
the conduction band, whereas (100) S Gl about 0.3 
eV below It. 

Figure 3 shows preliminary results of the ener¬ 
gy-loss spectra of Ge(lll) surfaces. The an¬ 
nealed surface [Fig. 3(a)] exhibited a 2x 1 surface 
reconstruction, but because of surface roughness 
we cannot eliminate the possibility of a 2x8 sur¬ 
face. Again the region of d-core-level transitions 
near 30 eV is of special interest. The amplitude 
of the 29.3-eV peak is very sensitive to surface 
contamination (carbon or oxygen) and may be en¬ 
hanced and shifted by Ar* bombardment, as seen 
In Fig. 3(b). Ar * bombardment also Introduces 
a new structure at 1.7 eV. In analogous manner 
to GaAs, we Interpret these structures as result¬ 
ing from transitions into empty surface states 
near the bottom of the conduction band and asso¬ 
ciated with dangling bonds. The 31.0- and 33.3- 
eV structures should again correspond to the rel¬ 
ative position of peaks in the bulklike conduction- 



FIG. 3. Second-derivative energy-loss spectra of 
(111) Ge surfaces; (s) Ar* sputtered and annealed; 
(b) Ar* sputtered. 


band density of states. The remaining features 
in the energy-loss Bpectra of the figure are anal¬ 
ogous to those in GaAs. 

In summary, the energy-loss spectra due to 3d- 
core-level excitations in GaAs, Ge, and related 
semiconductors gives Important Information on 
the relative location in energy of empty surface 
and conduction-band states. In addition, the abil¬ 
ity of stabilizing the surfaces of compound semi¬ 
conductors by in situ molecular-beam evapora¬ 
tion provides a unique method of characterizing 
both empty and filled intrinsic surface states. 

This point Is particularly Important In character¬ 
izing noncleaved surfaces of binary compounds, 
as conventional preparation techniques will leave 
the surface In a nonstolchlometric and thereby 
ambiguous condition. 

Work Is In progress on nonpolar surfaces of 
GaAs, such as the (110) surface, which contain 
approximately equal numbers of unsatisfied Ga 
and As bonds. 

We acknowledge helpful discussions with D. E. 
Eastman and P. M. Marcus. 


'Research sponsored in part under an Army Research 
Office oontract. 

! J. E. Rowe and H. Ibach, Phys. Rev. Lett. 31, 102 
(1B73); H. Ibach and J. E. Rowe, Phys. Rev. B 9, 1951 
(1974). 

*E. Sloksfus and F. Steinrlsser, Phys. Rev. B 6, 3714 
(1972). 

*E. Bauer, Z. Phys. 224. IB (1699). 

*R. Ludeke and L. Esaki, to be published. 

S L. L. Chang, L. Esaki, W. E. Howard, R. Ludeke, 


685 




Volumi 33, Nvmiu 11 


PHYSICAL REVIEW LETTERS 


9 Simtou 1974 


end 0. Sohul, J. Vac. Sol. Technol. 10, 655 (1973). 

*A. Y. Cbo and I. Hayaahl, Solid State Eleotron. 14, 
125 (1971). 

'Their energies are somewhat larger than structure 
expected from direct interband transitions, and are 
probably related. See, for example, J. R. Chellkowsky 
and M. L. Cohen, Phys. Rev. Lett. 32 , 674 (1974), 
'initial experiments on a* situ As-stabilized surfaces 
of (100) OaAs also show the suppression of the 19.9-eV 
surface structure and the appearance of structure at 


1.7 eV. A comprehensive report will be published In 
the future. 

*R. Ludeke, L. Esaki, and L. L. Chang, Appl. Phys. 
Lett. 24, 417 (1974). 

"A value of 18,8 eV was obtained both by L. Ley, 

R. A. Poliak, R. F. McFeely; S. P. Kowalczyk, and 
D. A. Shirley [Phys. Rev. B 9, 600 (1974)] using x-ray 
photoemission spectroscopy and by D. E. Eastman 
(private communication) using ultraviolet photoemls- 
slon spectroscopy. 


656 




Volume 33, Numn 13 


PHYSICAL REVIEW LETTERS 


23 Seftbmbh 1974 



FIG, 1, Seml-lncluslve azimuthal distributions for 
all charged-particle combinations. 


dence of the azimuthal distributions on the par¬ 
ticle’s charge, transverse momentum, and rap¬ 
idity is also studied. 

The results are based on an unbiased Inclusive 
data sample of -3500 completely measured events 
obtained from an exposure ol the 30-in. FNAL 
hydrogen bubble chamber to a 205-GeV/r proton 
beam. Further details of this experiment are 
given elsewhere.* For the analysis ol two-parti¬ 
cle distributions we make the following choice of 
kinematic variables: the magnitude of the trans¬ 
verse momentum of particle (, P IT ; Its center-of- 
mass rapidity, y t ; and the azimuthal angle be¬ 
tween the transverse momenta of particles i and 
j,* 

r IT ^IT 

In this paper we analyze the azimuthal distribu¬ 
tions 

do, A y, do, 

**~dii&**u 

and 

do/dip *li n do , / dip, 



FIG. 2, (a) Asymmetry parameter A„ as defined in ‘ 
Eq. (1) as a function at charged-partiole multiplicity ri 
for different charge combinations. <b) Asymmetry A, 
Integrated over all a, as a function of p T for all y and 
tor Ty,-y,l>2. 


where n la the charged-particle multiplicity. 

In Fig. 1 we show the semi-inclusive azimuthal 
distributions for all charged-particle combina¬ 
tions. It is observed that (a) the distributions 
are asymmetric and peak near 180° and (b) the 
asymmetry becomes less pronounced as the 
charged multiplicity Increases. As will be dis¬ 
cussed later, these trends may be understood in 
part as a consequence of transverse-momentum 
conservation. To parametrize the distributions, 
we define, lor fixed n, the asymmetry parameter 
A • 




Table I and Fig. 2(a) present A n as a function of 
n for the different charge combinations. In gen¬ 
eral, for each n, the asymmetry for the (+ -) 
combination is larger than that lor either the 

(-) or (+ +) combination. This holds as well 

for the inclusive values listed In Table I. 

There exist simple model calculations which 
predict a definite relation between the asymmetry 
A and the total number (n T ) at particles produced 
in the final state. For example, a statistical 
model* which Incorporates only transverse-mo¬ 
mentum conservation and a Gaussian distribution 
In transverse momentum predicts A- l/(n r -1). 
Applying this model to our measured asymmetry 
parameters for all charged particles,* A‘ c , we 
give in Table I estimates of n T for a given num¬ 
ber of charged particles, n. We also list In Tabl< 
I the values of tt r calculated using the experimen¬ 
tally observed average number of *°, K°, and A 
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Iron a complex—phase-shift analyala of the data. The 
error bars represent the statistical errors associated 
with the data points. The statistical error associated 
with the cross section data are less than 2%. 

eters at all energies. Other Initial sets of phases 
were also tried In order to determine If the set 
obtained was Indeed the best fit (the lowest x 2 ). 
Typical resulting fits are shown along with the 
data at the four energies of 8.0, 10.0, 11.0, and 
12.45 MeV In Fig. 1. 

The partial waves included In our analysis ex¬ 
tended up through /,„. The complex phase shift 
Is represented by the real part 5/ and the imag¬ 
inary part i?/. It Is convenient to present the 
imaginary part In terms of the damping pa ram-_i 



FIG. 2. Complex phase shifts as functions of energy 
resulting from fitting the cross section and polarisa¬ 
tion data. The dashed lines are smooth curves drawn 
to suggest the energy dependence. In the case the 
solid linee are fits generated as described In the text. 


eter y ,* = exp(- 2»),*). The quantities 6,* and y,* 
are shown as functions of energy in Fig. 2. The 
/-wave phase shifts were small and relatively 
constant as a function of energy and are not shown. 

It is seen in Fig. 2 that the dominant energy de¬ 
pendence In these results occurs in the d vt phase 
shift. This result is what we would expect If the 
GDR was to be seen since It is primarily 
and is centered around £,«> 10.5 MeV. In order 
to evaluate this result explicitly we next attempt¬ 
ed to add resonances to a set of background phas¬ 
es. The cross sections and polarizations were 
calculated with a scattering matrix 5, defined by 


S,‘ = exp(2f(o>, + 6,*)] {exp(- 2r;,') + exp(2»> > )(iT,(E le , - E - j«T)]}, 

where w, is the Coulomb phase shift; «,* + frj,* is the off-resonance phase shift describing the elastic 
scattering for the 1th partial wave wlthJ*=I±i; £ re „ I\ and r, are, respectively, the energy, total 
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TABLE I. Parameters for the resonance calculation. 


Partial wave 

Background phaae shifts* 
6 

(deg) y 


*« A 

S3 AO 

0.68 


Pift 

- 21.10 

0.53 


Plfl 

- 10.30 

0.91 



105.00 

0.70 



- 26.70 

0.68 


ft/i 

10.55 

0.86 


/r/l 

11.64 

0.83 


Resonance Parameters 


r* 

r 

E«,(lab) 

<P 

J* (MeV) 

(MeV) 

(MeV) 

(deg) 

j 4 1.0 

4.0 

10.0 

0.0 


•Phase shifts (other than d t /i) were otkained from 
the 11-MeV data. 


width, and partial elastic width ol the resonance; 
and <p p is the resonance mixing phase. 4 In addi¬ 
tion to calculating the cross sections and polar¬ 
izations, we calculated the net complex phase 
shift (described in terms of 6 and y) including the 
effects of the resonance. With a set of energy- 
independent background phases and a single f 4 
resonance, we obtained the result shown in Fig. 

2 as the solid lines. The parameters for this cal¬ 
culation are given In Table I. The other complex 
phase Bhlfts were held constant over the energy 
region. Of course they could be given an energy 
dependence Buch as that suggested by the dashed 
lines in Fig. 2, but little would be gained. It is 
Interesting to note that the p Vi partial wave shows 
some indication of resonance behavior. This 
could be the effect of a giant £2 resonance. 

We see that the partial wave can be well 
accounted for by a single | 4 resonance at E, 

= 10.0±0.5 MeV having a width of about 4 MeV 
and a partial width of 1 MeV. If the reduced 
width Is calculated according to T = 2P l y l 1 , one 
finds it to be about one tenth of the single-parti¬ 
cle limit. An additional important result of our 
analysts was the discovery that if many levels 
were Introduced, following the structure of the 


(P,y) data,"*' the present data could not be repro¬ 
duced. We do observe that If one draws a smooth 
curve through the structured (/>,y) data (see Ref. 
8) one obtains a resonance having a width of about 
4 MeV centered near 10 MeV. Other effects 7 
which could account for these results have been 
considered but were not able to give a consistent 
description of the data. 

It is well known that the lp-lh model is an in¬ 
adequate description of the giant dipole reso¬ 
nance.* Such features as the intermediate struc¬ 
ture, the angular distributions of certain partial 
cross sections, and the proton-neutron branching 
ratio are not accounted for. And, while the ab¬ 
sorption cross section shows more structure 
than the theory, the angular distributions show 
less. The results of the present experiment and 
further studies of (p,p) cross sections and polar¬ 
izations in this energy region should shed new 
light on the giant-resonance phenomenon. A de¬ 
tailed 2p-lh continuum calculation of these ef¬ 
fects observed in this work Is In progress and 
will be published in the near future.* 
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Observation of Nuclear Transparency in Proton-Nucleus CoDWons at 200 GeV* 
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Proton-nucleus Interactions In nuclear emulsion from a 200-GeV proton beam at the 
National Accelerator Laboratory have been studied In terms of multiplicities and the an¬ 
gular distributions of shower particles. Low multiplicities observed in oomplex nuclei 
do not depend upon the sine or the excitation at the target nuclei. Our experimental re¬ 
sults are explained In terms of the energy-flux cascade model and not by intranuclear 
cascade models. 


Recent results of rising total cross sections, 
large p, events, leading particle effects, and 
clustering of secondaries determined at the ener¬ 
gies of the National Accelerator Laboratory and 
the Intersecting storage rings had already been 
observed in earlier cosmic-ray experiments. 
Cosmic-ray studies had also revealed ttet the 
multiplicity, transverse momentum, and angular 
distribution of secondaries have weak dependence 
on the primary energy as well as on the size of 
the target nucleus, and they do not follow the pre¬ 
dictions of the calculations of the intranuclear 
cascade models. Because of the revival of inter¬ 
est in hadron-nucleus interactions, we present 
here the results of 200-GeV proton-nucleus Inter¬ 
actions in nuclear emulsion and compare them 
with 16-,* 28-,* 300-, and 1000-GeV 9 data from 
our laboratory. We feel that these studies will 
not only be helpful in understanding the nucleon- 
nucleus collisions but also they will contribute 
significantly In understanding better the nucleon- 
nucleon Interactions. 

The details of the exposure for this experiment 
were discussed earlier 4 where we presented the 
analysis of events with only N k *0 or 1 {N k denotes 
the number of heavy tracks 9 with fi * 0.7). We 
scanned 713.4 m of track length by an along-the - 
track scanning method and observed 2293 inter¬ 
actions, out of which we present here the analy¬ 
sis of 1243 events with N t > 1. In Fig. 1(a) is 
shown the behavior of (N k ) observed in nuclear 
emulsion as a function of primary energy.* We 
see that at lower energies (N,) Increases with en¬ 
ergy, and at energy > 6 GeV there seems to be a 
decreasing tendency, approaching an asymptotic 
value of -7,5. This is in contradiction to the In¬ 
tranuclear cascade mechanism. In Fig. 1(b) Is 
shown the probability of having an emulsion star 
with more than N k heavy trades for 16-GeV s', 
and 28-, 200- and 1000-GeV protons. The high- 


energy limit is reached very quickly, even at 18 
GeV, which shows that the emission of a given 
number of slow protons undergoes no significant 
change when the incident energy is raised from 
16 GeV to 1 TeV. Contradiction of the cascade 
mechanism is further observed in the distribu¬ 
tion of (N h ) versus n, where {N k ) Increases line¬ 
arly* with n t (Ref. 5). The slope values at 6-, 

28-, and 200-GeV proton energies are 1.2, 1.0, 
and 0.55, respectively. The decrease of the 
slope with the increase in energy is In turn fur¬ 
ther observed in the Increase of (»,) as a func¬ 
tion of energy. At higher energies the rate of In¬ 
crease of (h m ) decreases. This could be explained 
in terms of clustering or other forms of collec¬ 
tive behavior of secondary particles produced at 
high energies. In Fig. 1(c) Is shown the distri¬ 
bution of («,) for a given N k at different energies: 

18, 28, 200, 300, and 1000 GeV. All of these 
distributions show linear fits with Blopes Increas¬ 
ing monotonlcally with energy. The (n.) for all 
events at 200 GeV is 12.7*0.2. The 200-GeV 
curve when extrapolated has an intercept value 
atN t »0 of (s*)>~8.0 which Is close to 7.68 
±0.11, the one observed at 200 GeV for p-p inter¬ 
actions In a bubble chamber. 7 Another Interest¬ 
ing characteristic of the multiplicity In ihe target 
nucleus A is the ratio R A = (n,}(,A)A n ch)(»*). where 
(*ch)» Is the mean p-p charge multiplicity and 
{n,) tA is the mean p-nucleus multiplicity in nu¬ 
cleus A. In the nuclear emulsion R cm tor 16, 28, 

87,* 200, 300, and 1000 GeV is given by 1.24 
±0.12, 1.4*0.12, 1.53*0.4, 1.62*0.66, 1.65 
*0.10, and 1.70*1.5, respectively. R tm values » 
as a function of N k in the nuclear emulsion are 
shown in Fig. 1(d). The linear relation at low- 
energy values of 16 and 28 GeV show slightly dif¬ 
ferent slopes than those In 200 or In 300 GeV. It 
Is remarka b le to see that the R em values show a 
very small Increase with the Incident energy and 
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FIG. 1. (s) (N k ) produced from the Interaction of 
ptooe and protons with emulsion nuclei as a function of 
energy. Area scanning: closed circle, proton; closed 
triangle, plon. Along the track scanning: open circle, 
proton; open triangle, plon. (b) Integral frequency dis¬ 
tribution of N k tor 16, 28, 200, and 1000 OeV..(o) (*,) 
versus N k for 16, 28 , 200 , 300, and 1000 GeV. (d) R m 
versus N t for 16, 28, 200, and 300 GeV. The relation 
tor 200, 300, and 1000 GeV Is given by *1 +0.06/V*. 
(e) R A versus A^. For EFC model, R 4 « 1 + Kv A - 1), 
*fcare v A is average number of collisions In the nuole- 
ForCPM, i* 4 »i(l + 0,6<t‘^). 


with N k values. For the high energy 200-, 800-, 
and 1000-GeV primaries, the R tm values practi¬ 
cally coincide for the three energies for any 
value and are given by the scaling relation 1 
+0.06W*. It le a very Interesting result that we 
can predict an average multiplicity from nuclear 
targets If we know the multiplicity from p-p col¬ 
lisions at the same energy or vies versa. We 
may add that at 200 GeV {n,) u chco 

~ 1.5, as found in cosmic-ray work. Constancy 
of R A as a function of energy has been farther 
confirmed In a number of other targets and is 
shown* In Fig. 1(e) where the observed values of 
Rj i are plotted against A Ui tor different nuclei. 
The energy-flux cascade model 10 (EFC), as com¬ 
pared to the coherent-production model 11 (CPM), 
fits the observed data very well. Our data clear¬ 
ly rule out cascade models which predict that R A 
should be Independent of A. 

In Fig. 2(a) Is shown the ratio !!,«(»»,>. A»*>t g 
as a function of N, for 300 and 200 GeV, wnich is 
almost a constant (-1.1), but for low-energy re¬ 
gions this ratio Is not constant. This Is very in¬ 
teresting, as the mean multiplicity of shower 
particles produced by high-energy particles on a 
nuclear target does not depend on either the sine 
or the degree of the excitation of the target nucle¬ 
us while at lower energies, l.e., at 16 and 28 
GeV, there is a strong dependence of this kind. 
This Is also obvious from the values of /t em tor 
the emulsion nucleus which are 1.24±0.12 and 1.4 
±0.12 for 16 and 28 GeV, respectively, which are 
different from the scaling value of 1.6S±0.15. In 
order to see the development of shower particles 
with mass A, we divided the shower particles a, 
into Inner (tan6 <0.1) and cuter (tanfl >0.1) cones, 
where each cone contains on the average one-half 
of the shower particles produced In the p-p colli¬ 
sion. This is shown In Fig. 2(b) as a function of 
N". One observes that the particles produced In 
the inner cone increase very slowly with N r If 
we further reduce the inner angle to tanS *0.08 
then (n,)~5.5 and Is practically the same for all 
events, and thus the constancy of these values in¬ 
dicates that particles produced in the inner cone 
behave as If there were no nuclear matter In 
their way and the nucleus was apparently trans¬ 
parent to them. The whole increase of («,) with 
N k comes from the slow particles produced in the 
outer cone, which is predicted by almost all mod¬ 
els including cascade models. However the 
amount of excess slow particles is a very sensi¬ 
tive way of distinguishing between different mod¬ 
els. 1 * The relation of angular distribution of 
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shower particles In the inner and the outer cones 
as a function of N k is shown in Fig. 2(c). We no¬ 
tice that the (x> value [where x ■ - log 10 (tan6)] for 
all angles is slowly decreasing with N k . This de¬ 
crease comes mainly from the inner cone; for 
the outer cone it is almost constant. When we 
further change the angle of the inner cone to tan9 
*0.08 and for the outer cone to tan0>O.O8, the 
( x) values for the inner cone are practically con¬ 
stant for different N k values. From Figs. 2(b) 
and 2(c) we notice that the inner cones of angle 
tan0 * 0.08 give practically constant values of 
(it,) and (x) for all different N k values. On the 
other hand, in the outer cone (x) remains con¬ 
stant but («,) increases with N* 

As mentioned earlier, the existence of the lead¬ 
ing-particle effect is determined by measuring 
the inelasticity K which is the fraction of the in¬ 
cident energy carried off by secondaries. This 
has been calculated by the common technique 
used in cosmic-ray work u as A°(1.5<p t )2ycsc0|)/ 
200, where ip,)* 0.35 GeV/c and the innermost 
track has been removed. The K values obtained 
are shown in Fig. 2(d). We notice that for N k <7 
((N k )~ 7 for 200 GeV), the K values are small and 
are Increasing, and the leading particle carries 
most of the energy. As ( N k ) approaches 7 the 
leading particle becomes less energetic and the 
K value is almost constant (-0.55) and is insensi¬ 
tive to and this is not explained by cascade 
models. In Fig. 2(e) is shown the Integrated and 
normalized rapidity distribution 14 [= log lo (tan0)] 
as a function of N k = 0, 1, 2-5, 6-8, and >8. The 
arrows shown for N k = 0, 2-5, and >8 Indicate the 
values of log to (tan0) where an equal number of 
tracks lie above and below 0, and they are very 
close to one another. This shows that the angular 
distribution depends weakly on Nj this was also 
concluded from Fig. 2(c). Also in this figure is 
shown the differential rapidity distribution for 
different N k values. This differential distribution 
is further compared with the 200-GeV p-p nor¬ 
malized data from the bubble chamber. 7 We see 
that both the distributions for the hydrogen bubble 
chamber and N k = 0 are identical and are symmet¬ 
rical about the center of mass (C). For N k > 8, 
the distribution is unsymmetric and the whole ex¬ 
cess in the multiplicity appears in the target 
hemisphere which is not explained by the cascade 
models. 

We thus conclude from our experiment that (1) 
{n,) increases with mass A and the increase ob¬ 
served is much smaller than predicted by intra¬ 
nuclear cascade models, and (11) the multiplicity 
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FIG. 2. (a) R k versus N k for 300 and 200 GeV, and 
for 28 and 16 GeV. (b) (a,) versus ff k for Inner and out 
er cones at 200 GeV with (i) first cut tanfl $ 0.1 and (li) 
(II) secoad cut tan6> 0.08. (c) Angular distribution (*> 
versus N k for 200-GeV events for 8) all angles; inner 
and outer cone with (11) tan6 $0.1 and (111) tanfl $ 0.08. 

(d) Inelasticity (K) versus N k at 200 GeV. (e) Integral 
frequency distribution of rapidities plotted for events 
wtthA t =0, 1, 2-6, 6-8, >8. The center points are 
shown by arrows. The differential distribution of rap¬ 
idities is also plotted for events with ff k -0 and > 8, and 
this is compared with bubble chamber data at 200 GeV. 
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and the angular distribution in the very forward 
direction change very little with target size and 
the nuclear effects seem to come mainly from 
the particles produced in the backward direction 
but without much change in their angular distribu¬ 
tions. Thus we see that nuclear phenomena at 
high energy may allow a glimpse of the underly¬ 
ing dynamics that cannot be seen directly in free- 
p-p collisions. We are confident that nuclear 
studies at higher energies shall surely provide 
Important insight Into strong-interaction dynam¬ 
ics. 

We are very grateful to Professor K. Gottfried 
for a useful discussion and for sending us his 
paper before its publication. We are also very 
thankful to the staff of the National Accelerator 
Laboratory and particularly to Dr. L. Voyvodic 
for their valuable help with the 200-GeV expo¬ 
sure. 
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Observation of the Reactions e* e -+e* e~,e* e~ -*yf,vn&e+ e -*■ fi* ji 
at a Center-of-Mass Energy of 5.2 GeV* 

B. L. Beron, J. F. Crawford, R. L. Ford, R. Hofstadter, E. B. Hughes, R. Rose, t 
P. LeCoultre.t T. W. Martin, L. H. O’Neill, R. E. Rand, L. Resvanis, 5 
R. F. Schilling, and J. W. Simpson 

High Energy Physics Laboratory and Department of Physics, Stanford University, 

Stanford, California 94305 
(Received 17 June 1974) 

We report measurements of tV-sV, e*e~~yy, and t*e~ -mV at angles dose 
to 90*, relative to Bhabha scattering at 3.7*, at a oenter-of-maas energy equal to 6.2 
GeV. The results are found to be consistent with the predictions of quantum electro¬ 
dynamics. 

We report here significant initial results from tron-positron storage ring (SPEAR) at the Stan- 
an experimental study of the reactions e*e * ~e*e \ ford Linear Accelerator Center. The purpose of 
e*e'-yy, and e*e'-ji + p" at the 2.6-GeV elec- this experiment 1 was to test the validity of quan- 
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turn electr od ynamics for large values of the 
square of the Invariant four momentum transfer, 
q‘, by measuring cross sections for the above re¬ 
actions at angles close to 90°, relative to Bhabha 
scattering at 3.7°. For e*e~ -e'e~, which at 90° 
is dominated by a pacelike momentum transfers, 
and for g"e ‘ - yy the detected events lie in the q* 
range - 7 to - 20 (GeV/c)*, while for e*e ‘ - /j’/i ' 
q 2 is equal to 27 (GeV/c) 1 . In this Letter we pre¬ 
sent the results of an analysis of approximately 
60, 30, and 85% of die total event numbers that 
were observed for die reactions e*e " - e*e ', e'e' 

- yy, and« + c‘- n*n~, respectively. 

The experimental apparatus consisted of two 
identical spectrometers mounted in a collinear 
configuration about the beam interaction region. 
Each spectrometer consists of a multiwire pro - 
portional chamber (MWPC) at a distance of 7.5 
In. from the interaction region, followed In se¬ 
quence by an optional 0.25-in. lead converter, a 
set of two MW PC’s separated by an 8-in. drift 
space, a plastic scintillator aperture counter, 
and a 20-in.-thick Nal(Tl) total-absorption de¬ 
tector. A complete description of the MW PC’s 
and the read-out electronics has appeared else¬ 
where.* The Nal(Tl) total-absorption shower- 
counter (TASC) crystal 3 is 30 in. in diameter and 
serves to absorb totally electrons and y rays in¬ 
cident within its acceptance aperture. The re¬ 
maining elements in each spectrometer are used 
solely for the identification of muons. These con¬ 
sist of an 8-ln. iron absorber, a plastic scintil¬ 
lator timing counter, a plastic scintillator hodo- 
scope (spatial resolution 1.5 in. x 1.5 in. for sin¬ 
gle particles), and a 3.5-in.-thick Nal(Tl) crys¬ 
tal. All of the data were obtained with the spec¬ 
trometers oriented at an azimuthal angle of 45° 
relative to the plane of the circulating beams. 

This was done in order to suppress any Influence 
on the measured cross sections of a possible 
transverse polarization of the circulating beams. 11 

The experiment was run in two modes. First, 
with the y-ray converters removed, the appara¬ 
tus was devoted to the measurement of e*e * 

- e'e~ and e*e' - u'n ', and second, with the y- 
ray converters Inserted, to e*e~ — y> and e*e~ 

- m’m’- The electronic signature for an event erf 
the type e*e * ~e*e " or e’e' - y> required only the 
detection of greater than 0.5 GeV in each of the 
TASC crystals in coincidence with the crossing 
of the beams, while that for an event of the type 
e*e " - ti*u‘ required signals from the aperture 
and timing counters in each spectrometer in coin¬ 
cidence with the crossing of the beams. 


The absolute luminosity of the storage ring was 
monitored through the measurement of Bhabha 
scattering at 3.7°. The operating principle of the 
monitor has been used before,* but in the applica¬ 
tion to SPEAR the design goal was to provide 
luminosity measurements accurate to within a 
systematic uncertainty ± 2%. A critical examina¬ 
tion of the response of the monitor* leads us to 
believe that this accuracy was achieved. 

All candidate events for the three reactions of 
Interest were reconstructed and displayed tor 
off-line inspection on a graphic terminal by an 
IBM 360/91 computer. An interactive software 
system was employed, as necessary, to edit the 
MW PC data in order to complete the track re¬ 
construction. Events were accepted as candidates 
for e*e~-e*e~ provided that both reconstructed 
tracks intersected the respective entrance planes 
of the TASC crystals within a circular aperture 
of 22 in. diameter and that the two tracks were 
collinear to within 15°. Subsequently, the re¬ 
quirement was made that a minimum energy of 
1.25 GeV be observed in each of the TASC crys¬ 
tals. Figure 1 shows the energy distribution ob¬ 
served in one of the NaI(Tl) TASC crystals for 
e*e ' —e*e ‘ candidate events which satisfy all of 
the above criteria, with the exception of the en¬ 
ergy requirement in this one crystal. A clear 



FIG. 1. Energy distribution observed in the top 
NaltTl) TASC crystal for s*#"-—* + #" candidate events 
for two aperture diameters. (22 in. aperture diameter 
—502 events shown by open histogram; 18 in. aperture 
diameter—305 events shown by filled histogram.) At 
the larger diameter the peak is broadened as a result 
of the inclusion of particles which enter the crystal 
obliquely and close to its edge. 22 in. is Judged to be 
the maximum aperture diameter for which Bhabha 
events can be cleanly separated from the lower- energy 
background events. 
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DETECTED ENEMY (G«V) 


FIO. 2. Energy distribution observed In the top 
NalfTl) TA8C crystal for 88 s*t~—yy candidate errata 
for an aperture diameter of 23 In. The abeenoe of 
background events at low deposited energies permits 
the use of a larger aperture diameter for « + s" — yy 
than for •*#”•-» yy than for «*« “—« + »‘. 

peak due to the detection of 2.6-GeV electrons or 
positrons is observed together with a few events 
at energies less than 1 GeV. The latter events 
are primarily due to the detection of cosmic-ray 
muons. Clearly the choice of 1.25 GeV as the 
threshold energy for electron detection is quite 
uncritical. No other criteria are necessary for 
the identification of e*e' ~e*e ' events. 

Events were accepted as candidates for e V 
- yy provided that both reconstructed y-r ay tra¬ 
jectories Intersected the respective planes of the 
TASC crystals within a circular aperture of 23 
in. diameter and that the two trajectories were 
collinear to within 15°. It was also required that 
no evidence exist for incident charged particles 
in the MW PC’s in front of the converters in the 
Immediate vicinity of the positions through which 
die > rays were expected to pass. Figure 2 shows 
the energy distribution observed in one of the 
NaI(Tl) TASC crystals for e*e~ - yy events which 
satisfy the above criteria. Again, a clear peak 
due to the detection of 2.6-GeV y rays is observed. 
No other criteria are necessary for the identifica¬ 
tion of e*e ' — yy events. 

Events were accepted aB candidates for e*e ’ 

** n*n~ provided that (1) the measured time dif¬ 
ference between the pulses observed in the two 
timing counters did sot exceed 5.3 nsec, (2) the 
reconstructed tracks intersected the planes of die 
respective timing counters within a circular aper¬ 
ture of 28 In. diameter, and (8) the measured 



FIG. 3. Scatter plot for 102 * candidate 

event* (aperture diameter, 28 In.) showing the average 
transverse distance of muon tracks from tee orbit of 
the circulating beams versus the time difference be¬ 
tween the pulsea observed In tee timing counters, the 
dashed rectangle Indicates the acceptance area for »*• 
—-pV events. 

time difference between the pulse observed in 
one of the timing plastic scintillators and the 
crossing of the beams was within ± 7 nsec. For 
these events Fig. 3 shows the correlation be¬ 
tween the average distance of closest approach 
of the tracks to the orbit of tee circulating bee mi 
and the time difference between tee pulses ob¬ 
served in tee timing counters. Two types of 
events are clearly revealed In this plot: first, 
a group of events with small relative timing and 
tightly correlated with the beam orbit, and sec¬ 
ond, a group of events with larger timing and no 
correlation with the beam orbit. The former ar 
e'e'-pV events, while the latter are cosmic - 
ray muons. Only a small fraction (~0.1%) of the 
cosmic-ray muons detected by the apparatus ap¬ 
pear In Fig. 3, since the average relative tbnin 
for such events is 10.6 nsec and the measured 
standard deviation is 1.7 nsec. 

The observed numbers of events and the num¬ 
bers expected from quantum electrodynamics foi 
the three reactions of interest are shown in Ta¬ 
ble I. This table also lists the radiative correc¬ 
tions applied to the expected numbers of events. 
All of the radiative corrections, including cor- 


W 



Volumi 33, Numiex 11 


PHYSICAL REVIEW LETTERS 


9 Simian 1974 


TABLE 1. Summary of file observed and expected number of events ■ The principal corrections and errors are 
also shown, together with the lower limits set by this and earlier experiments on the cutoff parameters A. 


t ■***— * + * 


■TV 


e'-u* 


MS 


Integrated luminosity (10 3S cm* 3 ) 

Radiative correction (to lowest-order 

2.96* 0.06 

6.41* 0.13 

23.5*0.5 

expected rate in apeotrometers) 

0.940 * < 0.01 

0.951 ±<0.01 

0.954±< 0.01 

Number of events expected 

521 * 16 

84.3*3.7 

87.1*2.7 

Number of events observed 

499 

88 

80 

Ratio of observed to expected events 

0.96 a 0.05 

1.04*0.12 

0.92*0.11 

A, (GeV), this experiment 

22.8 

6.2 

14.6 

A. (GeV), this experiment 

14.4 

6.9 

23.6 

A, (GeV), earlier experiments 

9.8* 

3.9 b 

~ 7 c 

A. (GeV). earlier experiments 

10.5* 

5.1 b 

~ 8 C 


»Ref. 7. '’Ref. 8 . 

rections of 2.2% to the observed luminosities, 
were calculated according to Berends et of. 10 ' 11 
There are no other corrections of any signifi¬ 
cance to either the observed or the expected 
event numbers. The estimated background due 
to collinear hadron pair production Is negligible 
(sO.l event) for both e'e' -e'e' and e'e' - mV- 
A search was made for the occurrence of events 
of all three types with the circulating beams dis¬ 
placed In the vertical direction so that they do 
not collide but none were found. Various sources 
Of systematic error are Included in the errors 
assigned to the expected event numbers. 

We conclude from Table I that the rates we ob¬ 
serve for the three reactions of interest are con¬ 
sistent with the predictions of quantum electrody¬ 
namics. If, in addition, we anticipate that possi¬ 
ble breakdowns of theory can be described by 
propagator modifications in the lowest-order 
Feynman diagrams of the form 1/q* -(l/q s )[l 

- A!*)] for e'e * -e'e " and e'e' - p + p", u ' 1 ’ 
and l/(q 1 - m*) - [l/(q a - m 2 )](l ±<j 4 /A*") for e'e ' 
-yy, u then our results can be used to place lower 
limits (95% confidence level) on the cutoff param¬ 
eters A for each of the three reactions. These 
values, together with the limits set by earlier ex¬ 
periments, are given in Table I. 

We are grateful to Dr. R. Gastmans of the Uni¬ 
versity of Leuven for assistance in adapting his 
computer codes to the calculation of our radia¬ 
tive corrections. 
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e* e~ Annihilation into Hadrons in Quantum Field Theory* 

Hung Cheng and Jeffrey Mandulat 

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 

(Reoelved 1 July 1074) 

Quantum field theory la shown to give an energy-dependant A = ale V — hadrons) /ok V 
“MV”) > aa a result of creation of slow particles In the c.m. system. A simple model 
which predicts power growth for A la given and further experimental consequences are 
discussed. 


Recent experiment* on electron-positron anni¬ 
hilation Indicate that A « a(e + e * - hadrons) /o(e*e‘ 

~ mV) rise* with energy, 1 in contradiction with 
a number of theoretical expectations. In this Let¬ 
ter we show that the increase of R with energy is 
expected in quantum field theories, as a result of 
the production of slow particles In the c.m. sys¬ 
tem. 

Extensions of the parton model 2 and the light- 
cone algebra with scale Invariance at short dis¬ 
tances, 2 which account for the scaling of deep in¬ 
elastic electron scattering, 4 toe V annihilation 
into hadrons led to the prediction that R would ap¬ 
proach a constant at high energies.’ The value 
of this constant is model dependent—| in the 
quark-neutral-gluon model, 2 in the colored- 
quark-gluon model, and “in the charmed-col¬ 
ored-quark-gluon model. 

The unifying idea behind these models is that 
hadron physics is described by a local field struc¬ 
ture. The rise of A with energy has been taken 
as an experimental counterindication to this idea. 

The purposes of this Letter are (a) to show that 
quantum field theories do not imply that R is as¬ 
ymptotically a constant (even with a transverse- 
momentum cutoff); (b) to describe a physical pic¬ 
ture of e *e ‘ - hadrons which explicitly shows the 
connection between an Increasing R and the pro- 



s 

FIO. 1, e*e~ annihilation into a pair of elementary 
l*rtiolaa. Tbs wavy line denotea the photon and the 
*rt**d liaaa d eno t e the vector gluon. 


ductlon of slow particles In the c.m. system; 

(c) to present a simple, quantitative model Illus¬ 
trating this picture in which R rises like a power 
of the energy; and (d) to discuss further experi¬ 
mental consequences of this model. 

In the parton model, the physical picture that 
leads to the constancy of A Is that a photon with 
large virtual mass creates a pair of elementary 
particles which at first separate from each ether 
freely, and rearrange themselves Into hadrons 
after a very long time.* In this physical picture 
the rate for e*e~ —hadrons is given by the Feyn¬ 
man diagram In Fig. 1. This physical picture 
ignores the possibility that the two elementary 
particles created may Interact with each other 
and produce additional elementary particles with¬ 
in a very short time. An example of such a pro¬ 
duction process is illustrated in Fig. 2. The 
scattering amplitude corresponding to this dia¬ 
gram (which has no ultraviolet divergence) is 
finite over an extensive klnematical region in the 
limit s - <*>. In the c.m. frame, this region in¬ 
cludes all p, and p, for which (p, +p 4 )’ is finite 
and for which the components of p, and p, trans¬ 
verse to p, and p, are finite. In particular, it in¬ 
cludes the kinematic region where all components 
of p, and p, are finite, i.e., where the additional 
pair Is slow in the c.m. system. In this region. 



FIG. 2. * *s~ ennlhlletlon into two pairs of elemen¬ 
tary particles. The wavy line denote* the photo* and 
the dotted lines denote the vector gluon. 
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the scattering amplitude is independent o t the lon¬ 
gitudinal momentum of the pair as this longitudi¬ 
nal momentum becomes large, and fails rapidly 
for large transverse momentum of the pair. As 
a consequence, the contribution of this region to 
R Is asymptotically proportional to dfa/E, which 
integrates to las. Therefore, R increases with 
energy. 

The space-time picture of this process Is vast¬ 
ly different from that which suggested that R 
would approach a constant. In the process illus¬ 
trated in Fig. 2, the additional pair is created in 
a time of order unity. This means that each of 
the initial pair interacts in a time of order 1/Vs 
in its own rest frame. The increase of R with en¬ 
ergy is explicitly a result of the production of 
relatively slow particles in the c.m. system dur¬ 
ing such short times. 

The spin of the exchanged meson (gluon) plays 
a crucial role in determining the asymptotic lim¬ 
it of it. A vector-gluon exchange, which we have 
been assuming, is needed to get a rising R. Were 
the gluon a scalar, the process in Fig. 2 would 
be down by a factor of s relative to that in Fig. 1, 
and would make no asymptotic contribution to R. 

The dynamical mechanism which is responsible 
for the rise of R at the same time resolves the 
parton-model puzzle of how the fast, quasifree 
partons created from a massive virtual photon 
could eventually result in the appearance of slow, 
final-state hadrons. The resolution is that the 
fast partons interact to produce slow, secondary 
partons very soon after their own creation. The 
secondaries can easily give rise to slow hadrons. 

These considerations Immediately generalize 
to the production of many additional pairs. A dia¬ 
gram which illustrates multipair creation is giv¬ 
en in Fig. 3. The scattering amplitude corre- 



F1G. 3. t*t~ annihilation into three pairs of elemen¬ 
tary particles. The wavy line denotes the photon and 
the dotted lines denote the vector gluon. 
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sponding to multipair creation is again of order 
unity in the limit a - « when the masses and 
transverse momenta of the additional pairs are 
fixed, and their longitudinal momenta arbitrary. 
As a consequence, the contribution of the produc 
tion of a additional pairs to R is asymptotically 
proportional to (Ins)". The overall effect of mul¬ 
tiparticle states will evidently be to give an ener 
gy dependence to R. 

At the cost of oversimplifying a very compli¬ 
cated physical situation, we may get a quantita¬ 
tive Idea of the effects of pair creation by taking 
as a model for e*e' ~ hadrons the sum of the leac 
ing asymptotic calculations for n-palr creation. 
In this model, the contribution of n-palr produc¬ 
tion to R turns out to be the product of n single¬ 
pair production factors, and, with the required 
statistical factor l/nl, Is of the form (alns)"/nl. 
Summing over n, we find that 

A«s\ (1) 

This result holds to lowest order In a only, and 
Should be valid so long as aR/3 « 1, that Is, for 
Roc. 400. Above aR »3, terms which are higher 
order in a become comparable to the lowest-or- 
der term, and so the formula for R [Eq. (1)1, and 
all of the subsequent results [Eqs. (2) to (12)], 
must be modified. The multiplicity follows the 
Poisson distribution, with the average multiplici¬ 
ty given by 

(n)-alns, (2) 

where a, the coefficient of Ins in (2), is the same 
number as the power of s in (1). Preliminary 
measurements support this equality and indicate 
a “ J. 1 The inclusive distribution for a single 
particle of momentum p, in the limit s — *° with 
p »Ip I much smaller than jVs, Is given by 

£ da/dp ~s M+ ‘/(/>), (3) 

where, because of the available phase space, 

Ap) a P*, P«U (4) 

and, because the emission of particles with large 
p doss not depend on the longitudinal momentum. 

Ap)- const, p» I. (5) 

Equation (3) means that (1 /a)da/dp becomes a 
function of p alone and does not depend on s: 

(1 /o)do/dp-E' l F(p), (61 

independent of the total energy. When p is a fi¬ 
nite fraction of i^s, Eq. (S) fails and, Instead, 
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the inclusive distribution is given by 

sda/dt-s' 1 *^), (7) 

where * - 2p/Vs. The single-particle distribution 
da/Ac scaled by the cross section is given by 

(1 /&)do/ebc ~x~ l G(jc). ( 8 ) 

The rate of approach to this asymptotic limit 
is not uniform in x. The reason is that the as¬ 
ymptotic form comes from distributing die avail¬ 
able energy among many emitted particles. But 
if one particle has energy £ =xVs/2, the residual 
Invariant mass squared of the others is only (1 
- *)*. Thus, the closer x is to 1, the higher s 
must be before the asymptotic limit is reached. 
The dependence of the inclusive distribution with 
the energy is therefore slower as x is closer to 1. 
Us this energy dependence is of the form s*' 1 , 
the same analysis gives 

G(*)a:(l-x)*-\ X-l. (9) 

For small values of x, G(x) approaches the non¬ 
zero constant 

G(0)=Um F{p), (10) 

which, together with (8), gives the familiar dx/x 
fkctor for the inclusive distribution. The angular 
distribution of particles with finite x at asymptot¬ 
ic energies follows the angular distribution of the 
leading elementary quantum. If the fundamental 
charged fields have spin £ this distribution is of 
the form 1 + cos*0. One expects to observe this 
behavior at fixed x when s is large enough that 
(1 /o)do/dx becomes independent of s, which the 
preliminary data suggest is above present ener¬ 
gies. Similar to (3), - the inclusive distribution 
for two particles of momentum p, and p„ respec¬ 
tively, is given by 

E t E t da/dp 1 dp t ~s' 1 *‘h( Pi.Pj). (11) 

Thus, the two-particle distribution scaled by the 
total cross section is also energy independent. 
When p, and p, are far apart in the momentum 
space, the function A(p„ p s ) factorizes into 

*<Pi. Pi) “ApJApJ, (12) 

and, depending on the scale of the momenta rela¬ 
tive to £/a, there are straightforward generaliza¬ 
tions of (6) and (8). 

In comparing these results with the distribu¬ 
tions measured in e*e ‘ annihilation, it should be 
acted that the data are expected to look simplest 
whsn (1/dida/dp is plotted against p for small to 
Moderate p [see Eq. (8)], but for p comparable 


to ifs, one must plot (l/d)da/dx against x [see 
Eq. (8)]. Ae an example, consider the peak of 
the single-particle Inclusive distribution at small 
momentum. When this distribution is plotted 
against x, the peak appears to move with energy. 
But if it is plotted against p, its position is pre¬ 
dicted to be stationary. More generally, the plot 
of (l/o )dc/dp against p follows the same curve 
for all s, as long as p is small compared to £/*, 
in agreement with preliminary measurements. 1 

In summary, we have seen that, contrary to 
past belief, quantum field theory does not Imply 
that R is asymptotically a constant A constant 
value of R Is obtained only In the lowest approxi¬ 
mation which takes into account the contribution 
of single-pair creation. When we Include the cre¬ 
ation of pairs of soft particles, an increase of R 
is obtained. This increase would remain even if 
a transverse-momentum cutoff were imposed. It 
is therefore unrelated to the logarithmic factors 
of s which arise in field-theoretic discussions of 
deep inelastic electron scattering. The amplitude 
from the set of diagrams in Fig. 2 and Fig. 3, 
when analytically continued to the kinematic re¬ 
gion of deep inelastic electron scattering, does 
not give energy-dependent factors to the struc¬ 
ture functions W i and i>W v and does not modify 
Bjorken scaling. 

In conclusion, we have shown that field theory 
is consistent with a rising R. The experiments 
which Indicate that R is increasing are not evi¬ 
dence against the parton model, if by the part on 
model one means field theory supplemented by a 
transverse-momentum cutoff. However, the 
light-cone singularity of a product of electromag¬ 
netic currents carrying timelike momenta is not 
canonical. 

We thank Professor T. T. Wu for useful discus¬ 
sions, and Professor B. Richter for supplying us 
with preliminary results from the «V annihila¬ 
tion experiment at SPEAR. 
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Photoionization Cross Sections of the Outer j-S ubshell Electrons in the Rare Gases* 

James A. R. Samson and J. L. Gardner 
Behlen Laboratory of Physics, UntversUy of Nebraska, Lincoln, Nebraska 68508 
(Reoelved 8 July 1874) 

The absolute photoionlzatlon cross sections for the outer ns sub shells of argon, krypton, 
and xenon have been measured from their respective Ionization thresholds to 41 eV as well 
as at one point near the ionization threshold of neon. The technique of photosleotron spec¬ 
troscopy was used to determine the ratio of the s to p photoelectrons. Measurements of 
the total cross sections and of the magnitudes of multiple-ionization processes allowed an 
accurate determination of the sub shell cross sections to be made. 


Photoionlzatlon of the outer s-aubshell elec¬ 
trons In the rare gases provides a sensitive test 
of atomic theory applied to the photoionlzatlon 
process. Calculations with single-electron wave 
functions predict that the photoionlzatlon cross 
sections of the outer s shells should be extreme¬ 
ly low at threshold relative to p-ahell Ionization 
(less than about 0.5%). The predicted cross sec¬ 
tions then start to increase reaching a broad 
maximum 20 to 30 eV above threshold. 1,1 Howev¬ 
er, recent calculations, taking into account the 
Interaction of electrons within a subs hell and ln- 
tershell Interactions, yield completely different 
results (random-phase approximation with ex¬ 
change, RPAE).** 4 The threshold cross sections 
are predicted to be at least 20 times larger than 
the single-electron-model predictions. The 
RPAE cross sections are then predicted to drop 
rapidly to approximately zero at 10 to 20 eV 
above threshold. The purpose of this paper is to 
present experimental data supporting the random- 
phaae-appraxlmatlon method. 

Recently, Lynch et oi. 5 have reported experi¬ 
mental results for the photoionlzatlon of the 3s 
subshell in Ar. Their data show a minimum in 
tile cross section in agreement with the RPAE 
tksory. However, there is considerable scatter 


in their data near threshold that does not allow a 
more precise comparison with theory. Further, 
the calculated RPAE values with which their da¬ 
ta were compared 3 have been significantly modi¬ 
fied In the threshold region. 4 We present here 
for the first time detailed experimental results 
of the threshold cross sections of the outer n* 
subshells of Ar, Kr, Xe, and a single point for 
Ne. The technique of photoelectron spectroscopy 
was used to determine the ratio of s to p photo- 
electrons. 

Two sets oi data are presented. Earlier data,* 
which were obtained with a retardlng-potentlal 
electron-energy analyzer, have been reanalyzed, 
corrected for electron scattering in the gas, 7 and 
corrected for the varying electron angular dis¬ 
tribution 1 In the p shell (the asymmetry parame¬ 
ter 0 was assumed to be equal to 2 for s-shell 
electrons near threshold). 

The present data were obtained with a cyllndrl- 
cal-mlrror electron-energy analyzer that accept¬ 
ed photoelectrons ejected at 54° 44' with respect 
to the direction of the photon beam.* At this an¬ 
gle there is no collection discrimination caused 
by the varying angular distribution.* In addition 
the transmission of the analyzer was calibrated 
to within * 5% as a function of electron energy for 
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TABLE L nsMp ratio for the outer • shells of tbs rare gases. Sooroe Uaee 
p receded by an asterisk were produced by a ooodsnsed spark discharge hx aeon. 
Hie otter sou roe Uaee were produced in a do glow discharge in He and Me and a 


do arc In Ar. 


Source line 

A(X> 

Xe 


nt/np Ratio 

Kr 

(t) 

Ar 

Ne 


243.027 

He 

II 

- 

- 


— 

— 

2.1 ± .4 


303.786 

He 

IT 

5.7 

± 

1.2 

0.6 ± .5 

0.9 i .5 

— 


379-31 

Me 

III 

- 

- 


3.7 ±1.8 

5.3 ±1.0 

— 


406.50 

Me 

II 

0.0 

± 

.8 

3.3 * .6 

5.0 * .7 

— 

ft 

416.198 

Ne 

IV 

- 

- 


3.2 1 .7 

3-3 1 .8 

— 


446.4 

No 

11 

2.9 

+ 

.9 

3.1 ± .4 

— 

— 


460.73 

Me 

II 

2.4 

t 

.9 

— 

— 

— 

ft 

469.817 

Ne 

IV 

2.7 

t 

.7 

— 

— 

— 

ft 

501.0 

Ne 

(?) 

3.6 

± 

.9 

— 

-- 

— 


518.5 

Ar 

II 

2. 9 

± 

.7 

— 

— 

— 

ft. 

521.7*12 

,521.813 

Ne 

IV 

3.3 

± 

.8 

— 

— 

— 


5??.208 

He 

II 

2.0 

± 

.5 

— 

— 

— 

ft 

526.4 

Nc 

(?) 

2.7 

± 

.7 

— 

— 

— 


the range 0-28 eV, by using the method described 
previously." An accelerating/retarding lens Bys¬ 
tem In the analyzer allowed the electrons to be 
analyzed at a fixed voltage of 3 V. This prevent¬ 
ed discrimination, caused by electron-gas scat¬ 
tering, of electrons with originally different en- 



FIG. 1. Photoionization cross Motion* of the 3* sub- 
shell of Ar. Theoretloal date: dashed line, Ref. 4; 
dash-dotted line, Ref. 2 (upper curve, dlpols length ap¬ 
proximation; lower curve, dipole velocity approxima¬ 
tion). Experimental data: filled circles, present data; 
triangle, Ref. 8, corrected; open circles, Ref,, 8. 


ergiea. 

The photoelectron spectra of the rare gases 
were taken at several discrete wavelengths b« 
tween 24 and 51 eV. A dc glow discharge in E 
Ne, and Ar produced the resonance lines of tl 
neutral and singly Ionized atoms. 10 The radla 
tion was then dispersed with a 2-m Vodar grs 
ing-incidence monochromator. An extremely 
stable scanning voltage source was used to sc 
the spectra, repetitively, over periods up to : 



FIG. 2. Photolonlz&tlon cross sections of the 4* i 
shall of Kr. Uses and data point* as In Fig. 1. 
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FIO. 3. Pbotolonlzatlon cross section of the 5s sub- 
shell of Xe. Lines and data points as in Fig. 1; square, 
Ref. 14; solid line, suggested experimental cross sec¬ 
tion. 


h. The data were accumulated in a multichannel 
analyzer. From the data the ratio R, of s to p 
electrons, was obtained. This ratio Is tabulated 
in Table I. The cross section for photoionization 
of s-shell electrons a, is then given by 

or 4 »o ( R/(l+H), (1) 

where a, is the total photoioolzation cross sec¬ 
tion. 11 The effects of double Ionization were tak¬ 
en into account at 41 eV in Kr and Xe. u 

The data for Ar, Kr, and Xe are shown In Figs. 
1-3 along with the theoretical calculations. 8,4 
The results clearly show the interference effect 
between the np‘—np‘ ed transition and the ns* 

-ns e'p transitions as predicted by Amusla et al* 
The RPAE calculations* predict a different situa¬ 
tion for Ne. The Intershell interaction is weak 
and, therefore, the 2 p subshell does not appre¬ 
ciably affect the 2s photoionization cross section. 
The form of the curve is similar to the single- 
particle calculations but the magnitudes of the 
cross sections predicted by the RPAE calcula¬ 
tions are lower. Our single experimental value 
of (0.16± 0.03) xlO' 1 " cm* near threshold (51 eV) 
and the data of Wullleumler and Krause 19 start¬ 
ing at 100 eV are insufficient to verify the lack 
of Interference from the 2 p subshell. More ex¬ 
perimental data in the threshold region are de¬ 
sirable. The lack of data at high photon ener¬ 
gies is simply caused by the low ionization cross 
sections, weak source line intensities, and dis¬ 
crimination against high-energy electrons by the 
energy analyzer in the present mode of operation. 

The magnitudes of the RPAE results are sensl- 
tfre to the value of the ns-subshell ionization po¬ 
tential used in the calculations. The RPAE curves 


for Ar and Kr from Ref. 4, shown in Figs. 1 and 
2, respectively, used the experimental ioniza¬ 
tion potentials. The results are In good agree¬ 
ment with the combined experimental data. For 
Xe the theoretical Ionization potential was used. 
This accounts for the displacement of the thresh¬ 
old values by 2 eV between the experimental and 
theoretical curves of Fig. 3. Although the shape 
of the experimental curve agrees with the RPAE 
theory, the magnitudes do not. The single value 
at 41 eV obtained by Kemeny et al. 1 * has a report¬ 
ed 5s/5p ratio of 0.03. This is to be compared 
with the present value of 0.057±0.012. Both 
points have been corrected for double Ionization 
(double-Ionization abundance is 20% for Xe at 41 
eV). 11 

The data presented here fully support the RPAE- 
model calculations for the rare gasee. However, 
the discrepancy between theory and experiment 
for Xe indicates that further refinements are 
necessary in the RPAE model. 
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Nonlinear Optical Processes by Van der Waals Interaction during Collision* 

S. E. Harris and D. B. Lldowt 

Micro *iom laboratory, St anf ord Untvontty, Stanford, California 94905 
(Reoeived 24 June 1974) 

We describe an optical process where off-diagonal optical ex cit a tion of a first atomic 
species la coupled daring collision to a second species. This coupling leads to new types 
of nonlinear optical processes, and allows large cross sections for Inelastic collision 
between atoms with nonresonant energy levels. 


By tuning a laser to the resonance line of an 
atomic species, a strong time-varying dipole mo¬ 
ment Is excited at the frequency of the Incident 
laser. Alternatively, by making use of higher res¬ 
onances, strong dipole moments may be excited 
at harmonics of the Incident frequency. 1 *' In this 
Letter we describe a new type of nonlinear pro¬ 
cess where dipolar excitation of a first atomic 
species Is coupled during collision to a second 
species. This dipole-dipole coupling leads to 
new types of nonlinear optical processes, and 
may be used to produce large enhancements In 
both the linear and nonlinear transition probabil¬ 
ities and cross sections of the second species. 

In particular, the process allows large cross 
sections for Inelastic collision, or optical pump¬ 
ing, between atoms with nonresonasg energy lev¬ 
els. 

To avoid confusion with more familiar Inelastic 
collision processes we note that we are consider¬ 
ing a process where, In essence, energy Is con¬ 
served by optical photons, as opposed to kinetic 
processes. From the Lorentz model of an atom, 
the process may be viewed as one where the 
phase and frequency of an oscillating atom A is 
transferred to a second atom B. The strength of 
the coupling varies as 1/R 3 and Is only strong 
when the atoms are relatively close (R s> 20 A). 
During this Interaction time atom B may also ac¬ 
cept additional photons from the external electro¬ 
magnetic field, allowing it to conserve energy to 
complete a transition. This process does not re¬ 
quire real transitions of atom A. Off-diagonal, 
as opposed to on-diagonal, excitation is trans¬ 
ferred during collision. 4 

Subject to the approximation that the interatom¬ 
ic spacing Is greater than the atomic dimension, 
the perturbation Hamiltonian which describes 
this process is given by* 

H' * - at A • 2 coswf - ® coswf 

+[s*/Jf(f)](x A x,+y 4 y i( -2« x Sj), (1) 

where R(t) is the relative distance between atoms 


and x A , x M , etc., are the coordinates of each 
electron with respect to Its nucleus, and ST la the 
applied electromagnetic field. The first two 
terms of the Hamiltonian describe the interac¬ 
tion of each (isolated) atom with the electromag¬ 
netic field, while the last term describes the cou¬ 
pling between atoms. The calculation proceeds 
by expanding the wave function In a basis of pro¬ 
duct states with time-varying coefficients c,M)' 
Perturbation equations are written as a function 
of the relative atomic spacing R(t). We assume 
straight-line atomic paths and Integrate over 
R(t) with a distance of closest approach and 
finally Integrate over r 0 to an inner limit at which 
the Van der Waals potential remains valid.” 

To be specific, we will consider the four-pho¬ 
ton absorption process shown In Fig. 1; l.e., we 
wish to calculate the four-photon transition prob¬ 
ability of atom B between the levels denoted by 
w m and w m . Though, In general, It Is necessary 
to sum over all paths In the atomic system. In 
order to Blmpllfy the formulas, we will assume 
that the incident frequencies are sufficiently close 
to each level that a single path Is singled out 

In the first three steps of perturbation, atom A 


ATOM A ATOM ■ 

(Hfl) (KrI) 



FTO. l. Energy level diagram for calculation. For 
the Hg-Kr ay stem, w,>uii>3129 A and 7842 A. 
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accepts three photons from the electromagnetic 
field, and develops a mixed state and dipole mo¬ 
ment at frequency », + », + <*>,. In the fourth step 
of perturbation, this time-varying dipole mo¬ 
ment Is transferred via the Van der Waals Inter¬ 
action to atom B. In the fifth step, atom B ac¬ 
cepts a photon of frequency w„ to complete the 
four-photon transition. In the basis of product 
states, the perturbation sequence is therefore 
Cgo“-c jq—C fQ—C j^j— Cqj — cQf- We let Jt(f)“(r 0 a 
+ where V Is the average velocity and r 0 

is the distance of closest approach In a particu¬ 
lar collision. Carrying out the perturbation se¬ 
quence, we find 

c a (r„)=y/_" (r 0 *+ P , /*)' S/ * exp( /Aw, t)di, (2) 

where 

' 16*“ Aw, Aw, AW, Aw, 

The resonance denominators are defined as Aw, 

= w,-w 10 , Aw, = w 1 + w i -w I0 , Aw, — w, + w, + w, 

- W H , Aw, * W, + UJ, + W, — Wqj, Aw, = W, + W, + W, 

+ w,-w m , and the Mi, and £, are the matrix ele¬ 
ments and applied electric fields as denoted by 
Fig. 1. In Eq. (2), we have assumed that the de¬ 
phasing time T, of the final level ui m is long as 
compared to the Impact time r„/T, (The Impact 
time Is typically ~ 10'” sec, and thus this will 
almost always be the case for absorption to a 
discrete level.) The quantity lc M (r 0 )l* is the 
probability that a collision with closest distance 
of approach r 0 has resulted In a transition to the 
final state. 

The transition probability to line center (Aw, 

- 0) of atom B Is then given by 


W h (t) = 4tN A V JT" |c M (r 0 )|*r 0 dr„, 


W,(f) = 8v(Ar 4 /V)r Mt '»|y|*, 


(3) 


where N A is the concentration (cm**) of A atoms, 
V is the average velocity, is the minimum 
distance at which the dipolar approximation Is 
reasonably valid, and lyl* has been averaged 
over angular orientation. By noting the Fourier 
transform relationship of Eq. (2), one can see 
that the Unewidth of the four-photon transition is 
approximately V/r M . 

If the dephasing time T, is short compared to 
the impact time—for Instance, if level w a were 
Instead the continuum of atom B while the inter¬ 
mediate levels remain as above—then W a (f) is 


shown to be given by 

Ws(0-» , W 4 r o .-*|y|*p(w), (4) 

where p(w) Is the density of final states. By not¬ 
ing that near line center p(w) is, in essence, the 
dephasing time, it is seen that the ratio of the 
transition probability of Eq. (4) to that of Eq. (3) 
is that of the dephasing time T t to the impact 
time rJV. 

As a specific example, we consider four-pho¬ 
ton absorption in Kr (atom B), with and without 
the presence of Hg (atom A) (see Fig. 1). We 
choose the first two photons w, >w, >3129 A, such 
that the sum of these photons equals the nonal- 
lowed 6s-7s transition of Hg. We choose the sec¬ 
ond two photons w, = w,«7342 A to exactly com¬ 
plete the four-photon 4p-5p transition In Kr. We 
assume unity oscillator strength for all transi¬ 
tions except the 6s -8 p transition of Hg, for which 
we take / - 0.1. The resonance denominators 
needed to evaluate Eq. (2) are 7 Aw, >22108 cm* 1 , 
Aw, = 1 cm* 1 (the assumed Unewidth of the inci¬ 
dent laser). Aw, = 085 cm* 1 , and Aw, >3360 cm* 1 . 
Assuming r^, = 5 A , V = 5xlff* cm/Bec, a Hg con¬ 
centration of 10* 7 atoms/cm*. and an incident la¬ 
ser power density of 10* W/cm*, we find W(t) 

■ 1.6X10* transitions/sec. This transition prob¬ 
ability is about 10 4 greater than that for pure Kr. 

To observe this effect, it is necessary to avoid 
a different and often stronger nonlinear process 
which may alternatively excite the Kr. This lat¬ 
ter process is three-frequency summing in Hg to 
yield w, + w, + w,, followed by two-photon absorp¬ 
tion in Kr (w, + the sum frequency). This com¬ 
peting process can be avoided by allowing the op¬ 
tical beam at w, > w, to be incident from the op¬ 
posite direction to that of the beam at w,« w,, 
thereby producing a negligible coherence length 
for the three-frequency summing process. 1 The 
Van der Waals process will then be the dominant 
mechanism for four-photon excitation of Kr. 

There is one version of the type of process de¬ 
scribed in this Letter which may have application 
to the development of short-wavelength lasers, 
and to other types of optical pumping. In this 
process, atoms are first collected In an upper 
level of atom A. This collection may be accom¬ 
plished by an electron discharge, or other tech¬ 
niques. An Incident laser frequency is then chos¬ 
en with a photon energy which conserves energy 
with a level of a second species which It Is de¬ 
sired to pump. For example, in the notation of 
Fig. 1, population might be collected In the Hg 
7 a level. A laser of wavelength 8886 A is then 
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applied to the ay stem. This wavelength la chosen 
to exactly connect the 6a level of Kr with the 7a 
of Hg. Equation (3) appliea, with the quantity lyl* 
now given by 

Au> 1 - 4054 cm* 1 la the difference between the ap¬ 
plied optical frequency and the Hg Is-Bp transi¬ 
tion. At an Incident power denalty of 10* W/cm’, 
an excited mercury concentration of lO” atoms/ 
cm*, and V^SxlO 4 cm/sec, we find a Kr transi¬ 
tion rate of 2.6x 10 7 transitlons/eec. This transi¬ 
tion rate corresponds to an effective cross sec¬ 
tion for inelastic collision f V] of o t1l 

« 72 A*. This cross section varies linearly with 
the power density of the applied 5886-A field. 

One application of this type of pumping process 
may be selective rapid ionisation of Inner-shell 
electrons, thereby creating an inversion with re¬ 
gard to these levels.* 

From a somewhat different point of view, we 
have described a process where by using one or 
more photons of an external electromagnetic 
field, large effective cross sections for Inelastic 
collision can be attained without the usual require¬ 
ment of energy resonance of the atomic species. 
Experiments to demonstrate these ideas will be 


undertaken in our laboratory. 
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Radiative Decay of (he 2 J S , and 2 i P 2 States of Heliumlike Vanadium 
(Z = 23) and Iron (Z =* 26)* 

Harvey Gould, Richard Marrus.t and Peter J. Mohr 

D ep art m ent of Physics and Lawrence Berkeley Laboratory, University of California, 
Berkeley, California 94720 
(Reoelved 1 July 1974) 


Lifetimes of the Ml decay 2*5, — l’Sj and of the decay 2*P 2 — l’Sp have been measured In 
the two-electron loos V +!1 and Fe** 4 . The measured lifetimes are r(2*5,)» 16.9(7) nsec for 
V* JI and t<2*S,) -4.6(6) nsec for Fe + * 4 , The 2 ! P 3 lifetimes are compared with a calculation 
that considers relativistic corrections and hyperfine-structure effects. It is found that 
for V* ?1 , byperflne effects contribute appreciably to the lifetime. For Fe* 14 we obtain 
t(2*P 2 )« 0.11(2) asec. 


The study of radiative decay from the 2*S, and 
2 *P t levels of the two-electron system offers an 
opportunity to test the theory of forbidden decay 
In a system where precise, unambiguous calcu¬ 
lations of decay rates can be made. In this pa¬ 
per, we describe some measurements designed 
to extend existing experimental Information on 
the rates of these decays to the two-electron 
atoms V* u and Fe* K . We develop a theory lor 
the 2*P, rates which takes Into account leading- 
order relativistic corrections and byperflne ef¬ 
fects. Our results on vanadium show the first 
evidence tor the influence of the byperflne inter¬ 


action on the radiative decay of an energy level 
belonging to the two-electron system. 

Experimental work on the 2*S, levels of the two 
electron system has established the single-pho¬ 
ton nature of the decay In Ar 4 *’ 1 and ordinary 
helium.* The theory of this decay has been ex¬ 
amined by several authors* and detailed calcula¬ 
tions of the rates have been made by Drake 4 and 
by Johnson and Lin* using somewhat different 
starting points. Measurements of this decay rat< 
have been made on Ar 41# , Ti**°, 4 and Ct +1 '. T The 
measured rates In Cl and Ar differ from, theory 
by several times the quoted error, whereas the 
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FIG. 1. Sample decay curve obtained with V* !1 beam. The points beyond 22 om are fitted by a single exponential 
and ascribed to decay of the 2 3 S, level. The small-separation points are fitted by a composite of four exponentials 
as described In the text and are ascribed to decay of the 2 5 P 2 level. 


result In T1 Is In agreement. In order to estab¬ 
lish the Z dependence of this discrepancy we re¬ 
port here measurements on V* al and Fe 4 ’ 4 , 

Interest In the 2 a P t levels centers mainly on 
the M2 decay mode to the l‘S 0 ground level which 
has a rate comparable with the £1 rate to 2’S, 
for Ions with Z <*20. The M2 decay was first ob¬ 
served* In Ar 4 * 8 and rates have now been mea¬ 
sured In S 414 ,* Cl 418 , 10 and Ar 418 . 11 In this paper 
we present evidence indicating that the decay of 
this level is strongly influenced by the hyperfine 
interaction in V 4 * 1 and give results for Fe 4M . 

The lifetimes were measured by the beam-foil 
time-of-flight method. Our apparatus has been 
described previously 8 and the details are not re¬ 
peated here. The vanadium (Z =23) and iron (Z 
= 28) ions were obtained from the Lawrence Berke¬ 
ley Laboratory SuperHILAC at an energy of 7.2 
MeV/amu. Excitation of the beams into the meta¬ 
stable states was done with a 50-pg/em* carbon 
foil. Decay curves are taken by varying the foil- 
detector separation. The total number of counts 
under the peak is integrated and normalized to 
the integrated beam current collected in a Fara¬ 
day cup. This quantity is plotted as a function of 
foil-detector separation. A sample decay curve 


is shown in Fig. 1. 

Since the 2‘P, and 2*S, energy separations are 
small compared with the detector resolution, the 
decay curves are composites, exhibiting fast 
components and slow components. The slow com¬ 
ponents are ascribed to the 2*S t decay and the 
fast components to decay from 2 a P I . As dis¬ 
cussed below, the slow and fast components are 
probably composites of two or more exponentials 
as the result of hyperfine effects in V 4U and cas¬ 
cading effects in Fe 4 * 4 . 

The isotope 81 V has a nuclear spin /= j and a 
magnetic moment p =5.154*.“ The resulting 
hyperfine structure influences our decay curves 
by admixing 2*P, with 2 *P l and 2 l P y The 2 *P t 
level is split into five components with total an¬ 
gular momentum between F=\ and F = ^ (Fig. 1). 
Because the hyperfine interaction is diagonal In 
F, the rates from both F = f and F= are unaf¬ 
fected by hyperfine structure. However, the 
rates from F = f, J-, and { will all be altered. 
Hence, the observed decay curve will be a com¬ 
posite of four exponentials weighted according to 
the initial populations of each of the hyperfine 
levels. 

The most abundant stable iron isotope has zero 
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spin and hyperfine effects are not present. Hence 
the decay of 2 *P, is exclusively by El decay to 
2*S, and M2 to 1% 

A problem arises in the interpretation of the 
2*S, decay because of cascading from 2*P 0 . The 
lifetime of 2* P 0 is calculated to be r = 2.7 nsec 
which is close to that of 2*S s . Hence cascading 
effects from this level may be important. The 
shape of the resultant curve will depend upon the 
relative population R«Af 0 (2*i ) 0 )/^ 0 (2 , S l ) of the two 
states, and the decay rates. It was found that the 
data could be fitted by two exponentials for 0 * R 
* 0.8. Varying the lifetimes of the two exponen¬ 
tials, we find that the “best fit" values for r(2 s S,) 
vary between 4.2 and 5.3 nsec, where 5.3 nsec re¬ 
sults from a single exponential fit (R =0) and, 
hence, is an upper limit to the 2 s S, lifetime. Sim¬ 
ilarly, the values for r(2’P 0 ) vary between 1.3 
and 3.3 nsec. We note that the theoretical value 
of t(2 3 PJ * 2.7 nsec corresponds to r(2*S,) = 4.8 
nsec. We have chosen to take the mean value as 
the experimental value and to take cascading into 
account by using an increased error. 

In Fig. 1, an experimental decay curve is shown 
for the V*“ beam. The decay curve is fitted by 
Identifying the data points beyond 22 cm with the 
2*S, decay. These yield a lifetime r(2 , S 1 ) = 16.9(7) 
nsec. When this decay is subtracted from the ex¬ 
perimental data it yields the points for small de¬ 
tector-foil separation as shown. These are fitted 
by a composite decay curve constructed by assum¬ 
ing that each of the F states associated with 2 5 P, 
has the theoretical lifetime shown in Table I. 

These lifetimes Include effects due to hyperflne 
quenching. Moreover, the initial populations of 
the F states are taken as proportional to 2F + 1, , 


A „ (2 S P,) = afe 5 (2‘ V5 x 3 10 ) (Z a )*'11 + 0.1472' 1 - 0. 


TABLE I. Theoretical transition rates and lifetimes 
of the 2*P 2 state in hellumllke lone. 



A . Bt 

a mj 


A .Wi 

T 

z 

(nsec**) 

(nsco"‘) 

F 

(nseo' 1 ) 

(nsec) 

16 

0.259 

0.117 



2.66 

17 

0.301 

0.194 

All 

<0.007 

“2.01 

16 

0.352 

0.312 

1.51 

22 

0.687 

1.64 

( 3/2 

0 

0.429 

0.313 




) 5/2 

0.99 

0.239 

23 

0.820 

2.37 

\ 7/2 

1.76 

0.202 




i 9/2 

1.69 

0.205 




(11/2 

0 

0.313 

26 

1.43 

6.50 



0.126 


The resultant fit to the experimental points is as 
shown and is seen to be quite good. 

To calculate accurate theoretical rates for the 
2 3 P t level, the transition matrix elements are 
evaluated to zeroth and first order in the quan¬ 
tities Z‘ l and (Za)*, The zeroth-order term is 
the nonrelatlvlstic hydrogenlc approximation. The 
term of order Z' 1 Is the first correction In the 
nonrelatlvlstic Z expansion of the matrix element. 
The leading relativistic correction, of order 
(£<*)*, is obtained by evaluating the relativistic 
transition operator between states formed from 
properly symmetrized products of hydrogenlc 
Dirac wave functions. 

For the M2 transition, the coefficient of Z~ l 
has been determined by Drake” from the Z -ex¬ 
pansion calculation of Dalgarno and Parkinson. 1 '* 
Taking his result together with the leading rela¬ 
tivistic and finite-wavelength (retardation) cor¬ 
rections yields 

840 (Zaffl (1) 


(in units where m. = c=H = 1), where k is the transition energy. 

Because the nonrelativistic-velocity form of the matrix element for n~n El transitions vanishes to 
lowest order in Z‘ l , the evaluation of the El transition rate 2 s P t — 2*Sj is simplified by making the 
dipole approximation and converting the matrix element to the length form. The^error in making this 
approximation is negligible because of the smallness of the transition energy: (£•?)«0(a). The con¬ 
version to length form is valid relativistically and so relativistic corrections may be obtained as de¬ 
scribed above. For this transition matrix element, the coefficient of Z' 1 has been obtained by Cohen 
and Dalgarno. IS We thus have 

A, 1 (2 , P,) = afe*12(Za)' , [l+0.75ftZ* 1 -0.167(Za)*]*. (2) 

The transition probability for the El decay 2 s / > 0 — 2 t S l . obtained as for the 2 *P t decay, Is given by 
A«(2’P o ) = a* , 12(Zo)* , {l+0.759Z' 1 -0.417(20)*?. (3) 


We note that the theoretical uncertainty in the expressions for the transition rates listed above is ex¬ 
pected to be of the order of 1% or less for Z in the range 10-40. 
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FIG. 2. Comparison between measured and calcu¬ 
lated decay rates tor the 2 > S t level. 


In the case ot vanadium, which has a nonzero 
nuclear spin, the 2’P, and 2*P 0 states undergo an 
£1 transition to the 1‘S,, state due to hyperfine 
mixing. 16 An estimate of the transition rate is 
obtained in the following way. Nonreiatlvlstlc in¬ 
termediate-coupling wave functions are taken as 
the unperturbed basis. The hyperfine interaction 
which is diagonal in F =J + I, is treated in first- 
order perturbation theory. Only the effect of mix¬ 
ing of the 2*P, and 2*P 0 states with the nearby 
2’Pj and 2‘Pj states is included. The dipole tran¬ 
sition operator then has a nonvanishing matrix 
element between the perturbed 2’P, and 2*P 0 
states and the l'S,, state which is proportional to 
the dipole matrix element between the LS coupled 
2‘P, state and the l‘S 0 state. The latter is eval¬ 
uated with the aid of the Z expansion of Dalgarno 
and Parkinson. 1 * The hyperfine matrix elements 
are approximated by evaluating the contact-inter¬ 
action term between hydrogenlc product wave 
functions. Energy differences are evaluated by 
means of the Z expansion of the nonrelativistlc 
energies, 17 together with the Z expansion of the 
order-a* corrections. 1 ' The transition rates thus 
obtained are added to the rates discussed above 
and the resulting values for the lifetime of the 
2’P, state are listed in Table I. 

In Fig. 2 we compare all of the measured decay 
rates of 2’P, with the corresponding theoretical 
rates. Agreement is seen to be very good over 
a wide range of Z. For vanadium, the theoreti¬ 
cal rate includes the contribution from hyperfine 
quenching. It is seen that the experimental and 
theoretical rates would be in serious disagree¬ 
ment without contributions from this mechanism. 
We take this as very strong evidence that hyper¬ 
fine quenching is indeed present. 

In Fig. 3 we compare the measured 2'S, decay 
rates with the calculated rates. Agreement be¬ 
tween theory and experiment is satisfactory for 
z =22, 23, awl 26, but puzzling discrepancies 
exist at Z = 17 and 18. 



FIG. 3. Comparison between measured and calcu¬ 
lated M2 rates for decay from the 2 3 P 2 level. The 
point at Z = 23 labeled “without HF8” is obtained by 
making a best fit to our vanadium data using a single 
exponential. 
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Reverse Temperature Gradient in the Kinetic Theory of Evaporation 
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The Hlngular-elgenfunction-expanslon method for solving the transport equation is ap¬ 
plied to a modeled kinetic-theory Boltzmann equation to solve the problem of evaporation 
and condensation between parallel surfaces. A remarkable result is obtained for the 
temperature profile which seems to confirm previous predictions made on the basis of 
asymptotic approximations. 

In a recent paper, Pao 1 suggested that the slope of the temperature profile of a saturated vapor be¬ 
tween two parallel surfaces at different temperatures could be in opposition to the imposed gradient 
for certain values of 0, where AN=p&T In a saturated liquid-vapor system. Here N represents the 
molecular density and T the temperature. Pao’8 prediction was based on an asymptotic analysis for 
large gap width, and used results obtained for the hall-space problem* by applying the Wlener-Hopf 
technique to a modeled Boltzmann equation. 

We have approached the same problem through the singular-eigenfunction analysis of Krlese, Chang 
and Siewert,* also used by Thomas and co-workers, 4 '* and have avoided any asymptotic approximation 
Thus for the first time, Inverted temperature profiles and critical values of j3 are calculated explicitly 
The surprising result Is that our analysis seems to confirm Pan’s novel prediction. 

We consider the problem of a vapor between two Interphase (vapor-liquid or vapor-solid) surfaces 
maintained at x = ±d/2; we assume that the condensed phase In x < -d/2 is kept at temperature T 0 -i& 
and that the condensed phase In x > d/2 Is kept at temperature T 0 +^AT. As a result of evaporation ant 
condensation there is a flow of mass and energy from x =+ d/2 to x=-d/2. Within the vapor, we as¬ 
sume the state of the fluid to be described by the linearized single-relaxation model of the Boltzmann 
equation 7 : 

c„#/(x, c)/Bx +/(x, c) = x'* /, {A r (*)+ (r* - f)T(x) + 2c, £/(*)]. (1 

Here f(x,Z) Is the perturbation of the particle-distribution function, x Is the spatial variable, c is the 
molecular velocity, and c x is the x component of the velocity, all in dimensionless units. In addition, 
Nip), Tip), and Ulp) represent perturbations of the number density, the temperature, and the x com- 
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ponent of mass flow; 

tf(*) = //(*,c)exp(-e*)d*c, (2a) 

T(?)= $-)exp(-c*)d*c, (2b) 

and 

U(?) = Jf(x,&c x exp(-c')d t c. (2c) 

Since It follows from Eqs. (1) and (2c) that £/{*) la a constant, we find It convenient to introduce 

*(*,?)=/(*-,?)-(2/a*'*)^, (3) 

and subsequently consider the equation 

c x 8k(x, c)/8 x+k(x, c) = a'*'*[#(*) + (c* - \)T{?)\. (4) 


We are interested here only in density and temperature effects, so we may decompose the equation in 
the manner discussed by Cerclgnanl* to obtain 

M8*(*, fi)/8 x + fk, = p')exp(- /x'*)rf/i', (5) 

where <?(p) is a matrix of polynomials.* The variable p now represents the x component of the veloc¬ 
ity, and f(x, fi) is a two-vector simply related to the density and temperature of the gas: 

Ar(r) = * l/ *^ n)exp(-p*)dfi, (6) 

and 

M ¥(x, (i)exp(-/i*)dp. (7) 

We use the superscript T to denote the transpose operation. 

At the two interphase surfaces, we assume that the vapor molecules striking the surface are ab¬ 
sorbed and re-emitted with a Maxwellian distribution of velocities characterized by the temperature 
at the respective surface. Hence the linearized boundary conditions are 

/(*i«,c) = *i[AV+(c*-A)ATl, c,>0, (8) 

where 6 is a nondlmenslonal distance and AA=* (SAT, with f) the slope of the saturated-vapor-density- 
temperature curve. Couched in terms of the vector ¥(x, /i), we find this boundary condition to be 

*<**«. ±M> - ** (»' ^, M >0. (9) 

In Eq. (9), for notational convenience we have absorbed into U and i a factor (AT)' 1 . 

From an asymptotic solution for large 5, Pao 1 has predicted that for certain values of the slope of 
the temperature profile in the main body of the vapor will be in opposition to the imposed temperature 
gradient. It is our purpose here to investigate this prediction by solving for the temperature profile 
with the use of the singular-eigenfunction-expansion technique, developed for Eq. (5) by Kriese, Chang, 
and Slewert.* 

Kriese, Chang, and Slewert* have expressed a general solution of Eq. (5) as 
*(*, i0= EA„* 0 (m)+ ijAafoOr, n) + u)e' x/ *iii j, (10) 

or*l o*l 

where the *„(p), f 0 (x, p), and t 0 (v, p) are the normal modes given explicitly in Ref. 3, and the A a , 

0 = 1,... ,4, and A„(tj), e»= 1 and 2, are expansion coefficients. Substituting this general solution into 
Eq. (7) for the temperature perturbation, we find 

T(x)= - (2/3n) l/t A t x - (2/«r)/ 0 "A 1 (ij)sinh(x/»j)exp(-q*)dTi, (11) 
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FIG. 1. Temperature and density profiles for 0 » 8 
and 6-2. 

so that it Is clear that we must determine the ex¬ 
pansion coefficients A t and A^rj) in order to estab¬ 
lish the temperature profile. Using the solution 
(10) in the boundary conditions given by Eq. (9), 
we find a coupled pair of singular integral equa¬ 
tions for the expansion coefficients. We then 
may apply the half-range (p >0} orthogonality the¬ 
orem of Krlese, Chang, and Slewert* to convert 
these singular integral equations into a coupled 
pair of Fredholm integral equations. We have 
found that iterative solutions of these Fredholm 
equations converge very rapidly, so that solutions 
for the expansion coefficients may be straight¬ 
forwardly obtained, with great precision. 

In Fig. 1, we give a plot of a typical tempera¬ 
ture profile obtained from our calculations. It is 
clear that in the center of the gap, the slope of 
the profile is in opposition to the imposed gra¬ 
dient and thus very large temperature slips oc¬ 
cur at the boundaries. The accompanying density 
profile Is consistent with this temperature profile. 
We found that for all values of (3 greater than a 
"critical” value, /3 C (6), the computed temperature 
profile was in opposition to the Imposed gradient. 
We define /3 C (0) as that 0 for which 

rf7(*)/rf*| l . o = 0. (12) 

By solving the coupled Fredholm equations men¬ 
tioned above in conjunction with the constraint of 
Eq. (12), we were able to compute 0 c (fl). In Fig. 

2 we plot 0 e (6) versus 6 for 0 < 6 < «>. It will be 
noted that as 5 increases, f) c (6) approaches an 
asymptotic value of 3.7723... , whereas Pao’s 
approximate value is 3.5. For 6 approaching 
zero, it appears that 0 e (6) also approaches zero; 
however, we were unable to confirm this since 
we did not obtain converged solutions to the Fred¬ 



holm equations for 0 <0.01. 

An apparent explanation for the unexpected tem 
penature behavior is that for large /9 evaporation 
is so rapid that energy transfer by mass flow 
must be counterbalanced by heat conduction in thi 
opposite direction. We hope that our results will 
invite attempts to study this phenomenon experi¬ 
mentally. The superheating and supercooling ef¬ 
fects of the vapor phase adjacent to the conden¬ 
sate Bhould be readily observable. 

The authors are indebted to Professor Y. P. 
Pao of the Courant Institute of Mathematical Sci¬ 
ences, New York University, and Professor S. K 
Loyalka of the Nuclear Engineering Department 
of the University of Missouri at Columbia for 
critical comments. 
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New Factors Affecting the Measured Lifetime of Electrons Trapped on Vortex Lines in He II* 

Keith DeConde, Gary A. Williams, and Richard E. Packard 
Department of Physics, University of California, Berkeley, California 94720 
(Received 22 July 1974) 

The lifetime of trapped electrons measured at T < 1.5 K is found to be affected by factors 
which should not Influence the Intrinsic ion—vortex-line interaction. Observations Indi¬ 
cate that the vortex lines move In the container, and the trapped charge escapes when the 
vortex lines interact with the container wall. 


During the past fifteen years electrons have 
proven to be a powerful and versatile probe of the 
properties of superfluid helium. 1 Experiments 
have shown that the electron is self-trapped in a 
cavity (or bubble) whose radius is approximately 
16 A. 1 Using this model for the ion. Parks, Rob¬ 
erts, and Donnelly showed that this electron bub¬ 
ble should be attracted to, and trapped on, the 
core of a quantized vortex line. The ion should 
remain trapped in a Bernoulli potential well 
(depth ~ 50 K) until thermal fluctuations allow the 
ion to escape.* This model predicts a trapped 
lifetime t which should increase rapidly with de¬ 
creasing temperature. The model was supported 
by experiments in the range 1.59<T<1.82 

However, at lower temperatures (0.8<T<1.1 
K) where the thermal-escape theory predicts r 
>10” sec, it was found that the observed lifetime 
was orders of magnitude smaller than predicted, 
and it decreased with decreasing temperature." 
The question raised was why does the thermal- 
escape theory not predict the lifetime observed 
at low temperatures ? It is the purpose of this 
paper to attempt to answer this question. 

We have measured the lifetime t of electrons 
trapped on vortex lines in rotating He n over the 
temperature range 0.08 <T< 1.72 K. The experi¬ 
mental results indicate that for temperature be¬ 
low 1.5 K the observed lifetime is not determined 
by the intrinsic properties of the ion-vortex in¬ 
teraction, but is instead a characteristic time 
for a vortex line to move to, and be destroyed at, 
the wall at the rotating container. 

Our measurements of trapped-electron life¬ 
times were made in several different containers. 
Most of the containers have walls erf high elec¬ 
trical resistivity so that voltages applied along 
the walls produce the electric fields necessary 
to manipulate the ions." For a few of the mea¬ 
surements in the low-temperature range (T <0.5 
K) metal electrodes were used tor the walls’' 
None of the buckets contained any grids in the 
liquid that might perturb the vortices. Although 


the manipulating voltages were applied axially, 
the resultant electric fields did have transverse 
fringe components in some regions. For temper¬ 
atures above 1.2 K the container was in a super- 
fluid-filled cell which was rotated in a stationary 
helium bath. For lower temperatures we used a 
rotating ’He refrigerator or a rotating dilution 
refrigerator. 

The lifetime measurements were made by us¬ 
ing a procedure similar to that used in Ref. 3, 
Negative ions produced by a radioactive source 
C 10 Po or tritium) are drawn into the liquid and 
become trapped on vortex lineB during a fixed 
charging time (typically 5 to 10 Bee). During a 
variable delay time no more charge is drawn 
from the source, and retaining fields prevent the 
trapped charge from escaping at the ends of the 
vortex lines. At the end of the delay time elec¬ 
tric fields force the trapped charge along the vor¬ 
tex lines through the liquid surface to a collector 
in the vapor. For T > 1.2 K the collector is a pro¬ 
portional counter” and below 1.0 K the collector 
is a phosphor screen. The signal is amplified be¬ 
fore passing through slip rings to instruments in 
the laboratory. 

Figure 1 shows the temperature dependence of 
the measured half-life” t observed in two cylin¬ 
drical vessels of different diameter. The data 
indicate two regions in which r has distinctly dif¬ 
ferent temperature dependences. In the high- 
temperature range (1.6<T<1.72 K) r is a rapidly 
increasing function of T~ l and our data are in 
good agreement with Refs. 3 and 4. Since the be¬ 
havior of r in this range is well explained by the 
theory of thermally assisted escape (represented 
by the solid line in Fig. 1) we call this the intrin¬ 
sic lifetime. As expected from theory, we found 
that the Intrinsic lifetime is independent of bucket 
size, angular velocity, and past rotation history, 
but t does depend on the transverse electric field 
strength. 

In the temperature range where r decreases 
with increasing T‘ l the lifetime is affected by 
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BIG. 1. Temperature dependence of the measured 
lifetime. The data were taken at -u « 3.9 sec' 1 in two 
circular buckets of different size. (The circles are for 
a 1.75-mm-dlam vessel and the squares for a 3.17-mm- 
diam vessel.) The error bars represent 1 standard de¬ 
viation. The solid line is the temperature dependence 
expected for the intrinsic lifetime with a well depth 
of ~ 55 K. 


factors which do not affect the intrinsic lifetime. 
Most obviously from Fig. 1, the lifetime is much 
longer In a larger-size container. In this tem¬ 
perature range we found that the lifetime also in¬ 
creases with lower angular velocities, and Is 
relatively insensitive to changes of the electric 
field strengths. 

For temperatures lower than those shown in 
the figure the lifetime continued to decrease (in 
agreement with Ref. 5), finally becoming temper¬ 
ature Independent below 0.8 K. In our 3.2-mm- 
diam bucket the low-temperature limit was t-3 
sec. 

These observations indicate that there are two 
independent mechanisms by which trapped charge 
can leave the liquid. The observed escape rate 
(which is inversely proportional to the lifetime) 
is then the sum of two rates, one for each escape 
mechanism. In the high-temperature range the 
intrinsic ion escape rate is large, and dominates 
any other process. However, the intrinsic es¬ 
cape rate decreases so rapidly as the tempera¬ 
ture is lowered that it soon becomes negligibly 
small compared to the escape rate due to another 
process. 


Our results Indicate that this other process in¬ 
volves the motion of charged vortex lines. We 
conjecture that a charged vortex line, in an ar¬ 
ray of vortex lines, moves with respect to the 
container. Eventually the vortex line will en¬ 
counter the container wall and will be destroyed. 
The trapped charge is collected at the walL To 
maintain the equilibrium line density another vor 
tex will soon grow to replace the destroyed one, 
but the new line will be uncharged. If the char¬ 
acteristic time for a line to migrate to the con¬ 
tainer wall is short compared to the intrinsic - 
lifetime, vortex motion will be the dominant 
mechanism of charge loss. 

Therefore we believe that the lifetime observed 
at low temperatures is a measure of the charac¬ 
teristic time for a vortex line to traverse the 
container. This time should depend on the con¬ 
tainer size and on the effective velocity of the 
vortex line. The vortex velocity depends on sev¬ 
eral factors. For example, it should depend on 
the preparation or rotation history of the liquid, 
the angular velocity (which determines the mean 
spacing between lines), the amount of mechanical 
vibration of the container, and the amount of 
damping due to mutual friction with the normal 
fluid. We have observed that the lifetime is af¬ 
fected by all of the above factors. We believe 
that for T < 1.5 K the temperature dependence of 
the lifetime (which is qualitatively similar to the 
temperature dependence of the normal-fluid den¬ 
sity p„) is due to the reduced damping of vortex 
motion as p„ decreases. At sufficiently low tem¬ 
peratures p„ becomes negligible; then the vortex 
line motion and lifetime is determined by the un¬ 
damped vortex-line hydrodynamics, and r should 
be Independent of temperature, as we observed. 

The above model of charge escape due to vor¬ 
tex-line motion is consistent with other qualita¬ 
tive observations. When only a few vortex lines 
are present, random destruction of vortex lines 
at the container wall Bhould cause random fluc¬ 
tuations of the trapped-charge signal for a fixed 
delay time. Therefore, the size of relative fluc¬ 
tuations, A Q/Q, provides a qualitative guide to 
the amount of vortex motion.® In the 1.75-mm 
bucket at 1.3 K, r increased by a factor of 3 
when the relative fluctuations decreased by a 
similar factor. Furthermore, when r was short¬ 
est ( T<0.5 K) the fluctuations were **100%. 

In his original Letter® on low-temperature life¬ 
times, Douglass also presented results for life¬ 
times in a 2% *He mixture. The lifetime in the 
mixture was always longer than in pure 4 He, and 
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r became independent of temperature below 0.8 
K. We believe that thie is because the s He im¬ 
purities are part of the normal fluid, and they In¬ 
crease the damping of vortex motion. Below 0.8 
K the damping due to elementary excitations be¬ 
comes negligible compared to that due to the 'He, 
and so the lifetime becomes independent of tem¬ 
perature. 

Further evidence that 'He increases the damp¬ 
ing-of vortex motion came from an experiment 
designed to photograph the positions of vortex 
lines in which we also measured the lifetime r. 

In pure 4 He the lifetime was very short and the 
vortex lines did not produce a distinct Image/ 
even though the apparatus had the necessary res¬ 
olution. Adding 0.1% He' caused r to increase 
substantially and then the distinct vortices were 
apparent in the photograph. 10 

One observation inconsistent with our model is 
Douglass’s report that at temperatures below 1 
K, positive ions seem to have a longer trapped 
lifetime than negative ions. If the lifetime is de¬ 
termined by vortex motion, both positive and 
negative ions should have the same lifetime at 
the lowest temperatures. However, Douglass 
stated that the positive-ion signal was “barely 
detectable” and so we feel his statements about 
the positive-ion lifetime are not conclusive. Al- 
though we have not yet had an apparatus which 
would favor observation of positive-ion trapping 
we hope to explore this further in the future. 

Our observations concerning vortex-line mo¬ 
tion may also be related to recent observations 
that electron trapping by vortex lines appears to 
be reduced in the presence of an axial heat cur¬ 
rent. 11 In that experiment electrons are drawn 
across a container filled with liquid helium, and 
the current reaching the other side is measured. 
When the container is rotated the current is at¬ 
tenuated because of charge trapping by the vortex 
lines. However, for small heat currents along 
the rotation axis, the attenuation disappears. 
Second-sound measurements in the same con¬ 
tainer Indicate that the vorticity density is not 
changed by the heat Ilow. Unless the vortex lines 
are perfectly straight, mutual friction between 
the lines and the normal-fluid heat current should 
Increase the motion of the lines. The increased 
rate of vortex destruction releases charge which 
gets pulled to the collector, thus reducing the 
attenuation of the current. 

All of the observations discussed above are 
consistent with the model of charge loss due to 


vortex motion. The apparent fact that vortex 
lines do not form a stable, static array in an ex¬ 
perimental chamber is not unexpected." Calcu¬ 
lations show that energy differences between pos¬ 
sible regular arrays are very small." Although 
it is not clear how to calculate energy barriers 
between different configurations, these barriers 
are probably not large compared with the random 
mechanical energy in the rotating system. 

Although further measurements under a variety 
of conditions are necessary to conclusively verify 
our model, these measurements should provide 
much information on the stability and motion of 
vortex lines. 


•This work wae supported by the National Science 
Foundation. 
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Nuclear Magnetic Resonance of Superfluid He J near T c in High Magnetic Fields 


D. D. Osheroff and P. W. Anderson 
Ball iMborotorias, Murray mu, Ntw Jonty 07974 
(Received 16 July 1974) 


We present the first measurements of NMR behavior of superfluid He 1 in high magnet¬ 
ic fields at melting pressures in the A j region In which only one spin speoies has under¬ 
gone pairing. We observe a linear shift In the square of the transverse resonant frequen¬ 
cy in A t with a pressure dependence of (9.52*0.19)x 10 7 (Hr) J /mbar, which is 0.188 
40.004 times the low-field result. This and other features that we report are In detailed 
agreement with the theory presented. 


In the presence of a static magnetic field B 0 , 
the transition of He 3 to the superfluid A phase at 
melting pressures splits into two transitions, A, 
and A a , which separate linearly with field at a 
rate of 6.4 /dC/kOe. 1 - 3 This results from the al¬ 
tered density of states of the spin populations at 
the Fermi surface, and creates a region A, in 
which only one spin species Is paired. Such be¬ 
havior was first considered by Ambegaokar and 
Mermin," who predicted three transitions for con¬ 
densates with m,*± 1, 0, and by Varma and Wert- 
hamer. 4 Brinkman and Anderson" (BA) first 
showed that if the A phase were the Anderson- 
Brinkman-Morel (ABM) state, 8 - 7 the “axial” L = 1 
state, a splitting in agreement with experiment 
was expected, since the ABM state may be de¬ 
scribed In terms of equal-spin pairing only. 

We have studied the transverse-frequency shift 
Ai > a ev 0 ~yH 0 near the A, region at 4.93 and 7.40 
kOe, the longitudinal resonant frequency v L near 
the A a transition at 15.1 kOe, as well as P(A,) 
and fKA a ), the melting pressures of the transi¬ 
tions, in several fields up to 15.1 kOe. The be¬ 
havior we observe is in detailed agreement with 
the calculations we present based on the ABM 
state when we include the effects of spin fluctua¬ 
tions as worked out by Brinkman, Serene, and 
Anderson (BSA).“ 

By considering the general expression for the 
free energy of the ABM state near T c as given by 
Brinkman and Anderson, using the generalised 
gap for the ABM state, 

A(k) = (h I + f*,)^*^ 


where t' is a new temperature scale linear in T 
such that f'(A t ) = - 1 and f'(A,) » 0. In this new 
temperature scale, f'(T e ) - - a/20 as H 0 Is de¬ 
creased to eero. [We define T c as TiA) in aero 
field.] Using the field dependence of the A,-A, 
splitting given above yields 

/'«(1.56x10" kOe/K)(T e - TVH 0 - a/20. 


The constants a and 0 are determined from the 
free energy in terms of the Brinkman-Anderson 
parameter 8 =(aF*) bw /(aF 0 ) A bm-bw by using the 
results of BSA. We find 0/a = (1 - 78/801/(1 - 21 < 
40). In the same Bense, the fractional specific- 
heat jump at T„, AC/C F i, is 5(1.43)/8(1 - 216/ 
40). 

To calculate A - (yUg)’ In the A I -A t re 
gion we repeat the calculations of Leggett" for 
motion of the spin system of the superfluid. We 
derive the d matrix d ai " and calculate the dipole 
energy Zi,d lt djj* +d la d ai *) as a function of orien¬ 
tation of the spin coordinate axis. By rotating 3 
toward -H a we find A(i^) , = (2r/x)[i(A, + A,)]*. 
Similarly, by rotating a about H 0 we discover tha 
(i^) 3 = 2 TA,A,/x. Only when A, - A, does A^,,) 3 
= (>'l)*.“ Using the form of (A ( ) 3 from (1) we find 
the temperature dependences of a(v # ) 3 in A{t' »0 
and A j to be in the ratio 4/3/a. 

All these results, including also the dependenc 
of Tab/T c upon 8 obtained in interpolation be twee 
the behavior at the T A $/T C = +1 and 0 limits, are 
shown in Fig. 1. 

By using Eq. (1) one finds 


*(,,)» J (r/2 X>“ (r + 1) * t '*° 

' o’ ~ |(r/2x){2/3f' + a + 2[(/9f')* + aPt') l,t } 


one can show that the gaps for the two spin spe¬ 
cies must have the form 


<v-{ 


a(f' + l), -1M'* 
a + Pt', 0*/', 

0, f'«0, 

Pt\ 0*f', 


0 , 


(1) 


f'>0. 

Note that the second expression exhibits a square 
root singularity at A v and has an asymptotic 
slope for t '»1 of (r/2x)4/3 which it reaches to 
within about 2% for t'*~ 1. 

To measure what amounted to exceedingly mi- 
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FIG. 1. Theoretical dependence of the A(n 9 ) 2 -alope 
atlo, the specific-heat Jump (Rof. 11), and T KR /T C 
pon the apin-fluotuation parameter 6. The curve giv- 
n la a freehand Interpolation between the low- and 
lgh-temperature limits given by the dashed curves. 
Tie hlgh-temperature portion la a linear approxlma- 
on to T-T e aa stated by BSA. while the T* curvature 
t T —0 follows aa a result of the nodes of the gap In 
re ABM phase, essentially as calculated by Anderson 
nd Morel. 


ite frequency shifts In an extremely narrow 
imperature Interval we utilized a highly correct- 
3 superconducting solenoid to provide our static 
eld H 0 whose field homogeneity over about 10% 

' our sample (above 5 kOe) was about 4x10'". 
y using a high-stability frequency synthesizer 
» generate the rf field, and by adequately com- 
ensating for magnetic-field drifts, we could de- 
srmine our resonant frequency shifts to within 
0.1 Hz. The compression cell we used to make 
iese measurements“ was magnetically inert, 
id will be described in detail elsewhere. 

We used the He" melting pressure as our ther- 
rometer, utilizing a Straty-Adams-type capacl- 
ve transducer which exhibited short-term re- 
roduclbility of ±0.02 mbar and long-term drift 
typically ±0.05 mbar (at 7%, dPjdT**- 35.65 
ibar/mK) 1 * to measure pressure. We find in 
magnetic fields as high as 15.1 kOe that P(A,) 


- P(A t ) is linear in to within about 7%. Since 
for fields above about 1 kOe we expect 7tA,) 

- 7tA,) to vary linearly with if w and that the de¬ 
pression of the solid He" entropy will be at least 
quadratic in U „, we interpret this behavior of 
P(A t ) - P(A X ) as evidence that the slope of the He’ 
melting curve in fields below 7.5 kOe is nearly 
independent of H 0 (to within ~3%) at T c . (A more 
complex set of measurements of pressure inter¬ 
vals to be presented elsewhere substantiates this 
conclusion.) 

The cell temperature was first regulated near 
T(A) for about 2 h during a given compression, af¬ 
ter which time the cell warm-up rate at constant 
volume was about 0.05 pK/sec. Just prior to 
cooling below 7tA,), the rate of field decay was 
measured to ±0.1 Hz over a half-hour period. 
Then, for the next hour, data were obtained by 
sweeping the frequency while regulating the cell 
pressure to ±0.02 mbar. This process was re¬ 
peated several times at 16 and 24 MHz resonant 
frequencies. 

Values of A(p 0 )’ corrected for the field drift 
were plotted as a function of pressure. Such in¬ 
dividual plots were combined by offsetting the 
pressure scales so that the data Just below T{A t ) 
would be coincident. In this way minor pressure 
errors were eliminated. Typical offsets at 24 
MHz were only 0.02 mbar, but at 16 MHz, be¬ 
cause of a faulty electrical switch, offsets as 
large as 0.1 mbar had to be made. The final data 
sets are shown in Figs. 2 and 3. 

The solid curves in Figs. 2 and 3 are best fits 
to the theory in which the scale of t', PtA,) 

- pfA,), and the Blope of MvJ* below T(A t ) were 
allowed to vary. The slopes in the A, phase at 
16 and 24 MHz were found by linear regression 
on the data points to be 9.59 x 10 T and 9.44 x 10 7 
Hz’/mbar, respectively. From the fits, the val¬ 
ues of 40/c* at 16 and 24 MHz were found to be 
5.35 and 5.28. From these we find that the as¬ 
ymptotic slopes (f'x> 1) of A(p„)* are 5.13x10® and 
4.98x10® Hz’/mbar for 18 and 24 MHz. These 
are to be compared with a slope of (5.14±0.02) 
xlO" HzVmbar measured at 2.8 MHz (low field) 
near T c . Also from the fits we obtain values of 
[p(A,) - P(A,)l/ff 0 of 0.229 and 0.239 mbar/kOe 

at 16 and 24 MHz, where theory shows that this 
quantity should be field independent. We com¬ 
pare these values with the average value of 0.227 
mbarAOe obtained from the pressurization 
curves (P versus time) through A, and A t at mag¬ 
netic fields of 4.93, 7.40, and 7.51 kOe). From 
these comparisons we find the 16-MHz data to be 
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PRESSURE IN in8 (ZERO ARBITRARY) 


FIG. 2. Transverse-frequency—shift data, A(Vo) 1 
(from four runs), versus pressure at u 0 «=16 MHz. The 
solid ourve la the theoretical fit to Afp#) 2 versus 
See text. 


FIG. 3. Transverse-frequency-shift data, A(pj) 2 
(from four runs), versus pressure at 24 MHz. The bc 
I d ourve Is the theoretical fit to a(po> 2 versus See 
text. 


very reliable, and obtain a weighted-average val¬ 
ue of 40/a = 5.33 * 0.10. 

From our value of 0/a one ejects Pi TJ to He 
at a pressure 0.625P(A,) +0.375P(Aj). When we 
plot this pressure, as obtained in a number of 
magnetic fields from the pressurization curves, 
as a function of (W 0 ) 2 , we obtain a straight line of 
slope (5.3 *0.1> xlO" 2 mbar/(kOe) a which passes 
directly through P(T^ in zero field. This is con¬ 
sistent with T c defined in this fashion being a 
fixed temperature. 

Our value of 6 is in close agreement with the 
value obtained from T AV /T e in Fig. 1. The dis¬ 
agreement with the specific-heat determination 
may be due to further strong coupling effects not 
accounted for by theory. 

Finally, we have also observed the behavior of 
v L at 16 and 22 kHz tn a field of 15.2 kOe and find 
that behavior in total agreement with the theory. 
The pressure dependence of v L at pressures very 
close to PiA^ is very steep and we conclude that 
no longitudinal resonance will occur in the A, 
phase. 

In conclusion, we find that the NMR behavior 
we observe is in detailed agreement with a rather 


complex theory which is based entirely upon the 
Leggett equations, and the BSA results. In the 
framework of BSA, the behavior we observe in 
this tiny temperature interval allows us to inde¬ 
pendently evaluate 5, and we show that this es¬ 
timate of 6 is entirely consistent with other es¬ 
timates based on T AB measurements. This agre 
ment supports both the BSA theory and the majo 
conclusions of that theory, that is, that the A 
phase is to be identified as the ABM state and th 
B phase is to be identified as the Balian-Wert- 
hamer (BW) state. 14 For those who do not wish 
to acknowledge the successes of BSA as suffi¬ 
cient proof that the new superfluid phases are oi 
the L = 1 manifold, this work provides precise e 
perlmental measurements of behavior in the A, 
region which appears at present to be the only ri 
gion in which free-energy calculations can be 
easily carried out for higher odd-L angular mo¬ 
mentum states. 

The authors wish to thank W. F. Brinkman and 
Michael Cross (who helped prepare Fig. 1) for 
their valuable help in the theory, and Wolfgang 
Sprenger for his assistance in performing the e? 
perlments. We also wish to thank David Mermir 
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Ion Heating by an Intense Relativistic Electron Beam 

J. P. VanDevender, J. D. Kilkenny, and A. E. Danger 
Imperial College, London SW7 2BZ, England 
(Received 24 July 1974) 

A hlgh-ourrent electron beam la used to produce a plasma from neutral hydrogen. 
Doppler—line-broadening and Thomaon-acaltering measurements show that the Ion ener¬ 
gy la 100 ±15 eV compared with only 12 ±2 eV for the electron energy. H la shown that 
this Ion energy can be supplied by an Inverse pinch effect. It Is suggested that much 
higher Ion energies will result for electron densities a, lower than 10 1 * cm -8 measured 
here. 

Several experimenter s 1 " 7 have reported that 
ten a high-current relativistic electron beam Is 
lected into a plasma, a fraction of the beam en- 
gy Is transferred to the plasma through the ex- 
ailon of streaming instabilities. The energy is 
insferred primarily to the plasma electrons, 
this paper we report measurements which show 
i direct energy transfer to the Ions can occur 
the self-magnetic field of the beam Is not com- 
itely neutralized by the counter-streaming plas- 
t current—for, in such a situation, there ex- 
* a force 7 xb, associated with the plasma cur- 
nt and the magnetic field due to the net current, 
lch accelerates the plasma radially outward. 

As is the main force acting on the plasma since 
- coupling between the beam and plasma elec¬ 
t's Is weak. The energy for the radial motion 
of course provided by the beam, 
rhe experimental arrangement is shown in Fig. 

A 38-kA, 350-kV, 100-nsec electron beam Is 


compressed by a cone to a current density of 20 
kA/cm 2 and injected through a Mylar foil Into a 
test chamber, which Is filled with neutral hydro¬ 
gen. There Is no external magnetic field. The 
current and energy of the beam are reproducible 



dump 

FIG. 1. Diagram of the apparatus. The line-broaden¬ 
ing measurements are made by using die laeer scatter¬ 
ing porta. 
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FIG. 2. Electron temperature (TJ from Thomson 
scattering. Effective atom temperature (X J from 
Doppler broadening of the Balmer lines by both macro¬ 
scopic and microscopic motion. Injection Is into 100- 
mTorr H 2 and time Is relative to the start of the beam. 


to within 10%. The beam radius r t , measured by 
the damage pattern on a witness plate. Is 8 ± 1 
mm throughout the test chamber. The plasma 
produced by the beam la diagnosed by (1) line 
broadening of the hydrogen Balmer lines along a 
line of sight perpendicular to the beam, (2) ruby- 
laser scattering with the scattering vector also 
perpendicular to the beam, (3) streak photogra¬ 
phy, and (4) the net current 4 e , 3 /be.n.-f p u.m.. 
measured with the Rogowskl coll shown In Fig. 1. 
Measurements (1), (2), and (3) are made 6 mm 
from the entrance foil. 

There are two contributions to the line widths: 
Stark and Doppler broadening. The tabulated 
Stark broadening of Hg is an order of magnitude 
larger than for H a ." Experimentally it is found 
that the widthB of the two lines are comparable. 
Thus the atom velocity distribution along the line 
of sight can be obtained by analysis of the line 
widths. 8 The average energy per atom deduced 
from the data Is shown in Fig. 2, for Injection in¬ 
to 100-mTorr hydrogen. The charge-exchange 
mean free path for H* In 100-mTorr H, is typical¬ 
ly 1 mm and so the atom energy is a measure of 
the ion energy. 

Also shown In Fig. 2 Is the electron energy ob¬ 
tained from the laser-scattering measurements. 
Note that at the end of the electron-beam pulse 
the plasma-electron energy is 12 eV, an order 
of magnitude less than the atom and Ion energy. 

Figure 3 Is a streak photograph of the diameter 
of the plasma channel for Injection into 100- 



FIG. 3. Streak photograph of a plasma diameter con¬ 
trasting injection Into 100-mTorr Hj where the radius 
of the plasma channel changes, with 10-Torr H s where 
the radius Is approximately constant. 


mTorr and 10-Torr neutral hydrogen. For the 
10-Torr case the diameter of the channel is ap¬ 
proximately constant. At 100 mTorr the plasma 
is first seen expanding at 100 nsec, reaching its 
maximum radius of 2 cm, twice that of the elec¬ 
tron beam, at 130 nsec. The Initial light at the 
walls is due to electrons which are expelled from , 
the plasma to give charge neutralization. After j 
the beam the plasma pinches to the axis. 1 

The net currents for 10 Torr and 100 mTorr 
are shown in Fig. 3. At both pressures the net i 
current Is found to start decaying at a time later ‘ 
than 100 nsec, the beam pulse length. In general,; 
It Is found that the net current continues to in- i 
crease for a longer time and that the net change j 
is greater as the pressure Is reduced. ; 

The continuum plasma light emission Is shown • 
in Fig. 4 together with the plasma current /pi,,,,,,., 
For Injection Into hydrogen at pressures greater 
than 100 mTorr the light emission follows the I 
plasma current. However at lower pressures, \ 
the light emission drops quickly during Ihe beam L 
pulse. * 

The results presented above—(1) the Doppler j' 
broadening, (2) the size of the plasma at 130 
nsec, (3) the increase of the net current after the 
beam, and (4) the absence of light emission dur -1 
lng the beam pulse at low pressure—are consis¬ 
tent with radial motion of the plasma. The pinch¬ 
ing observed after the beam pulse suggests But 
the radial motion is associated with the force 
),B 6 on the plasma. 

During the beam pulse the plasma current j f . 

Is opposite In direction to the net current, which 
produces the azimuthal field B g. Thus during tb« 
beam, the force Is radially outward. After the 
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FIG. 4. Time history of the continuum light emission 
near 6940 A (solid line) and the modulus of the plasma 
current (broken line) In arbitrary units, (a) 2 mTorr, 
(b) 30 mTorr. (c) 00 mTorr. Notice the correlation at 
80 mTorr and contrast the rapid drop In plasma light 
at lower pressure. 


beam the only current In the system Is the plas¬ 
ma current and therefore, the plasma pinches. 

A measure of the radial acceleration can be ob¬ 
tained from the equation of motion 

pdvJdt = -j t ,B e . (1) 

Taking p as the mass density of the neutral gas, 
ip, the plasma current density as (/ Kt - I^,J/ 
and B g equal to jj the maximum value at the 
»eam radius, we obtain the equation dvjdt ~ 10“ 
m sec'*. Thus In 100 nsec, a velocity v r of 10* 

» sec' 1 and a plasma expansion of 1 cm are ex¬ 
acted. This is In agreement with the measured 
Doppler velocity of 1.3x10 s m sec' 1 and the ob- 
isrved radius of the plasma. 

After the beam pulse the plasma current re- 
'erses, and the force fx§ on the plasma 1 b radi- 
dly inward. For a plasma of zero resistivity the 
■urn of the magnetic and kinetic energies 

a then constant. As the plasma is decelerated 
he energy in the mass motion is transferred to 
leld energy so that at the end of the pulse and be¬ 


fore the plasma motion is reversed, 

"nsLv 1 {^jdL/dt 
dt 2 L 

Since the channel is still expanding dL/dt is nega¬ 
tive and so dl x jdi is positive, in agreement with 
the net-current measurements. 

As the force jxB on the plasma expels the plas¬ 
ma from the channel the plasma number density 
within the channel drops if additional Ionization 
cannot compensate. This is consistent with the 
drop in light emission from the plasma during 
the beam pulse at very low pressures. 

The effect is Important because of the energy 
transfer from an electron beam to the ions in a 
plasma. Consider an Infinitely long system. The 
axial component of Ohm’s law is 

il),.=E.+v r B 

provided div/= 0. The rate of Increase of the 
plasma energy density is j t JB a of which x\j t * is 
the resistive heating and - v r B e jp, is the rate of 
energy transfer to the heavy particles. Accord¬ 
ing to Eq. (1) the acceleration dvjdt Is propor¬ 
tional to p~'. Thus at lower filling pressures, 
the energy input to the ions will dominate the 
electron heating even more than it does for this 
experiment at «,=* 10 ,s cm* 3 . An approximate cal¬ 
culation ShowB that ion viscosity can easily ran¬ 
domize this energy. 

In summary, measurements of a plasma pro¬ 
duced by an electron beam in neutral hydrogen 
have shown that the neutral and ion energies are 
an order of magnitude greater than the electron 
energy. This new result has not been observed 
before as most other experiments have been per¬ 
formed with a much larger mass density. We 
have not examined the role of a guide field, and 
also this effect depends cm incomplete magnetic 
neutralization. However, the injection of a beam 
along a z -pinch column, which has a significant 
B e, would produce this energy transfer mecha¬ 
nism. 

We wish to thank J. C. Martin and his associ¬ 
ates at the Atomic Weapons Research Establish¬ 
ment, Aldermaston, England, for their help with 
the electron-beam technology, and the loan of a 
Marx generator. Our thanks are also due to J. A. 
Nation and J. Westlake for advice and assistance. 
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Dissipative Trapped-Electron lastability in Cylindrical Geometry* 

S. C. Prager, A. K. Sen, and T. C. Marshall 
Plasma Research Laboratory, Columbia U niv er si ty, New York, New York 10027 
(Received 28 May 1974) 

We show that the essential Ingredients of the trapped-electron Instability can be present 
in a cylindrical geometry. A linear Instability theory, a simple physical explanation, and 
the results of an experiment are presented to support this. 


The dissipative trapped-electron Instability like 
all other trapped-partlcle Instabilities has always 
been discussed in toroidal systems. 1 ' 1 In toroi¬ 
dal systems magnetic field properties such as in- 
homogenelty, curvature, and helicity are all In¬ 
terrelated and the resulting zero-order particle 
trajectories of drifting bananas are very com¬ 
plex. These geometrical complexities also make 
experimental identification difficult. This Letter 
considers the simplest magnetic field sufficient 
for the Instability and clarifies the underlying 
physics. We also report the results of an ex¬ 
periment which demonstrates that a dissipative 
trapped-electron instability can be excited in a 
cylindrical geometry. 

It Is well known that collisionless trapped-par¬ 
tlcle Instabilities are driven by magnetic-curva¬ 
ture drift. 1 But dissipative trapped-partlcle In¬ 
stabilities are similar to collisional drift waves 
in the sense that the excitation of both classes 
depends on collisions. In the case of the trapped- 
electron Instability one needs an appropriate 
electron collision frequency which should be 
higher than the wave frequency. 1 Therefore one 
can conceive of the dissipative trapped-electron 
Instability In an essentially straight magnetic 
field, but to produce a trapped population of par¬ 
ticles one needs at least two localized magnetic , 
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FIG. 1. Schematio of the mirror cell in cylindrical 
geometry (above) and the axial magnetic field intensity 
(below) for mirror ratio R- 3. The plasma source 
which produces a radial electron-temperature gradient 
la an £x§ source (Ref. 6). 


mirrors (Fig. 1). A density gradient, say In the 
radial direction, is always necessary for a drift- 
like mode and Anally, an electron-temperature 
gradient coincident with the density gradient Is 
essential. 1 We will show that the cylindrical sys¬ 
tem shown In Fig, 1 is capable of sustaining the 
dissipative trapped-electron instability. 

For electrons trapped between the mirrors, 
we write the drift kinetic equation in cylindrical 
coordinates r, 0, z with the Krook model for the 
collision term as 



where / and <f> are the perturbed electron distribution function and potential, respectively; v„ v,(v), 
and F are the axial velocity, velocity-dependent electron collision frequency, and equilibrium dtstritm- 
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tlon function, respectively; and the subscript t refers to the trapped population. Integrating Eq. (1) 
along the straight zero-order trajectory between sharp mirrors, averaging over the fast bounce peri¬ 
od 2L/v„ and integrating in velocity space yields the perturbed trapped-electron density 





(u-<j>.*)F,d 3 u 
u+iu,v tb s /ev a ' 


where F, is taken as Maxwellian, « v.v,J/ev 3 , 6 =N t /N, e=l -R'\ R is the mirror ratio, 

t - cm.kT [ 1 dN / m.v 3 3 \ 1 dT. ~[ 

W * * reB, IN dr*\2kT.~2)T, dr\' 

and we assume standing-wave solutions in the z direction: 


ft ■/»(*) exp(- ivt + im8), ip = <p(z) exp(- iut + bnd). 

We note that, unlike the toroidal case, the trapped fraction 6 * /e here. The perturbed transit electron 
density n„ is assumed to be a perturbed Maxwellian since the transits are in equilibrium with the source. 
The ions behave essentially as in a drift wave, so that their perturbed density is given by 

oi * Ne<p(,z) _ Ne 8*<p(z) 
n, “ to kT m t ti> 3 dz‘ ’ 

where w**(cmkT/eB,r)N' 1 dN/dr. Using the quasineutrality condition it, +n,=n t yields 

A(w)<p{z) - B(ui)8fy(z)/0z’ = C(ui)/_^ cp{z')dz '[w(z - L) -u(z + L)}, (2) 

where 



The unit step function u was included so that Eq. 
(2) correctly represents the entire system length 
~L'<z<L'. Outside the mirror region, the 
right-hand side is zero and the equation reduces 
to that of a stable drift wave. 

Expecting only even modes we expand tp(z) in a 
Fourier cosine series over the system length 2 L’ 
18 </>(■*) =«Z),a.coB(nir 2 /L'). Substituting this ser- 
- es in Eq. (2) we obtain an infinite set of homoge¬ 
neous equations for the Fourier coefficients a„ 
with oi as the eigenvalue parameter. It can be 
shown that the Fourier series is rapidly converg¬ 
ing. Therefore truncating the set of equations to 
three and setting its determinant to zero yields a 
ood approximation both for the eigenvalue w and 
the spatial structure of <p(z). With the use of the 
parameter relations L' = 2L, v,/2=uj* = u t * 

= {cmkT/eB,r)T,' l dT,/dr, 0=0.2, e=0.6, oi^/oi* 
■8, the results are 

w = (0.992+f0.12)w*; 

(4) 

V><*) ~ 1 +1.27 coBp - 0.28 cos , 

where u> r * is the drift frequency based on elec¬ 
tron-temperature gradient and 
is the electron bounce frequency. The growth 
rate is seen to be more than 10% of the real fre¬ 


(u> - u m *)Fd\i _ iNe c8ai r * 
u+if'V,£/v* m kT v,L 


quency and can be Bhown to vary roughly as L/L' 
The spatial structure seen in Eq. (4) indicates a 
high degree of localization in the trapped-parti¬ 
cle region (Fig. 2). This feature is not dissimi- 



FIG. 2. Dependence of the normalized, relative, 
square of the fluctuation amplitude upon axial position. 
The theoretical result is from Eq. (4, and the experi¬ 
mental data are obtained from the output of an autoeor- 
relator driven by a Langmuir probe located in the re¬ 
gion of maximum density gradient. Plasma radius * 1 
om, T," 6 eV, N' i dN/dr«‘T' i dT t /dr- 1 on' 1 , B 
-1200 G, N ~ 2X10" om'*. 
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lar to that of a colllslonleu trapped-particle In¬ 
stability. 11 But the reasons are quite different, as 
the localization of the collisionless Instability Is 
due to Its flutelike nature and occurs in the bad- 
curvature region of the magnetic field. If we 
take the limit L-L' so that the entire system is 
populated uniformly by trapped particles, only 
the first term of the Fourier series Is necessary 
because <p will be constant and the above result 
will reduce to oj / w * = 1 +i6e<ii T */v, which Is es¬ 
sentially the same as that of Kadomtsev and Po- 
gutse. 1 

Deschamps et al.* report a driftlike instability 
In an ODE machine*' 7 which produces a cylindri¬ 
cal plasma with radial density and electron-tem¬ 
perature gradients in a corrugated magnetic field. 
However, at their low operating density, v, < *, 
one should not expect a dissipative trapped-elec¬ 
tron instability. Guided by the above analysis we 
have performed a similar experiment using a Q 
machine converted to an ODE-type device. The 
parameters T„ T„ B,, N~ l dN/dr, T,~ l dT t /dr, 
plasma radius, and hydrogen-gas fill are approx¬ 
imately the same as reported in their paper. 
However, in our experiment (a) there is one mir¬ 
ror cell (2L = 50 cm, 2L' ■ 100 cm) and the mag¬ 
netic field is constant over 80% of its length, 

(b) the mirror ratio R is controllable and is made 
large in order to enhance electron trapping, and 

(c) the electron density is much higher (N,~2 
xlO 11 cm' 1 ) so that the electron mean free path 
is of the order of the mirror length and 

This environment can support a dissipative trapped- 
electron instability and we observe a monochro¬ 
matic wave at frequency to » u>* and azimuthal 
mode number m- 1. The instability, which is lo¬ 
calized in the mirror cell (Fig. 2), is observed 
when the mirror colls are energized and its am¬ 
plitude is at least an order of magnitude larger 
than the background level of drift-wave fluctua¬ 
tions in the absence of the mirror field. The in¬ 
stability amplitude became maximum at n/N 
~10% when ti>a>*~3xl0 5 sec' 1 «u>*, R~ 3, and 
the electron mean free path - 200 cm. These con¬ 
ditions not only favor electron trapping in the 
mirror cell but are appropriate for a positive 
growth rate of the dissipative trapped-electron 
Instability as shown by the above theory. 

The fraction 0 of electrons trapped can be es¬ 
timated experimentally by observing the plasma- 
density change when the mirror farthest from 
the source is switched on or off, the other mir¬ 
ror left on. Since the ions have a very short 
mean free path (< 10 cm) their containment Is not 


affected by the magnetic mirrors: We conclude 
this from the observation that the plasma density 
Is not affected by the presence of only the mlrrot 
farthest from the source. Thus, the plasma-den' 
sity change Is due to electron trapping In the mlr 
ror cell, with Ions being drawn In to maintain 
neutrality. (Since TjT t ~6, amblpolar effects 
are not Important to electron trapping.*) The 
fraction of electrons trapped fi*i. Clearly, as 
R increases the growth rate should Increase 
Blnce both the trapped fraction 0 as well as c In¬ 
crease. In Fig. 3(a) we see that the wave ampli¬ 
tude Increases as R increases. Furthermore in 
Fig. 3(b) we see that the experimental wave am¬ 
plitude tends to follow qualitatively the growth 
rate as a function of v./w; the theoretical curve 
is obtained with the help of the detailed calcula¬ 
tion of the velocity-space Integral in C(u), Eq. 
(3). The mechanism for nonlinear limitation of 
wave growth has not been identified, but It Is poa 
slble for the steady saturation amplitude of an In¬ 
stability of the soft-onset type to vary as the lin¬ 
ear growth rate." 




FIG. 3. (a) Square of the wave amplitude versus mir¬ 
ror ratio R, v/w »3. (b) Square of the amplitude (solid 
line) and the theoretical growth rate (broken line) ver¬ 
min collision frequency. 
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In order to eliminate VT„ we converted the 
source to a hollow- cathode_arc containing a hot 
filament. For this source RIB and no tempera¬ 
ture gradient was produced In the plasma. In the 
same range of plasma parameters as with the E 
x B discharge, the magnetic mirrors had no ef¬ 
fect on the fluctuation level. 

Since toroidal drifts do not play a causal role in 
this instability a description of the physical mech¬ 
anism applies equally well to cylindrical and to¬ 
roidal systems. If the trapped electrons 

experience a relatively steady electric field dur¬ 
ing a bounce period. Therefore one can consider 
all the trapped particles to drift radially at the 
speed Eg/B M , where Eg is the perturbed electric 
field. The radial flux of trapped electrons of ve¬ 
locity v at position r is proportional to F t E e /B,. 
The perturbed trapped-electron density buildup, 
An ( , at r due to this flux will be proportional to 
the flux, the length of trapping time and 

8F,/9r. The velocity integral of this product 
yields the integral C(w), Eq. (3). For simplicity 
we consider a perturbation with so that 

the density-gradient contribution to the electron 
buildup is zero as appropriate for a stable drift 
wave. Let the sign of Eg be such that the trapped- 
electron flux Is radially outward. Since i>(v)~v‘* 
the high-velocity particles are trapped longest 
and contribute most to the flux. Since the tem¬ 
perature decreases radially outward, the num¬ 
ber of high-velocity particles also decreases ra¬ 
dially outward. Thus there is a greater radial 
outward flux of trapped electrons to a point than 
[outward flux from the point, thereby leading to 


an electron buildup. The direction of Eg which 
produces this accumulation corresponds to an 
original ion perturbation which depletes ions at 
that point. Thus the trapped-electron buildup 
enhances the original perturbation, resulting in 
an instability. If either electron-neutral colli¬ 
sions dominate or electrostatic trapping occurs, 10 
low-velocity electrons contribute most to the net 
flux, more electrons leave than arrive at the 
point, and the perturbation decays. 
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Polarizer-Neutron Diffraction from Spin-Polarized Protons: 

A Tool in Structure Determination?* 

J. B. Hayter.t G. T. Jenkin, and J. W. White 
Physical Chemistry Laboratory. Oxford Vnivmtty, Oxford, 0X1 3JP, England 
(Received IS January 1974) 

We have obaerved the spin-dependent diffraction of slow neutrons by differentially po¬ 
larized nuolel in single crystals of lanthanum magnesium nitrate. The effects are ac¬ 
companied by enhanced Bragg diffraction and reduced Incoherent scattering at high pro¬ 
ton polarizations. The diffraction pattern is very sensitive to selective depolarization of 
nuclei, and proton resonanoes have been observed through changes in the diffracted in¬ 
tensities when die sample is Irradiated at the Larmor frequencies. 


We report diffraction experiments using po¬ 
larized slow neutrons and spin-polarized nuclei. 

A crystal of lanthanum magnesium nitrate (LMN), 
La,Mfe(NQ,) 11 *24H 1 0, was doped with 1% ,4 *Nd >+ 
and the protons polarized dynamically 1 by the 
Abragam-Jeffries "solid" effect. A polarization 
of about 40% could be routinely obtained at 1.5% 
by using only 300 pW of 4-mm microwave power 
in a resonant TE 01 „ cylindrical aluminum cavity. 1 
Much higher polarizations (indicated by many 
lines in the NMR spectrum) were also obtained 
by carefully reducing the power to obtain an opti¬ 
mum balance between saturation of the resonance 
and minimum heating of the sample. The experi¬ 
ments were performed at the polarlzed-neutron 
diffractometer, PN2, on the PLUTO reactor hole 
7H1L at the Atomic Energy Research Establish¬ 
ment, Harwell. The magnet used was a super¬ 
conducting asymmetric split pair, specially de¬ 
signed to minimize depolarization of the incident 
and diffracted neutron beams, while at the same 
time giving a sample volume of about 1 cm’ 
where the field homogeneity was better than a 
few parts in 10 5 at 1.9 T. s Depolarization of the 
beam [measured by using a standard cobalt-iron 
(Fe^ogCoo.jg) crystal in place of the sample] was 
always less than 1% and usually about Q.&fo. Fig¬ 
ure 1 shows a schematic diagram of the experi¬ 
ment. The magnetic field at the sample was per¬ 
pendicular to the neutron scattering plane and 
the Incident neutrons were polarized parallel or i 


vc 



FIG. 1. Schematic) diagram of die experiment: N , po-j 
larlzed neutron beam (A, = 1.04 A); F, neutron spin flip- j 
per; M, C, main and Held-trimming colls of supercon- j 
ducting magnet, giving field perpendicular to the Boat- s 
taring plane; WG, R, wave guide and resonant cavity; j 
D , boron trifluoride neutron detector at scattering j 
angle 29, j 


antiparallel to the field direction, flipping being « 
achieved by a rf coil at the Larmor frequency. 

The elastic scattering cross sections for the 
polarized sample can be estimated from the for- * 
mu las of Schermer and Blume 4 for coherent and | 
incoherent nuclear scattering from a monoiso- J, 
topic sample. With the consideration of only the - 
z components of the nuclear magnetization 5 their ’ 
Eqs. (12) or (20) when applied to LMN, and for a f 
fully polarized neutron beam, reduce to the fol- \ 
lowing: 


[8o(±,/))/dOJ coh =JV 0 |/H(K)(AH±iBHp)+/N(K)A N+ /o(K)A o + ...| J , (1)' 

[8o(±, />)/8JI]| nr =N 0 [144d H lnc ’(l - ip’ ~lp) + 36a N |nc > + 180a o tar s +... ], (2) 

where/ h (K) is the structure factor tor the 144 protons in the hexagonal unit cell* (three times the fun¬ 
damental rhorabohedral cell), N 0 is the number of hexagonal cells in the crystal, and the momentum 
transfer K=k -k„. The fn(K), / 0 (K), etc., are die corresponding structure factors for nitrogen, oxy- ; 
gen, etc., whose scattering lengths A N , A 0 are either truly polarization independent or, for the pres- 
ent, are assumed to be so compared with hydrogen. The signs refer to the incident-neutron spin up ; 
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+) or down (-) andp is the proton spin polarization, assumed the same for all the hydrogen in the 
rystal. 

A H = i<* + +i«', B H = k(a*-a'), (3) 

~ a )*» (4) 

+ and a* being the triplet and singlet scattering lengths for neutron-proton collisions. A N) o N hc *, 
tc., are defined in a corresponding manner. The peaks whose structure factor is dominated by hydro- 
en were of most interest in this experiment. They were classified by comparing the powder diffrac- 
lon patterns of hydrogenous and deuterated specimens. 

The relative scale of the coherent and incoherent terms depends upon |/ H (K)|*/144 which may vary 
y orders of magnitude and from one Bragg peak to another. 

In LMN the observed flipping ratio R, defined as 

(scattered-neutron intensity with incident-neutron spin up) 

" (scattered-neutron intensity with incident-neutron spin down) ’ 

aturally depends on the contribution of unpolarlzed atoms to the Bragg intensity, so that changes in 
le polarization of protons (for example) at definite lattice sites have an effect on the diffraction pat- 
;rn similar to that of the isomorphous replacement method for solving complex structures. 

To produce polarization in LMN the c axis was aligned in the scattering plane perpendicular to the 
teady field B 0 . All Bragg peaks in this plane fall, because of selection rules, into four groups given 
iy (in hexagonal notation) 

(-2h,k,2n-k), (h,0, 3 n + h), (h,h,2n), (0,fe, 3 n-k). 


n general - h +fe +1= 3n for a rhombohedral cell, 
here n is an integer. Several of the peaks in 
he second and fourth class have structure fac- 
ors with strong hydrogen contributions. Using 
he x-ray structure” as a guide, we calculated 
he expected neutron structure factors and their 
ydrogen contributions and then performed po- 
irizatlon-dependence experiments. 

The most obvious effect of nuclear spin polar- 
zation is that the scattering cross section be- 
omes dependent on the incident-neutron spin di- 
ection, and for one spin configuration the Bragg 
cattering intensity is enhanced.'” These results 
onfirm earlier experiments with 8-mm micro¬ 
's ves. 9 A nuclear polarization giving a flipping 
atio of 8.5/1 at the maximum of the (0, - 3,12) 
eflectlon was first produced by saturating one of 
ie “forbidden" transitions. Then the microwave 
ower was turned off, allowing the polarization 
> decay, and the intensity at the Bragg maximum 
zas measured continuously with an alternation 
f incident-neutron polarization every 4.5 min. 
igure 2 shows the results of this experiment. 

'he flipping ratio decays with a time constant of 
5.0 ±0.2 min, in good agreement with the proton 
uclear spin-lattice relaxation time for this sys- 
em at 1.8 T and 1.5°K found by Jeffries and 
tehmugge. 10 The same decay time has been 
Dun£ l for all the other peaks Investigated to date 
t this temperature. The (2,0,8) peak has a de¬ 


cay envelope which demonstrates cancelation of 
the structure-factor contributions from other 
atoms by the hydrogen contribution at a particu¬ 
lar polarization during the decay. 

From the intensities of Bragg peaks dominated 
by hydrogen, measurements with and without pro¬ 
ton polarization should allow the sample polariza¬ 
tion to be estimated from Eq. (1). When this was 
done by using the atomic positions known from 
x-ray crystallography” and a set of Bragg peaks 
at constant but unknown polarization, values rang- 



FIG. 2. Decay of the flipping ratio and coherent scat¬ 
tering intensity for the (3,0,12) Bragg peak after tun¬ 
ing off the microwave power used to maintain nuclear 
polarization. The nuclear relaxation time waa 25 min. 
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TABLE I, Experimental flipping ration for Bragg peaks In the a*-e* 
plane of a weakly polarized LMN crystal. 


Peak 

Unpolarized 

structure 

factor 

Proton part 
of structure 
factor 

Flipping 
ratio R 

Polarization 

<» 

<0,-1,4) 

18.4 

0.654 

4.22 

23 

(0,-2,8) 

- 0,89 

-0.785 

1.91 


(0,-3,12) 

-29.92 

2.253 

5.19 

15 

(0,-4,16) 

14,86 

0.271 

7.58 

57 

(0,-5,20) 

41.16 

0.0165 

0.799 


(0,-6,24) 

- 8.83 

-0.4729 

1.30 


(0,-7,28) 

28,94 

0.152 

2.14 


(0,-8,32) 

- 37.46 

0.124 

1.43 



lng from p = 13% top = 57% were obtained. A mini¬ 
mum estimate from the incoherent scattering, 
using Eq. (2), gave p * 25% . This variability 
probably reflects the sensitivity of the calcula¬ 
tion to the hydrogen-atom positions. 

Accurate relative flipping ratios were obtained 
by programming the diffractometer to “visit” 
cyclically a sequence of Bragg peaks and their 
nearly flat backgrounds, repeating the operation 
as many times as were necessary to get good 
statistics or until the polarization changed no¬ 
ticeably. Positioning accuracy was ±0.01°. 

Scans of 8 h at constant polarization were pos¬ 
sible and Table I shows some of the different 
flipping ratios. The results demonstrate the sen¬ 
sitivity of Bragg diffraction to the proton, and 
possibly other, nuclear polarizations. They sug¬ 
gest that difference analyses (for example the 
difference Patterson method) may be useful for 
obtaining parts of a crystal structure, such as 
the hydrogen positions, to high accuracy without 
the need to solve the complete structure. 

For very complex crystals it is attractive to 
minimize the amount of data to be refined in or¬ 
der to get the atomic positions of interest. One 
way is to selectively depolarize nuclei whose 
Larmor frequencies differ either because of their 
magnetic moments or because of their proximity 
to paramagnetic ions in the crystal. In this way 
one can control and vary the contribution to the 
structure factor of individual nuclei within the 
unit cell. 

Figure 3 shows the proton magnetic resonance 
in LMN at about 40% polarization observed by 
measuring the change in scattered-neutron in¬ 
tensity at the (3,0,12) Bragg peak. An oscillator, 
feeding a coll correctly wrapped around the sam¬ 
ple, was swept through the proton Larmor fre¬ 


quencies synchronously with a chart recorder 
which displayed the Bragg-peak Intensity. Strong 
depolarization of the sample occurred at 77.67 
MHz, the expected frequency for proton reso¬ 
nance in the mainly diamagnetic crystal, but the j 
depolarization spectrum has some poorly re- i 
solved shoulders indicating that separated nu¬ 
clear Bpin packets might be depolarized sequen¬ 
tially. The microwave pumping power was left i 
on during the scan to compete with the depolarij 
ing transitions. The resonance covers about 80 
kHz which corresponds to the 20 G calculated. 10 



kUH 

t k efc R 

OSCXUTW FREQUENCY (MHz) 

FIG. 3. Proton-magnetic-resonance spectrum of 
LMN crystal observed by a change in intensity of the 
(3,0,12) Bragg peak as an exciting frequency was swap 
through the resonance. (The neutron spin direction 
was “up” continuously throughout the scan.) 
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Neutron spin-up-spin-down measurements were 
made before and after the scan and show that the 
polarization recovered effectively. Selective de¬ 
polarization of nuclei effectively combines diffrac¬ 
tion and electron-nuclear double resonance 11 
greatly expanding the information available from 
each Bragg peak. For sufficiently distinguishable 
resonances it performs a partial analysis of the 
diffraction pattern. 

Qther rf frequencies were fed into the coil cor¬ 
responding to the nitrogen and lanthanum reso¬ 
nance values but no effect of their nuclear polar¬ 
ization was found either on the “hydrogenous" 
Bragg peaks or on “nonhydrogenous” peaks such 
as (0,1,2). 

The nuclei may be polarized by other means 
than dynamic polarization, but the dynamic meth¬ 
od has the advantage that a change from positive 
to negative nuclear polarization can be made 
easily. We think that the method may have some 
virtues for studying chemically interesting sites 
In complex crystals such as proteins. 

We are planning to refine the evaluation of the 
position of the hydrogens in LMN by using a four- 
circle neutron-diffraction experiment, and to use 
the polarization data as a further refinement. 

We wish to acknowledge the assistance of Mr. 

V. Rainey and Mr. T. Atkins (Atomic Energy Re¬ 
search Establishment, Harwell) in performing 


these experiments. 
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Evidence of Optical Transitions in X-Ray Inelastic Scattering Spectra: Li Metal* 

N. G. Alexandropoulost 

The Aerospace Corporation, Los Angeles, California 90009 
and 

G. G. Cohen 

Columbia Astrophysics Laboratory, Columbia University, New York, New York 10027 

and 

M. Kuriyama 

National Bureau of Standards, Washington, D. C. 20234 
(Received 9 July 1974) 

We report results of x-ray Comp ton-Raman scattering experiments. In addition to the 
expected Compton and Raman scattering, there is a prominent feature in the form of a 
peak near E/£ F = 1. The new peak can be explained qualitatively by considering the con¬ 
duction band of lithium metal to be composed of hybridized orbital electrons, and it fur¬ 
nishes the first evidence of ani-x-ray Raman band. 


The strongly Interacting electron gas Is one of 
the most Interesting systems in solid-state phys¬ 
ics, and it may soon be expected to form a rigor¬ 


ous testing ground for approximations and theo¬ 
ries. The numerous difficulties involved In the 
theoretical calculations render it one of the 
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in physics about which little is known. Experi¬ 
mentally, the best, if not the only, method of in¬ 
vestigating this area is x-ray inelastic scatter¬ 
ing. Here the spectra are functions of the ener¬ 
gy, with the parameter ?, the momentum trans¬ 
fer. A collection of a number of such spectra 
yields directly the energy-loss function (the dy¬ 
namic structure factor 1 *’). We define the momen¬ 
tum transfer by Iffl* 1 1 = (4»/A ta )sin(<p/2), 

and the energy transfer by £ = H (u> ta - <*>„„,), where 
the k’s and the o>’s are the wave vectors and the 
frequencies of the incoming and the outgoing pho¬ 
tons; Ak, is the incident wavelength, and <p is the 
scattering angle. The differential cross section 
for x-ray inelaBtlc scattering is given 1 *’ by 

a0f,£) = -2C(* ta ,* our )Im(P-T' 1 ), (1) 

where 

X (^in * Pooc) 1 , 

and the V’a are the x-ray polarization directions. 
P is the polarization propagator and 7' 1 is the 
inverse dielectric function. The differential 
cross section can also be written in terms of the 
electron correlation; 

E)«(k/E)*S. 70?, E)*S, (2) 

where s is the unit vector in the direction of 
and J,, is the Fourier transform of the current 
correlation (AJ,: A ij). This expression estab¬ 
lishes the relatton between x-ray inelastic scat¬ 
tering and x-ray absorption spectra and leads to 
x-ray Raman scattering. 

To get a complete picture of the interaction, it 
is necessary to achieve a collection of experi¬ 
mental spectra over the entire range of H and E. 
This task is. however, a very difficult one be¬ 
cause of the combination of the small interaction 
cross section and the requisite high resolution. 
Moreover, a most valuable contribution at pres¬ 
ent would consist of performing those measure¬ 
ments which can establish the regions of validity 
and the breakdown points of the few available the¬ 
ories. 

In the region of very large momentum trans¬ 
fer,* the spectra of inelastlcally scattered x rays 
and y rays can be explained in a manner that sat¬ 
isfactorily establishes Compton scattering as a 
method for measuring electron momentum dis¬ 
tributions and the spatial part of the electron 
wave function. A breakdown has been demonstrat¬ 
ed in the random-phase approximation (RPA) In 


the area of low and intermediate momentum 
transfers. 1 * 8 

Although the theory of collective excitations ex¬ 
plains quite well the scattering observed in the 
region of very small momentum transfer, there 
remain some problems relating to results In the 
neighborhood of k c , where plasmon features per¬ 
sist above the cutoff frequency.* Discrepancies 
have alBO been reported 1 where the disagreement 
with theory extended to the plasmon-lifetime pre¬ 
dictions. Although some of these results can be 
explained through modifications of the RPA, one 
of the most recent experiments* on the shape of 
the plasmon line of beryllium shows quite strong 
departures from RPA. 

A most dramatic departure from RPA was dis¬ 
covered by the authors,* reporting on x-ray scat¬ 
tering by lithium for x/* r = 1.59 {<p = 25°) In their 
attempt to study the complete behavior of the elec¬ 
trons of that element. The present Investigation 
confirms those initial observations and tills in 
results to the upper limit of the Inter mediate-mo¬ 
mentum-transfer region, but not beyond k/k t 
-4.2. Even at the upper limit, the departure 
from RPA exists, but we find the disagreement 
between experiment and theory to decrease with 
increasing momentum transfer. 

The double-flat-crystal spectrometer used in 
these experiments has been described earlier.* 
Copper Aa,, a, Incident radiation was scattered 
by polycryBtalllne lithium at various scattering 
angles, corresponding to x/« p = 1.9, 2.5, 3.1, 
and 4.2. A fluorescence spectrum of copper ra¬ 
diation was taken at these same angles, for each 
of the different experimental conditions. For 
scattering angle equal to 40° (x/x r = 2.5), curves 
were taken with the sample in the transmission 
as well as in the reflection position in order to 
check for possible effects due to multiple scat¬ 
tering, or to surface treatment or impurities. 

All of the spectral features remained the same. 
Thus the two sets of data taken at 40° will be 
treated as one. The spectral response due to Aa, 
alone was obtained directly by subtracting, in the 
usual fashion, the Aa, response from the total 
spectrum. The results are shown by the solid 
lines in Figs. 1(b)- 1(e). The resultant spectra 
can be divided into three parts: (i) a peak near 
E/E r = 1, (ii) a spectral distribution around the 
expected Compton peak, and (iii) a spectral band 
around E/E f =12. 

The third feature obviously corresponds to x- 
ray Raman scattering by the A-shell electrons 
of lithium. * 10 The spectrum In the central part 
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may be compared with Compton scattering by an 
electron gas. The differential cross section for 
an electron gas can be calculated from Eq. (1) 
and, in particular in RPA,* by replacing f' 1 by 



FIG. 1. The spectra (solid line) of a-rays lnelaatical- 
T soattered by lithium at k/k f »(a) 1.6, (b) 1.9, (o) 3.5, 
S 3.1, and (e) 4.2 (without correction for instru me n t al 
roadenlng), and the spectral distribution predicted by 
PA and Hartree-Fock (HF) (dashed line) convoluted 
1th our Instrument function. Note the changes in the 
dative Intensity of the peak at E/E ? » 1, oompared 
4th the spectral distribution in the region of the ex- 
ected Compton band. “L" Raman refers to the optical 
transition. We used k f = 1.1 x 10 10 m' 1 and £p - 4.7 eV. 


the inverse of the Lindhard dielectric function. 11 
We calculated this differential cross section at 
the different scattering angles and convoluted It 
with the spectral shape of the incident Ka 1 (ob¬ 
tained from the appropriate copper fluorescence 
spectrum). The results are shown by the dashed 
curves in Fig. 1 for both RPA and Hartree-Fock 3 
calculations. No attempt was made to normalize 
the curves. The prominent feature of the ob¬ 
served spectra is the sharp peak, almost resem¬ 
bling a line spectrum, near E/E r = 1. Neither 
RPA nor Hartree-Fock calculations seem to ex¬ 
plain this feature, nor does the electron gas seem 
to provide models for thiB phenomenon that takes 
place so prominently in the intermediate-momen¬ 
tum-transfer range. 

The explanation that this feature may be an ar¬ 
tificially introduced component of the spectrum 
has been ruled out after extensive tests. The 
spectral shape was found to be almost entirely 
Independent of the run, the experimental back¬ 
ground, and the normalization constant. When 
two sets of data, taken from the same scatterer, 
were used in the data reduction, the resultant 
spectrum was a flat line parallel to the energy 
axis. When the Bpectra of Cu Ka fluorescence 
and x rays scattered by lithium were offset by an 
amount less than or equal to the corresponding 
experimental uncertainty in angle, the resultant 
Bpectral shape changed very little. 

The Bpectra obtained at k/k t = 1.9, 2.5, and 3.1 
thus confirm the earlier observation* at */x F 
= 1.6 on the peculiar behavior of energy-loss spec¬ 
tra for low and Intermediate momentum trans¬ 
fers. The results from all these spectra can be 
summarized as follows: 

(1) As the momentum transfer becomes small¬ 
er. that is to say, as the scattering angles be¬ 
come smaller, the spectral distribution that Is 
thought of as Compton scattering by an electron 
gas becomes less significant. The intensity ratio 
of the first peak N t and the “Compton” band N s 
is obtained from the spectra at the different an¬ 
gles as listed below (see Fig. 1): 


v 

N p /N s k/*f (deg) 


3 

1.6 

25 

1 

1.9 

30 

0.5 

2.5 

40 

0.2 

3.1 

50 

0 

4.2 

70 


(2) This new peak appears when the spectrum 
also contains an x-ray Raman band due to the K 
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electrons of lithium. By contrast, the A-x-ray 
Ram an band has been reported at larger momen¬ 
tum transfers without mention of the presence of 
this new peak. 

These results may be explained qualitatively by 
considering an elementary excitation of electrons 
from the 2s valence-band-like state to the upper 
bound bandlike states. In other words, the new 
peak Is caused by x-ray Raman scattering due to 
optical transitions (or absorption) between the 2s 
state and the upper bound states such as 3p , etc. 
The differential cross section for x-ray inelastic 
scattering is related to the x-ray absorption 
cross section,’ and the criterion for the appear¬ 
ance of the K-x-ray Raman band was previous¬ 
ly determined 10 to be xr g «1.4. If this criterion 
holds for these optical transitions, then the “or¬ 
bital” radius of the valence-band-like state, r L , 
is estimated to be (6.27/2.5)r r =»2.5r*, where we 
chose <p = 40° as the practical upper bound for the 
appearance of this new peak. From this point of 
view, the new peak could appear at lower scatter¬ 
ing angles than those angles for which the K-x- 
ray Raman band begins to appear. It is also sat¬ 
isfying to note that the energy loss of the x-ray 
photons due to these optical transitions should be 
of the order of the filled bandwidth, which is in 
agreement with the experimental peak position of 
E/E F «1 (f r =4.7 eV). The sharp peaking may 
be enhanced by the effects of the transitions in¬ 
volving the p states, as Mahan 1 ’ and Nozieres 
and DeDominlcls 1 ’ have demonstrated in x-ray 
absorption and emission edges. 

In conclusion, this Letter furnishes the first 
evidence of optical transitions in x-ray inelastic 
scattering spectra. The qualitative fit of the da¬ 
ta by this interpretation is very satisfactory and 
may provide new insights into the Important in¬ 
termediate-momentum-transfer region of x-ray 
Compton-Raman scattering. 

Note added .—Concurrent with the submission 
of this Letter, Ching and Callaway 14 reported cal¬ 
culations indicating a peaking In the optical con¬ 
ductivity of lithium at about 4.5 eV, offering ad¬ 


ditional support for the conclusions we reach 
from our experimental observations. Further¬ 
more, even more recently Platzman and Eisen- 
berger 18 reported a feature in the inelastic x-ray 
scattered spectra from Be, graphite, and AL Al¬ 
though their interpretation varies considerably 
from ours and the reported feature is quite faint, 
it appears in the same position as our new peak. 
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F04701-73-C-0074. 
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Band Structure of PbPo and Trends in the Pb Chalcogenides 

S. Rabil and R. B. Lasseter* 

The Moor e School of Electrical Engineering and The Laboratory for Research on the Structure of Matter, 
University of Pennsylvania, Philadelphia, Pennsylvania 19174 
(Received 20 May 1974) 

Energy-band calculations on the Pb chaloogenides show that PbPo le a semlmetal rath¬ 
er than a direct-gap semiconductor as predicted before. However, die results confirm 
the suggestion that PbTe Is the irregular member of the family. This Irregularity is 
directly related to an anomaly In the size of the Te atom and the lattice. 


The periodic potentials for the calculations 
were of the muffin-tin type, constructed from the 
relativistic charge densities of Liberman, Waber, 
and Cromer.’ The Xa prescription was used for 
exchange, employing the extrapolation of the a ’s 
calculated by Schwartz.’ The lattice constants 
were all taken from the same source, again to 
keep the systematic errors the same. The use 
of a muffin-tin potential is appropriate for these 
compounds because of their close-packed struc¬ 
ture. The lack of self-consistency in the calcula¬ 
tion does not appear to be serious as evidenced 
by the similarity of the band calculations for the 
Pb chalcogenides carried out from different po¬ 
tentials and employing different techniques. 

The result of the calculations reveal two im¬ 
portant differences between PbPo and the remain¬ 
der of the lead chalcogenides. First, at the point 
L in the Brillouin zone, the highest L 4i ,\ L a * 
complex in the valence band, which comes from 
a splitting of an L 3 level due to spin-orbit inter¬ 
action, moves continuously closer to the top of 



FIG. 1. Partial energy-band structure of PbPo. 


the valence band and also the splitting becomes 
larger as we go from PbS to PbPo (Fig. 1). This 
is fully in agreement with what we expect if we 
bear in mind that the charge density for this com¬ 
plex is primarily p type and is centered on the 
chalcogen atom. In fact, the L iiS * level in PbPo 
is separated from the /„„ + level, which consti¬ 
tutes the top of the valence'band in the other com¬ 
pounds, by only 0.0004 Ry which is less than the 
uncertainty in the calculations. 

Secondly, in the E direction, the top of the 
valence band, which occurs at (v/oXts >4i > 0), 

0.015 Ry higher than the bottom of the conduction 
band which occurs at L (Fig. 2). This separation 
remained almost unchanged even when the inter¬ 
stitial potential was changed by 0.074 Ry (1 eV) 
in either direction. This is again a result of in¬ 
creased relativistic effects in PbPo. Thus, PbPo 
is a semlmetal and not a direct-band-gap semi¬ 
conductor. 

The forbidden gaps for a large number of com¬ 
pound semiconductors with NaCl structure obey 
an .empirical linear dependence on (he inverse of 
the square of the lattice constant (1/a 2 ). Although 
PbS, FbSe, and PbTe do not obey this rule, Dal- 



FIQ. 2. Energy levels of Importance at point L in 

the Brillouin zone for the lead chalcogenides as a func¬ 

tion of he inverse of the square of the lattloe constant. 


703 












FIG. 3. Forbidden energy gap at point L In the Bril- 
louin zone for the lead chalcogenldes aa a function of 
the inverse of the square of the lattice constant. 


FTG. 4. Lattice constant for the Pb chalcogenldes 
and the radii of maximum radial charge density for 
die outermost pj/j and pj/ 2 electrons of the chaloogen 
atoms as a function of the atomlo number Z. 


ven 1 argued that, by treating PbTe as an irregu¬ 
lar member of the family, the linear relationship 
should hold for PbS, PbSe, and PbPo. Based on 
this assumption, and by using the measured lat¬ 
tice constant for PbPo, he estimated a forbidden 
gap of ~0.1 eV and an inverted band structure for 
this compound. PbS, PbSe, and PbTe are direct 
semiconductors with the minimum forbidden gap 
at L and with the conduction- and valence-band 
edges having and L a * symmetry, respective¬ 
ly. Dalven thus concluded that PbPo is also a di¬ 
rect-gap semiconductor but with L a * and L t ~ as 
the symmetries for the conduction- and valence- 
band edges, respectively. 

These predictions have not been verified be¬ 
fore, either experimentally or theoretically. In 
the theoretical study presented here, we show 
that while certain of the above predictions hold, 
others are not borne out by these results. We 
have carried out first-principles, fully relativis¬ 
tic augmented-plane-wave calculations for each 
of the four compounds, using identical proce¬ 
dures. In order to keep the errors down to the 
systematic errors, none of the parameters in the 
calculations were adjusted to obtain agreement 
with the experiment. Normally when one of 
these compounds is studied, a parameter, such 
as interstitial potential, is adjusted to obtain a 
forbidden gap that is in agreement with the ex¬ 
perimental data. Although we are interested in 
the trends within the family rather than individu - 
al results, nevertheless, the effect of such pa¬ 
rameters as exchange factor and the Interstitial 
constant potential on the final results were in¬ 
vestigated to make certain that these trends are 
not affected with such changes. 

However, if we focus our attention on the gap 


between the L t ' and L e 4 levels which form the 
conduction and valence edges for PbS, PbSe, 
and PbTe, and the same gap in PbPo (Fig. 3), we 
observe that the gapB lor PbS, PbSe, and PbPo, 
as predicted by Dalven, fall reasonably well on a 
straight line as a function l/a 2 . Furthermore, 
the order of these levels is reversed in PbPo. 
This behavior as well as the semimetal nature 
of PbPo remained unchanged even for the ex¬ 
treme case of using Slater’s exchange (at * 1) for 
all regions, it is also seen that the contention 
that PbTe 1 b the irregular member of the family 
is supported by these calculations. This is im¬ 
portant for drawing conclusions regarding the 
trends of the properties of these compounds with¬ 
in the family. 

The irregularity of PbTe is directly related to 
a similar anomaly in the size of the Te atom and 
the lattice constant of PbTe. Figure 4 shows a 
plot of the radii of maximum radial charge densi¬ 
ty for the outermost p electrons of the chalcogen 
atoms as a function of atomic number Z. These 
values are obtained from self-consistent-field 
relativistic calculations for these atoms. We see 
that the radii for Te 5 p electrons do not fall on 
the straight line as do the others. The same fig¬ 
ure shows a similar plot for the experimentally 
measured lattice constants of the compounds." 
Again the value for PbTe is too large to fit the 
straight line. In fact if the lattice constant for 
PbTe is chosen to fall on this line, the negative 
pressure coefficient of its forbidden gap will al¬ 
most remove the irregularity shown in Figs. 2 
and 3. 

'Work supported in part by the National Science Foun¬ 
dation under Grant No. GH-33633. 
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Critical Scattering Parameters for General Fields and Temperatures* 

M. Combeecot ,t M. Droz, and J. M. Koeterlltzt 
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New Yorh 14850 

(Received 9 April 1974) 

The critical scattering parameters have been calculated for an Iaing-llke system In a 
field, below and above T 0 , up to second order in e (=4-rf). The corrections to the Orn- 
steln-Zernlke form In the small- and large-gf limit are presented and their relevance to 
experiments Is discussed. 


With Improving scattering techniques (using x 
rays, neutrons, and light) one may expect that 
highly precise measurements of the scattering 
Intensity in the whole critical region of ferromag- 
nets, pure fluids, and binary fluid mixtures, etc., 
will soon be possible. Since the scattering Inten¬ 
sity is proportional to the Fourier transform of 
the basic order-parameter-order-parameter cor¬ 
relation function, such measurements are of fun¬ 
damental theoretical importance as a test of scal¬ 
ing 1 ' 4 and operaior-product-expansion’*" hypoth¬ 
eses. In particular, scattering experiments are 
the only way to determine the exponent ij direct¬ 
ly. 1 * 7,4 

If I = (T - T e )/T e is the reduced temperature 
and m Is the order parameter (magnetization, 
density, or composition deviation from critical, 
etc.) the correlation scaling hypothesis asserts 
that the Fourier transformed order-order corre¬ 
lation function may be written asymptotically as 1 ' 4 

G ($,t,m)*x(t,e)D{jc,i), (1) 

with a =fm' 1/# and x=q£ where £(f,z) 1 b the cor¬ 
relation function (defined more precisely below). 
The scaling function D(x,z) is normalized so that 
X(t,*) Is the (reduced) susceptibility (or com¬ 
pressibility, or composition fluctuation, etc.) 
proportional to the zero-angle scattering inten¬ 
sity. 

To analyze properly the experimental results, 
particularly those subject to resolution correc¬ 
tions,* It is necessary to have an Interpolation 
formula for D(*,s) over the whole rangfe of x, 
and In particular to know the amplitudes of the 
deviation from the simple Ornstein-Zernike form 


for small x. 

If one defines the correlation length £ « £ t 
through the low-angle scattering or, equivalent¬ 
ly, in terms of the second moment of the corre¬ 
lation function, the scaling function has the small- 
x expansion 1 * ** 4,10 

D‘ 1 (x,z) = l+x*-Z 4 (z)* 4 + £ B (z)x B + ... . (2) 

Thus Z«(z), £„(*), etc. are basic measures of the 
deviation from a pure Lorentizian line shape 
(Do" 1 = I +x“) In an experiment carried out at con¬ 
stant T. 

Various attempts* 11 have already been made to 
construct approxlmants for D{x,z). On the basis 
of series expansions, Fisher and Burford 4 con¬ 
structed one for D(x,0) on the critical isochore; 
more recently, Fisher and Tarko 11 have suggest¬ 
ed approxlmants In zero field on the coexistence 



FIG. 1. Comparison with the Flsher-Tarko approxl- 
mant. The solid line Is the Flsher-Tarko approximate 
and the dashed lines are from Eqs.(3) and (81 D,(r^ 
»(l+4« , )’ l4V! with ♦' , »1 -|t). 
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TABLE I. Comparison of present end previous re¬ 
sults for special values of Z 4 and 2,. (Z 4 4 , I, 4 are for 
*•0, t >0j Z 4 ‘. Z ( * are for 4 = 0, ( <0; and Z 4 ‘, 2, c 
are for t >0.) 



Present theory 

Previous results 

V 

2.78x10" 4 

2.78x10'** 

V 

7.12x10'* 

(6.5±0.8)xl0'* b 
7.12x 10'* * 

w 

1.64x 10' 2 

(5 ±2) x 10'* 

(1.2 ±0.6) x 10“' b 


2.43x 10' 5 

(7±S)xlO' sb 

V 

1.17x10'' 

sc (3.9 ± 0.5)xlO’ 1 b 

S. e 

1.71x10*' 

bcc (1.7±2)xl0' s 


•Ref. 16. b Ref. 11. 



HG.2. 2 4 as a function of W = h/\t\ ts forc-1. 


curve and at T e in a finite field. They also pro¬ 
posed tentative interpolation formulas for gener¬ 
al t and m. It has been found that the scaling func¬ 
tion cannot be written as a function of x alone 11 " 1 ’; 
thus different approximate are required for dif¬ 
ferent values of z. 

The purpose of this note is to report recent ex¬ 
act calculations of the scaling function D(x,z) for 
general t for an Ising-llke model, using the Wll- 
son-Fieher 1 * 1 * e expansion (e = 4 -d, where d is 
the number of space dimensions of the system). 

We have paid particular attention to the experi¬ 
mentally accessible amplitudes Z 4 (z) and E s (*) 
but have incidentally confirmed the asymptotic 
form of D(x,z) for large x in agreement with i 


Fisher and Aharony 1 " and, more generally, with 
Brezin, Amlt, and Zlnn-Justln. 1 ’ Furthermore, 
we report in Fig. 1 a concrete numerical com¬ 
parison with the Fisher-Tarko approx 1mant 11 for 
T<T C in the two regions where the asymptotic 
forms of the correlation function are valid. The 
agreement within 2% for *<1 and 4% for x>4 
(for d = 3) establishes more confidence in their 
extrapolations and the appropriateness of com¬ 
parisons with experiment. 

Defining reduced-field and order-parameter 
variables h and nt = B,Af so that hm~ 6 =1 

at T =T C and tm ' u8 = - 1 on the coexistence curve 
for T <T C , we may write our results for Z 4 (z) 
and £,(?) in the form 


Z 4 (*) = «a,P(*) + e*[a, + aJP(z )+aJ*(z )] + O(e’), 

S.(a) = e6,P(z) + e’l 6, + )] + O(e'), 

where P(z ) =Km*x 2r> ' r with K = 1 + ln^. From the equation of state, 11 P(z) has the form 
P(z )« (z + 3)" 1 {l + e(z + 3)'*[* z ln(z + 3) - 1 + ln2 J}. 

The coefficients « 4 and b t have the values <Zj = l.60X10"’, a, = 2.78xl0"\ 03 = 1.76x10"*, a t = 5.16X10"’; 
6, = 2.38xl0"', 6, = 7.12x10"“, 4, = 2.73x 10"*, 4 4 =7.68xl0"\ With these normalizations, it is also 
possible to write the equation of state in the parametric form 1 'A = AR SS 0(1 -8’), t =R( 1 -fl’0’), m 
= CR*6, where the coefficients A, B, C are given in Ref. 17. In this case, P(s) takes on the simple 
form 

P(*(0)) = 5 0 , ll + i<0 J (ln2-2)]. (4) 

Note that in zero field above T c , P(z) = 0, so that the only terms which contribute are a, and b t , 
thereby reproducing the results of Ref. 16. The leading parameter Z 4 (*) is plotted as a function of 
ht " 96 for e = 1 in Fig. 2 and some special values of Z 4 and E, are presented in Table I, and compared 
to previous estimates.“ ,11 * 1 * 

We see that the deviations from the Omstein-Zernike form increase rapidly from a minimum at A =0, 
t >0 to a maximum at A = 0, t < 0, this latter value being 2 orders of magnitude greater. In principle, 
the most favorable places to see these deviations are below T c and in a field above T e (with Af" #i >l). 
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The rapid change in elope erf S 4 near ht~ 66 = 1 corresponds to a crossover from a domain where the 
temperature variable controls the singularities of the system to one where the field dominates. 

In the limit xx>l, the correlation function, 1,4 ' fcla,la written in the parametric form is 

with T=Rq‘U v , £ = 1 + 0.038e* + 0(« s ), F(8) - 2 - 39*+ e[l - i0*(f - ln2)]+ 0(e»), and <p{8)= 39* -1 - e[l 
- i9*(3 - 2 ln2)] + 0(«*). The role played by the corrections to the Infinite-* limit (t = 0) in the correla¬ 
tion function can be very important In the determination of t) by scattering. 7 ’* In zero external field, 
even for *■ 10, these terms contribute about 4% of the total (for e = 1), which 1 b the same order of mag¬ 
nitude' as the contributions from the q 11 factor. This problem has been discussed in detail by Tracy and 
McCoy 1 * for the two-dimensional Ising modeL Using accurately known values of G($) for various val¬ 
ues of q and x»l, they try to find v by fitting with both the Fisher-Burford approxlmant and the ana¬ 
log of Eq. (5) and conclude that the latter form gives a very much better value. 

The calculations leading to the above results follow the now standard procedures. 17 The reduced 
Hamiltonian is taken as 

X/kT = J ftPx ■Jvs(*)]* + r a [s(*)] il + 2«[s(ir)} 4 - 2/fs(r)}. (6) 

On shifting the spin variables to o(x) = s(x) - m, where m »<«(*)>, we avoid the inclusion of tadpole in¬ 
sertions In the graphical analysis. A mass renormalization eliminates r 0 in favor of r, the exact In¬ 
verse susceptibility, so that, provided all self-energy diagrams are subtracted at 9 = 0, we may work 
with the effective Hamiltonian 

32= if. ( 9 * +r)a.o..+ 4um or tl o„ <r. fl a., t +« f <r„ a, s o. #i o.^o.^. (7) 

A perturbation expansion In u will automatically produce a scaling form for G(q,t,m) when u is fixed 
at its critical value. 14 * 1 "* , ° A different choice of u will produce corrections not of a scaling form, but 
such terms will vanish rapidly near the critical point. Of course, this expansion implicitly assumes 
the existence of a renormalization-group fixed point and the possibility of making a valid expansion 
about It. 

We have considered all graphs up to order e*. The evaluation of the graphical integrals has been 
greatly eased by use of the identity* 1 for d>0, 

(q l +1)' 1 = (2x)' i,1 f d*yexp«5-f)y- , 'A„(y), (8) 

where v= id -1 and K.( y) is the modified Bessel function of the second kind.” Although the left-hand 
side of this identity appears simpler, the use of the Fourier transform makes the tedious angular in¬ 
tegrations relatively trivial. This device appears to be very useful in evaluating any d-dlmensional 
Feynman-graph Integral and we expect it to find further applications. 

The authors would like to thank M. E. Fisher for suggesting the problem, many helpful comments, 
and reading the manuscript; A. Aharony, A. D. Bruce, and R. Combescot for many stimulating discus¬ 
sions; and D. Rainer for help with the numerical work. One of us (J.M.K.) would like to thank the Ful- 
brlght-Hayes Committee for a travel grant. 


*Work supported In part by the Atomic Energy Commission under Contract No. AT(11-1)-3161, Technical Report 
No. 21, by the National Science Foundation, under Grant No. GH-36457, and by the Foods National Suisse de la 
Recherche Sclentlfique. 

tOn leave from the Laboratolre de Physique des Solldes de l’Ecole Normals Suphrleure, University de Paris VH, 
Paris, France. 

tOn leave from the Department of Mathematical Physics, University of Birmingham, Birm in g h a m , England. 

'M. E. Fisher, J. Math. Phys. 5 , 944 (1964). 

! M. E. Fisher, Rep. Progr. Phys. 30, 616 (1967). 

J L. P. Kadanoff, Physics (Long Is. City, R. Y.) 2, 263 (1966). 

4 M. E. Fisher and R. J. Burford, Phys. Rev. l&f, 683 (1967). 

*L. P. Kadanoff, Phys. Rev. Lett. 23, 1430 (1969). 

*K. G. Wilson, Phys. Rev. 179, 1499 (1969), and Phys. Rev. D 2, 1473 (1970). 


707 




Volume 33, Nvmsbm 12 


PHYSICAL 


review letters 


16 Simian 1974 


v. V. Sengera , In Transport Phenomena -J973. AIP Conference Proceedings No. 11 , edited by J. Kent In (Amer¬ 
ican Institute of Physics, New York, 1973), p. 232. 

*P. Schmidt, to be published, and private communication. 

*J. Als-Nlelsen and O. Dietrich, Phys. Rev. 153, 706, 711, 717 (1868); J. Als-Nielsen, Phys. Rev. 186, 664 
(1969). 

'“W. J. Camp and M. E. Fisher. Phys. Rev. Lett. 26, 73, 666 (1971). 

"M. E. Fisher and H. B. Tarko, Phys. Rev. Lett. 31, 926 (1973), and to be published. 

,J M. E. Fisher and D. Jasnow, “Theory of Correlations in the Critical Region," edited by C. Domb and M. H. 
Green (Academic, New York, to be published). 

,S E. Rrerln, D. J. Am it, and J. Ztnn-Justln, Phys. Rev. Lett. 32, 151 (1974). 

,4 K. G. Wilson and M. E. Fisher, Phys. Rev. Lett. 28, 240 (1972). 

,S K. G. Wilson, Phys. Rev. Lett. 28 , 548 (1972). 

I8 M. E. Fisher and A. Aharony, Phys. Rev. Lett. 31_, 1288 (1978). 

* 7 E. Brezln, D. J. Wallace, and K. G. Wilson, Phys. Rev. Lett. 29, 591 (1972). There are some errors in this 
reference—Eq. (11) should read A = -I - j ln4jr + Je, and the coefficient i J below Eq. (21) * l = 8(1 -|cln2) +0(eV 
W P. Schofield, J. D. Litster, and J. T. Ho, Phys. Rev. Lett. 23, 1098 (1969). 

**C. A. Tracy and B. M. McCoy, Phys. Rev. Lett. 31, 1500 (1974). 
a K. G. Wilson and J. Kogut, to be published. 
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708 



VOIVHM 33, NOMM* 12 


PHYSICAL REVIEW LETTERS 


16 Siptimbu 1974 


Coulomb Energy of He 3 and Charge Symmetry of Nuclear Forces 

S. S. Mehdl 

Department of Physics and Astrophysics, University of Delhi, India 

and 


V. K. Gupta* 

International Centre for Theoretical Physics, Trieste, Italy 
(Received 17 July 1974) 

The Coulomb energy of He 1 has been calculated using separable potentials with a re¬ 
pulsive term. The calculated value is in close agreement with the H’-He* binding-ener¬ 
gy difference. An expected 3-6% decrease, brought about mainly by the Inclusion of a 
tensor term, can be explained by charge asymmetry due to 9-* and p-w-y> mixing, pro¬ 
vided one takes gp/g u >0. This also yields «■, — app > 0, which is required by the present 
experimental situation, in contrast to a m - a H ~ 1.4 fm obtained by earlier authors with 
gp/gu< 0 . 


The purpose of this note is twofold. Firstly, 
we report a new calculation of the Coulomb ener¬ 
gy of He 1 using rank-3 separable potentials which 
include a repulsive term in the singlet state, and 
secondly, we analyze the existing situation re¬ 
garding charge asymmetry of nuclear forces in 
the light of our present result and a more defi¬ 
nite value for die n-n scattering length. 

The interest in the Coulomb energy of He* per¬ 
sists mainly because of its ramifications on the 
charge asymmetry of nuclear forces. A large 
number of variational calculations of the Coulomb 
energy (E c ) of He* have yielded results in die 
range E c = 0.0-0.65 MeV. 1 In the recent past, 
calculations have also been performed via the 
solutions of Faddeev equations to yield E c ~0. 62- 
0.69 MeV. 1 However, the experimental differ¬ 
ence in the binding energies of H* and He 1 is A E B 
= 0.764 MeV. The gap, AV = AE a -E c , between 
the two is usually attributed to the charge asym¬ 
metry of nuclear forces. For the calculations 
cited above, this gap is “0.1-0.16 MeV, which 
is about 15-20% of &E a . A gap of this order of 
magnitude requires a much larger charge asym¬ 
metry than is consistent with the evidence from 
many other sources.*’’ 

A few years ago, Gupta and Mitra* had calcu¬ 
lated E c within a separable-potential model, 
which has had a very successful career so far,’ 
and had obtained £ c = 0.84 MeV. However, the 
repulsive core in the singlet state, which has a 
significant effect, had not been included in that 
study. We have now calculated E c for potentials 
which do include such a repulsive term ih the 
singlet state. In the triplet state, the potential 
is taken to be a purely attractive central poten¬ 


tial: 

-At(p | V T \p ') = h T g(p)g(p ') . 

where g(p) is taken to be of the usual Yamaguchl 
form,’ 

g{p)= (P’+iSc*)*’. 

The singlet potential now consists of the sum of 
an attractive and a repulsive term: 

-M(p I V.\p') = [f(p)f(p ’) -A(P)/,(/>')|, 

where we take, as usual, 

/(/>) = (/>*+£, T\ 

/,(/>) = *’(/>’+ 00 *)-’. 

The calculations have been performed with two 
different sets of parameters for the singlet part 
of the potential (referred to as N and G,' in the 
notation of Ref. 5), each of which gives a fairly 
good representation of the N-N singlet phase 
shifts up to sufficiently high energies. 7 The re¬ 
sults of the present calculation, along with those 
of Ref. 4 are presented in Table I. The calcula¬ 
tions have been performed for point as well as 
extended protons.® For the case of extended pro¬ 
tons, we obtain Ec = 0.77 MeV (for both the sets 
employed), a result which is embarrassingly 
close to the experimental value 0.764 MeV for 
A£ s . This striking agreement, however, is not 
to be taken too literally. For completeness, one 
must include a tensor term and (perhaps) a 
small repulsive term in the triplet part of the 
potential, both of which would tend to reduce the 
Coulomb energy. The more Important repulsive 
term, which we have included in the present anal- 
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TABLE 1. The Coulomb energy of He* with separable potentials for 
point as well as extended protons. N and C{ refer to two different po¬ 
tential sets for the singlet state (for notations see Ref. 5). Experimen¬ 
tal value of 0.764 MeV. 


E C 

Rank (MeV) 


of the 
potential 

Potential 

set 

Point 

protons 

Extended 

protons 

Rank 2, no repulsion included 

c r e,, + s r 

1.060 

0.856 

(Ref. 4) 


0.852 

0.830 

Rank 3, repulsion In the singlet 

Cr^+fS + H), 

0.905 

0.775 

state Included (present work) 

C/^+fS + E)^. 

0.900 

0.771 


ysis, has reduced E c by ~ 10%, not unexpectedly. 
Once this repulsive term has been Included, the 
tensor term is expected to further reduce E c by 
3-0%, 5,5 which should bring E Cl at best, down to 
0.7-0.73 MeV. 10 This is much higher than E c 
~O.0 MeV obtained from variational calculations 
by Okamoto et al. 

Though there is some evidence for charge-sym¬ 
metry breaking in nuclear forces, and on theoreti¬ 
cal grounds such symmetry breaking must exist, 11 
we believe the last word has not been said on this 
problem ms-d-vis the H’-He s Coulomb-energy¬ 
binding-energy difference. Since E c turns out to 
be less than AE B , whatever the magnitude of this 
difference, it follows that the n-n potential is 
somewhat stronger than th ep-p potential, at 
least as far as its effect on E c is concerned. 
Naively, one should then expect the n-tt singlet 
scattering length a„„ to be (numerically) larger 
than a pf . Indeed, the earlier analyses of charge- 
asymmetric potentials were based on the assump¬ 
tion that la„|<:|ff,,|. Until a couple of years ago, 
this assumption was consistent with the then ex¬ 
perimental situation because of the large uncer¬ 
tainties in the determination of However, 
these uncertainties have been narrowed down 
considerably, and Henley and Wilkinson quote 
the following values for a„„ and a,, 1 *: 
it,,, = -16.4 ±0.9 fm; 

= -17.1 ± 0.2 fm. 

Thus, in all probability, | | < | contrary to 

what one expected from the above argument. 

There have been a number of calculations of the 
effect of charge-asymmetric potentials, which fol¬ 
low from the electromagnetic mixing of mesons, 
to explain the relevant two-body and three-body 
data. 11 Apart from many other uncertainties in 
these analyses, one crucial factor is the relative 


sign of the p and w coupling constants, i.e., the 
signofgp/g^. Indeed, bo far, the sign of gp/gu, 
was chosen to be negative so as to yield | a m \ 

>\a„\ and then the contribution of such a charge- 
asymmetric potential to the binding energy was 
calculated perturbattvely. It was then possible 
to obtain A Y~ 0.1-0.15 MeV for this contribution. 11 
Since, according to the latest experimental situa¬ 
tion, A a = 0.7 fm (taking the errors into 

account, it could lie between -0.4 and 1.8 fm), 
the sign of g„ /g M in fact, must be chosen to be 
positive, so as to yield | a^l £|a„| (rather than 
the other way round). Now the contributions to 
A a and AY (the energy that must be added to E c 
to make it equal to the experimental binding-ener¬ 
gy difference AE B ) come from t)-u as well as 
p-w-<p mixing, 11,15 and both are quite model de¬ 
pendent (depend upon many Ill-determined param¬ 
eters which enter into the theory, as well as upon 
the three-nucleon wave function assumed for H 1 ). 
Okamoto and Pask 1 have determined AY for Stev¬ 
ens’s t)-v mixing model, 11 as well as Downs and 
Nogami’s 7)-s and p-u>-<p mixing models, 15 but for 
the wrong sign for the quantity gp/g^ If we take 
g u - 0 instead of g u = - 5, AY will change sign, 
though its magnitude will remain almost the same. 
One can see that changing the sign of Downs and 
Nogami’s p-u-tp contribution in Table VI of Ref. 

1 gives AY “=0,025-0,03 MeV. (The actual mag¬ 
nitude could vary considerably depending upon 
the parameters chosen.) This is much more 
gratifying from our point of view (than AY~0.1- 
0.15 MeV), since we predict AY to lie between 
0.03 and 0.06 MeV. This is also in accord with 
the situation for higher mirror nuclei where one 
finds that theory and experiment agree within a 
few per cent (rather than 15-20%), and, in fact, 
may even be consistent with charge symmetry. 11 ’ 17 
Also, the overall charge asymmetry now re- 
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quired will be “i of what Okamoto estimated, 1 * 
and hence In much better agreement with the cal¬ 
culations of Blin-Stoyle and Yalgin, 1 * as well as 
with the evidence coming from other sources.* 

As for the scattering length, the contribution 
to An from p-w-ip mixing will now be positive 
whereas that from Jj-r mixing will be negative, 
so that Aa^+Aa^SO (since I Aal pu ^a| An|,,), 
which is Just what the data require. Since the 
scattering length is rather sensitive to small 
differences in the potential, because of die sin¬ 
glet state being nearly a bound state, it will be 
hazardous to make a more definite commitment 
as to the actual magnitude of An until a much 
more precise charge-asymmetric potential is 
available. But, in general, one can say that 
charge-asymmetric potentials are able to ex¬ 
plain both a m - a tt and A E a -E c , if one takes 
E 0 ~ 0.7-0.73 MeV. It will be extremely diffi¬ 
cult, on the other hand, to reconcile la*,! s|n„| 
and E c £0.6 MeV* obtained from variational cal¬ 
culations. 

In conclusion, we find that our calculation with 
separable potentials which include a repulsive 
term in the singlet state yields E c *> 0.77 MeV, in 
agreement with the experimental value of A E a . 
Inclusion of tensor and small repulsive parts in 
the triplet state should lower E c to around 0.7- 
0.73 MeV. This small deviation of E c from A£, 
can be explained from charge-asymmetric poten¬ 
tials obtained from the mixing of tj-v isosinglets 
and the p-w-<p isotriplets, provided one takes 
gp/gu,* 0. This will also simultaneously make 
| S | a„|, which is required by the present ex- 
lerimental situation, resolving the long-standing 
ambiguity in the simultaneous explanation of both 
A a and A V. On the other hand, it will be very 
hard to understand AV~0.1-0.15 MeV along with 
\a m \< \a n \. Though # p /£ u <0 yields AV-0.1- 
0.15 MeV, it simultaneously gives Aa ~ - 1.4 fm, 
which is firmly ruled out by the present data, 
making AV~0.1-0.15 MeV also highly unlikely. 
Also, the overall percentage of charge asymme¬ 
try required to explain the present value of A a 
along with our value for AV is much less than 
was envisaged by Okamoto, but agrees with what 
is required from many other considerations. 

We would like to thank Professor A. N. Mitra 
for his interest in this work. One of us (V.K.G.) 


would like to thank Professor Abdus Salam, the 
International Atomic Energy Agency, and the 
United Nations Educational, Scientific, and Cul¬ 
tural Organization for hospitality at the Inter¬ 
national Centre for Theoretical Physics, Trieste. 
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Deeply Bound Hole States as a Giant-Resonance-Like Phenomenon* 

S. Y. van der Werf, B. R. Koolstra, W. H. A. Heeselink,t F. Iachello, L. W. Put, and R. H. Siemssen 
Kemfysisch Versnelltr fnstUwt, Groningen, The Netherlands 
(Received 10 June 1974) 

Glant-resonance-lUce peaks showing systematic variations with neutron number have 
been observed In the <4J) reaction on the even-A tin Isotopes. In the reaction nt Sa<4, 
t) ll5 Sn a separation at the g t / t andp,/ t> p i / l neutron-hole components has been obtained. 

A calculation of the hole spectral function shows that shell effects play an Important role 
in determining the spreading width. 


Evidence for the excitation of deeply bound hole 
states In the ( p, d) reaction was recently report¬ 
ed. 1 ** Over a broad range of excitation energies 
(£,•4-15 MeV) the spectra from these pickup re¬ 
actions are relatively featureless (except for a 
broad bump around 5 MeV excitation) and have 
the appearance of a continuous background. The 
angular distributions, however, obtained by in¬ 
tegrating over the whole energy range are strong¬ 
ly forward peaked, and this suggests a predomi¬ 
nantly direct reaction. It was therefore proposed 1 
that the observed yield is due to pickup of neu¬ 
trons from the next lower shell with the hole 
strength smeared out over very many levels. 

As an alternative process we have studied the 
(d, t) reaction on tin at E t = 50 MeV. We observe 
at approximately 5 MeV excitation energy in the 
residual nucleus a very pronounced and giant- 
resonance-like structure which was also seen in 
the analogous ( p, d) reaction 1 " 4 and, most recent¬ 
ly, in the (’He, a) reaction.’ From a measure¬ 
ment of the differential cross sections to extreme 
forward angles we were able to decompose the 
peak in the ll "Sn(d,f) ll ’Sn spectrum into two dis¬ 
tinct components with characteristic 1 = 1 and l 
= 4 angular distributions, respectively. Investi¬ 
gation of the (d, t) reaction on all even-A Isotopes 
of tin (with the exception of 114 Sn) allowed us to 
study the fragmentation (spreading width) of these 
deeply bound hole states as a function of neutron 
number. 

Self-supporting targets of tin were bombarded 
with an energy-analyzed beam of 50-MeV deu- 
terons from the Groningen azimuthally varying 
field cyclotron. Target thicknesses were 0.15, 
1.53, 0.80, 2.10, 0.72, 0.30 mg/cm a , for the iso¬ 
topes respectively. Spectra 

from the (d, t) reaction on these targets at 9 kh 
■>15° are shown in Fig. 1. These data were ob¬ 
tained with solid-state-detector telescopes with 
a typical resolution of-150 keV. For extreme 
forward angles from 6-12° a telescope with two 


&E detectors and a stopping detector was used 
with two independent pulse multipliers for mass 
identification, giving (A£, + &£,)£ and A£,(A£ a 
+£), respectively. Only those events were re¬ 
corded that were accepted as tritons by both 
mass identifiers. 

All the spectra reveal, at approximately the 
same Q value, a broad and giant-resonance-Uke 
peak riding on a continuous “background.” The 
peak is narrowest and most structured for lls,11T S 
Quite remarkably it appears to broaden both to¬ 
ward smaller ( ln Sn) and larger neutron numbers 
though the lu Sn(rf,f) m Sn results are less certain 
because of possible contaminations. (In lu Sn a 
relatively narrow peak containing only one third 
of the integrated g an cross section seen in 11B 8n 
is riding on a broad gross-structure bump.) In 
addition to the gross-structure peaks there are lr. 
dications of finer, intermediate-width structures 
superimposed onto the gross-structure peaks. 

CIoBe inspection of the gross-structure peak in 
the 11 *Sn(d,f) lls Sn reaction at the most forward 
angles (Fig. 2) reveals that it can be decomposed 
into a narrower (-1.0 MeV at the base) and a 
broader (-2.5 MeV wide) peak, as indicated at 
the top of Fig. 2, plus a “background.” (Note 
that at 6° / = 1 is strong and / =4 is weak, and that 
at 11.5° / = 1 has a minimum.) Angular distribu¬ 
tions obtained for the broad and narrow peaks 
are shown in Fig. 3. These angular distributions 
have a very pronounced and diffractive pattern 
characteristic for a direct process for l =1 and 
l = 4, respectively. The curves in Fig. 3 are the 
results of distorted-wave Born-approximation 
calculations with the program DWUCK for pickup 
of a 2 p and a 1 g an neutron employing the same 
optical-model parameters used to analyze* the 
reaction u *Sn(d, ’He) 11 ’In at 50 MeV. Calculations 
with triton optical-model parameters for £ ( = 20 
MeV 7 gave very similar results. The agreement 
between the data and the theoretical curves is 
striking. The hole strengths obtained from the 
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FIG. 1. Spectra from the reaction /1 SnW,/) A ' l 8n at 
16* and £*-50 MeV. Note the differences in scale for 
the low- ami the high-energy parte of the spectra. 


Ilstorted-wave Born-approximation analysis are 
-30% of the 1 g an and ~ 20% of the combined 2 p in , 
lp an sum-rule limit for pickup of neutrons from 
he next lower shell. 

The g tn and the p in , p, n holes are observed at 
>-6 MeV excitation energy in the residual nuclei 



Q(MeV) 


FIG. 2. Partial spectra showing die region around 
S.S MeV excitation in the reaction ,ls Sn(<f,f ) ,,s 8n Indi¬ 
cating the separation of the gross structure into two 
components plus “background.” 

in a region of very many (~10 s /MeV) levels. The 
bumps seen in the spectra thus represent a strik¬ 
ing example of giant resonances in the sense of 
Lane, Thomas, and Wigner" in which the particle 



FIG. 3. Angular distributions of the two components 
of die gross structure shown in Fig. 2. 
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(hole) strength is distributed over very many, 
more complicated states. The arresting features 
of the present data are (i) the possibility to sep¬ 
arate the l components according to different line 
shapes, (ii) the narrow width in ,15 ' llT Sn, and 
(ill) the apparent intermediate structure super¬ 
imposed onto the gross structure of the bump. It 
is the relatively small spreading width of the ob¬ 
served hole states that makes them stand out 
over the “background” composed from pickup to 
the many underlying states with different spins 
and parities. 

In order to understand the spreading mechanism 
we have performed a microscopic calculation 
similar in spirit to those of Bloch and Feshbach* 
and Shakln 10 of the spectral function 

S,(£)=Enlc/|8(E-£°), (1) 

where the coefficients Cj a describe the admixture 
of the hole state j into eigenstates o of the A- 1 
nucleus at energies E °. By choosing to work In 
the BCS frame we automatically take into account 
pairing correlations in the ground state of the 
target nucleus. The calculation of the spectral 
function amounts to a dlagonallzation of the A - 1 
Hamiltonian in the space spanned by the 1-qp, 

3-qp, 5-qp,.. . (quasiparticle) states. Proton 
excitations were not considered because of the 
Z = 50 closed shell. 

Among the 3-qp, 5-qp,... states the 1-qp+A'- 
phonon (N = l, 2,...) collective states have es¬ 
pecially large matrix elements with the 1-qp 
states. 11 We have therefore separated the 3-qp, 
5-qp,... states into collective and noncollective 
states by introducing the operators Q and q pro¬ 
jecting onto the collective and noncollective states, 
respectively. These, together with the projec¬ 
tion operator P onto the 1-qp states, span the 
complete space. We have then treated the cou¬ 
pling between the P and Q space explicitly while 
considering that between the P and q space only 
on the average through a constant matrix ele¬ 
ment (u). The strength of the quadrupole and 
octupole interaction governing both P-Q and P-q 
couplings has been fixed by fitting the levels in 
the same A - 1 nucleus thus eliminating any ad¬ 
justable parameter from the calculation. Since 
we are Interested in excitation energies («5.5 
MeV) well below the threshold for particle emis¬ 
sion (*7.5 MeV) the coupling to the continuum 
states has been neglected altogether. 

According to the mechanism just described the 
single-hole state (1-qp) appears to be first frag¬ 
mented into a discrete set of collective states 



— — E v (M»V) 


FIG. 4. Unperturbed level density of the ■J- + 3- and 
5-qp states in 1I5 Sn obtained by dlreot counting of the 
number of states in A£ - 200-keV energy Intervals (up¬ 
per part). Fragmentation of the hole strength due 
to the coupling with the 1-qp + phonon collective states 
(lower part). 


(l-qp+ phonons) and subsequently spread over the 
many underlying noncollective states (3-qp and 
5-qp). The fragmentation gives rise to the inter¬ 
mediate structure. Since the spreading width is, 
in first approximation, given by 

r = 2vp|(u>| 2 , (2) 

where p is the density of the 3- and 5-qp noncol¬ 
lective states, variations in the gross structure, 
as those experimentally observed, are to be at¬ 
tributed to differences in the local level density 
of the 3- and 5-qp noncollective states. Indeed 
our calculation shows that at 5-6 MeV this level 
density is still subject to shell effects, and there¬ 
fore large differences in the spreading widths 
from one nucleus to the other are to be expected. 
In particular the narrow width observed in u,-m S 
seems to be connected with the partial shell clo¬ 
sure at N = 64 which gives rise to a "gap" in the 
level density as shown tor ,1! Sn in Fig. 4. The 
smaller density at the energy where most of the 
fragmented g tn strength lies (shown in the lower 
part of Fig. 4.) lets it clearly stand out over the 
“background." In contrast no such effect appears 
to be present in the other Sn Isotopes and this 
would explain the larger spreading width found 
for these nuclei. 
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Resolving Ambiguities in Heavy-Ion Potentials* 

D. A. Goldberg and S. M. Smitht 
University of Maryland, College Pari, Maryland 20742 
(Received 18 April 1974) 

It la shown that nuclear (aa opposed to Coulomb) rainbow-scattering data would be use¬ 
ful in discriminating among heavy-lon optical potentials. Acquisition of such data la 
facilitated by going to higher bombarding energies and using low-A targets. 


There has recently been a great deal of Inter¬ 
est in obtaining optical potentials which will sat¬ 
isfactorily describe the elastic scattering of 
heavy ions and which can be used in distorted- 
wave Born-approximation calculations for trans¬ 
fer reactions. 1 Most of the experiments per¬ 
formed to date appear to be sensitive only to the 
extreme tail of the nuclear potential, and hence, 
if one assumes that the potential is of die Woods- 
Saxon form, 

-(V+iW) 

1 + expl(r-ft)/aj ’ 

one can only determine a and the combined con¬ 
stant (V+ iW)e ,Ut . The situation is very similar 
to that which existed for the early a-scattering 
experiments. 3 It therefore appears reasonable 
that recent approaches which have proven helpful 
In unraveling the ambiguities in a-particle scat¬ 
tering may also prove useful for heavy ions and 
possibly prevent some retracing of familiar, if 
not altogether fruitful, ground as well. 3 

' In a recent paper by the present authors 4 it was 
shown that discrete ambiguities in die a-particle 
optical potential could be resolved 9 by taking 
data beyond the maximum negative deflection an¬ 
gle or nuclear rainbow angle This result 

can be explained in classical terms. Since the 
maximum deflection angle increases with the 


strength of the potential, measurement of the 
former quantity determines the latter. In both 
the classical and quantum cases, the measure¬ 
ment Is effected by measuring the cross section 
in the region beyond the maximum deflection 
angle 0 r l *\ In the classical case, the cross sec¬ 
tion falls abruptly to zero beyond 0 r w) ; in the 
quantum case, it exhibits the exponentiallike fall- 
off characteristic of rainbow scattering. 

One might well expect that nuclear-rainbow¬ 
scattering data would be useful In eliminating 
ambiguities other than the discrete kind. In par¬ 
ticular, for Ve R/ ‘ ambiguities, the parameter a 
is well determined, and so the maximum deflect¬ 
ing force, which occurs at r= R, is simply pro¬ 
portional to V. It is our purpose to show, by us¬ 
ing a series of model calculations, that the above 
expectation appears to be justified, and to exam¬ 
ine the experimental conditions which would fa¬ 
cilitate the observation of nuclear rainbow scat¬ 
tering. 

It was shown in Ref. 4 that there is a minimum 
energy e crl , required for nuclear rainbow scat¬ 
tering to occur, and that as the energy is in¬ 
creased above c erit , the nuclear rainbow angle 
©,<*> decreases to smaller (and experimentally 
more accessible) angles. To verify this for the 
case of heavy ions, we have performed model 
calculations for the case of **0 incident on 3 *Si. 
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The potentials used in the calculations are those 
which Cramer et al. 1 obtained by fitting elastic- 
scattering data over the range 33-81 MeV; these 
potentials form a Ve K ‘ ambiguity (referred to by 
Cramer et al. as a “class") for which V can range 
from 10 MeV to »1 GeV with essentially no 
change in x*. We initially selected the potential 
in this class for which V = 100 MeV. The calcu¬ 
lated c cr(l for this potential is 140 MeV (lab). 
However, as stated above, for the nuclear rain¬ 
bow scattering to be readily observable it is 
necessary to go to higher energies. Hence we ex¬ 
tended our calculations up to 200 MeV (lab) which 
is about the maximum energy currently available 
for '®0 ions. 

The results of the calculations are shown in 
Fig. 1; the curves are quite similar to those for 
a particles on heavy nuclei. At E = 40 MeV, the 
differential cross section is that typical of Cou¬ 
lomb rainbow scattering. As the energy is in¬ 
creased to 80 MeV the Coulomb rainbow peak 
moves to smaller angles and one observes the on¬ 
set of diffraction oscillations, a transition simi¬ 
lar to that observed in low-energy a scattering 
from heavy targets. As the energy is increased 
still further, the diffraction oscillations begin to 
die out at larger angles and give way to the struc¬ 
tureless falloff associated with rainbow scatter- 



FIG. X. Model calculations for elastic-scattering 
cross section predicted by the 100-MeV-deep heavy-ion 
potential of Cramer et al. 


ing. In fact at E = 200 MeV one is able to see 
both the Coulomb and the nuclear rainbowB, the 
former being masked somewhat by the presence 
of diffraction oscillations. 

The existence of a falloff region, which usuall; 
begins to appear at energies slightly below c er)t 
(e.g., 120 MeV for *^0 + “Si) is not in and of it¬ 
self definitive evidence of rainbow scattering. 

As pointed out in Ref. 4, the shape (but not the 
magnitude) of the cross section beyond the rain¬ 
bow angle is independent of absorption. Hence, 
short of doing a full-blown semiclassical phase- 
shift calculation, a simple test for the existence 
of rainbow scattering can be performed by cal¬ 
culating the angular distribution in the absence 
of absorption. If the falloff persists, as it does 
for such a calculation in the 200-MeV case, ther 
rainbow scattering is in fact occurring. More¬ 
over, the Independence of the Bhape of the cross 
section on W means that the determination of the 
parameters of the real part of the well is rela¬ 
tively independent of absorption. 

Having established that nuclear rainbow scat¬ 
tering will indeed occur at sufficiently high inci 
dent energies, we now consider its usefulness ir 
distinguishing among various optical potentials. 
We consider the scattering predicted for two 
other potentials of the above class, namely, tho. 
for V = 50 and 20 MeV. To maximize the region 
in which nuclear rainbow scattering dominates, 
we choose the incident energy to be 200 MeV. 

The results of the calculations for the three pc 
tentlals are shown in Fig. 2. As expected, the 
50-MeV well has a smaller nuclear rainbow an¬ 
gle than the 100-MeV well, although the rainbow 
scattering region is still largely distinct from 
the diffraction region. For the 20-MeV potentia 
the real well is so weak that the nuclear rainbow 
angle has fallen well within the diffraction regia 
and the resulting cross section becomes a steep 
falling diffraction pattern.* Comparing the 50- 
and 100-MeV cross sections we make two furthe 
observations. First, the smaller © r ( ■' ,, for the 
former potential results in a smaller cross sec¬ 
tion at larger angles. Secondly, the cross sec¬ 
tions predicted by the two potentials are quite 
similar at angles less than B r { *\ Thus the re¬ 
sults bear out the earlier contention that it is th 
data in the nuclear-rainbow-scattering region 
which enable one to distinguish among various 
optical potentials. 

We now consider the question of how to facili¬ 
tate rainbow-scattering measurements. We hav 
shown earlier, that such measurements are 
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FIO. 2. Comparison of predicted cross sections at 
E »200 MeV for three different potentials which give 
equivalent fits to scattering data in the region 80-81 
MeV. The radii for the wells shown are 6.86, 6.31, and 
5.87 fm for the 20-, 60-. and 100-MeV wells, respec¬ 
tively, and a =■ 0.64 fm In each case (Cramer el td. use 
a slightly modified version of V«* / ‘=const In obtaining 
different potentials within the class)) the real and 
Imaginary geometries are the same and W Is related to 
V by the relation H , ='0.44K +2.7. The respective nu - 
clear rainbow angles for the three cross sections, cal¬ 
culated as described In Ref. 3, are indicated as O/*’. 
The Coulomb rainbow angles denoted 8 I . (Q I are essen¬ 
tially Identical in all three cases) this reflects the fact 
that Q,* 0 depends only on the extreme tall of the nu¬ 
clear potential. 


facilitated (more importantly, even made possi¬ 
ble) by increasing the incident energy so that 
is reduced. Moreover, the higher incident 
energy also increases the rainbow cross section, 
both absolutely and relative to the Rutherford 
cross section, thereby further improving the 
ease of measurement For example, additional 
model calculations for the case of ’T) + “Si show 
that as the Incident energy is increased from 200 
to 300 MeV the cross section at 6 r <J ' , increases 
by a factor of about 4 x10 s , and o/o„ increases 
some fortyfold. 

A second, and equally important factor is die 
choice of target Based on arguments made in 
Ref. 4 on die A dependence of < crI , one can easily 
show that, for a given potential, i.e., one in 
which the A dependence is simply due to the in¬ 
crease of R with A, the nuclear rainbow angle in¬ 
creases with A, a result that recently has been 
erlfled experimentally for the case of lntermedl- 



FIG. 3. Comparison of predicted cross sections for 
scattering of 200-MeV '*o from four different nuclides. 
The potential used was the 100-MeV potential of Cram¬ 
er »t d., with the radius scaled as 16 1/ *+ J « r ,/1 . 


ate-energy a scattering.” To demonstrate the ef¬ 
fect in heavy-ion scattering we have done model 
calculations for 200-MeV '"O incident on four dif¬ 
ferent targets. The results are shown in Fig. 3. 
For ! *Ni, the rainbow-scattering region sets in 
at slightly larger angles, and, more importantly, 
has a smaller cross section. As A Increases 
further, so does © r (A) until, in die case of ao *Pb, 
it exceeds 180° (and accordingly « crlt exceeds the 
incident energy). In fact for “*1%, the scattering 
pattern is essentially that of pure Coulomb rain¬ 
bow scattering, i.e., the scattering is only sensi¬ 
tive to the extreme tall of the potential; stated 
slightly differently, for ,s O incident on “*Pb, 

£,= 200 MeV still represents the low-energy lim¬ 
it 

The conclusions from the above calculations 
seem clear. Nuclear-rainbow-scattering data 
are useful in discriminating among nuclear po¬ 
tentials 10 ; such data are most easily obtained by 
using high incident energies and low-A targets. 
Once one has “tied down” the potential at these 
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higher energies one can extrapolate experimental¬ 
ly to lower energies, as has recently been done 
by Put and Paans 11 for the case of a particles. 
Moreover, recent calculations 11 appear to indi¬ 
cate that the energy dependence of heavy-ion op¬ 
tical potentials is expected to be small. 

The arguments leading to these conclusions in¬ 
volve quite general characteristics of nuclear 
scattering, which we have described elsewhere 
as refractive behavior,and are based on a 
simple classical analog. In particular the argu¬ 
ments are not predicated on the potential having 
a Woods-Saxon shape, a form whose widespread 
usage is at least as much the result of its con¬ 
venience as its “correctness. ” Whatever the 
parametrization, rainbow-scattering data will 
give one a good estimate of die overall strength 
of the interaction. (In fact, the data may even 
result in an Increased knowledge of the form of 
the potential, as has already been the result in 
the case of a scattering. 14 ) The main point is 
that once relatively unambiguous results can be 
obtained for the lighter targets, studies of fine 
detail, e.g., using observations of resonances In 
excitation functions, can be more meaningfully 
performed and results extended to heavier nu¬ 
clei. We feel that the present work indicates 
what, in the near term, is likely to be the most 
fruitful direction for experimental activity to 
take. 

We are deeply indebted to John Cramer for pro¬ 
viding us with his set of heavy-ion potentials. 

We also wish to acknowledge stimulating discus¬ 
sions with M. L. Halbert and M. H. Mac Far lane. 
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Hadron Production at Large Transverse Momentum 

J. A. Appel, M. H. Bourquin, I. Gaines, D. C. Horn, L. M. Lederman, H. P. Paar, 
J.-P. Repellln,* D. H. Saxon,t H. D. Snyder, J. M. Weiss, and J. K. Yoh 
Columbia University, New York, New York 10027% 

and 

B. C. Brown, J.-M. Gaillard,* and T. Yamanouchi 
Fermi National Accelerator Laboratory, Batavia, Illinois 6051(A 
(Received IS July 1974) 

We have studied production of ** with transverse momentum between 2.0 and 4.4 GeV/c 
at 65 and 93° In the cjn. system in 300-GeV proton-nucleon collisions, by inserting foils 
of various thicknesses Into a secondary beam and measuring the electron and positron 
spectra produced by y conversion. The invariant cross sections are given at 93 and 65°. 
We also report Invariant cross sections for negatively charged hadrons as a function of 
transverse momentum. 


The discovery of a copious yield of hadrons' 
produced at high transverse momentum provides 
a new tool for short-range hadrodynamics. We 
have performed a hlgh-luminoslty, large-accep¬ 
tance search for “direct” leptons at the Fermi 
National Accelerator Laboratory (FNAL), ob¬ 
serving particles produced at wide angles in 300- 
GeV proton-nuclear collisions. In the course of 
this search, 9 we measure the spectra of electrons 
and positrons produced by y conversion In thin 
foils. The conversion-electron spectra allow us 
to deduce the jt° spectra under the assumption 
that all of the y’s come from it 0 decays. 1 Charged 
hadrons are also recorded simultaneously In this 
experiment. 

The extracted proton beam is transported -1.6 
km to the proton area at FNAL. The last stage 
of the transport system forms a parallel beam 
which drifts - 700 m before being brought to a 
0.4 xS-mm* focus. The optics permit stable op¬ 
eration with a 40% targeting efficiency on a Be 
target, 0.22 mm wide and 100 mm long. The 
small transverse dimension of the target and the 
small residual matter between the target and our 
apparatus represent < 0.9% of a radiation length 
for conversion of y *s In the direction of our de¬ 
tector. 

Our apparatus Is shown schematically in Fig. 1. 
A 0-mradx0-mrad aperture is defined by a tung¬ 
sten-lined steel collimator 8.2 m long, tapered 
to minimize wall illumination. The production 
angle is measured horizontally with data taken at 
SO and 83 mrad, corresponding to 85 and 93° In 
the proton-nucleon c.m. system. 

hi order to work at high luminosity, we choose 
to detect particles only after magnetic deflection 


in the vertical plane. The "point-source” target 
and trajectory In the vertical plane after the mag¬ 
net define the momentum. The horizontal-plane 
trajectory is UBed to verify the target source. 

The scintillation hodoscopes (210 elements), see 
Fig. 1, have a spatial resolution of 6 mm corre¬ 
sponding to a momentum resolution of 4% at 30 
GeV/c. Two magnet settings cover the entire 
kinematic range (Pi =2 to 11 GeV/e) with good 
efficiency and large overlap. 

Particle Identification 1 b obtained by using two 
calorimeters which follow the hodoscopes: a 


SIDE VIEW 



FIG. 1. Experimental apparatus for electron and y- 
ray study. Jf )t At, and are horlxontal hodosoopes. 
V, and Vj have vertical scintillator strips. A set of 
diagonal stripe near Vj is not shown. 


719 




Volume 33, Numcm 12 


PHYSICAL REVIEW LETTERS 


16 Septbkbeb 197 


total-absorption lead-glass electromagnetic show¬ 
er detector* to identify electrons, and a steel- 
scintillator hadron detector to separate muons 
from hadrons. 4 

The electromagnetic shower detector consists 
of 2 radiation lengths of lead followed by an ar¬ 
ray of 45 Identical SF-5 lead-glass blocks. Scin¬ 
tillation counters are placed just before and im¬ 
mediately behind the lead. The glass blocks are 
arranged in three layers (6, 8, and 15 radiation 
lengths, respectively) along the particle trajec¬ 
tory. The hadron calorimeter contains four ad¬ 
ditional scintillation counters for analog informa¬ 
tion and steel which, when added to the lead- 
glass, totals 1 kg/cm* of iron equivalent. 

An event trigger is generated by a series of 
scintillation counters near the hodoscopes and 
loss requirements in each hodoscope plane. To 
reduce hadrons in the electron-trigger sample, 
a large pulse height is required in a scintillation- 
counter array (T2) placed after the first layer of 
lead-glass. In addition, the total energy in the 
first two layers of glass is required to pass cer¬ 
tain preset threshold levels. The lowest-thresh¬ 
old triggers are prescaled so that a very large 
dynamic range in counting rate is sampled more 
uniformly. This trigger technique also serves 
to measure the trigger efficiencies for the higher- 
threshold events. 

Each block of glass and each scintillation show¬ 
er counter has its signal Integrated by a 1024 
channel analog-to-digltal converter. 8 Calibration 
and stability monitoring details are described 
elsewhere. 8 All the event information is passed 
to a PDP-15 computer for later analysis. The 
resulting electron-energy resolution at 40 GeV 
is better than 4% full width at half-maximum with 
gain shifts (after corrections) of less than due 
to time or entry location. 

A typical plot of energy deposited in the glass 
(£.') divided by the momentum (P) of the particle 
(i.e., the fraction of its energy that a particle 
leaves in the lead-glass) for all triggers is shown 
as distribution a in Fig. 2. Electrons, which be¬ 
gin to cascade in the lead and leave all their ener¬ 
gy in the glass, appear at E/P = 1, while most 
hadrons leave only a fraction of their energy and 
thus appear at E/P< 1. However, because of 
charge exchange and other processes, a signifi¬ 
cant number of hadrons (~1 in 2000) leave more 
than 90% of their energy in the glass and thus ap¬ 
pear as a background under the electron peak at 
E/P> 0.9. Hadron rejection is improved by ap¬ 
plying cuts on the longitudinal shower develop- 



FIG. 2. Distribution a: E/P distribution with no cut 
distribution 6: E/P with shower outs; distribution c: 
E/P with shower cuts and with 5-cm Pb which remove 
all electrons. 

ment In the array and cuts on the signals from 
the scintillation counters sandwiching the 2 radii 
tion lengths of lead. These cuts, about 80% ef¬ 
ficient for electrons, result in the E/P distribu¬ 
tion b shown in Fig. 2, where a clear electron 
peak is visible. 

The cuts, the requirement of showering in the 
lead, and the requirement that 0.95<E/P< 1,05 
combine to give a hadron rejection of better thar 
10 4 . We also study the E/P distributions with 5 
cm of lead inserted in the secondary beam pro¬ 
ducing an effectively pure hadron beam (dlstribu 
tion c. Fig. 2). No artificial peak appears in the 
cut distribution and the shape agrees with the 
background, below the electron signal. Subtrac¬ 
tion of this background (less than the signal ever 
in the worst case) leaves a very clean electron 
peak and gives a hadron rejection of better than 
10 s . 

In the ir° experiment, we take data with foils ol 
2, 4, and 6% of a radiation length inserted in th 
secondary beam upstream of the magnets to mea 
sure the spectra of electrons and positrons pro¬ 
duced by y conversions. A plot of the electron 
yield as a function of thickness is shown in Fig. 
3(a). The uncorrected points are from the raw 
data. Corrections are then applied to take ac- 
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FIG. 3. (a) Yield of electrons versus foil thickness, (b) Invariant cross section for conversion electrons. The 
errors shown are statistical only, (c) Invariant cross sections near 90°: a, b (this experiment); b , OCR modi¬ 
fied fit; c, k~ this experiment (*‘-x‘ +R” +f)\ d, (v + + »*)/2 (Ref. 6). 


count of the energy lose due to bremestrahlung 
by the electrons as they pass through the foils. 
The slope of the resulting line gives the number 
of electrons from y conversions per 1% radia¬ 
tion length. 

This slope is determined as a function of trans¬ 
verse momentum at both 50 and 83 mrad to ob¬ 
tain the spectra shown in Fig. 3(b), where the In¬ 
variant cross section for electrons from y-ray 
conversions in 1% radiation length is plotted. 
These data are taken on a Be target, and are 
normalized to a cross section per nucleon by di¬ 
viding by 0, the ratio A(Be)/A(H)." Data are tak¬ 
en at different magnet currents which make dif¬ 
ferent sections of our spectrometer sensitive to 
the same transverse momentum. The yields are 
in excellent agreement, providing a sensitive 
check of our understanding of the acceptance of 
our detector. The data are averaged over polari¬ 
ty since, as expected for electrons from conver¬ 
sions, there is no difference observed between 
electrons and positrons. 

Figure 3(c) shows an invariant cross section 
for v° production at 90° which would give rise to 
the electron data of Fig. 3(b). Systematic uncer¬ 
tainties in the absolute normalizations are be¬ 
lieved to be smaller than 30%. A potentially 
larger error in the *° cross section could come 
from other sources of y’s. For instance, if the 
r/° is produced with the same cross section as 
the v°, its decay mode into two y’s would mean 
we have overestimated the v° cross section by 
about 35%. 

We have at the same time measured charged- 
hadron spectra with a trigger that complemented 
the electron trigger and also used the informa¬ 
tion from the hadron calorimeter to reject muons 


and backgrounds. 

The resulting P x distribution for negative had¬ 
rons (expected to be about 88% i ) 7 is given in 
Fig. 3(c). Also shown is a fit to the jt° spectrum 
of the CERN-Columbia University-Rockefeller 
University collaboration (CCR) 1 modified to fit 
smoothly at moderate P lt 


E 


d 3 a 15 mb 

dp~ 


(fft'+ij* e *P(- 13 *A 



(i) 


and the average of the charged-pion spectra mea¬ 
sured at FNAL by the University of Chlcago- 
Princeton University group reduced from p -Be 
to P-N collisions by using the same factor of A." 

The w° data at 90° are in excellent agreement 
with the modified CCR fit. Furthermore, the in¬ 
variant crosB sections at 65 and 93° are very 
similar, indicating that any angle dependence be¬ 
yond that given in Eq. (1) is not large. 

Finally, charged-hadron spectra have a slope 
indistinqulshable from that of the v°. These data 
also agree very well with the FNAL work of 
Cronin et al. for x x <0.5. 7 

It is a pleasure to thank the staff of FNAL and 
especially of the proton section for their efforts. 
We are also deeply indebted to Mr. T. E. Nur- 
czyk, Mr. F. R. Pearsall, and Mr. S. J. Upton 
and the staff of Nevis Laboratories for their help 
in the design and implementation of the apparatue. 
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Observation of Direct Production of Leptons in p-Bc Collisions at 300 GeV 

J. A. Appel, M. H. Bourquln, I. Gaines, D. C. Horn, L. M. Lederman, H. P. Paar, 
J.-P. Repellln,* D. H. Saxon,t H. D. Snyder, J. M. WeiBB, and J. K. Yoh 
Columbia University, Nate York, Note York 10027X 

and 

B. C. Brown, J.-M. Galllard,* and T. Yamanouchl 
Farmi National Accalarator Laboratory, Batavia, Illinois 605101 
(Reoeived 15 July 1974) 

Direct production of electrons and muons is observed in 300-GeV p -Be collisions. The 
yields are much higher than predicted from current models. Data are consistent with 
charge symmetry and universality. 


We describe here the observation of high-trans¬ 
verse-momentum electrons and muons produced 
directly In proton-beryllium collisions at 300 
GeV. 1 The primary motivation for this measure¬ 
ment is the search for the parents of "direct" 
leptons.’ Candidates for the parents include (i) 
virtual massive photons, (li) vector mesons (p, 

<t>, <p,.. .) produced with large transverse momen¬ 
tum, (ill) intermediate bosons (W*, Z°, ...), (lv) 
charmed particles, and (v) heavy leptons. 

Electron detection has the virtue of high resolu¬ 
tion in energy and angle. This Is Important in 
maintaining sensitivity to "bumps" which would be 
generated by the two-body decay of one of the 
above parents with discrete mass M produced with 
email transverse momentum. A peak would ap¬ 
pear in the lepton transverse-momentum spec¬ 
trum at a value of Pj, m M/2. Muon detection has 
the complementary advantage of having back¬ 
grounds (v and K decay) which are lower by a fac¬ 
tor of ~4. 

The electron experiment Is performed with the 
apparatus already described.' A magnetic mo¬ 
mentum analysis followed by shower detection in 
a lead-glass spectrometer provides hadron rejec¬ 
tion of a factor of - 10 s . Efficiencies for electron 
detection are determined by studying the effect of 
cuts on an electron-enriched sample of events. 


A ready source of calibration electrons is ob¬ 
tained by inserting a 1-radiation-length conver 
er into the Intense y flux from the target. 

Two important backgrounds are the y conver' 
Bion in the minimum of material in the seconds 
beam and the v° Dalits decays. Both of these c 
be subtracted with high precision by the follow) 
method. A series of foils of known thicknesses 
are inserted into the secondary beam and the 
tron yield is plotted as a function of foil thlckrn 
[Fig. 3(a) of the previous Letter]. This permit 


TABLE I. Electron yield, normalised to r° yield.* 
1.9 < Pj. < 4 GeV/c. 


**1 + . 

Il.6 + 0.8Tj°/x®]xlO* 4b 


1 +O.SBi/’V 

n ’ ~~€VV 

10’* 

T— ’ 9V 

10‘ T 

la. 

< 

t 

V 

3 x 10'* 

Ki~***e~v 

2X10"' 

Hyperons 

3 x 10‘ * x (hyperon/x*) b 

Signal 

~lxio -4 


*We assume in the paper that y's arise from 
rf production were to equal r 1 production there would 
result a 7% Increase in the Dalits subtraction. 


b S*/x' and hyperon/x* refer to the ratio of products 
cross sections for these particle a. 
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FIG. 1. (a) Comparison of positive and negative direct electrons at SO and 83 inrad (corresponding to 66 and 93° 
n the proton-nucleon cm. system), (b) Invariant cross sections per nucleon for direct electrons, (o) Direct elec- 
ion to x* ratios. 


s to extrapolate back (0.7% of a radiation length 
i 83 mrad and 0.9% at 50 mrad, including target 
hickness) to zero matter In the secondary beam, 
'his leaves an electron signal due only to short - 
lved sources. The contribution of Dalltz pairs 
s also known since they are derived from the 
lame parent-* 0 spectrum measured by the slope 
if the foil-conversion curve (with a small correc- 
lon for the finite mass of the Dalltz pair). Other 
■ackground sources, listed in Table I, are negll- 
dble. 

The residue after subtractions Is the direct elec- 
ron signal, statistically significant to better than 
0 standard deviations. This signal, at a consis- 
ent level of -10" 4 of the *°’s, persists in spite 
if a large Berles of critical tests for spurious 
ources: collimator-wall conversions, hadron 
ackground, extrapolation nonllnearltles, air con- 
amlnatlon of the He In the target region, and de- 
lendence on the viewing angle. 

The extrapolation Is done in bins of transverse 
nomentum for both electrons and positrons. The 
charge asymmetries of the directly produced elec- 
rons are given In Fig. 1(a). The two charges 
lave equal yields and are averaged to give the 
nvariant cross sections in Fig. 1(b). The plotted 
.rrors are statistical only. While overall normal- 
zatlon uncertainties may be as high as 50%, the 
'alio of direct electrons to i®6 Is measured quite 
'ell by comparing the signal with the slope of the 
oil-conversion curve In each transverse-momen- 
um bln. The variation in this ratio with P ± is 
ihown In Fig. 1(c). 

The cross sections are seen to fall smoothly 
ver lour decades with no evidence of bumps. It 
hould be noted that the acceptance Is relatively 


flat out to P x ~ll GeV/c, the kinematic limit. A 
run with 5 cm of lead at 6 m from the target dem¬ 
onstrates experimentally that the source of the 
electrons must have a lifetime lesB than lCT’Af 
sec, where M is the mass of the parent In GeV/c*. 

To detect muons, we add to our apparatus (1) 
x and y hodoscopes at 10 m from the target to Im¬ 
prove background rejection and (2) a hadron ab¬ 
sorber, 0.9 m of Heavimet on a movable sled. 

The face of the absorber can be placed as close 
as 32 cm from the center of the target and Kb 
position Is varied In order to change the decay- 
in-flight path of r’s and K’b. The absorber sub¬ 
tends at least 35 mrad beyond the actual accep¬ 
tance so that all but an insignificant number of 
particles must traverse the entire absorber in 
order to be accepted. Two additional absorbers 
(2 m of graphite and 0.5 m of polyethylene) are 
permanently mounted downstream. These addi¬ 
tional absorbers do not significantly affect the 
multiple scattering and together with the Heavi¬ 
met absorber reduce the flux of hadrons travers¬ 
ing our apparatus by a factor of 10 4 . The remain¬ 
ing hadrons (~i of the particle flux) are Identi¬ 
fied with a hadron calorimeter.* 

Extrapolation of the muon yield to zero decay 
path for hadron decay results in the "direct-pro¬ 
duction" muon signal. Figure 2(a) shows a sam¬ 
ple of the data plotted as a function of the avail¬ 
able decay path (Including the 15± 3-cm mean de¬ 
cay path In the Heavimet). A clear signal, equiv¬ 
alent to ~ 50 cm of * and K decay path, Is seen. 
The signal corresponds to -10* 4 of the pion pro¬ 
duction. Backgrounds, such as long-lived had¬ 
ronic sources, muon leakage around the absorb¬ 
er, and target-out events, are all negligible. 


723 




Volume 33, Numb** 12 


PHYSICAL REVIEW LETTERS 


16 SimMBU 1974 



bJ 


& 

2 


* p UNCORRECTED 
o fJ-' CORRECTED 

(a) 




0 I 2 

DECAY LCNG1H0N METERS) 



p x [Q&J/c) 


FIG. 2. (a) Muon yield versus decay path. The slope gives the contributions of pious and kaons (2.0* P* 2.6 
GeV/c). The corrections are for multiple-scattering effects, (b) Invariant cross section per nucleon for dlreot 
muons near 90" in the c.m. system. 


Multiple-scattering effects, the critical correc¬ 
tions in this type of experiment, are evaluated 
by Monte Carlo calculations. Since all the ab¬ 
sorbers are always in the path of the accepted 
particles, the change In acceptance Is due to the 
change in lever arm in the multiple scattering 
and amounts to less than 30% for P x >2.5 GeV/c. 
The effect of the energy loss In the absorbers is 
simply to shift the spectrum In P x by a well- 
known amount. 

Figure 2(b) shows our preliminary results for 
/> + Be — p + anything. Again, p*/p' Is consistent 
with 1. Although the muon Invariant cross sec¬ 
tion is, at present, lower than the electron cross 
section, our absolute normalization uncertainty 
of 50% could account for the difference. 

In seeking to interpret these results, we can 
tentatively exclude W’b as the parents since these 
would produce a peak and the charged variety 
should show a+/-asymmetry. Charmed parti¬ 
cles may also show a charge asymmetry. Only 
a double-arm experiment 4 can establish whether 
we are observing single leptons from the decay 
of forward massive virtual photons or the leptonic 
decay of hlgh-Pj. low-mass particles (e.g., vector 
mesons). Table II lists the standard vector me¬ 
sons and their relative contributions to the direct 
lepton signal, with the assumption that the spec¬ 
trum of each vector meson is the same as the ob¬ 
served spectrum of neutral pions.* 

An explanation of the lepton flux, consistent 
with the equality of the three plon charge states 


and not violating the K/n ratio, Is p*=p° = <u° = <p° 
~4 times the direct (l.e., not from vector meson) 
it 0 production. The direct leptons then arise pri¬ 
marily from the <p°. The constancy of the ratio 
of leptons to pions as a function of P x tends to fa¬ 
vor this hypothesis. An overwhelming production 
of vector mesons in close hadron collisions, If 
confirmed, may have profound implications for 
the strong interactions. For reference, we note 
that the lepton yields observed here are 1-2 or¬ 
ders of magnitude higher than the predictions of 
par ton-annihilation models.' We are aware of two 
other searches for muons*' 1 and one for electrons 
which give similar results. 

Assuming that three events within a resolution 
bln (± 3% for electrons) would have been observed 
with a 95% confidence level, we set a limit on the 
production of leptons with ^>4.5 GeV/r of a 
tlO’^cm*. To make more Incisive statements 


TABLE II. Direct lepton sources. (P ± )~ 3 GeV/c. 


Source 

N,/N w 0 

p'-Ti’ 

5 x 10"* * 


3 x 10" 5 * 

u>°-i *r 

7 x 10-“ 

-i*r 

~ 5 x lO -1 

Signal 

(Drell-Yan) 

~1x 10’ 4 


‘Assuming N r ~N 
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on the production of W’b, etc., one requires 
'plausible models for production and decay, a com¬ 
modity In rare supply these days. Data on mas¬ 
sive-photon production would be even more use¬ 
ful.* 
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Neutron-Proton Total Cross Sections from 30 to 280 GeV/c* 


Michael J. Longo, Cyril A. Ayre, H. Richard Gustafson, Lawrence W. Jones, 
P. V. Ramana Murthy.t and Patrick Skubic 
Department of Physics. University af Michigan, Ann Arbor, Michigan 49104 

and 

Bruce Cork 

Lawrence Berkeley Laboratory, University of California, Berkeley, California 74720 

(Received 1 July 1974) 


We present results of measurement* of toe n-p total cross section between 30 and 280 
GeV/c. The measurements were carried out with a neutron beam by ualng the standard 
transmission technique and a liquid-hydrogen target, A total-absorption calorimeter was 
used to determine toe neutron energy. Our measurements, which have an accuracy of 
-1%, Indicate a smooth rise of approximately 1.5 mb between 50 and 280 GeV/c. The 
combined n-p and p~P data above 20 GeV/c are well fitted by toe expression o-38.4 
+ 0.85lln(*/95)l‘* 4f mb. 


In this article we present the results of a se¬ 
ries of measurements of neutron-proton total 
cross sections from 30 to 280 GeV/c. The mea¬ 
surements were carried out In a neutron beam 
at the Fermi National Accelerator Laboratory. 
The standard transmission technique was em¬ 
ployed with a 1.2-m liquid-hydrogen target. A 
total-absorption Ionisation calorimeter was used 
to detect the neutrons and measure their 'energy. 

The neutron beam was taken off at an angle of 
1 mrad from a beryllium target in the external 


proton beam. Most of the data were taken with 
an Incident proton momentum of 300 GtiV/c; 
some data were also taken with 200-GeV/c pro¬ 
tons. The beam was defined by a steel collima¬ 
tor 1.58 mm in diameter, placed 198 m from the 
production target. Sweeping magnets before and 
after toe defining collimator removed charged 
particles from the beam. Two lead filters, one 
5 cm thick ahead of the defining collimator and 
the other 1.3 cm thick following the collimator, 
removed most of the high-energy y rays. The 
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FIG, 1. Schematic of experimental arrangement. Not to teal*. 


neutron spectrum peaked strongly near 230 
GeV/c. Below about 100 GeV/c, the beam con¬ 
tained a significant admixture of fS’a, K 0 ’ s, and 
y rays. 1 

The experimental arrangement is shown sche¬ 
matically in Fig. 1. Relative beam intensity was 
measured by two monitor telescopes placed in 
the beam Just ahead of die hydrogen target. Each 
telescope consisted of a veto counter followed by 
a 1.6-mm-thick Lucite converter and three small 
scintillation counters in triple coincidence. The 
liquid-hydrogen target was a flask 1.2 m long 
and 5 cm in diameter operated near atmospheric 
pressure. Mounted next to the target in the same 
vacuum jacket was an evacuated dummy target. 
During data taking the two targets were inter¬ 
changed about once per minute. The length of the 
target was found to be 121.53 ±0.03 cm at liquid- 
hydrogen temperature. 1 The target pressure 
was monitored continuously so that the hydrogen 
density could be determined accurately. Suffi¬ 
cient time elapsed between filling the target and 
taking data to insure that the orthohydrogen-to- 
parahydrogen transition was complete. Hydro¬ 
gen-density and vapor-pressure data were taken 
from a recent U. S. National Bureau of Standards 
compilation. 1 The uncertainty in the final cross 
sections due to uncertainties in the target length, 
density, hydrogen purity, and other target prop¬ 
erties is estimated to be <0.2%. 

The ratio of the beam transmitted by the hydro¬ 
gen target to that by the dummy target was mea¬ 
sured by placing a 1.25-cm iron converter in the 
beam, followed by seven circular transmission 
counters and a total-absorption calorimeter (see 
Fig. 1). The transmission counters D t ~D T ranged 
from about 1 to 5 cm in radius, compared to the 
beam radius of approximately 0.2 cm. The small¬ 
est counter was in contact with the iron converter 
and the largest was about 1.3 cm away. Charged 
particles formed by neutron interactions in the 
iron converter tend to go nearly along the direc¬ 
tion of the incident neutron so that the transmis¬ 


sion counters saw a charged-particle distribu¬ 
tion which closely approximated the distribution 
of transmitted neutrons at the iron converter. 4 

The calorimeter was placed Just downstream o 
the transmission counters and provided a mea¬ 
sure of the energy of the incident neutron. The 
calorimeter and its properties are discussed by 
Jones et al .* Briefly, it consisted of thirty iron 
plates, each 30 g cm* 1 thick, interspersed with 
thirty scintillators. The light output from the 
scintillators was optically added and brought to 
four RCA 8575 phototubes. The summed output 
pulse from these was roughly proportional to the 
energy of the Incident neutron. Measurements 
taken with a monoenergetic proton beam show 
that the calorimeter had an energy resolution 
(standard deviation) of 12 GeV at 200 GeV and 
17 GeV at 300 GeV. 

A total of 64 coincidences of various kinds wen 
scaled and recorded. Most of these were of the 
type A 0 A 1 D,D jtl C t , whereA 0 andA 1 are theveti 
counters shown in Fig. 1 and C, represents a 
pulse from one of seven discriminators which 
were set to trigger only if the pulse height from 
the calorimeter exceeded some minimum 6,. Th< 
6< corresponded to energies deposited in the calo 
rimeter of approximately 14, 52, 104, 154, 206, 
231, and 252 GeV/c. The neutron spectrum couk 
thus be divided into the seven momentum ranges 
given in Table I by subtracting counts in succes¬ 
sive momentum bins (e.g., A 0 A 1 D,D m C( 
-A a A l D j D j + l C i . 1 ). The other scaler channels 
recorded the beam monitors, accidental coinci¬ 
dences of various kinds, singles rates, proton 
beam intensity, etc. 

The scaler counts were recorded on magnetic 
tape after every beam pulse. This allowed the 
later editing of occasional bad beam pulses. Data 
were taken in “runs'’ lasting from 30 to 90 min. 
For each run the pulse-to-pulse variations in 
s cater-to-monitor ratios were checked. These 
were consistent with expected statistical fluctua¬ 
tions in most cases; if not, a larger error was 
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TABLE L Measured croaa sections tad corrections. 


HoMntoa 

(0«V/c) 

Rang* 

0 (0,D,1* 

(■tor 

Typical 

Rata 

Correction 

SASj. 

Max. 

M»in 


(«b) 

252 

300 

273 

40.20i0.22 

(-0.8i0.06) 

231 

252 

240 

39.58A0.23 

(0i0.05) 

206 

231 

215 

39.71±0.23 

(-KJ.2iO.06) 

154 

206 

180 

39.55±0.19 

(+0.3i0.06) 

154 ‘ 

206 

17S b 

39.17±0.36 

(-0.4i0.22) 

104 

154 

131 

38.78±0.22 

(i0.2Si0.06) 

104 

154 

133 b 

39.10±0.30 

(+0.25i0.20) 

52 

104 

eo 

37.56i0.25 

(+0.3±0.07) 

52 

104 

80 b 

38.30i0.34 

(-KJ.25iO.20) 

14 

52 

34 

34.52i0.38 

(-KJ.20i0.10) 

14 

52 

34 b 

35.09i0.60 

(-KJ.15iO.41) 


tetrap. 

Baaa 

Total Croaa 

Jhvaraga 

to zaro 

Contaja. 

■action 


solid angla 

Corr. 

(■b) 


(Bb) 

40.12i0.06 

40.0Bi0.04 

40.08i0.04 

40.07i0.04 

40.04i0.02 

{mb) 

40.3210.23 

39.66*0.24 

39.7940.24 

39.6240.20 

39.2140.36^ 

39.5240.18 

40.0940.05 

40.2740.08 

39.14i0.24 ^ 
39.2140.30^ 

39.1740.19 

40.06i0.03 

40.0540.04 

40.1140.06 

4-1.3540.37 

39.0240.45 

36.9640.33 

40.2240.07 

4-0.4340.20 

38.954Q,40^ 

40.3740.15 

4-2.9540.81 

37.8440.91 ^ 
38.8241.09 ' 

38.240.9 

41.540.35 

4-2.2340.84 


‘Corrected for rate effects. 


assigned or the data were rejected. The final 
sample includes data from 80 runs with 300-GeV/ 
c Incident protons and 40 runs with 200-GeV/c 
protons. Over the course of the measurements, 
which spanned about 10 months, accelerator per¬ 
formance (in particular, duty cycle and beam sta¬ 
bility) improved markedly. Despite the wide 
range of conditions the measured cross sections 
showed a high degree of consistency after small 
corrections for a rate effect were made as dis¬ 
cussed below. Corrections to the cross sections 
were -1% except for the lowest momentum bln. 
These are described below and numerical values 
are given in Table I. 

Rate effects. —Because we are making cute on 
the neutron pulse-height spectrum to determine 
the neutron energy, any shift in the pulse-height 
spectrum between target empty and target full 
will cause a systematic error in the cross sec¬ 
tions. Some variation of the cross sections with 
beam rate was observed. This was due to pileup 
of pulses from the calorimeter' which occurs 
more frequently with the target empty. This ef¬ 
fect is expected to give an error which is a near¬ 
ly linear function of beam rate. Corrections 
were made by extrapolating the cross sections 
linearly to zero rate. Table I gives typical val¬ 
ues for this correction. 

Finite solid angle .—The measured cross sec¬ 
tions were extrapolated to zero solid angle in the 
usual way. The smallest counter subtended an 
extremely small solid angle so that thla Correc¬ 
tion was quite small as shown in Table I. 

Beam contamination. —The lowest three energy 


b Taken with a 200-GeV proton beam. 

bins contained a nonnegligible admixture of K 0 ’ s. 
The procedure for determining the fraction of 
K°’b in the beam and the K° total cross sections 
is described in Ref. 1. The lowest energy bln 
also contained a significant admixture of y rays 
and B’s. The n/n ratio was assumed to be the 
same as the p/p ratio in a similar charged beam. 7 
Because this assumption is open to question, a 
large uncertainty was assigned to this correction. 

The final cross sections are given in Table I. 
The assigned errors include the statistical errors 
and the uncertainties in the rate corrections, the 
extrapolation to zero solid angle, and the beam 
contamination, all combined in quadrature. Our 
results are compared to available n-p data* and 
p-p data* in Fig. 2. Our data connect smoothly 



no. 2. n-p and p-p total cross sections. Not all die 
data below 60 QeV/c are shown. • 
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to the lower-energy n-p data. They indicate a 
smooth rise of about 1.6 mb in the n-p total croea 
section between 50 and 280 GeV/c. In general, 
the n-p and p-p total croes section* seem to be 
approximately equal over the range 30 to 300 
GeV/r. Our highest-energy n-p points agree 
farlly well with the p-p total cross sections at 
200 and 300 GeV/c measured previously by our 
group. 10 The combined n-p and p-p data above 
20 GeV/c can be well fitted with the expression 
cr* 38.4 + 0.85 lln(s/95)l 1 - <T mb. 
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National Accelerator Laboratory staff for their 
help and cooperation. We also wish to thank 
F. Rlngla, D. Koch, J. Stone, J. Chanowskl, and 
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'For a detailed description of the beam see, M. J. 
Longo et al ., University of Michigan Report No. UM BE 
74-18 (unpublished). 

'The target length was measured at room tempera¬ 
ture and at liquid-nitrogen temperature. Since die 
flask waa made of a known aluminum alloy, the length 


at hydrogen temperature oould be easily calculated 
from thermal-expansion data. The change in length 
from nitrogen to h ydrogen temperature was only 0 . 2 %. 

*H. M. Roder et al. , Surrey of the Proparti** of the 
Hydrogen Isotopes baton Thatr Critical Temperatures , 
U. 8. National Bureau of Standards Technical Note No. 
641 (V. 8. OPO, Washington, D. C. 1973). 

*Beoauee of the finite opening angle of die oone con¬ 
taining the oherged secondaries, the effective else of 
die transmission oountors was somewhat larger than 
their geometrical else. The effective else was deter¬ 
mined by seaming the beam stepwise across the iron 
converter. This gave the probability of detecting a neu¬ 
tron as a function of dlstanoe from die beam axis. 

5 L. W. Jones et al.. University of Michigan Report No 
UM HE 73-24 (to be published). 

*Thla is a partial ooinoidence of two pulses from the 
calorimeter which shifts one or both pulses to a higher 
energy bln. 

*W. F. Baker et d... “Measurement of r ♦, JT*, p , 
and p Production by 200 and 300 GeV/c Protons” (to be 
published). 

‘Serpukhov neutron-beam data: A. Babaev et al.. In¬ 
stitute of Theoretioal and Experimental Physios Report 
No. ITEP-11 (to be published). Serpukhov pd-pp da¬ 
ta: Yu. P. Gorin el al., Sov. J, Nuol. Phvs. 17. 167 
(1873). 

'References to the p-p total oroaa section data are 
given fay H. R. Gustafson et at., Phys. Rev. Lett. 82, 

441 (1974). The 300-GeV/c bubble-chamber measure¬ 
ment is that of A, Firestone et al., Phys, Rev. D (to be 
published). Their result is 40.68± 0.39 mb. 
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Pion-Nucleon Form Factor in the Chew-Low Theory* 

C. B. Dover 

Broohhaven National Laboratory, Upton, Now York 11973 

and 

D. J. Ernst, R. A. Friedenberg, and R. M. Thaler 
Physics Department, Case Western Reserve University, Cleveland, Ohio 44106 
(Received 1 July 1974) 

We suggest a form of the off-shell pioo-nucleon amplitude which is motivated by simple 
field-theoretic considerations. This amplitude contains a momentum-dependent form fac¬ 
tor v(k) which we determine by solving an inverse scattering problem, using the experi¬ 
mental phase shifts and Inelasticities as Input. 

Phenomenological plon-nucleon Interactions have been of the form of zero-range Interactions, 1 of 
separable energy-Independent potentials,* and of separable energy-dependent potentials.* Each ap¬ 
proach yields a different off-shell two-body T matrix, even though the on-shell data may be reproduced 
The sensitivity of the plon-nucleus cross sections to the off-shell behavior has been explored by var¬ 
ious authors.' 1 

Here, we attempt a somewhat more fundamental view. We seek as much guidance as possible from 
an underlying field theory, even though such guidance may be incomplete. We use a nonrelatlviatic 
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pion-nucleon Interaction Hamiltonian H int which couples the plon field linearly to the nucleon density, 
vis., 




(0 


where Q* 0 *[2w,(fc)J' lA (JJ» 0 +.B.n, T ); B to T and a, V T are the creation aerators for a plon or nucleon of 
momentum h and spin-isospin state a or v*{o, r}, respectively. The ad hoc form factor v(k) provides 
a high-energy cutoff. Our objective is to obtain «/(*) directly from the »W-scattering data. Thus we 
view H lat as a semiphenomenologlcal model. The flexibility allowed by v(k) suffices to enable the mod¬ 
el to establish contact with t.V data. Such a treatment ia not meant to replace a more fundamental 
theory.* 

In the static limit, this Hamiltonian leads to a Low equation for the pion-nucleon scattering ampli¬ 
tude,* 


<p|7(u>,)|q) * -SJ(f>|T 1 ’|«)(s|7’|9)/(E, - o> f -f£) + (fl|T t |n)(n|7’|p)/(£ s + »„)], (2) 


where Is) and E m represent a complete set of states and their corresponding energies. These states 
Is) correspond to a physical nucleon plus s physical pions. If we now truncate the Bum over n to in¬ 
clude only the single-nucleon and the nucleon-plus -one -plon Intermediate states (thereby ignoring 
plon production in pion-nucleon collisons), and further ignore s >0 contributions to the crossing term, 
we can write the solution to the Low equation as 6 ' 7 




hnSe. f’J&L «>*(#) V* 

* J o «w (P) W,(p)-W.-fC/ 7 


(3) 


where a m {2J, 27} Indexes the spin-isospln channel and X n « (/V4i)(2/3p*)[-4, -1, -1, 2] for c-[ll, 13, 
31,33]. The off-shell dependence of T a Indicated by Eq. (3) cannot be reproduced by an energy-inde¬ 
pendent potential, although an energy-dependent potential can be found which will do so.* 

We would like to determine v(q) from the pion-micleon elastic-scattering data. However, Eq. (3) Is 
not adequate for that purpose, since it yields real phase shifts beyond the pion-production threshold. 
Thus, one must go beyond the one-meson approximation and take account of inelastic channels. 

We propose to replace the energy-independent coupling constant x„ by X 0 y D (u),), where y a (w„) is a 
complex function.* This leads to a modification of Eq. (3) in which the denominator becomes 




1 


P\d p _ p, te> 

v J 0 w f *(p) ".(A) - "*(«) - ie • 


(4) 


Such a replacement results, in the static limit, from the inclusion of a large subset of the neglected 
multiplon terms on the right-hand side of Eq. (2). Thus cur approximation is similar to the Chew-Low 
approximation with a much less radical truncation of Eq. (2). However, this argument is not compel¬ 
ling, because the static limit becomes a poorer approximation as more pions are produced. 

Inclusion of the factor y 0 (w w ) permits us to satisfy unltarlty, so that the T matrix will have the ap¬ 
propriate discontinuity across the inelastic cut. As a consequence of unltarlty, y 0 (w„) and [y^w,)]* 1 
satisfy dispersion relations. We assume that y(w,)-1 as The behavior of y(u>„) is discussed 

in Ref. 3 for potential scattering. Similar considerations obtain here. Thus we write 



The above theory is derived for Infinitely massive nucleons. We wish, however, to make contact 
with the scattering from finite-mass nucleons. Customarily, this is done by identifying q in Eqs. (3) 
and (4) as the momentum of the plon in the c.m. frame. With this identification, the T matrix satisfies 
the unltarlty relation 




( 6 ) 


The physical T matrix for the scattering from a finite-mass nucleon, however, satisfies a unltarlty 
relation of the form of Eq. (6), with [qw T (g)j replaced by [ffw„(ff)J<i>#(g)/w(9), where a>(?)*u> ( (g) +<•>*(*) 
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a (q* +m w *) w + (f , +»»? i , , ) v \ To nuke contact with the data, we thus modify Eqs. (8) and (4) to satisfy 
the finite-mass unitarlty relation. This can be done by replacing u t (q) in Eqs. (3) and (4) by 2„(?) 
*«(«) -m 0 . 

With thin modification, we may invert Eqe. (3) and (4) to determine v(q) from the elastic -scattering 
T matrix. Using Eqs. (3) and (4) we may write 


Im— --La bnC ——_\ 

rj.&,(</)) • &,(<?> L (q))/ w (q) 

If we introduce the Inelasticity parameter rj and the real phase shift 8 via 3 
T a (q) M - [2»ai(9)/q(j l (fl)w J ,{q)Jn a (9)exp[« 0 (q)]sln6 0 (c), 
we find 


(7) 

( 8 ) 


D (W ) C i -in jglfellldiaH ~ <u> -m^/St {(>)} 

iJ 0 2,*(p) w-»{p) + U 


(») 


Since D 0 (w) does not approach unity as tu-», we consider the ratio D a (u))/f> 0 (°°). The analytic struc¬ 
ture of D a (u>) Implies that the logarithm of this ratio satisfies a dispersion relation, i.e., 


0 o (°°) t J u>'-w 

Using the relation Imln[u 0 (bi(p))/D a («)]> -6 a (p), we find that Eq. (10) has the solution 
D a (.u)/D a («>) - exp{»" l /8 0 (p)dw(p)/Ia> - w(p) + f« ]}. 

If we equate the Imaginary parts of Eq. (0) and (11) we find 

- .asa ffiffl sln9„(g) exp ('-pfLpw)' 

U 0 W X 0 q 3 u„(q) ° *\t J ui(q)-w'/ 


( 10 ) 


( 11 ) 


( 12 ) 


The limit of Eq. (9) then yields 


0 o H = 


1+H(«)f 

* J o 


P*dP «* a (/») 
w t *(p) O n (“)‘ 


(13) 


Equations (12) and (13) represent the solution of 
the problem. 

We have numerically evaluated the form factor 
v(q) for the {3, 3} channel according to Eqs. (12) 


^ and (13). We have used the CERN theoretical fit* 0 
for the phase BhiftB for c.m. momentum less than 
692 MeV/c, and have attached a tail of the form 
A/(p -f>o) a to bring the phase shifts 8 (p) smooth¬ 
ly to zero. The phase shllt 8 (p) and Inelasticity 
parameter r}(p) are depicted in Fig. 1. 

In Fig. 2, we have plotted [y(£S f 'O)] 1 ^^), We 



FIG, 1. Experimental parameters S(p) and fj(p) as 
defined In Eq. (8), 



FIG. S. Fora factor as oaloulated from 

Eqe. (IS) and (13). The values of 8 and 1} used In the 
calculation are depicted in Fig. (1). 
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FIQ. 3. Energy dependent coupling constant y&„)/ 

•y(0). The ela*tic threshold is marked by £ c *nd the In¬ 
elastic threshold by E t . The solid line is the real part 
of y(a,)/y<0) and the dashed line Is the Imaginary part. 

plot lr(w t a® this yields the residue of 

the T matrix [cf. Eqs. (3) and (4)] as <2 W approach¬ 
es zero. We have taken / a /4t = 0.08, and find 
that Inclusion of the Inelastic cut in the T matrix 
yields an effective coupling constant of (/*/4tr) 

Xy (to, * 0)ti a (0) = 0.115. 

That this value differs from 0.08 Is not surpris¬ 
ing If we look at ?(£>,) as shown In Pig. 3. At low 
energies y(dj w ) varies rapidly with energy. The 
extrapolation to u> ¥ = 0 is, therefore, sensitive 
to details of the theory (such as how one Includes 
the finite mass of the nucleon or how one treats 
the high-energy tall of the phase shifts). Thus, 
we do not place undue emphasis on the details of 
these calculations at this time, but rather present 
a phenomenology which Is consistent with the 
Chew-Low theory and can also fit the elastic- 
scattering data. 

Pram Fig. 3, we observe that y(Q> t ) has a sing¬ 
ularity between the resonance and the Inelastic 
threshold. This singularity in y(5,) does not Im¬ 
ply any special properties of the elastic-scatter¬ 
ing T matrix. Again, the existence and position 
of this singularity Is sensitive to details of our 
model, and perhaps one should not ascribe any 
special significance to it. 

At the same time It Is Important to not that v(q) 
(at momenta below ~800 MeV/c) Is Insensitive to 
these details, so that we have greater confidence 
In the form factor. But It is Just this form factor 
which we seek to determine In order to tie down 


the Interaction Hamiltonian of Eq. (1). Moreover, 
It Is this Interaction Hamiltonian which we re¬ 
quire to build a theory of pton-nucleus scattering. 

Retardation effects 11 and the energy dependence 
of the pion-micleon interaction might be expected 
to play a more Important role in pion-nucleus 
Interactions than In nucleon-nucleus Interactions. 
For the nucleon-nucleon case, field theory sug¬ 
gests that an energy-indepewlent Interaction Is 
plausible. For the plon-nucleon case, however, 
field theory does not yield energy-independent 
potentials. Therefore, we have attempted an 
approach to the plon-nucleon Interaction which is 
capable of fitting exactly the plon-nucleon data 
and of maintaining some contact with an under¬ 
lying field theory. We suggest that studies of 
plon-nucleus scattering be based on an interac¬ 
tion Hamiltonian of the type we propose, rather 
than upon two-body potentials. 


*Work supported In part by the U. 8 . Atomic Energy 
Commission and the National Science Foundation. 

'L. S. Rise linger, Phys. Rev. 98, 761 (1856)j M. M. 
Stemhelm and E. H. Auerbach, PhyS. Rev. Lett. 26 , 
1500 (1B70); see also M. Sternhelm, In LASL Report 
NO. LA-6443-C, 1973 (unpublished), p. 43. 

! M. G. Piepho and G. E. Walker, Phys. Rev. C 9, 
1362 (1974); R. H. Landau and F. Tabakln, Phys. Rev. 
D 6, 2746 (1972); 8. C. Phatak, F. Tabakln, and R. H. 
Landau, Phys. Rev. C 7, 1803 (1973); see also G. E. 
Walker, in LASL Report No. LA-5443-C, 1973 (un¬ 
published), p. 72. 

*D. 3 . Erast, i. T. Loud organ, E. 3. Moniz. and 
R. M. Thaler, to be published. 

4 R. R. Silbar and M. M. Sternhelm, Phys. Rev. C 6, 
766 (1972); E. J. Moniz, Phys. Rev. C 7, 1750 (1973); 
J. HUfner, Nucl. Phys. B68. 55 (1973); R. H. Landau 
and F. Tabakln, to be published. 

S P. Noth and 8. 8. Kere, In LASL Report No. LA- 
544 3-C, 1973 (unpublished), p. 220. 

*G. F. Chew and F. E. Low, Phys. Rev. 101 , 1670 
(1866); G. C. Wick, Rev. Mod. Phys. 27, 339 (1956). 

T C. B. Dover and R. H. Lemmer, Phys. Rev. C 7, 
2312 (1873). 

*C. B. Dover, D. J. Ernst, and R. M. Thaler, Phys. 
Rev. Lett. 32 , 567 (1974). 

•j. T. Loodergan, K. W. McVoy, and E. J. Moots, 
to be published. 

,S D. J. Herndon, A. Barbaro-Galtlerf, and A. H. 
Roseofeld, Lawrenqe Radiation Laboratory Report No. 
UCRL-20030, 1970 (unpublished). 

‘‘C. B. Dover, J. HUfner, and R. H. Lemmer, Ann. 
Phys. (New York) 66 , 248 (1971). 


731 





PHYSICAL REVIEW 
LETTERS 


Vouna 33 


23 SEPTEMBER 197 4 


Numbek 13 


Characterization of Charge States of Energetic Ions in Solids 
from Associated K X-Ray Production* 


Sheldon Data and B. R. Appleton 
Oak Ridge National Laboratory, Oak Ridga, Tomutsto 37830 

and 


J. R. Mowat, Roman Laubert,! R. S. Peterson, R. S. Thoe, and I. A. Sellln 
University of Ttmessaa, Knoxeilla, Tennessee 37916, and 
Oak Ridgt National laboratory. Oak Ridge, Tennessee 37830 
(Received 10 June 1974) 

The strong projectile—charge-state dependence of K x-ray production In gases estab¬ 
lishes a charge-state scale for tons penetrating solids. 81 K x-ray cross sections In 
gaseous SiH, were compared to those In solid 81 for 40-MeV O (6+ to 8+) and 86-MeV Ar 
(8+ to 16+) projectiles. For Ar an effective charge of 11 * 1 Is found compared to an 
emergent charge of 14.8 ± 0.5. The result Is discussed In terms of alternate models for 
steady-state excitation In solids. 


The states of energetic Ions penetrating solids 
have long been a subject of considerable study. 

In 1951 Lassen 1 found that the charge states of 
heavy Ions emerging from solids were consider¬ 
ably higher than those emerging from gaseous 
targets. However, it is also found that the elec¬ 
tronic stopping powers in solid media are essen¬ 
tially the same as those measured in gases, and 
the “effective charge" derived from stopping pow¬ 
ers in solids is that which is observed for ions 
in gases. 1 * 3 The first of two solutions to tills dis¬ 
parity suggests that dynamical screening by elec¬ 
trons in the solid tends to neutralise the excess 
charge on the ion moving in the solid. 4,1 Howev¬ 
er, at velocities e»t> 0 the effect of screening 
should be small, and recent experiments with 
channeled oxygen ions indicate that screening 
electrons are ineffective in altering the stopping 
power of an ion in a given charge state. 6 An al¬ 
ternative explanation was proposed by Betz and 
Grodtins’ who suggested that the actual charge 
state in the solid is much like that in the gas but 
that many of the bound electrons are in highly ex¬ 


cited states and are lost by Auger events after 
emergence. Hence, comparison of charge states 
inside the solid with emergent charge states pro¬ 
vides an experimental test of these theories. Re¬ 
lated studies of exit-channel effects* in quasi- 
molecular excitation and of x-ray satellite struc¬ 
ture generated by low-energy ions In solids* 
yield Information concerning average excitation 
states but do not permit direct determination of 
effective charge states in solids. 

We utilize the observation that x-ray produc¬ 
tion cross sections for high-velocity (1-4 MeV/ 
nucleon) ions are highly sensitive to the charge 
state of the projectile ion. 10 We reasoned that 
comparing the x-ray production cross sections 
in solid and gaseous targets containing the same 
target element would provide a measure of the 
charge state of the penetrating ion. 11 The results 
of these experiments are also critical to inter¬ 
pretation of measured heavy-lon-tnduced x-ray 
cross sections in solid targets. 

Beams of 88-MeV Ar*’ from the Oak Ridge 
isochronous cyclotron and 40-MeV O*’ from the 
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Oak Ridge tandem Van de Graaff accelerator 11 
were passed through foils for farther stripping. 

A pure-charge-state beam was then magnetical¬ 
ly selected and entered a differentially pumped 
windowless gas cell. The cell could be filled 
with SiH 4 gas at pressures of -20 mTorr, and 
x rays produced were counted by a SI (Li) detec¬ 
tor viewing the collision region at 90° to the 
beam. The maximum estimated charge exchange 
in the gas was always &5% so that single-colli¬ 
sion conditions with ions of known charge state 
were obtained. The measurement techniques 
have been fully described previously. 10 The sol¬ 
id targets consisted of thin Si films (7-50 Mg/ 
cm 1 ) deposited on a 150- Mg/cm* plastic backing 
which could be positioned at the center of the 
evacuated gas cell. The Si surface faced the 
beam and was tilted at an angle of 36° so that the 
S1(L1) detector could view the Si surface directly. 
In the Ar experiments an additional Si foil could 
be Inserted about 30 cm upstream of the cell. An 
entrant charge-state distribution characteristic 
of that emerging from solid Si could thus be pre¬ 
pared. The particle current was alternatively 
determined by Rutherford scattering from a gold 
foil placed behind the cell, or by a separated 
pumped, electrically and magnetically guarded, 
Faraday cup. 

Charge-state distributions for the oxygen ions 
emerging from Si were measured by using elec¬ 
trostatic analysis and a position-sensitive detec¬ 
tor. The charge fractions F t were 0.2, 0.7, and 
0.1 for 6+, 7+, and 8+, respectively. The charge- 
state distributions for Ar ions emerging from a 
Si target were obtained by measuring the current 
at the focus of a magnetic analyzer following a 
Si stripper foil. The charge fractions were 0.11 
(13+), 0.27 (14+), 0.34 (15+), and 0.20 (16+), to 
an estimated accuracy of better than ±0.03. 

Results for O ions are shown in Fig. 1. With 
the gas target the Si K x-ray cross section var¬ 
ies by a factor of ~ 2.5 as the incident ion is 
changed from 6+ to 8+. A smaller variation 
(-60%) is observed when a solid target is used. 
This effect of incident charge state in thin solid 
targets has been recently reported for O ions in 
A1 by Brandt et al who found that the effect 
diminishes as the foil thickness is increased, 
and attributed this charge-state effect to dynam¬ 
ic screening. An alternative explanation could 
lie in the inequilibrium of the ion charge state. 
Capture and loss cross sections for 40-MeV O 
ions in Ar, for example, are on the order 11 of 
2* 10'” cm 1 . Thus the Si target thickness (-2 



FIG. 1. 81 K x-ray production cross section in mega- 
barns produced by 40-MeV O-ion bombardment of 8IH 4 
and solid Si as a function of incident-ion oharge state. 


xlO 17 atoms/cm 9 ) should be insufficient to attain 
equilibrium. 

The observed charge-state dependence is ex¬ 
pected to evolve with increasing target thickness 
from the rising straight line observed for thin, 
gas targets to a horizontal straight line at equi¬ 
librium thickness. The two lines representing 
the extremes in density should Intersect at the 
projectile charge corresponding to the effective 
equilibrium charge in the solid. The emergent 
equilibrium charge-state distribution of 40-MeV 
O is strongly peaked at 7+. At equilibrium, the 
input-charge dependence of the x-ray cross sec¬ 
tion would be a horizontal line intersecting the 
SiH, line at charge 7+, if the effective charge in 
the solid were equal to the most probable emer¬ 
gent charge. Because the crosB sections for 
leaving a charge state of 7+ (o T>8 and o 7-B ) should 
be lower at this energy than those for attaining 
a charge of 7+ (i.e., o B>7 and o 87 ), one would ex¬ 
pect near coincidence with the 7+ value of the 
gas target for Incident 7+ ions even before charge- 
state equilibrium is attained. Arguments based 
on dynamic screening in which the number of 
bound electrons are not considered lead to al¬ 
most the same expected effective-charge state. 
Here 

Q.c=Z cote (l - yVf/v), (1) 

where Vf is the target-electron Fermi velocity 
(-pg), Z core is the core-electron-screened nu¬ 
clear charge, and y is an electron “enhancement 
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TABLE L Summary of (be data. Bracketed value* are for 40-MeV O; 
unbraoketed values are for 66-MeV Ar. 




Measured 

Semlemplrical 


X-ray data 

distribution 

theory* 

Mean charge emerg- 

14 ±0.5 

14.8 ±0.3 

13.7 

lng from solid 


16.9 ± 0.2] 

17.6] 

Mean charge emerg- 



12.5 

lng from gas 



17.4) 

Effective charge 

11 ±1 



state In solid 

(7.0 ±0.25) 




*Hef. 14. 


factor” 1 -1. For 40-MeV O, q la = 7.2. 

For relatively 1 aw-Z ions such as oxygen only 
a slight dependence of the emergent charge state 
on the medium (solid or gas) is expected. 11 The 
semlemplrical calculations of Dmitriev and Ni¬ 
kolaev 11 give 7.4 and 7.6 for the expected emer¬ 
gent charge (Table I). From our charge-distri¬ 
bution measurements we obtain q = 6.9, and the 
effective charge state (? e ff) Indicated by the mea¬ 
sured x-ray cross section Is 7 ±0.25. Hence, the 
oxygen results are consistent with expectations 
and support the validity of our method. 

The different situation for Ar ions Is shown In 
Fig. 2. The cross sections for SI K x-ray emis¬ 
sion vary by a factor of ~ 7 for Ar charges rang¬ 
ing from 6+ to 16+. The cross section for SI K 
x-ray emission from solid SI was found to be 
0.095 ± 0.005 Mb and was essentially independent 
of Input charge and target thickness. This cross 
section corresponds to an effective charge state 
of 11 ± 1 and Is to be compared with our mea¬ 
sured emergent mean charge of 14.8. The cor¬ 
responding predictions of Dmitriev and Nikolaev 11 
are 13.7 for solids and 12.5 for gases. 

A useful experimental check was made by pre¬ 
paring an equilibrium-distribution beam in the 
upstream SI foil referred to above. This equilib¬ 
rium beam yielded a mean cross section j. In 
S1H, approximately equal to that anticipated on 
the basis of a sum of the single-charge-state 
cross sections weighted by the corresponding F { . 
When the equilibrium beam was passed through a 
solid Si target, no difference was observed in the 
cross section derived from the results for sin- 
gle-charge-component beams. From this pre¬ 
loll experiment alone it can be seen that the 
cross section in a solid target Is a factor of - 2 
lower than that anticipated for the measured 
emergent charge. 


One can exclude three unrelated effects which 
might be expected to cause significant differenc¬ 
es In the observed yields from Bolid and gaseous 
targets. The possibility of energetic SI recoils 
causing additional SI K vacancies In the solid can 
be assessed by using Information available on 
Al-Al (Z »13) collision-induced K x rays. 11 Here 
a threshold 1 b observed at 150 keV; the cross 
section rises rapidly to 5xl0' M cm 1 at 300 keV. 
The Impact parameter b required to Impart A£ 

= 200 keV to a SI atom by an Ion with energy E 
=* 2 MeV/nucleon can be estimated from 

to be ~4xl0" ia cm, which clearly yields croBB 
sections negligible compared with processes 
having crosB sections on the order of 10 11 cm 1 . 
One must also take Into account possible fluores- 



FIQ. 2, SI A x-ray production cross section produced 
by 80-MeV Ar-ion bombardment of 31H, and solid 81 as 
a function of incident-ion charge state. The “prefoit” 
points denote experiments in which die beam passed, 
through a Si foil before entering the target. 
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cent-yield differences for struck atoms recoiling 
In solids as opposed to vacuum, which are main¬ 
ly determined by the corresponding L-shell elec¬ 
tron configurations. That these differences are 
insignificant is Indicated by the fact that the K- 
shell Ionization is In the diabatlc region (l.e., Kv/ 
I>r t ) so that the Impact-parameter dependence 
of the probability of ionization is peaked 19 near 
the A-shell radius (r t -0.06 A). At this distance 
the energy transfer is only ~ 10 eV so that even 
interactions of the L shell of the recoiling Si with 
lattice atoms (which could affect the K fluores¬ 
cence yield) are not possible. Finally, the effect 
of binding electrons (in the M shell) is not expect¬ 
ed to be significant, especially since the Si val¬ 
ence electrons in both S1H, and solid Si are in the 
sp* configuration. 

The results for O ions, exhibiting agreement 
with expectations, indicate that other possible 
solid-Btate effects on the Si K x-ray yield are 
small. The results for Ar at the same energy 
per nucleon clearly indicate a lower effective 
charge for the ion while in the solid than Is ob¬ 
served in the emergent beam. The screening 
model 9 could be used to explain the effect but 
would require an unrealistically high value of y 
*3 with Z rore -16 In Eq. (1). The model of Betz 
and Grodzins 7 would account for the difference 
by the loss of bound electrons upon emergence 
by Auger or autolonizlng processes. However, 
the additional electrons present while the ion is 
in the solid must be in close enough proximity to 
the Ar nucleus (e.g., L shell) to act in reducing 
the SI atom’s K ionization cross section; and, in 
the absence of K vacancies, there is no mecha¬ 
nism for autolonizlng L electrons. Although the 
mechanism for charge-state change remains ob¬ 
scure, the work described herein constitutes di¬ 
rect evidence that high-velocity ions in solids 
have lower charge states than those observed in 
emergent beams. 
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Penning-Trap Technique for Studying Electron-Atom Collisions at Low Energy* 

Michael D. McGuire and E. Norval Forteon 
Department cf Physics, University of Washington, Seattle, Washington 98195 
(Received 8 July 1974) 

In a new technique tor studying electron collisions, the electrons are confined by elec¬ 
tromagnetic fields and exposed to a known low density of atoms or molecules. Collision 
rates are measured by electron diffusion In the trap. The use of a pin-oriented atoms al¬ 
lows triplet and singlet contributions to be separated. Results of such studies are report¬ 
ed for room-temperature collisions of electrons with potassium atoms snd with nitrogen 
molecules. 


We have developed a new and general method of 
studying elastic collisions of electrons with atoms 
and molecules at electron energies below 0.1 eV. 
The electrons are confined in a Penning electric- 
and magnetic-field trap which allows the bolomet- 
rlc method of Dehmelt and Walls 1 * 1 to be used to 
observe them and to thermallze them electrically 
with an external heat bath which defines their 
temperature. When atoms or molecules are in¬ 
troduced Into the trap region, the electrons will 
spread out In the trap by collision-induced diffu¬ 
sion. The diffusion rate Is proportional to the ap¬ 
propriately averaged collision cross section. In 
contrast to conventional methods 1 of studying 
electron collisions in this energy range, the pres¬ 
ent method can be used readily with atoms and 
molecules at low vapor density and thus with 
atomic beams and with condensable vapors. An 
important consequence is that the spin depen¬ 
dence of electron collisions with paramagnetic 
atoms can be studied by passing a spin-oriented 
beam of the atoms through the trap. 

For our first Investigations, we have studied 
'elastic collisions with alkali atoms and (for cali¬ 
bration purposes) with gaseous atoms and mole¬ 
cules. We report the first measurement of room- 
temperature electron scattering from potassium 
atoms. We have also seen a strong spin depen¬ 
dence In the scattering from potassium, which 
reveals the relative contributions of the singlet 
and triplet components at these low energies. 

Our apparatus Is similar to one used in the g 
- 2 experiments of Grftff and co-workers 4 and to 
one used in early experiments by Dehmelt. 1 A 
Schematic is shown In Fig. 1. At one end of a 
'differentially pumped vacuum envelope is the 
Penning trap with holes in it to allow an atomic 
beam to pass through. At the other end is the 
beam source and a state-selector magnet which 
focuses atoms of definite spin orientation into the 
trap. Through a controlled leak, noncondensable 


gases also may be admitted into the trap region. 

The trap and its operation have been described 
thoroughly elsewhere.*•** Briefly it is a combin¬ 
ation of a uniform * -axis magnetic field and an 
electric potential produced by electrodes in the 
shape of conjugate hyperboloids of revolution 
about the * axis. This potential confines the elec¬ 
trons in a harmonic well along the z axis. The 
motion in the x-y plane for the large magnetic 
fieldB used is the superposition of high-frequency 
small-radius cyclotron motion on low-frequency 
large-radius magnetron motion. The electrons 
are injected along the z axis near the trap center 
and those that are trapped (about 10 4 electrons in 
these experiments) self-therm alize rapidly by 
electron-electron collisions. The overall temper¬ 
ature of the electrons comes to equilibrium by 
electrical induction with the electrical tempera¬ 
ture of an LC circuit. TMb circuit is formed by 
an inductor connecting the endcaps of the trap 
and in resonance with the capacitance of the trap 
at the x -axis electron frequency (typically 30 
MHZ). 

The state of the electrons in the trap is detect¬ 
ed by their effect on the level of random noise of 



FIG. 1. Schematic view of apparatus. Trap radius 
£,•2.5 cm. 
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the LC circuit. This noise signal decreases as 
the initially hot electrons In vacuum come to equi¬ 
librium with the LC circuit. Once thermalized, 
the electrons cause a lower noise signal than in 
their absence because they shunt the LC -circuit 
Impedance. The electron temperature is equal 
to the ambient temperature of the trap and LC 
circuit, unless external noise is applied to this 
circuit. The noise level with a given number of 
electrons in the trap can thus be calibrated to 
give the electron temperature. We have checked 
this calibration by thermalizing the electrons in 
a different way, viz., by introducing molecules 
with which the electrons thermalize by exchanges 
of energy with the molecular rotational levels.'' 

In vacuum the electrons can remain trapped in¬ 
definitely, If atoms or molecules are present, 
the electrons will scatter from them and diffuse 
radially across the magnetic field in the trap. 

They will ultimately be lost at the electrodes, 
but the radial anharmoniclty of the trap causes 
the electrons to be lost from the detection band¬ 
pass much sooner. As a result the noise signal 
will rise to the empty-trap level as shown in Fig. 
2. The rate of this rise can be related to the col¬ 
lision rate and hence to the cross section of in¬ 
terest if the density of scattering atoms is known. 
This method is most useful however for obtaining 
relative collision rates. For example, we can 
compare the diffusion loss rates for different 
atomic species, or for different spin orientations 
of the same atomic species. 

The diffusion results from a displacement of 
the center of an electron’s cyclotron orbit each 
time a collision reorients the electron velocity. 
Thus, the magnetron-orbit radius, i.e., the aver¬ 
age distance of the electron from the trap center, 
changes randomly with each collision by a mag¬ 
nitude d of the order of 1 cyclotron-orbit radius. 

A simple random-walk consideration gives a dlf- 



FIQ. 2. Diffusion loss of electrons by elastic colli¬ 
sions with Nj molecules. 


fusion time T«Jl*/d 1 Q, where Q is the collision 
rate and R is the distance an electron must movt 
outward before being lost from detection. The 
value of R for given trap and detection conditions 
can be estimated from measurements with atoms 
or molecules having known elastic scattering 
cross sections for electrons. For the present 
studies R is typically about 10'* of the trap diam¬ 
eter and the electrons make about 10* collisions 
during the time t. The radial density of electron, 
may thus be represented approximately by a 
Gaussian spreading in time. This model predicts 
the form of the electron-diffusion loss signals in 
Fig. 2, and also the observed dependence of t up 
on magnetic field (normally 3 kG)." 

In order to study e-K collisions, we have first 
compared the electron Iobs rate r" 1 with a potas¬ 
sium beam (as measured by a hot-wire current) 
to the rate with a known pressure of nitrogen gas 
under identical trap conditions. As expected, the 
rates are proportional to pressure, and yield a 
ratio of thermal-averaged collision rates (uo(K))/ 
(rcfN,)) = 240± 50 within the pressure uncertain¬ 
ties. Using accepted values’ for (uo(N,)> in this 
temperature range, we obtain <»<7(K)>»10’* cm* 
sec" 1 . 

We have also Investigated the effects of chang¬ 
ing the spin polarization P of the potassium beam. 
The trapped electrons acquire, by spin exchange, 
the same polarization as the beam atoms in a 
time short compared to the diffusion loss time. 
The scattering cross section is then given by a 
= (1 - + (3 + P*)cr,/4, where is the singlet 

cross section and a s is the triplet cross section. 
To observe thiB spin dependence we reduced the 
beam polarization from P = 1 to P = ? by applying 
an rf field in resonance with hfs transitions in 
the beam atoms. We obtained the effect on the 
electron diffusion rate shown in Fig. 3. This ef¬ 
fect appeared only when the rf frequency was 
tuned to an hfs transition in potassium, and in¬ 
creased with potassium beam intensity. 

In order to interpret our experimental results 
with potassium, the simple diffusion picture abo*< 
must be expanded to include anisotropic effects 
in the scattering,’ since recent calculations 1411 
indicate a strong triplet p-wave contribution with 
alkalis at these energies. With such effects tak' 
en into account, a Maxwell-Boltzman average of 
the calculation of Sinfailam and Nesbet 11 agrees 
with our experimental result for the potassium 
diffusion rate, and also predicts a larger singlet 
than triplet diffusion rate as we observe. 1 ’ 

It is anticipated that spin exchange and spin- 
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FIG. 3. Difference in electron diffusion loss by col¬ 
lisions with potassium atoms when the potassium spin 
polarization is changed. 


exchange frequency shifts" can be measured by 
observing electron Larmor-frequency transitions 
irtth the present technique. Such effects, and the 
triplet and singlet scattering described above, 
ire all functions of the scattering phase shifts In 
ndependent ways, and taken together should pro- 
lde as complete an experimental picture as pos- 
ilble on electron collisions at a given tempera- 
ure. M For temperatures so low that there is 
inly s-wave scattering, this information would 
iverdetermlne the two phase shifts. The electron 
emperature can be varied from above 1000°C 
by noise heating) down to liquid-helium temper- 
iture. Structure in the cross section, such as 
he Isolated resonances predicted In this energy 
eglon for the alkalis, should show up as broad 
hermal-averaged maxima, etc. 1 ' Finally, the 
pin-dependent effect should be observable with 
inly a few electrons,’* and thus might prove use- 
ul in future precision measurements of the free- 
lectrong factor. 

The authors express appreciation to Jake Jon- 
ion and Bob Morley for constructing the glass- 
fare and to Lindon Lewis for help with the mea- 
urements; and to Professor H. G. Dehmelt, 
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Nonlinear Skin Effect of High-Power Microwaves Incident on a Collisionless Magnetized Plasm* 

K. Mlnaml, K. P. Singh, and M. Maauda 
Depart m ent of Electrical Engineering, Nagoya University, Nagoya, 464, Japan 

and 

K. Ishll 

Institute of Plasma Physics, Nagoya University, Nagoya, 464, Japan 
(Received 29 April 1974) 

Experimental results are presented which verify a nonlinear skin effect of high-power 
microwaves incident on a colUslonless, uniform plasma having a sharp boundary. The 
skin depth, observed by microwave reflection techniques, increases with the Incident 
microwave power. 


A few years ago, Gekker and Slzukhln 1 mea¬ 
sured the reflection coefficient from a nonuniform 
plasma, which decreased with increasing incident 
power. The anomalous absorption they observed 
was attributed by Kaw, Valeo, and Dawson* to a 
parametric excitation of ion waves and longitudi¬ 
nal plasma modes by the high-power microwaves. 
It should be emphasised, however, that Gekker 
and Slzukhln measured only the absolute values 
of the reflection coefficient. Therefore, one 
could not know whether or not there was nonlin¬ 
ear penetration for a strong Incident power. In 
this Letter, we describe the experimental results 
for the nonlinear skin effect of high-power micro¬ 
waves Incident on a colUslonless plasma. Al¬ 
though predicted by theory, this Letter presents 
what seems to be the first quantitative experi¬ 
ment where the akin depths of the microwaves 
are observed to be dependent on the incident pow¬ 
er. In the present experiment, a semi-infinite 
uniform plasma is used for analysis In order to 
make the theory tractable. 

Silln* developed a nonlinear theory for the re¬ 
flection of plane monochromatic electromagnetic 
waves Incident normally on the surface of a uni¬ 
form, fully ionized plasma. Considerations are 
limited to a colUslonless plasma above the cut¬ 
off density. Taking into account the radiation 
pressure on the plasma due to the electromagne¬ 
tic field, the phase angle 6 of the reflection coef¬ 
ficient is given by’ 

cos*| — (1) 
where 

b - 4(£ ,/£„)», £ e ’ = 2mw s KT./e t , 

w p and w are the plasma and microwave angular 
frequencies, E, and E c are the amplitudes of the 


incident wave and the critical electromagnetic 
field, respectively. Equation (1) reduces to the 
linear relationship 

cos(0/2) *u/u >p (i 

when b approaches zero. 

The electric field* £(«) does not necessarily 
fall off exponentially In the plasma when the non 
linear skin effect occurs. Hence, the Skin depth 
rf is defined here by the slope of £(z) at the 
boundary t -0 as d = -E(,0)/E'(0) »/b o ‘ l cot(0/2), 
where k„ is the wave number In vacuum. Then 
the skin depth d can be recovered from the mea¬ 
surement of 6. It Is obvious that the Skin depth 
d would increase with b for a given (w^/ui)*. 

We modify Silln’s formula, Eq. (1), to Include 
the longitudinal magnetic field. In order to com¬ 
pare with our experimental results. An electro¬ 
magnetic wave In a rectangular wave guide with¬ 
out plasma is a linearly polarized wave, which 
decomposes into right-hand and left-hand circu¬ 
larly polarized waves, E r and E„ respectively, 
with identical phases In time. When skin effects 
occur In the plasma for both waves, as In our ex 
perlment, <f s in the wave guide are assumed to 
be the same as those in free space since (being 
of order of millimeters) they are considerably 
smaller than the side dimensions of the wave 
guide. In other words, the plasma in the wave 
guide will not be different from that In free space 
when the skin effect occurs. Then circularly po¬ 
larized fields having different phases In time will 
exist in the plasma. If so, one can consider the 
phase shifts, 6 r and 6„ of the waves reflected 
from the plasma, having right-hand and left-hart! 
circular polarizations, respectively, even though 
the waveguide cross section Is rectangular. Us¬ 
ing the expressions for circularly polarised 
waves, E r> it is easily shown that the 
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phase shift 6 of a reflected wave which Is linear¬ 
ly polarised with the same direction of polarlza- 
| tion as the incident wave is given by 

cos*|»|(cos*^ + cos^). (3) 

The angle 9 in Eq. (3) is observed by a standing- 
wave detector in the wave guide. In the linear 
theory,- both waves can exist independently in the 


plasma, and their phase angles are given by 
cos*(0 r _ ,/2)»(1 t b ) e /<i>)/(.u> p /w) 2 , where u e la the 
electron-cyclotron frequency. Substituting these 
expressions into Eq. (3), one directly obtains 
Eq. (2), which is independent of the applied mag¬ 
netic field. 

When the nonlinear effect is Included, the cir¬ 
cularly polarised waves in the plasma are no 
longer independent of each other. We write 4 in 
our notation the density correction factor, f[E), 
due to the radiation pressure as 


AE„ E ,)»exp 


f 1 ( I Ef I E,r \\ 

L 2 E* \ 1 - utj w + 1 + uju ) J ’ 


( 4 ) 


instead of Eq. (2.3) of Ref. 3. Equation (4) results In a set of nonlinear differential equations 9 in £, 
and E, which cannot be separated out unless some assumption is made about the field amplitudes. We 
therefore make three different assumptions: (i) |£,l»IE r l, (li) i£ r l-|£,|, and (iii) |£ r |»|£,| in the 
plasma to obtain the expressions for 9. Using Eqs. (3) and (4), Eq. (1) is modified, for Assumption 
(ii). to 


i® 

cos*2 



ft 1 Ti 

(1 +<«J < /ta>)(a> > /w)*_ 


Equation (5) reduces to Eq. (2), as b approaches 
zero. 

A steady-state plasma is produced in helium at 
a pressure of a few Torr between a hot cathode 
and a water-cooled anode. The plasma is intro¬ 
duced into a glass chamber through a small hole 
in the anode. The glass chamber is differential¬ 
ly evacuated to the pressure of 10' 5 Torr, where 
the present experiment is carried out. A uniform 
magnetic field B of several thousand gauss is ap¬ 
plied axially to keep the electron density high. 

The plasma column has a Gaussian radial density 
distribution with 1 cm half-width. The plasma 
density N t and the electron temperature T, change, 
respectively, from 5x 10 u to 4x 10 1 * cm" 5 and 
from 8 to 12 eV when the discharge current I t is 
varied from 10 to 50 A, for the magnetic field B 
-3020 G. A standard X-band rectangular wave 
guide with a water-cooled target is Inserted ax¬ 
ially into the plasma. The experimental setup, 
where the skin depths in the wave guide are mea¬ 
sured, is shown in Fig. 1. A quarts block of 1.1- 
cm thickness is placed in the wave guide to make 
the plasma boundary clear and sharp. The length 
of the plasma-loaded wave guide is 2.5 cm. The 
plasma in the wave guide seems to be uniform in 
the axial direction, because the experimental re¬ 
sults are insensitive to the length of the plasma 
wave guide. Microwave pulses up to 15 kW and 
time width r»1.2 psec at a frequency of 9.37 GHz 



(5) 


are launched into the plasma through a power di¬ 
vider and a slotted section. 

The present experiment on akin effect is car¬ 
ried out in a magnetic field 2800 <B <3050 G,* 
where the low-level Incident microwaves are al¬ 
most totally reflected from the plasma for N t 
greater titan the cutoff density. The standing- 
wave patterns 7 observed by a crystal detector 
through a Blotted section are recorded using a 
boxcar Integrator. It is observed 9 that the phase 
angle 9 decreases for a given B and I 4 as the in¬ 
cident power Increases. When the neutral pres¬ 
sure is Increased to 1 Torr, 9 changes in oppo¬ 
site way to that at low pressures, with increase 
in incident power, because of the additional lonl- 



FIO. 1. Experimental arrangement. 
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FIG. 2. Comparison of the experimental results with 
the theoretical predictions for the variation of 9 versus 
(w # /u) J . Open circles, small power of the order of 10 
mW, adjusted to the theoretical line for b » 0; triangles, 
2.9 kW, to be compared with the thick dashed line (9 
= 0.107); closed circles, 4.0 kW, to be compared with 
the thick chained line <6 = 0.230). 


zation by the hlgh-power microwaves. Thus, we 
conclude that our results are clearly due to the 
nonlinear skin effect. 

In Fig. 2, the experimental results are com¬ 
pared with the theoretical predictions for b 
«0.167 (thick dashed line) and 0.230 (thick chained 
line), which correspond, respectively, to 2.9 and 
4.0 kW of Incident power at T, = 8 eV. The solid 
line Is the linear relationship calculated from Eq. 
(2). Calculated lines for Assumptions (1) and (111) 
are not shown, since they are very close to the 
solid line. We find that Assumption (11) Is the 
closest to the experimental values among the 
three. This suggests that the assumption |£ r l 
= !£,!, from which Eq. (S) is derived, holds ap¬ 
proximately In our experiment. In other words, 
the results suggest that an enhanced penetration 
of E r occurs In the plasma for the hlgh-power In¬ 
cident microwaves, since the Inequality |E r I<|£,i 
holds at the cutoff region for both the waves In 
the linear theory. 

Using the boxcar integrator, the plasma param¬ 
eters N, and T, are measured by the Langmuir 
probe located just In front ol Hie target for vari¬ 
ous periods after the incidence of the hlgh-power 
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FIG. 3. Change In the plasma parameters due to the 
Incidence of hlgh-power microwaves. 


microwave pulse. Here, T, is obtained from the 
Langmuir probe characteristic neglecting the ef¬ 
fect of B, and N, Is calculated from the Ion satu¬ 
ration current and T r An example Is shown In 
Fig. 3, where the plasma becomes transparent 
for a microwave pulse of 15 kW even for (tu^/cu)* 

> 1. The probe measurement will be reliable 
even In the microwave field, since the high-fre¬ 
quency drift velocity of electrons, eE/mw, In the 
plasma is much smaller than the electron ther¬ 
mal velocity. During the Incidence of the micro- 
wave pulse, N, decreases considerably from the 
steady-state value.’ This fact Is further evidence 
of the nonlinear skin effect. 

Gurovlch and Karp man 10 analyzed an electro¬ 
magnetic envelope sollton propagating through a 
high-density plasma. In a limiting case, they ob¬ 
tained an expression for the electric field in the 
plasma for the stationary sollton that Is just the 
same as the nonlinear skin effect. 3 Our experi¬ 
mental results, that the skin depths are depen¬ 
dent on the incident power, suggest the existence 
of an electromagnetic field in the plasma similar 
to the stationary envelope sollton. 


*1. R. Gekker and O. V. Slzukbln, Pls'ma Zh. Eksp. 
Teor. Fla. 8, 408 (1968) [JETP Lett. 9 , 243 (1969)]. 

! P. Kaw, E. Valeo, and J. M. Dawson, Phys. Rev. 
Lett. 25, 430 (1970). 

*V. P. Sllln, Zh. Eksp. Teor. Ftz. 53, 1662 (1967) 
[Sov. Hiy«. JETP 26, 955 (1968)). 

4 A. V. Gurevich and L. P. Pttaevakii, Zh. Eksp. Teor. 
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*H. Mott and C. 3. H. Watson, in Advances in Elec- 
•Cnics and Electron Physics, edited by L. Marton 
|cademlc, New York, 1987), Vol. 28, p. 225, Eq. (7). 

‘The power reflected from and the power transmitted 
hrough the plasma are measured for a certain Incident 
xiwer at different values of B . Both signals are small 
icar the electron-cyclotron resonance at £ = £„-S345 
3 . Thus, the microwaves are absorbed in the plasma 
it the resonance. The propagation of whistler waves 
■rlth little attenuation Is observed when B>B C . En- 
lanced fluctuations are observed in the ion saturation 
•urrents of the probe especially near the resonance, 


T S. Takeda and M, Roux, J. Pbys. Soc. jpn. 16, 95 
(1961). 

'Here, the plasma is replaced by a movable metal 
short plunger, whose position simulates the density of 
the plasma to obtain the phase angle 9. 

*1. R. Gekker, E. Ja. Holt, B. P. Kononov, K. A. 
Sarkslan, V. A. Sllin, and L. E. Tsopp, in Proceedings 
of the Seventh International Conference on Phenomena 
in Ionised Gases, Belgrade, 1965, edited by B. Perovlc 
and D. Toslff (Gradjevlnska Knjlga Publishing House, 
Belgrade, Yugoslavia, 1966), Vol. II, p.446. 

“V. Ts. Gurovlch and V. I. Karpman, Zh. Eksp. Teor. 
Fla. 56, 1952 (1969) |Sov. Pbys. JETP 29, 1048 (1969)]. 


X-Ray Emission from Laser-Produced Plasmas* 

D. J. Nagel, P. G. Burkhalter, C. M. Dozier, J. F. Holzrichter, t B. M. Klein, 
J. M. McMahon, J. A. Stamper, and R. R. Whitlock 
Naval Research Laboratory, Washington, D. C. 20375 
(Received 22 April 1974) 

We measured several characteristics of the x-ray emission from plasmas produced at 
the focus of a hlgh-power (~ 10 GW) laser. X-ray spectra In the 1-2-keV region show 
that the plasmas contain highly stripped atoms (10-12 electrons missing from Al, 20-22 
from Zn, and 36—38 from Gd). The laser-plasma x-ray source can emit about 0.1 J of 


x rays above 1 keV In 1 nsec from a volume 
to more than 10 15 W/om 1 . 

Laser-gene rated plasmas sufficiently hot to 
sralt kilovolt x rays have been produced recently 
by the use of focused laser power densities ex¬ 
ceeding 10“ W/cm a on solid targets. K radiation 
trom elements up to Al was measured and inter¬ 
preted by Peacock, Hobby, andGalanti. 1 Malloz- 
zi el al .' and Aglltskiy el al. 3 resolved many L 
lines of Fe but the latter authors have not Inter¬ 
preted the spectra. Mead et al.* measured unre¬ 
solved clusters of Af lines from Au. But to date, 
there has been no systematic study of x-ray emis¬ 
sion from plasmas produced by any single high- 
power laser. In this Letter, we report the re¬ 
sults of a survey of x-ray spectra from elements 
across the periodic system. The work has two 
motivations: plasma diagnostics Including tests 
of laser-plasma models, 1 ''’ and characterization 
of the laser plasma as a fast, intense source of 
soft x rays with several applications. 

The Nd laser system used in this work conslst- 
*1 of a mode-locked oscillator and five amplifier 
stages.* Pulses of the 1.08-pim light [<1 A full 
width at half-maximum (FWHM)] containing up to 
5 J in 250 or 800 psec were focused on flat tar¬ 
gets to spots about 50 pn in diameter. Hence, 
Power densities exceeding 10“ W/cm* were avail- 


about 100 pm In diameter. This corresponds 


able. Spectra were measured In single shots 
with simple, sinless spectrographs using flat 
potassium acid phthalate crystals (2d= 26.6 K) 
and Kodak No-Screen film behind 25-pm Be foils 
(1% transmissive at 800 eV). Resolution was not 
optimized since it was desired to survey a wide 
photon-energy range. Energy calibration ol new 
spectra was accomplished by coating the targets 
with powdered compounds of Na, Mg, or Al, the 
energies of whose lines are accurately known. 
Other x-ray characteristics (angular distribu¬ 
tion, emission time, and source size) were also 
measured, as will be described later. 

K spectra resulting from transitions to the Is 
level have been obtained from Na (in NaF), Mg, 
Al, Si, and S. Spectra from all these elements 
are similar. Figure 1 shows the Al spectrum. 
Classification of lines In spectra such as this 
presented no problem because of many labora¬ 
tory’ and solar 9 measurements of similar emis¬ 
sion lines from elements in this range. As indi¬ 
cated ir. Fig. 1, lines from three ion species ap¬ 
pear. An Intense Rydberg series and tree-to- 
bound continuum from He-like (two-electron) Al 
are evident, as is the Lyman series of H-like 
(one-electron) Al. Poorly resolved satellites 
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FIQ. 1. A1 K x-ray spectrum from a plasma pro¬ 
duced by a 1.8-J, 0.25-nseo laser pulse. Rydberg 
series from A1 Ions lsoelectronle with H and He atoms, 
and the He-like free-to-bound continuum and satellite 
lines 5 constitute the plasma spectrum. The IF a|, j 
lines are from target fluorescence, 

from transitions in Li-like (three-electron) ions 
appear near the He-like ls-^> resonance line, 
while satellites from He-like ions accompany the 
H-llke \s-2p (Lyman a) line. Similar satellites 
have been observed with better resolution in F 
spectra. 1 ’ 10 

L spectra from transitions to the 2s and 2p 
levels were measured from Cr, Fe, Co, Nl, Zn, 
and Br (in KBr). The spectrum of Zn given in 
Fig. 2 is typical of these spectra. It is more 
complex than the K spectrum in Fig. 1 because 
of the larger number of possible ionization states 
and the strong multiplet structure present for 
most transitions. Interpretation of the Zn spec - 
trum is not complete, but it is possible to identi¬ 
fy the major Ionization stages. Again, labora¬ 
tory 11 and solar* spectra from lighter elements 
were used to interpret our results. Transition- 
energy calculations using self-consistent-field 
Dirac-Slater wave functions 1 * were made to con¬ 
firm identifications of the major lines in the Zn 
spectrum. As indicated in Fig. 2, 2f> -3d transi¬ 
tions in Ne-llke (ten-electron), F-like (nine-elec¬ 
tron), and O-like (eight-electron) Zn ions domi¬ 
nate the spectrum. Two pairs of lines from Ne- 
llke ions are also strong, 2p -3s below 1.1 keV 
and 2p-4d near 1.47 keV. 

Af spectra due to transitions to the 3 p and 3d 
levels from Ba (in BaCO,), Sm, Gd, Dy, and Er 
were also measured. Figure 3 shows the spec¬ 
trum of Gd which is representative of the Af spec¬ 
tra. Just as the K and L spectra are quite dis¬ 



1,2 1.4 1.5 1.6 

keV 


FIG. 2. Zn L x-ray spectrum from a plasma gen¬ 
erated by a 2.0-J, 0.8-naeo laser pulse. Groups of 
lines from 2p-3d transitions in Zn Ions lsoelectronle 
with O, F, and Ne atoms are Indicated. 

tinctive in appearance, the Af spectra also have 
a characteristic pattern. But much less was 
known about this Af radiation compared to the K 
and L spectra in the other figures. Spectral me 
Burements (in die uv) for transitions to the 3 p, d 
levels had been made only up to Mo,” fourteen 
atomic numbers below Ba. Hence we had to relj 
on the self-consistent-field calculations to iden¬ 
tify the ionization stages and transitions which 
produced the spectrum in Fig. 3. As shown in 
the figure, Sd-4/ transitions occurred in Ni-Iike 
(28-electron), Co-like (27-electron) and Fe-like 
(26-electron) Gd ions. Four other transitions 
are important. The three strangest lines below 



1.2 1.4 1.6 1.8 2.0 2.2 

keV 


FIG. 3. Gd Af x-ray spectrum from a plasma pro¬ 
duced by a 3.5-J, 0.9-nsec laser pulse. Lines from 
34-4f traditions in Gd ions lsoelectronle with Fe, Co, 
sad Ni are labeled. 
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1.2 keV are due to 3 d-4p transitions in Ni-like 
ions. Isoelectronic extrapolation of the lighter - 
atom uv data confirmed the 3d-ip,/ identifica¬ 
tions for Ni-like Gd. The group of lines around 
1.6 keV is due to 3p-4d electron jumps. Another 
group (1.7-1.9 keV) Is from id-5pj transitions. 
And, finally, the radiation above 2.0 keV is due 
to id-OpJ electron jumps. 

N spectra from very high-atomic-number ele¬ 
ments might also be expected. But laser irra¬ 
diation of U did not result in any resolved lines 
> 800 eV. Study of U emission with a grating 
spectrometer would be worthwhile. 

Film-efficiency corrections 14 were made prior 
to plotting the figures so that the spectra are giv¬ 
en interms of relative exposure rather than photo¬ 
graphic density. Corrections for crystal effi¬ 
ciency 19 and Be-window absorption were also 
made prior to integration of the spectra above 
background over the energy regions shown in 
each figure. Angular-distribution measurements 
made with film Indicate that the x-ray intensity 
is approximately independent of emission direc¬ 
tion. The ratios of Integrated x-ray line energy 
(emitted into 4w sr) to the incident laser energy 
are 0.5% for Al, 9.0% for Zn, and 1.5% for Gd 
(±20% relative). These values assume no reci¬ 
procity loss in the film. 1 * Future Integrated-In¬ 
tensity measurements will be made with elec¬ 
tronic detectors. An upper limit on the x-ray 
emission time was obtained with a fast pyroelec - 
tronlc Infrared detector which was found to be 
x-ray sensitive. The measured x-ray pulse width 
was 1.6 nsec FWHM. Unfolding the measuring- 
system response time gave ~1 nsec FWHM, 
which is nearly equal to the 0.9-nsec laser pulse 
width. Pinhole-camera images (and spectral line- 
wldths) show that the x-ray source size can be 
as small as 50 pm. 17 Taken together, these data 
show that the laser plasma emits x rays at a rate 
exceeding 10 u W per cubic centimeter of the 
plasma. 

Results just presented will be considered from 
two viewpoints in the remainder of this Letter. 
First, die use of x-ray measurements for deter¬ 
mining the temperature and density of laser plas¬ 
mas will be discussed. Then, present and poten¬ 
tial uses of laser plasmas as x-ray sources will 
be enumerated. Both these x-ray interests are 
extensions of work done in the uv and extreme 
ultraviolet regions using lower-power lasers 
and often low-atomic-number targets. 11,18 

The appearance of intense spectra in the 1-2 
keV range Immediately Indicates that the plasma 


electron temperatures are ~0.5 keV. Acutally, 
the temperature is a rapidly varying function of 
both time and spatial coordinates, but the con¬ 
cept of a single, effective temperature is useful 
albeit approximate. With the coronal equilibrium 
model (plus three-body recombination), 80 the 
ratio of the Intensity of two resonance lines (the 
l$-2p transitions in H- and He-like Al ions) yield¬ 
ed temperatures which Increase from 0.5 to 0.8 
keV (±30%) as the laser power is increased. A 
separate analysis of He-like la-2p Intercombina¬ 
tion and Li-like satellite line intensities gave 
similar results (within 20%). Transient ioniza¬ 
tion and resonant reabsorption may influence, 
but are not expected to invalidate, these effective- 
temperature determinations. 

The present spectra are not of sufficient reso¬ 
lution to determine plasma-density values as was 
recently done by using longer-wavelength data 
taken with a grating spectrometer. 10 However, 
high-resolution x-ray measurements are possible 
and, because of current interest in producing con¬ 
trolled fusion reactions initiated by lasers, they 
may also be important. Attainment of high den¬ 
sities (~10* g/cm 8 ) in the laser target pellet is 
necessary to generate significant thermonuclear 
energy. Reaction-product (neutron, a particle) 
measurements will indicate the compression ob¬ 
tained, once significant density increases are 
achieved. But techniques are needed to deter¬ 
mine pellet densities for intermediate compres¬ 
sion values. We suggest that the measurement 
of line profiles in uv or x-ray spectra may yield 
die desired density Information. Implosion of 
thin spherical shellB of C or Al and spectral mea¬ 
surements could provide valuable tests of the 
compression codes which are generally untested 
by experimental data at present. 

The unique characteristics of laser-gene rated 
plasmas as x-ray sources, regardless of micro¬ 
scopic details of the plasmas, make possible 
several applications. The laser plasma Is the 
most versatile x-ray source now used for spec¬ 
troscopy to assist interpretation of data from 
laboratory plasmas and the sun. All elements 
can be excited by this method (since elements 
which are liquid or gaseous at room temperature 
can be used as compounds, frozen, or implanted 
in solids). Also, the temperature can be con¬ 
trolled (up to about 1 keV) by variation of the 
focusing conditions. The high speed and soft 
spectrum of laser-plasma x-ray emission make 
it attractive for radiography of another plasma. 81 
It should also be possible to do transient-radia- 
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tlon-effect studies, e.g., color-center decay," 
using x rays from laser plasmas. And finally, 
there has been considerable discussion of schemes 
for attaining laser action in the soft-x-ray re¬ 
gion lately. 23 Several suggestions involve the 
use of laser-gene rated plasmas, either as a 
lasing medium or to generate x rays to pump 
another medium. 

We are investigating variations of the x-ray 
emission and plasma conditions with laser-pulse, 
focusing, and target parameters. Detailed stud¬ 
ies of K, M L,” and M 2 ° spectra are being made 
as a basis for more extensive plasma diagnostic 
work. 

T. de Rieux and L. Scott operated the laser. 
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Measurements of Energetic X Rays from Laser-Produced Plasmas* 

F. C. Young 

Naval Research Laboratory, Washington, D. C. 20375 
(Received 8 July 1974) 

The dependence of energetic x-ray emission from laser-produced plasmas on laser 
energy, poise duration, and atomic number of the target (Z = 4 to 42) has been studied 
for irradiations of 10 1 * to 10** W/cm'. Energetic x-ray emission Is more than 10* times 
greater than bremsstrahlung expected for a Maxwellian electron velocity distribution 
and is more sensitive to energy density in the target than to power density. 


, The irradiation of solid targets by high-energy, 

1 short-pulse lasers results in the production of 
x rays with energies greater than 100 IceV. 1-3 It 
is presumed that such emission arises from a 
nonthermal high-energy tail on the electron ener¬ 
gy distribution. Such an energy distribution may 
result from the absorption and collisionless ther¬ 
mal conduction of the Incident electromagnetic 
radiation. 4 The importance of superthermal elec¬ 
trons In the laser-target Interaction Is not well 
I understood. For example, In present laser-fu- 
’ slon schemes the generation of hot nonthermal 
electrons may hinder target compression by pre¬ 
heating the target or decoupling from the atmo¬ 
sphere.“•* The production of energetic electrons 
In the laser-target interaction may be studied 
through the subsequent bremsstrahlung radiation. 
The present measurements have been carried out 
to investigate the production of bremsstrahlung 
at laser irradiances of 10 u to 10 ia w/cm a . 

All of the measurements have been carried out 
with the U.S. Naval Research Laboratory 1.06- 
pm Nd-glass laser system 7 by focusing the laser 
j beam onto slab targets in an evacuated chamber." 

A prepulse Identical In shape to the main pulse 
! with approximately 5% of the pulse energy was 
applied 0.7 nsec ahead of the main pulse for most 
, of the measurements. Calorimeters were used 
to monitor the Incident energy. X rays are de¬ 
tected through 1-mm-thick aluminum absorbers 
by thin Nal scintillators. The efficiency for such 
a detector with a 4-mm-thick scintillator is 
greater than 75% for x rays from 30 to 110 keV. 
The efficiency decreases gradually at higher en¬ 
ergies as a result of transmission through the 
Nal. The efficiency falls off rapidly at lower en¬ 
ergies because of absorption in the aluminum. 

For example, at 15 keV the efficiency Is only 
13%. Because the x-ray spectrum decreases rap¬ 
idly with Increasing x-ray energy, * , * ,w the detec- 

I tor Is sampling primarily x rays from approxi¬ 
mately 15 to 30 keV, and these x rays will be re¬ 


ferred to as hard x rays. 

The emission of hard x rays, measured as a 
function of Incident laser energy from 1 to 100 J. 
is shown In Fig. 1(a). These results were ob¬ 
tained for 0.9-nsec laser pulses without prepulse 
focused onto polyethylene targets (focal-spot di¬ 
ameter-100 pm). A 3.8-cm-diam by 4-mm-thick 
Nal crystal located 30 cm from the target at 135” 
to the Incident laser beam was used for these 
measurements. The output of the Nal photomulti¬ 
plier Is Integrated, amplified, and recorded on 
an oscilloscope. This detector measures the In¬ 
tegrated energy distribution, J~En(E)/{E) dE. 
where n(E) is the x-ray energy distribution and 
f(E) Is the efficiency described In the previous 
paragraph. The Nal detector Is calibrated In en¬ 
ergy with radioactive sources. The total absolute 
x-ray emission in Fig. 1 IS based on angular Isot¬ 
ropy and an estimated 75% detection efficiency. 



FIG. 1. Hard-x-ray emission measured with a 1- 
mm-thlck aluminum absorber and 4 -mm-thick Nal 
scintillator versus incident energy for (a) 0.9-nsec la¬ 
ser pulses Incident on polyethylene targets and (fa) 0.25- 
nseo laser pulses focused with an//14 lens. 
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The scatter of the data points Is typical of the 
ahot-to-shot reproducibility. For the 74-cm-fo- 
cal-length (f/14) lens hard-x-ray production In¬ 
creases rapidly with Incident energy and then in¬ 
creases linearly. The 11-cm-focal-length (// 
1.9) lens gives substantially higher output as a 
result of a smaller focal-spot diameter (~S0 pm) 
as evidenced by the damage patterns on target. 

Measurements of hard—x-ray emission at 0.25 
nsec with prepulse are shown In Fig. 1(b). The 
0.9-nsec curve in this figure Is taken from Fig. 

1(a) and Is normalized to experimental measure¬ 
ments obtained at 0.9 nsec with prepulse and an 
improved quality //14 focusing lens. Measure¬ 
ments at 0.25 nsec on aluminum targets with and 
without prepulse indicate that hard-x-ray emis¬ 
sion is insensitive to the presence of a prepulse 
[see Fig. 1(b)], A comparison of the curves in 
Figs. 1(a) and 1(b) indicates that the new focusing 
lens produced an Increase of 2.5 in hard-x-ray 
emission because of a reduced focal-spot diame¬ 
ter. However, measurements for polyethylene 
at 0.9 and 0.25 nsec in Fig. 1(b) show no signifi¬ 
cant Increase in hard-x-ray emission for an in¬ 
crease in laser power of 3.6. 

Only an extremely small fraction of the inci¬ 
dent laser energy Is radiated away as hard x 
rays. For example, from Fig. 1(a), at 10 J inci¬ 
dent energy only 3 x lO"® of the Incident energy is 
converted to hard x rays. This result is consis¬ 
tent with similar measurements using thinner 
aluminum or thicker nickel absorbers. 1 Of the 
energy emitted as hard x rays, only 10 MeV is 
actually detected. This corresponds, for exam¬ 
ple, to only 200 50-keV photons or 500 20-keV 
photons. 

The dependence of the total hard-x-ray energy 
on the atomic number of the target is illustrated 
in Fig. 2. The datum point for each target is an 
average over several shots in the energy range 
from 8 to 11 J. The hard-x-ray emission dis¬ 
plays little variation with atomic number. This 
result contrasts with soft-x-ray (1 to 3 keV) pro¬ 
duction which displays large variations with atom¬ 
ic number. 11 The smaller hard-x-ray energies 
for CH,. Si, and S compared to Al, Cu, Mo, and 
Zr (in Fig. 2) suggest a metallic versus nonmetal- 
11c dependence. This behavior is expected If the 
generation of superthermal electrons is sensitive 
to laser-produced magnetic fields.**• 15 
Angular-distribution measurements of hard x 
rays have been made on polyethylene targets for 
0.9- and 0.25-nsec laser pulses. Preliminary ex¬ 
periments 14 have demonstrated that hard x rays 



FIG. 2. Hard-x-ray emission measured with a 1- 
mm-thlck aluminum absorber and 4-mm-thick Nal 
scintillator as a function of atomic number of the tar¬ 
get. 


originate from a source near the target surface 
within a volume of dimensions much less than 2.5 
mm. For the angular-distribution measurements 
six Nal detectors, 5.1 cm in diameter by 1.27 cm 
thick, are used in both the polar and azimuthal 
planes. The detectors are located 36 cm from the 
source and their relative efficiencies are deter¬ 
mined with radioactive sources placed at the tar¬ 
get position. The pulse from each detector is am¬ 
plified and stored digitally in a transient record¬ 
er for later readout on oscilloscope or punched 
paper tape. X-ray absorption in the 0.76-mm- 
thick target is negligible. Typical results for the 
azimuthal plane are shown in Fig. 3(a). Results 
for the polar plane are shown in Fig. 3(b). The 
errors in these measurements arise from two in¬ 
dependent sources: (1) an uncertainty in the mea¬ 
surement of the signal amplitude registered by 
the digital memory unit, and (2) a statistical er¬ 
ror in the number of photons detected. No large 
deviations from isotropy are apparent in these 
measurements. Also isotropy has been observed 
in the polar plane for solid deuterium targets at 
lrradiances of 5 x 10 u and S x I0 14 W/cm* for x 
rays above low-energy cutoffs from 2.2 to 16.5 
keV. ,s 

The total hard-x-ray energy may be compared 
to the bremsstrahlung radiation from a fully ion¬ 
ized neutral plasma with the assumption of a 
Maxwellian distribution of electron velocities. 
This comparison provides a measure of the ex¬ 
tent to which the high-energy tail of the electron 
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FIG. 3. Angular distributions of tile hard x rays (a) In the plane perpendicular to the Incident laser beam and 
(b) In the plane of the Incident laser beam direction and the direction of polarisation of the laser beam. The 
are labeled with the Incident energy and the lines represent the average of the six measurements. 


distribution deviates from equilibrium conditions. 
For a Maxwellian velocity distribution the radia¬ 
tion spectrum Is given by J a *(J/kT) exp(-£/*T); 
where E is the photon energy; T Is the electron 
temperature; and J Is the total radiated power 
density, J (W/cm 5 ) = 5.35X 10"’ l n,(n H +36*c)7’ 1/, 
(temperature measured in keV) for polyethyl¬ 
ene. 1 * The fraction of power radiated above a 
lower cutoff, E a , Is given by exp(-£ 0 /kT). To 
calculate the radiated power density take m, ■ 4s H 
«8s c - 10*Vcm 9 (the critical density for 1.06-Mm 
radiation) and T-700 eV. An electron tempera¬ 
ture of this magnitude has been obtained from x- 
ray line -intensity - ratio measurements for a 0.9- 
nsec 5-J laser pulse on an aluminum target. 17 
Then the radiated power density above a 15-keV 
cutoff Is 1.1 x 10’ W/cm’. To convert this result 
to an energy for comparison with experiment, we 
assume that the Incident laser pulse Is focused 
into a 100- Mm-dlam focal spot (evidenced by 
damage patterns on metallic targets at low inci¬ 
dent power) and that x rays are radiated from a 
>lasma volume of 10** cm 9 for the duration of a 
0.9-nsec laser pulse. Measurements with a fast 
scintillator Indicate that the duration of hard- 
x-ray emission is not significantly longer than 
this laser-pulse duration. Then the total radiat- 
®d energy above a 15-keV cutoff Is 9,5x10"“ J. 
This result is 3 orders of magnitude smaller than 


the measured x-ray emission at 0.25 nsec for 5 
J incident energy. 

It has been suggested that high-energy x rays 
may be accounted for by the absorption of the in¬ 
cident radiation through the parametric lon- 
acoustlc Instability. 1 This Instability Is expected 
to be strongly dependent on the Intensity of the in¬ 
cident radiation. “ The present measurements In¬ 
dicate that hard-x-ray emission Is sensitive to 
energy density In the target rather than to power 
density. Alternatively, bremsstrahlung from en¬ 
ergetic electrons accelerated into the solid tar¬ 
get may be energy dependent rather than power 
dependent. But thick-target bremBBtrahlung 
should Increase linearly with atomic number, 1 * 
and this disagrees with the measurements (see 
Fig. 2). The present results suggest that ener¬ 
getic electrons are produced within the plasma 
volume and spontaneous magnetic fields play a 
role in confinement and perhaps acceleration so 
that energetic x rays result from electron colli¬ 
sions within the plasma atmosphere. 

The author Is grateful for valuable discussions 
with J. A. Stamper and B. H. Rlpln. The assis¬ 
tance of D. H. Walker with the angular-distribu¬ 
tion measurements and of O. C. Barr, J. M. 
McMahon, and T. De Rleux with laser operation 
1 b gratefully acknowledged. Appreciation is ex¬ 
pressed to D. J. Nagel for communicating results 


749 




Volume 33, Humbbm 13 


PHYSICAL REVIEW LETTERS 


23 Siptsmbu 197 ^ 


prior to publication. 


•Work supported by the U. 8. Atomic Energy Com¬ 
mission. 

*J. W. Shearer, 8. W. Mead, J. Petruzzl, F. Rainer, 
J. E. Swain, and C. E. Violet, Phya. Rev. A 8, 764 
(1972). 

2 V. W. Sllvlnsky and H. N. Kornblum, Bull. Amer. 
Phya. Soc. 18, 1256 (1973). 

S J. N. Olson, G. W. Kuswa, and E. D. Jones, J. Appl. 
Phys. 44, 2275 (1973). 

*R. L. Morse and C. W. Nielson, Phys. Fluids 16, 

909 (1973). 

i J. Nuckolls, L. Wood, A. Thlessen, and G. Zimmer¬ 
man, Nature (London) 239 , 139 (1972). 

*J. S. Clarke, H. N. Fisher, and R. J. Mason, Phys. 
Rev. Lett. 30 , 89 (1973). 

, J. M. McMahon and O. C. Barr, In Proceedings of 
Ike Society of Photo-Optical Instrumentation Engineers: 
Developments in laser Technotogy~lt, edited by R. F. 
Wuerker (Society of Photo-Optical Instrumentation 
Engineers, Palo Verdes Estates, Calif., 1974), Vol. 

41. p. 13. 

*J. A. Stamper et at., In Laser Interaction and Re¬ 
lated Plasma Phenomena, edited by 11. Schwarz and 
H. Hora (Plenum, New York, to be published), Vol. 3. 
*J. F. Kephart, R. P. Godwin, and G. H. McCall, 


Appl. Phya. Lett. 25, 108 (1974). 

°H. D. Shay et el., Lawrence Livermore Laboratory 
Report No. UCRL 76485, 1974 (unpublished). 

U D. J. Nagel, P. G. Burkhalter, C. M. Dozier, B. M. 
Klein, and R. R, Whitlock, Bull, Amer. Phys. Soc 19 
557 (1974). 

^D. A. Tidman and J. A. Stamper, Appl, Phys. Lett 
22, 498 (1973). 

"N. K. Wlnsor and D. A. Tidman, PhyB. Rev. Lett. 

31. 1044 (1973). 

""^F. C. Young, D. H. Walker, and O. C. Barr, Bull. 
Amer. Phys. Soc. 19 , 557 (1974). 

,S K. Etd mann and R, Sigel, in Proceedings of the 
Sixth European Conference on Controlled Fusion and 
Plasma Physics, Moscow, 1973 (U. S. S. R. Academy 
ofSclenoes, Moscow, 1973), Vol. 1, p.435. 
le 8. G las stone and R. H. Lovberg. Controlled Thermo¬ 
nuclear Reactions (Van Nostrand, Princeton, N. J., 
1980), p. 31-32. 

"D. J. Nagel etal., preceding Letter [Phys. Rev. 

Lett. 33, 743 (1974)]; D. J. Nagel et el.. In Proceed¬ 
ings of the Sixth European Conference on Controlled 
Fusion and Plasma Physics, Moscow, 1973 (U.S.S.R. 
Academy of Sciences, Moscow, 1973), p.447; G. A. 
Doschek et at., to be published. 

‘ g D. F. OuBols and M. V. Goldman, Phys. Rev. Lett. 

14 . 544 (1965). 

_n R. D. Evans, The Atomic Nucleus (McGraw-Hill, 
New York, 1955), Chap. 21. 


Solitons and Resonant Absorption 

E. J. Valeo and W. L. Kruer 

Lawrence Livermore laboratory, University of California, Livermore, California 94550 

(Received 24 June 1974) 

Simulations and theory of driven plasmas show the existence of long-lived, extremely 
Intense spikes of high-frequency electric field, accompanied by a self-oonsistent depres¬ 
sion In density. These entitles are the limit to which solitons collapse In a driven plas¬ 
ma when the wave-particle Interaction Is Included. Alterations In the density profile due 
to such entities Is especially important for the absorption of radiation in Inhomogeneous 
plasmas. 


The role of solitons In strong electron-plasma- 
wave turbulence is receiving widespread atten¬ 
tion. Zacharov 1 has shown that electron plasma 
waves can be described by a Schrfidinger equa¬ 
tion, which admits such localized solutions. 
Kingsep, Rudakov, and Sudan 2 have pointed out 
that the saturated spectrum of plasma waves ob¬ 
served both In beam-plasma simulations 5 and in 
simulations of plasmas driven by intense fields 4 
indicate the presence of solitons. Morales, Lee, 
and White 5 have recently modified the Schrfidinger 
equation to include a monochromatic, homoge¬ 


neous pump E 0 cos(o > 0 l) with = u>,,, the electron 
plasma frequency. They find then that the soil ton 
width collapses and its Intensity increases faster 
than exponentially. The final soliton intensity is 
limited in their formalism only by pump depie- i 
tion. We present here the results of particle- 
simulation studies in which we investigate the 
final state of solitons in a driven plasma. Strong 
dissipation due to the onset of the wave-particle 
Interaction prevents the complete soliton collapse 
predicted by the Schrddinger equation model. 

With the inclusion of the wave-particle interac- 
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FIG. i. The spatial dependence of (a) the electric 
field Intensity, and (b) the Ion density observed In a 
one-dlmensional electrostatic computer simulation. 
The parameters are tS/mu H = 0.8V tt , = m/ 

’ Jif -0.01, and wot =* 600. 


tion, solitons become very intense and narrow 
spikes of high-frequency electric field accom¬ 
panied by a self-consistent density depression. 

We first show an example of a soliton as ob¬ 
served in a one-dimensional simulation of an 
initially uniform plasma driven by a spatially 
> homogeneous pump field. The pump frequency 
u> 0 is equal to 0.9w >( . This choice is not essen¬ 
tial but enables us to Isolate the soliton forma¬ 
tion from other mode-coupling processes which 
occur simultaneously when u 0 >w Pa . The Initial 
electric field and density fluctuations are ran¬ 
dom. Figure 1(a) shows a plot of the square of 
the peak self-consistent plasma-wave field versus, 
position at w p , 1=600, and Fig. 1(b) depicts the 
ion density versus position at that time. Note the 
narrow width (f~15A^) and the very large peak 
intensity maximum (E p 3 /4vnV t ~5). Depending on 
the initial random noise and the size of the simu- 
2 lated plasma, one or more of these entitles are 
observed to form. As long as they are well sepa¬ 
rated, they can coexist, although they appear to 
interact through the radiation of sound waves. 

This interaction is particularly apparent for two 
solitons separated by a distance comparable to 
their width. Then the larger soliton can anni¬ 
hilate the other by “filling in” the latter’s density 
depression. 

The pump field intensity E 0 3 /4mS, equals 0.64 
which is about 1.5 times the threshold Intensity 
for the oscillating two-stream instability 11 when 
w o = 0.9w # .. This threshold is the accessibility 
criterion for the formation of solitons In a quies¬ 
cent plasma. However, the simulations show 
that this threshold can be significantly lowered If 
an elevated level of turbulence or noise is pres¬ 
ent This can be a particularly important con- 



FIG. 2. Electron phase space (t> versus x) from the 
computer simulation. The parameters are the same 
as those for the previous figure. 


sideration for real plasma, since a number of in¬ 
stabilities often operate simultaneously. 

The plasma is heated very effectively alter the 
onset of the wave-particle interaction. The plas¬ 
ma temperature increases linearly with time In 
this simulation to 25 times its initial value in a 
time Ai=100/v pt . The dissipation rate, defined 
in terms of the electrostatic wave energy and the 
rate of temperature Increase by 


d_ 

dt 


JdxnT=v*Jdx 


is thus seen to be substantial, about 0.4u> ># . Fig¬ 
ure 2 shows an electron-phase-space plot (v ver¬ 
sus x) from the simulation, again at u>„ /= 600. 
Electrons are accelerated through the narrow, 
intense structure, forming streamers in phase 
space which are similar to those seen in simula¬ 
tions of resonant absorption. 7 Indeed, this heat¬ 
ing can be viewed as resonant absorption on non- 
linearly produced density channels. The velocity 
increment of an electron which samples the maxi¬ 
mum field as it transits the soliton is *-VJ F*, 
where V w seE p /mw. If we add to this increment 
the initial particle velocity, we see that veloci¬ 
ties in excess of five thermal velocities are at¬ 
tainable in a single pass. The efficient heating 
observed is not surprising when one considers 
that some particles, albeit only the fastest, suf¬ 
fer velocity changes of 0(V*) in a transit time 
which is O(»/u) 0 ). Even in the presence of strong 
heating, solitons are observed to persist for 
times in excess of SOOw,,' 1 , after which time the 
plasma temperature has increased by almost 2 
orders of magnitude. 

In these periodic simulations, soliton lifetime 
is principally determined by large zero-order 
changes in the plasma temperature, which, for 
example, can drive the oscillating two-stream 
instability below threshold. We are currently 
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e xamining the formation of aolitons in simula¬ 
tions which model a heating region of finite 
length. Escaping heated particles are replaced 
by colder ones, allowing a steady state to be 
reached. These simulations will enable us to 
isolate the effects of ion inertia on the lifetime. 

The final soliton width appears to be universal 
and is determined by very basic considerations. 
The adiabatic invariant mv*/2 + e<p, where <p is 
the ponderomotive potential [e<p = ie 1 E 0 a (x)/mui , ] l 
can be used to describe the motion of a particle 
of velocity v in an almost monochromatic electric 
field If the inequality v/Lw «1 is satisfied. Here 
L is the scale of spatial variation of the field and 
w is Its frequency. A sufficiently slow particle 
transits a localized region of oscillating field 
with only an exponentially small energy change 
(if the spatial variation of the field is analytic). 

It is just the breakdown of the constancy of this 
Invariant for a large number of particles which 
signals the onset of strong heating. These con¬ 
siderations allow us to estimate the width l of a 
soliton by setting v/lw = 1 or l//2v Tr = 2i/o> 0 . 

Here the r , arises from the choice of a rec¬ 
tangular velocity distribution of the form f,(v ) 

= n/2'/3v u for Itil* =0 otherwise. This 

estimate, 1 =» 121^,, is in reasonable agreement 
with the observed full width at half-maximum in¬ 
tensity of about 15*^,. In other simulations with 
Maxwellian distributions, essentially the same 
width is observed. 

We have quantified this estimate by numerically 
calculating the energy change of particles which 
are incident upon a localized field structure of 
the form E(x, t) = E 0 sech(fex) cos(o)/). The func - 
tlonal form sech(fcx) provides a reasonable fit 
to the observed spatial dependence of £. The 
relevant amplitude parameter kAxskeE 0 /micj 
was chosen to be 0.3, the value observed in the 
simulations. 

Many particles of each initial velocity class 
v > 0 were distributed uniformly in initial position 
over an Interval x 0 - Ax x * x 0 with Ax u/v - 2ns 
and xjt « - 1. Their motion was followed numer¬ 
ically until their interaction with the structure 
was complete. The phase-averaged energy change 
of each class was computed. Particles of veloci¬ 
ty ti < i>, »eJ£ 0 //2 mw a were reflected with no ener¬ 
gy change. Those with v, <v <u, «0.3o> 0 /* passed 
through with no noticeable energy change. Parti¬ 
cles with larger initial velocities gained energy. 
The maximum energy gain was for particles of 
velocity class o, O-0.95W,,/*. Their maximum 
velocity change (as a function of initial phase) 


23 SirriMMu ify 

was The energy gain decreased monoT 

tonically thereafter with Increasing initial veloc¬ 
ity. 

The amplitude of the energy change curve vsriec 
linearly with E* as Eg 1 decreased over 5 orders 
of magnitude, suggesting that the value £ i 8 
small enough for the nonadiabatlc particles to 
validate a linearized calculation of the wave-par¬ 
ticle damping. We have analytically calculated 
the linear dissipation rate for the assumed form 
E(x, t) = E 0 sech(hx) cos(o><) as a function of 
for both rectangular and Maxwellian distribu¬ 
tions. Briefly stated, both numerical and analytic 
analyses predict a smaller than observed value 
for v* unless is taken about 50% larger than 
observed. We expect that this discrepancy can 
be removed by Including the self-consistent dis¬ 
tribution function in such a calculation rather 
than the initial distribution function [TJ(w tt t 
* 600) =*2T,(0)]. 

The maximum intensity is more difficult to esti¬ 
mate. In the sample simulation, the plasma tem¬ 
perature changes bo rapidly that no simple esti¬ 
mate of the intensity is very convincing. The 
maximum intensity becomes large enough to 
initially reflect nearly all the particles from the 
soliton, i.e., e 0 E p /m<j3~'T6v tt . 

Both because the soliton grows so rapidly until 
the onset of heating and because the temperature 
increases so rapidly thereafter, the ion-density 
depression associated with the intensity does not 
follow from a balance between the plasma and 
ponderomotive pressure, Le., ln{n/n 0 )*etp/6,. 
Another indication of the importance of ion inertia 
is obtained upon examination of ion phase space 
where ion flow velocities comparable to the acous¬ 
tic velocity are observed. In the finite-interac¬ 
tion-length simulations currently under investiga¬ 
tion, the long soliton lifetime and the attainment 
of steady plasma temperature allow a closer 
pressure balance to be maintained at long times 
■tfter soliton formation. After the formation of 
the density channel, (toe ion flow velocity vanish¬ 
es and pressure balance provides a good estimate 
of the relative density depression. 

Intense, localized spikes of high-frequency 
field play a role in many practical applications. 
They appear to be a general feature of strong 
electron-plasma-wave turbulence. For example, 
Estabrook, Valeo, and Knier have carried out 
many two-dimensional, electromagnetic, rela¬ 
tivistic simulations' of resonant absorption of 
radiation in plasmas. A common feature observed 
in the simulations*'* is a pronounced steepening 
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FIG. 3. An ion density profile from a two-dimension¬ 
al electromagnetic simulation of resonant absorption 
of intense radiation. The profile initially had a linear 
rise to I.Gh^ In 2 X 5 . where and Xj la 

the free-space wavelength. The energy density of the 
radiation is | the plasma thermal energy density, and 
the angle of incidence is 24°. Plasma expansion later 
reduces the else of the secondary density maxima, 
leaving a density step from subcritlcal to supercritical. 

of the density profile near the critical density at 
which resonant excitation occurs, as shown in 
Fig. 3. This density step is driven by a strong 
gradient in the resonantly excited electron-plas¬ 
ma wave intensity, as well as by a gradient in 
the electron temperature due to the plasma heat¬ 
ing. The result is the production of an intense 
narrow spike of high-frequency electric field with 
a self-consistent sharp variation in plasma den¬ 
sity, both of which have a scale length of (10— 

20)lfl t . 

This nonlinear steepening of the density profile 
is found to have a number of important conse¬ 
quences. R reduces the region of plasma acces¬ 
sible to instabilities transverse to the density 
gradient and makes resonant absorption an effec - 
tive mechanism for larger angles of Incidence. 
The density modifications can also enhance the 
amount of absorption. For example, we have ob¬ 
served resonant absorption to occur multiply on 
a series of nonlinearly produced density channels 
near the critical density. Sizable modification 
of the density profile due to resonant absorption 
has been recently observed in microwave exper¬ 
iments, 10 even with rather modest incident power 
levels. 

Finally we note that the source of the pump 
electric field can be an injected electron beam 
rather than incident radiation. We have run sim¬ 


ulations which verify this assertion. For exam¬ 
ple, a beam of density njn^ = 2 x 10 velocity 
*> B /t'„«25, and temperature 6 B = 6, first excites 
the electron two-stream instability. This leads 
to the formation of a large amplitude, long wave¬ 
length (kv B <* u> H ) plasma wave. This plasma 
wave then excites the oscillating two-stream in¬ 
stability, 1,11 which leads to soliton formation. 

The solitons then efficiently transfer their ener¬ 
gy to the background electrons as described 
above. Again, the soliton width is approximately 
15X0,. Solitons may have been observed in beam- 
plasma experiments, 11 where apparently station¬ 
ary and intense structures of width - 10X M appear 
upon beam Injection. 
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sions with K. G. Estabrook, J. J. Thomson, A. B. 
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formed under the auspices of the U. S. Atomic 
Energy Commission. 
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Ion-Ion Beam Instability in a Cylindrical Geometry 

Noah Hershkowitz, * Thomas Romesser, f Georg Knorr.f and Christoph K. Goertzf 
Department of Physics and Astronomy, The University of tom, Iotca City, lotoa 52242 
(Received 21 January 1974) 

The lon-lon instability 1» studied in a cylindrical double-plasma device. Low frequency 
cylindrical standing waves are found which are one-dimensional in character with fre¬ 
quency proportional to beam velocity. An approximate dispersion relation for the cylin¬ 
drical standing waves is derived. 


Double-plasma (DP) devices have recently been 
used to study the incoherent ion-ion two-beam in¬ 
stability produced by one-dimensional beams in 
unmagnetized plasmas. 1 ' 5 This turbulence is 
found to be Mree-dimensional in character in 
agreement with the linear theory of the ion-ion 
instability*"^which predicts that the instability 
depends on k-v,, where £ is the plane -wave prop¬ 
agation vector and V, is the beam velocity. Al¬ 
though there is an upper limit on v t beyond which 
the one-dimensional ion-ion Instability will not 
grow, there always will be oblique directions for 
which the projection of v t on k will give growing 
modes in three dimensions. Means el al. 10 have 
recently argued that the observation of turbu¬ 
lence in experiments with one-dimensional elec¬ 
trostatic ion acoustic shocks depends fundamen¬ 
tally on this iftree-dimenslonal property of the 
instability. 

In this Letter we report the production of a 
coherent ion-ion instability which is essentially 
one-dimensional in character. This has been ac¬ 
complished by generating cylindrical standing 
waves which are resonant with Ingoing and out¬ 
going beams in a cylindrical DP device at the 
University of Iowa. Hits device differs from con- 
ventlal DP devices 1 ’ 5 In that the cylindrical bound¬ 
ary of the plasma plays a dominant role. A 
grounded cylindrical screen through which the 
beam in injected, serves as a well-defined bound¬ 
ary condition (vanishing potential) for the stand¬ 
ing waves. In conventional devices 1 "' the dimen¬ 
sions were such that wave and particle phenom¬ 
ena were not significantly affected by the pres¬ 
ence of boundaries. The dimensions of those de¬ 
vices were lurge compared to the ion charge-ex¬ 
change length, the e folding distance for ion- 
acoustic waves, and all wavelengths of interest. 

In the cylindrical DP device described here the 
diameter of the plasma is comparable to these 
lengths. 

A description of these standing waves is de¬ 
rived from the Vlasov equation in a cylindrical 


geometry. The dependence of the frequencies w 
id the instabilities on the beam velocity is shown 
to be remarkably similar, but not identical, to 
the results for a strictly one-dimensional ion- 
ion instability. 

The cylindrical DP device, which has recently 
been used to study cylindrical solitons, 11 is showi 
in Fig. 1. Two concentric argon plasmas are 
separated by an outer negatively biased screen 
and an inner screen held at ground potential. 
Plasma within the inner cylinder is produced in 
an adjacent connected chamber. Typical operat¬ 
ing parameters were electron temperature T m 
a 1 eV, ion temperature T , »0.1 to 0.2 eV, aver¬ 
age plasma density n, ~ 10' to 10 8 cm"', and pres¬ 
sure * 2x10"' Torr. A steady-state radially In¬ 
going cylindrical beam is formed by raising the 
plasma potential in the outer cylinder. Beam 
density ratios ij *n t /n ( are controlled by varying 
the concentric discharges. The Ion charge-ex¬ 
change length was greater than the inner-cylin¬ 
der radius. 

Energy distribution functions in the inner plas¬ 
ma (region A in Fig. 1) are measured with two 
energy analyzers with depth-to-area ratios great- 
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FIG. 1. Cylindrical DP device with two insulated con¬ 
centric plasmas. The inner plasma is produced in the 
right half of the device. Beam energy is controlled by 
varying •*. 4>, filament supply voltage; ♦» filament- 
to-wall voltage; **, applied bias voltage. T,-1.0 eV; 

X ( 40.2 eV; JV 9 "10“-10* cm" 1 ; pressure, 2*10" 4 Torr. 
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FIG. 2. Typical radial and azimuthal energy-analyzer 
traces at B and 8 cm are shown. Similar traces are ob¬ 
served for radii less than 6 cm Indicating the presence 
ol a ring distribution function In velocity space. The 
absence of an azimuthal beam at 8 am Is apparent. 
Azimuthal traces are found to be Independent of <f. 
Broadening of these traces Is Instrumental. 


er than 1, whose radial coordinates can be va¬ 
ried. One energy analyzer measures the energy 
distribution function of particles with velocities 
in the radial direction, another observes the 
J energy In the <p direction. A third measures out¬ 
going energy distribution functions in the outer 
plasma (region B in Fig. 1). Typical energy- 
analyzer traces are shown in Fig. 2. Near the 
inner screen the beam is seen to be radial. For 
radii less than 7 cm we find approximately equal 
radial and azimuthal beam components, Indicat¬ 
ing that the beam forms a ring In velocity space. 
The spatial region over which the ring distribu¬ 
tion function exists Is determined by the beam 
velocity, and the separation and mesh size of the 
two concentric screens. The region Increases 
for smaller energies. The presence of a ring 
distribution function rather than a purely radial 
team results in a uniform beam density (r< 7 
cm) with no steady-state electric field. This 
facilitates a theoretical description of the In¬ 
stability. 



3 10 
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0 5 10 13 20 
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lb) 


FIG. 3. (a) Power spectra showing the first three 
harmonics as a function of beam velocity, (h) Frequen¬ 
cy versus beam velocity for the three lowest harmon¬ 
ica. No growing modea are observed for v* <O.B x 10* 
om/seo and for v k >2.2 x 10 l cm/sec. 


Instabilities are detected by positively biased 
Langmuir probes oriented In the axial direction 
and by the energy analyzers. One Langmuir 
probe Is variable in the radial direction and the 
other is variable in the <p and axial directions. 
Langmuir probes indicate that relatively uni¬ 
form background plasma and beam densities are 
achieved in this device. Langmulr-probe mea¬ 
surements within the inner cylinder (region A in 
Fig. 1) showed no <p or z dependence (except near 
the cylinder ends). 

A comparison of signals simultaneously ob¬ 
tained at different positions showed that the in¬ 
stability was in phase throughout the inner plas¬ 
ma, demonstrating that standing waves were pro¬ 
duced. Therefore it is meaningful to consider 
power spectra. Typical Instability power spec¬ 
tra as a function of beam velocity are shown in 
Fig. 3(a). For high beam velocities we observe 
no instability. The onset of the Instability Is 
seen for a beam energy of approximately 1.0 eV. 
For beam energies less than approximately 0.2 
eV the instability disappears. As the plasma po¬ 
tential of the outer plasma Is made less than the 
potential of the inside plasma we observe inco¬ 
herent instabilities between the outer cylindrical 
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screen and the outer walls of the chamber (re¬ 
gion B in Fig. 1 ). 

Measurements of the power spectra In the ra¬ 
dial direction show that the three lowest frequen¬ 
cies correspond to resonant modes with no nodes, 
one cylindrical node, and two cylindrical nodes, 
respectively, further demonstrating cylindrical 
standing waves. Figure 3(b) shows that u is 
roughly proportional to v k for the first three har- , 


monies. In addition, the second and third har¬ 
monics have approximately 2 and S timet the fre 
quency of the first. This suggests that u/k = ^ 
with a constant, describes all three modes, with 
k H varying approximately with the mode number. 

These results can be understood by consider¬ 
ing the linear Vlasov equation in cylindrical geo¬ 
metry. The Vlasov equation can be written for 
one component (ions or electrons) in the follow¬ 
ing way: 


^ +t’ -St +v +(—E t + v*r~ 1 ') 0. 

dt r 8r * rBtp \m r * / 8 v T \m * T * / 8e, 


( 1 ) 


For a stationary homogeneous equilibrium distribution / 0 (r, v„ vj with E =0, we find vjr~ l {v^ 8 \fj 8u r 
_ v T 8/o/Su^) =0. This means that the eeroth-order distribution function depends only on the magnitude 
of the velocity, f 0 a fo(v) m fJHv T * +l ' f s ) 1 ^]i i.e., the distribution is concentric in velocity space and the 
beam must be a ring. Experimentally, we find such a distribution function extending from the center 
to within 3 cm of the inner screen for beam energies less than 2 eV. 

Perturbing the plasma, we write /(?, v, t) « n 0 f 0 (v) +/,(?, v, t), where /,(?, v, t) is given by 


/,(?, v, /) -X'd< 0 V*(?„(?, v, / - /„), t 0 ) ■ 8/ 0 (r)/8v, (2) 

with * being the electrostatic potential. The time integral is taken along the straight-line orbits of 
the unperturbed state. In evaluating the time integral we consider the plane-propagating waves *(?,/) 
= « 0 exp|s(ax + by - <uf )| = * 0 exp{f[ferco8(<p- a)-a>tj}. Then the integral in Eq. (2) can be performed to 
give 


/ 1 (f,v,0=^-*(r,0 i 


fencos(6- a) Bf 0 (v) 
'kv coe (6 - a) - u v&v 


(3) 


In writing Eq. (3) and the potential we have used the following definitions: 
x = rcoB<p, y=rsin<p, i', = ncos8, f y =t'sin8, a-kcoea, b=kalna. 

When calculating the density from Eq. (3) by integrating over v and e, we note that the dependence at 
cob (e- a) on a can be suppressed because 6 is integrated over all angles. Thus we obtain for the 
density 


«(r, t) =£"v dv£’rl 0 f l = (e/m)n a *(T, l)k*G(w/fc,/ 0 ), 

with 




<16 


cose 




COB 6 -<i)/kv vBv 


( 4 ) 

(5) 


In order to express the density in cylinder functions we let *„ depend on a, * 0 (a) = (*„/*)exp (iva 
- in/2), and Integrate over a. A change of the variable a to w=A + <p and an appropriate extension of 
the limits of the integral to infinity produces the Integral representation of the Hankel or Bessel func¬ 
tions Z u (kr)exp(iv<p). Thus we can write 

«(r, t) = (e/m)* ,Z v (kr)exp(ivip)G . (*' 

The densities have to be inserted into Poisson’s equation, 

- V a *=4»£,e v «,. W 

We note that Z v (ftr)exp(ivtp) is an eigenfunction of the Laplacian. This shows that cylinder functions 
are eigenfunctions of the beam-plasma system. For the boundary conditions of the experiment, * =*0 
on boundary, we obtain directly v =0, kH * a. , where a 0(i is the pth zero of the Bessel function J 0 (p)- 
It is important to notice that these are the only nonsingular solutions and they represent standing 
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wave §. The dispersion relation Is found from Eqs. (7), (6), and (5): 


( 8 ) 


Note that k * c^Jr. k is not a plane-ware propagation vector. 

We consider now a background plasma with Maxwellian ion and electron distributions with T t » T t . 

In addition we have a radial influx of ions of velocity t>,, which can approximately be described by 
f t (v)*‘(,H t /2vv i )6(v -v t ). Prom the Penrose criterion it follows that for small v t the system is stable 
as well as for very large Both effects have been observed experimentally [compare Pig. 3(b)], 

From the assumed distribution functions we find for very small ion beam density (tj« 1) and for v t 
*<PT,/m t ) lft nc, 

a) = +JtwJl + iijexp(2ii/3)c/ /s (tJ t * - c, , )'* /3 J. 

For the case of resonance (t> t = cj we find ui =+fet>,[l + ?i/ 3/3 exp(2*i/5)]. The experimental proportional¬ 
ity of a) with t>, is evident from Pig. 3(b) which corresponds to t;*0.2. 

In conclusion we have shown that low-frequency cylindrical standing waves which depend only on r 
are produced by the ion-ion beam Instability in a cylindrical DP device. We have shown that their fre¬ 
quency is roughly proportional to the beam velocity. We believe that this is the first time that a coher¬ 
ent ion-ion beam instability has been observed. We ascribe this to the high symmetry of the experi¬ 
ment which substantially reduces the off-axis modes. We have derived a dispersion relation for the 
coherent cylindrical-standing-wave instability from the appropriate Vlasov equations for the cylindri¬ 
cal geometry. This predicts unstable standing waves with u/k n proportional to t>, rather than travel¬ 
ing waves. 
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Electron Cyclotron Emission from a Tokamak Plasma: Experiment and Theory 

A. E. Costley, * R. J. Hastie, J, W. M. Paul, and J. Chamberlain* 

United Kingdom Atomic Energy Authority Research Group, Culham Laboratory, Abingdon, 

Berkshire, United Kingdom 
(Received 24 June 1974) 

We present the first measurements of the power, polarisation, and frequency spectrum 
of the electron cyclotron emission from a tokamak plasma. The radiation 1s not polar¬ 
ised. does not have the previously predicted spectrum, and under certain circumstances 
is an order of magnitude above the predicted power level. We interpret the results In 
terms of a scrambling of polarisation on reflection within the torus and In terms of the 
emission from suprathermal electrons. 


Electron cyclotron emission from hot toroidal 
plasmas Is currently of importance in fusion re¬ 
search. It is anticipated that it could constitute 
a significant power loss in a reactor 1 * 1 and that a 
measurement of it could be an Informative plas¬ 
ma-diagnostic technique. 3 In this Letter we pre¬ 
sent measurements of the electron cyclotron 
emission (occurring at millimeter wavelengths) 
from the hot plasma of a tokamak device. 

The plasma investigated is produced by the 
CLEO tokamak.* It has a toroidal riux density 
fl,«2.0T, a mean electron density tt,~ 2 xlO 1 * 
m"\ a central electron temperature T„~ 300 eV, 
a central ion temperature T l0 ~ 200 eV, a major 
radius rt 0 »0.9 m, a minor radius a o = 0.18 m, 
and duration up to 180 msec. 

Emission measurements .—These were made 
by observing the plasma along a major radius 
through a wedge-shaped window of crystal quartz 
(Z cut). Radiation from the plasma was directed 
into a two-beam polarization-type interferometer. 9 
The path difference ( x) within this was scanned in 
10 msec over the range - 1 <.v < 9 mm by oscilla¬ 
tion of one of the Interferometer mirrors, and 
the resulting interference patterns (Fig. 1) were 
detected with a Putley indium antimonide detec¬ 
tor. (The spectrally Integrated emission was al¬ 
so detected for reference purposes.) Subsequent 
Fourier transformation of the interference pat¬ 
terns and calibration of the apparatus yielded the 
emission spectra. 

In the calibration the time dependence of the 
path difference was measured by using an HCN 
laser (X = 837 pm) and the absolute power re¬ 
sponse of the interferometer-detector arrange¬ 
ment was determined with a dc mercury arc 
lamp. Such lamps have been shown previously 9 
to radiate approximately as a black body with a 
radiation temperature of 3000 K. 

The emission spectrum from a typical tokamak 


shot is shown in Fig. 2 (curve a). The resolution 
in the spectrum Is determined by the total scan 
x n used in the Fourier transform, R“cx m ml , and 
in this case is 37.5 GHz. As expected, emission 
peaks occur at the cyclotron harmonics (aivj n 
* 2, 3, and 4 for the magnetic field B a at the cen¬ 
ter of the plasma. The emission at n ■ 1 (Le., /,) 
could not be deduced by the normal procedure 
since the calibration system was insensitive in 
this region. However, from the known respon- 
slvity of the Putley detector an upper limit can 
be placed on /, as in Fig. 2. 

By combining data recorded on two identical 
tokamak shots, Bpectra with an improved resolu¬ 
tion of 25 GHz were obtained (Fig. 2, curve b ). 

A mirror in the fixed arm of the Interferometer 
was displaced between the two shots so that ad¬ 
jacent parts at the interference patterns were 
scanned, and composite interference patterns 
were constructed and transformed. 

Variation of the tokamak conditions revealed a 
clear correlation between the level and spectrum 

Tim* (ms) 

33 43 53 

i-1-1 


I_1_ L _U - J-1-L—J-1-1-I-1-1 

9 86420 -102468 9 

Path-difference (mm) 

FIG. 1. Signal from the interferometer showing two 
scans of the interference pattern, traversed in opposite 
directions. (Time Is from Initiation of discharge j 
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FIO. 2. Emission spectra. Experiment: curve a, 
single scan from Fig. 1; curve b, composite scan; 
curve c, single scan but with appreciable runaway (JL, 
Is the limit of detectability). Theoretical: prediction 
for polarised emission (extraordinary mode, vertical 
batching). la plasma frequency. 


of the emission (e.g., Fig. 2, curve c), and the 
level of hard x-ray emission. (Note that the lat¬ 
ter Is an Indication of the presence of high-ener¬ 
gy runaway electrons.) Under conditions of rel- 
* atively Intense x-ray emission the spectrally un¬ 
resolved monitor showed an Increase of up to an 
order of magnitude In emitted power. 

The uncertainties In the measurement method 
are such that the relative shape and frequency 
position of the spectral features are reliable to 
about ± 10%, and that the absolute level of the 
spectra Is reliable to about an order of magnitude 
(i.e., factor of 3 either way). The latter uncer¬ 
tainty arises mainly from the need to use differ¬ 
ent optical and electronic systems for the calibra¬ 
tion and the plasma measurements. The emis¬ 
sion in the region of 4v M is subject to a ± 20% un¬ 
certainty because of the presence of a small un¬ 
identified feature at about 225 GHz in the calibra¬ 
tion data. The effect of smoothing this feature is 
shown in Fig. 3. 

Polarisation measurements .—The orientation 



FIO. 3. Emission spectra. Experiment: composite 
scan (effect of smoothed calibration at a = 4. dashed 
line). Theoretical: prediction with polarization scram¬ 
bling (ordinary mode, horizontal hatching: and unpolar- 
lzed, cross hatching). 


of a wire polarizer In the Interferometer was 
changed between discharges and the resulting 
Interference patterns were recorded. Since the 
transformed spectra were the same to within the 
discharge reproducibility limits (±10%), the de¬ 
tected radiation was unpolarized (to within this 
uncertainty) at all frequencies In the region exam¬ 
ined. 

In a separate experiment an optical system of 
smaller ttendue, which excluded radiation re¬ 
flected In the torus side arm, was used, and 
spectrally integrated signals were recorded. 

Since these were Independent of the orientation 
of a wire polarizer mounted in the optical system, 
we conclude that the radiation that crossed the 
plasma-vacuum boundary was unpolarized. 

In an effort to understand this lack of polariza¬ 
tion we measured the depolarizing effect of multi¬ 
ple reflections within the stainless-steel torus. 
With no plasma present the torus was irradiated 
with a polarized beam of 2-mm-wavelength rad¬ 
iation and the polarization state of the radiation 
emanating from several radial ports was deter¬ 
mined. While radiation from a port immediately 
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adjacent to the entrance port ( tp ■ 20°) was partial¬ 
ly polarised that from other ports with <p> 90° 
was less than ± 10% polarised, demonstrating that 
multiple reflections within the torus can depolar¬ 
ize the radiation. 

Theory for polarized emission ,—We consider 
the cyclotron emission from a toroidal plasma in 
the direction of the major radius 9 " 3 (nonrelatlvlstlc 
limit for T,~ 300 eV). The Intensity 7 I.(ui) In 
each mode (extraordinary, g = e; ordinary, g=o) 

Is given by* 


, = , 1 -exp(-fa.ds) 

* 1 -r exp(-fa.ds)' 


( 1 ) 


where ar f (o>) is the absorption coefficient of the 
plasma, I B = o> 9 *7,/8»Y 9 is the black-body inten¬ 
sity for a single mode, and r-r( u>) is the reflec¬ 
tion coefficient of the metal wall bounding the 
plasma The spatial contributions are Integrated 
across the toroidal profile with arbitrary s,(s), 
T,(s), and defined B(s) = B 0 (l -s/R a ), I s I » 

For each u> and harmonic n, the resonance u> 

= nw„(s r ) defines the position s r , so that 


fa.ds 



« 9 "' 9 / te.R n \ 

(n-DlbcoBocA 


( 2 ) 


Figure 2 shows the predictions of this model 
for the parameters of the CLEO tokamak with the 
measured parabolic «,(*), assuming a parabolic 
T,(s). Under low-runaway conditions (Fig. 2, 
curves a and b) we find that (1) the measured ab¬ 
solute magnitudes exceed the predictions by 
more than the estimated factor-of-3 uncertainty; 
(il) the measured ratios, /,//, and ljl v of the 
Intensities of the harmonics yield the electron 
temperatures 260 eV and 1.1 keV, respectively; 
and (ill) the main discrepancy is the observed 
absence of polarization. 

Theory for unpolarized emission .—We now as¬ 
sume, on the basis of the subsidiary experiment 
mentioned above, that each reflection produces 
some scrambling of the polarizations. We define 
a transfer fraction p between the two polariza¬ 
tions at each reflection. The boundary condition 
for the reflected intensity I' then becomes 


+ P( I it,o) ~ f<o*))]> 

(3) 

and the transport equation with 
solution 

a 0 = 0 yields a 

• *l-rexp(-fa.ds)’ 

(4) 

l„=ljrp/(\ -r + rp), 

(5) 


while a„=0. The values of fa.ds for the CLEO 
tokamak are listed in Table I together with 1 
-r(<o) for stainless steel. We note that harmon¬ 
ics n <3 are optically thick (fa.ds »1 -r), har¬ 
monics it > 3 are optically thin (fa.ds «1 -r), 
while harmonic n 3 3 is Intermediate, and that 
T, can be determined from the ratio of any two 
harmonics provided they are not both optically 
thick. 

The spectral widths of the various harmonics 
are determined by the toroidal inhomogenelty of 
the field, which gives an overlap of harmonics 
n » 3 and 4. However, provided the profiles of 
n,(s) and T,(s) are not particularly flat, the main 
emission peaks can be calculated separately. 


TABLE 1. fa.ds for the CLEO tokamak and 1 — r(v) 
for stainless steel. 


N 

fa,ds 

1 -r(u) 

2 

1.00 

6.48*10*' 

9 

2.96*10** 

6.69X10*’ 

4 

1.46*10"' 

7.72*10*’ 


where 

r = r[ 1 -p( 1 -r)/(l -r + rp) J. 

From these equations we see that the emission 
is completely unpolarlzed, i.e., /,»/„ for all n, 
when 1 -r<cp; and that for optically thick har¬ 
monics the total intensity, /, + /,= 2J B , is double 
that found when p =• 0, while for optically thin 
harmonics the total intensity, I. + I, = I B fa.ds/ 

(1 -r), is the same as for p ■ 0. 

The predictions of this theory are plotted in 
Fig. 3. The observed absolute magnitude of /, 
exceeds the prediction by a factor 3.4, just out¬ 
side the estimated uncertainty. The observed 
ratios of the peaks yield predicted electron tem¬ 
peratures of 400 eV (/,//„) and 1.4 keV ( ljl % ). 
Even allowing for the calibration uncertainty, the 
discrepancy in 1 4 is large and we must look for 
an alternative explanation for this emission, in 
particular, in terms of runaway phenomena. 

Emission with runaway electrons ,—In the pres¬ 
ence of a longitudinal electric field the electron 
distribution function contains a high-energy run¬ 
away region and a region of Isotropic enhance¬ 
ment of the Maxwellian tail at lower energies. 

For simplicity,we simulate these distortions by 
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a second Maxwellian distribution with tempera¬ 
ture T a »T i and density n 2 «E,. The above emis- 
cion formulas are valid for a double Maxwellian 
velocity distribution provided that, for the nth 
harmonic,* we replace T, In I a by (* 1 T l "+ii 1 7' l ^/ 
(n 1 T,"' 1 +* 1 T J "" 1 ) and n,T, n ' 1 In / a,ds by 
+n t T i "' 1 . The measured ratios /,//, and ljl a 
together with and T l » T m determine Inde¬ 
pendent values 7^- 36(1 + 2 &T,/T,) keV and n, 
~8xl0 13 (l -7AT./T,) m*\ where &TjT, Is the 
uncertainty In the measured electron tempera¬ 
ture (± 10%). Although sensitive to the peak val¬ 
ue of T, (and to the assumed value of 1 - r), these 
results are not significantly modified by differ¬ 
ent profiles of T,(s). 

One important characteristic of the spectrum 
observed for high-runaway conditions (Fig. 2, 
curve c ) Is the dominant broad peak at u~3.3u M . 
Overlapping of 7, and I t In the region 3.2 «ii/tD„ 
<3.6 could occur for flat profiles * a (s) and T a (s). 
The above values of n, and T, are consistent with 
the ratio of this broad peak to I r 

Discussion. —It is possible, In view of the un¬ 
certain absolute calibration, to assume that the 
second harmonic In Fig. 3 Is fitted by the pre¬ 
dicted curve for unpolarlzed emission [l.e., 27 a (w)] 
for the measured T,~300 eV. This change of 
calibration Implies that the fundamental emission 
should be above the limit of detectability. How¬ 
ever, the extraordinary-mode fundamental would 
be reflected In the decreasing 73 „ at the upper- 
hybrid region, 10 * 11 leaving the ordinary mode be¬ 
low detectability, consistent with observation. 

On the other hand, if 7, really is well above 
27, (Fig. 3) then we have to explain the supra- 
thermal emission even for n =■ 2. 

The main implications of this work are that 


(1) diagnostic applications may be confused by 
runaway phenomena, and (11) the power balance 
of a fusion reactor may be adversely affected by 
the enhanced cyclotron emission arising from the 
depolarization and the runaway effects. 
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Rayleigh-Taylor Instability and Laser-Pellet Fusion 
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(Received 2 May 1974) 


The Rayleigh-Taylor Instability in laser-driven spherical Implosions can be stabilised 
by oonvectlve flow and by the “fire-polishing" effect, but the else of the sta b il i sat i on ef¬ 
fect depends on details of the thermal conductivity near the ablation surface. 


In the basic concept for laser-pellet fusion, a 
dense cold shell of compressed deuterium-tritium 
is accelerated radially Inward, while being com¬ 
pressed In a nearly adiabatic fashion. 1 When the 


shell reaches the center, it heats, ignites, and 
produces thermonuclear burning. The dense 
shell accelerates inward because of a sharp tem¬ 
perature front that continually ablates the outer 
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RADIUS IN MICRONS 

FIG. 1. Density, pressure, and temperature versus pellet radius, at one time, for a typical pellet Implosion 
calculation. 


edge of the cold compressed shell. Figure 1 
shows sample radial profiles at one time of the 
mass density, electron temperature, and pres¬ 
sure, taken from a recent calculation by Nuc¬ 
kolls and Thiessen.* 

In the accelerating frame moving with the abla¬ 
tion front, we have a dense fluid adjacent to a 
light fluid, with an effective outwardly directed 
gravitational force. This is the standard situa¬ 
tion for the occurrence of the Rayleigh-Taylor 
Instability, but with numerous modifications that 
are unique to the laser-pellet fusion concept. 
There have been several recent, and apparently 
conflicting, computer studies of Rayleigh-Taylor 
Instability as it relates to laser-pellet fusion.* 
The only analytic work so far has been an unpub¬ 
lished derivation of the stabilizing effect of “fire 
polishing. "* As the Rayleigh-Taylor instability 
grows, the peaks will be closer than the valleys 
to the laser deposition surface. The temperature 
gradients will thus be larger and the ablation 
faster at the peaks. This is the stabilizing “fire- 
polishing'’ effect. 

Consider a model problem to isolate the effects 
of convective flow and of fire polishing. Also 
consider a slab geometry with two incompress¬ 
ible fluids connected by an ablation Burface at x 
= $(y,t). In this model problem, the equilibrium 
will be time independent, in the frame moving 
with the ablation front. In the laser-pellet fusion 
designs, the equilibrium actually changes on the 
nanosecond time scale. In order that our model 


be applicable to the pellet designs, attention is 
restricted to instability wavelengths such that 
the equilibrium does not change on the time scale 
of the growth rate. Without stabilization effects, 

Y = {kgf*. At the sample time shown in Fig. 1, 
g = 1.5x10“ cm/Bec*. Thus I restrict my atten¬ 
tion to wavelengths much less than 100 pm. I 
find, in fact, that under some circumstances the 
large-k modes are stabilized. More rigorously, 

I can only claim that I will show that large k 
modes grow no more rapidly than on the nanosec¬ 
ond time scale, because this is the time scale 
for changes in the equilibrium. 

The perturbations in the high- and low-density , 
regions can be treated as incompressible if the 
velocity of the plasma relative to the ablation sur¬ 
face is subsonic. In Fig. 1, the plasma becomes 
supersonic at about 230 pm. This supersonic 
flow will reduce the growth rate of perturbations 
with wavelength greater than or of the order of 
35 pm. 

The scale height at the ablation surface is less 
than 1 pm in Fig. 1. The finite gradient will limit 
the growth rate of perturbations with wavelength 
less than 1 pm. 

Viscosity is important for perturbations such 1 
that y/(pfe’)<l or yd*/V<l. Here y is the growth 
rate, v is the specific viscosity at the ablation 
surface, k is the perturbation wave number, and 
d is the thickness of either the dense or the light 
fluid. At the ablation surface the ion tempera¬ 
ture is less than 100 eV, so that viscosity is un- 
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important. 

‘ For all x and y use the one-fluid equations 
, 8p/8f + v-(p?) = 0 , (1) 

8/«(p7) + v* (p77) = -yp+pg. ( 2 ) 

For x* ?, the fluids will be treated as incom¬ 
pressible: 

V.?=0, x#«, (3) 

For the jump conditions across the ablation front, 
use the model heat equation 

a/BKpe + ipu'j + V^t^pe+jpt)* +p)] 

= P?-g + /(«)8(r-«). (4) 

I have modeled the electron thermal diffusion 
by a 6(x - {) deposition, with an /(£) dependence 
to model the fire-polishing effect. 

In the zeroth-order, time-independent equilib¬ 
rium, the fluids have uniform density and veloc¬ 
ity: p 0 ' and v a ‘ for x<0, p„" and v 0 " for x>0; g 
= + , with p 0 " « p 0 '. Because the Rayleigh- 

Taylor instability Involves surface motion, we 
write the hydrodynamic terms, with first-order 
perturbation, as 

4>(x,y,t)=il> 0 (x)-Z(y,t)M>P 0 )b(x) 

+ y>b,y,t), ( 5 ) 

where A($ 0 ) is the jump in the zeroth-order quan¬ 
tity across x = 0, and $(*) is bounded for all * and 
goes to zero as x - ± «. Here >i> represents any 
of the quantities appearing in EqB. <1)—(4): p, v t . 
Pi pv*• P v x l \ 1 etc. The fluid equations have 
been written in the form of a complete derivative 
in x to avoid ill-defined quantities such as 8(x)S(x), 
where S(x) is the step function. 

I look for solutions of the perturbed quantities 
of the form exp(yf + iky), and obtain a set of Jump 
conditions: 


- y{A(p 0 ) + A (PnP, + pv 0 ) = 0, 

(6) 

A(/> +3V + 2p ofo^i) = “ $£A(p„), 

(7) 

A(P,+ ik$v 0 ) = 0, 

Ytpj><£(v 0 ) + A(}£t> 0 + tP<?e+ Ifto 

(8) 

+jp 0 v 0 a P t )=/U)-f(o)*em/t‘. 

(9) 

For x<0, the perturbed quantities satisfy the 
relations 


(10) 

?' = - P 0 '(Y/k + v 0 ’)V,'. 

(11) 

p' = 0. 

(12) 


For x > 0, there Is one relation between the per¬ 
turbed quantities, in the limit x — 0: 


g»+<p„* v 0 ”v," -ZZf-V,” = 0. (13) 


Note that P * is not necessarily zero, because it 
can satisfy the relation y3"-t-t> o *83''/ft* = 0 with 
the form exp(-yx/r 0 *). 

We now have eight equations, (6)—(13), for nine 
quantities: 3\ p ", P,', P/, V y \ P/, p', t>", and 
i. If we expand the ablation region to a nonzero 
thickness, (£-a)<x (£+a), then at x «= { - a the 
density, velocity, and pressure should be contin¬ 
uous. The density is p 0 '. If we specify the tem¬ 
perature at x = £ - a, we will have our ninth equa¬ 
tion. The temperature just inside the ablation 
region 1 b determined by the previous adiabatic 
compression, the thermal heat transport, and by 
supralhermal energy transport. As the ninth 
equation, we will assume that 

/>,'«) = ?'«)+ P'gH = PPo'm/L. (14) 

where p is some unknown constant, of order 1, 
or perhaps much less than 1, depending on the 
unspecified details in the energy transport. 

We now obtain a cubic dispersion relation, 


+ (1 -.P)]o*+ [k-2m( 1 -/>) + «*(! + 0)]u 


+ [(1 -u a )(l - P) + e*/9tt 4 ) = 0, (15) 

with o=y/(kg) vt , c = Po'/po", u=*r „'/(*?)"’, and 
P = pkp B '{0)/(p o 'g). In deriving this equation, we 
have assumed that v 0 " is small compared to the 
acoustic velocity, and e «1, but with no ordering 
assumptions on u or or. If the distance between 
the ablation surface and the laser energy deposi¬ 
tion surface is D, and if kD»l, then one can 
show that kL^l. This approximation has been 
used also. 

If we set « = 0 (a singular point in the cubic 
equation), the solution 1 b x = ±1, the standard 
Rayleigh-Taylor result when e «1. 

In the standard Rayleigh-Taylor theory, y —• 
as k - «>. From Eq. (15) we find that y now has a 
maximum and then goes to zero for finite k. The 
maximum k for instability is the larger of g /< : 0 ' 1 
and g p o '/PP B '(0). 

If we Ignore the fire-polishing effect by letting 
(3-0 and kL — «>, instead of kL = 1, we obtain the 
stabilization due solely to convection: 

Y = (lig) l ' t -kv o'. (18) 

If we add in thermal conduction, kL = I, but keep 
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0 = 0, we obtain a weaker stabilization effect: 
yS^-ita» 0 ' + (*,S , + }***>o' , ) 1/, • (17) 


Thus under some circumstances, fire polishing 
can be destabilizing. Even though the peaks ab¬ 
late faster than the valleys, the perturbed flow 
In the dense fluid is such as to move the peaks 
outward. 

The stabilization phenomena depend on the pa¬ 
rameter 0, which in turn depends on details in 
the thermal conductivity in the region of the ab¬ 
lating surface. This result is similar to the gen¬ 
eral theory of weak deflagrations, 5 where one con¬ 
cludes that the fluid velocity relative to the abla¬ 
tion surface depends upon heat conductivity, and 
Is not totally determined by the Ranklne-Hugoniot 
relations. In weak deflagrations, such as in the 
laser-pellet implosion, one can derive the ap¬ 
proximate relation 

iPo’(OK Kst 

Combining this with the definition of 0, we obtain 


1 


0 


V dp B '/dt ,. 0 


(18) 


There are a number of inherent assumptions 
that give lower k limits to our theory’s validity. 
Because the dense fluid should have a finite thick¬ 
ness d, we have k > i /d. Incompressibility in the 
dense fluid requires that an acoustic wave be able 
to travel one wavelength in one e-foldlng time: 
kv K >y, where i/ r is the mean acoustic velocity 
\/k in from the ablation surface. If y*^kg, we 
find that k >g /iv s . 

Finally, for small P, there is another unstable 
root of Eq. (15), which is driven by the convec¬ 
tive behavior, and is not of the Rayleigh-Taylor 
type. It satisfies the dispersion relation 


V = K/t'n” -kVa"- 


(19) 


The physical mechanism behind this mode Is un¬ 
known. 

This research was intended as a model calcula¬ 
tion to examine some stabilization mechanisms 
for Rayleigh-Taylor instability, to give insight 
into some of the important physics, to give guide¬ 
lines to Interpreting computational results, and 
to Indicate the basic parameters of interest. In 
the case shown in Fig. 1, the acceleration is 1.6 
x 10 1 * cm/sec*. Using Eq. (18), find that 0a 0.7. 
The maximum wave number is then 700 cm* 1 . 

But because of the many assumptions in this the¬ 
ory, this value should be treated with some skep¬ 
ticism. Also because of the flexibility in laser- 
pellet fusion designs, one cannot draw any over¬ 
all conclusions at the present time about the Im¬ 
portance of Rayleigh-Taylor instability in laser- 
fusion, except to note that there are stabilization 
mechanisms. 

I wish to thank Ray Kidder for suggesting this 
problem, and for his continuous encouragement 
while it was being solved. 
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Ion Heating by the Current-Driven Electrostatic Ion-Cyclotron Instability* 

N. Rynn, D. R. Dakin, D. L. Correll, and Gregory Benford 
Department of Physics, University of California, Irvine, California 92664 
(Received 25 July 1974) 

We have observed and confirmed significant Ion heating by the electro static ion-cyclo¬ 
tron Instability In a barium plasma. We present spectroscopic evidence showing that 
this mechanism drastically alters the velocity distribution, demonstrating at least a 
highly nonlinear process and giving strong evidence for randomization of the particle 
motion. Experimental corroboration of a theory of Drummond and Rosenbluth Is pre¬ 
sented 


We report the direct observation of Ion heating 
In a fully ionized barium plasma, as indicated by 
an order-of-magnitude increase in ion tempera¬ 
ture (from 2500°K to greater than 25000°K) due 
to the current-driven electrostatic ion-cyclotron 
instability. 1 The instability was generated by a 
technique first used by Motley and D'Angelo in 
the Princeton University Plasma Physics Labora¬ 
tory Q device, 1 the theory for which was subse¬ 
quently developed by Drummond and Rosenbluth. 1 
The experiment was performed in the Q machine 
at the University of California at Irvine. Perpen¬ 
dicular temperature measurements were made 
by spectroscopically observing the Doppler line 
broadening of light scattered by singly ionized 
barium after the techniques developed by Hlnnov 
et al. 3 The significance of these measurements 
is that this is the first demonstration of ion heat¬ 
ing by this current-driven instability. 4 

Historically, this series of measurements was 
undertaken in an attempt to explain the previous 
results of Hinnov et al. 3 They measured and re¬ 
ported anomalously high ion temperatures in a 
barium plasma but the heating mechanism was 
not understood. We repeated the earlier experi¬ 
ments and recovered some of their results. How¬ 
ever, we noticed that high temperatures occured 
when the rhenium coating on the hot tungsten end 
plates, used to ionize the barium, 9 was uneven 
so that patches of tungsten appeared through the 
rhenium coating. As a consequence small areas 
of different work function were formed on the 
plates and we speculated that the localized emf s 
thus formed produced axial filaments of current 
(easily visible since the barium ions emit visible 
light). To test this hypothesis, and to identify 
the heating mechanism (which we were unable to 
do initially) we went to a single-ended Q machine 
with insulated buttons, as indicated schematical¬ 
ly in Fig. 1(a). In this configuration the electro¬ 
static ion-cyclotron instability was observed, 


easily identified from its spectrum, from its de¬ 
pendence on the magnetic field, and by recover¬ 
ing the results of Motley and D’Angelo, 1 most 
notably that the observed frequency is slightly 
higher than the ion-cyclotron frequency (typical 
values at onset: f cl = 5 kHz, / ■ 61 kHz, linewidth 
approximately 1 kHz). Several configurations 
were tried, varying from a single button to an 



FIG. 1. (a) Schematic of the experimental arrange¬ 
ment. The length L was 12S cm; the diameter, 6 on, 
button diameter, 0.6 cm. The Fabry-Perot looked Into 
a light dump also, (b) Typical low-temperature (T,) 
Doppler broadening scan. o s Is the 4934 A line of Ba I, 
Ac Is the Zeeman splitting (0.313 cm* 1 ), (c) Typical 
high-temperature (TJ scan. The Doppler linewidth (as 
opposed to die scan width) varies as v T t . The abscis¬ 
sas are the same in (b) and (c). 
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array of buttons, and including two movable but¬ 
tons, or paddles. The temperature was mea¬ 
sured from the Doppler line broadening using a 
pressure-swept Fabry-Perot interferometer, 
using the 4934-A line of Ba II, in a magnetic 
field of 5 kG (o Zeeman components). The instru¬ 
mental profile of the Fabry-Perot was calibrated 
with an argon laser operating in the single mode. 
Typical scans are shown in Figs. 1(b) and 1(c); 
each profile was taken over a 2-min interval. 
These scans represent a convolution of the emit¬ 
ted Doppler line with the Instrumental profile 
(half-width 0.072 cm' 1 . The ratio of half-ampli¬ 
tude scan widths, 1:1.9, after removing the Fa¬ 
ta ry-Pe rot contribution, results in a ratio of Dop¬ 
pler velocity widths 1: 2.39. The accuracy of the 
resulting temperatures is better than 20%. The 
repeatability of a given measurement is better 
than 10%. The minimum between peaks increas¬ 
es with an increase In ion temperature, as In 
Fig. 1(c). Hence a base line very nearly equiva¬ 
lent to a blocked arc lamp was used in both scans. 
The volume resolution was less than 2 mm In the 
radial and axial directions. We Improved on the 
technique of Hlnnov el al. by using a high-intensi¬ 
ty xenon arc lamp to detect the line broadening of 
the scattered radiation. This gave us greater 
sensitivity and the capability of measuring local 
ion temperature instead of that integrated along 
a diameter as in Ref. 3. The plasma density n t 
was between 10* and 10 10 cm' 3 ; the plate tempera¬ 
ture was 2800"K. 

The onset of the instability as a function of cur¬ 
rent to a single button is shown in Fig. 2. The 
current density in a filament, or current tube, is 
greater than that one would observe when the cur¬ 
rent was distributed over the entire plasma col- 
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FIG. 2. Comparison of theoretical and experimental 
values of T t . The /-V curve of a single button Is shown 
for reference. 
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umn. The ion temperature, as measured by the 
line broadening, as a function of voltage applied 
to the button la shown in the same figure. The 
dramatic rise in temperature Is quite apparent. 
As the growth rate, y, increases, the number of 
harmonics observed increases, and then 7, rises. 
Both the wave amplitude and the high tempera¬ 
ture are localized to the cross-sectional area of 
the current tube, as shown In Fig. 3. Since our 
optical arrangement did not allow for spatial 
scanning, these data were taken by means of a 
radially movable button mounted on a Langmuir 
probe mechanism. The number of buttons in a 
given array on the end plates had only a small 
effect on the results. However, when two buttons 
moving radially on the same diameter were used, 
we found that as the separation between the two 
decreased 7, between them rose even more dra¬ 
matically, as the separation approached the or¬ 
der of the button diameter. While we did some 
exploration of this effect, space limitations force 
us to defer discussion to a later publication. 

The multibutton arrangement bears a strong 
similarity to that used by Buchel’nikova and Sali- 
mov. B In this work the authors postulate a tem¬ 
perature rise in a potassium plasma due to the 
Incoherence of oscillations from tube to tube. 

This is in contradiction to our results. Using a 
Hewlett-Packard model 372IA correlator to mea¬ 
sure the auto- and cross-correlation functions 
from tube to tube we found correlation times of 
ten wave periods. Also in contradiction to their 
results, we saw no change In cross-field diffu- 



FIG. 3. Plots of wave amplitude and T t versus radi¬ 
us. The solid line is the wave amplitude, the dashed 
line the measured values of T ( ; only a few, typical, 
error bars are shown. The mode amplitude plot was 
taken on a chord (off-diameter) and therefore appears 
to be more localised. 
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8 ion during Ion healing. 

r remains to be demonstrated that our mea¬ 
sures represent a true temperature rise. We ap¬ 
proach the problem by examining the nature of 
the measurement and by some arguments based 
on the theory. The nature of this measurement 
is such that the spectral profile is directly pro¬ 
portional to the ion velocity distribution so that, 
in principle, the line shape should be a replica 
of the distribution. Instrumentation effects, how¬ 
ever, obscure the direct relationship so that, In 
fact, it is difficult to say with finality that, based 
on line shape, the distribution is Maxwellian—al¬ 
though it is clearly consistent with this. A prime 
advantage of this method of temperature measure¬ 
ment, however, aside from the lack of physical 
perturbation, is that it is based upon the central 
portion of the distribution function, as opposed 
to the tall as measured by retarding potential 
techniques, such as energy analyzers and Lang- ' 
muir probes. Thus, any temperature rise repre¬ 
sents a true broadening of the distribution. Co¬ 
herent motion may also cause line broadening 
but such motion would affect the wings of the ob¬ 
served line. For example, a barium ion oscillat¬ 
ing at a frequency w with maximum velocity v 0 
would have a velocity distribution, averaged over 
a 2-min time interval, of l/ir(v* - i ^) lA . This is 
the equation of a catenary and would result in 
pronounced “wings" on the line shape. By virtue 
of calculations and some experiments with our 
correlator, we were able to determine that si¬ 
nusoidal particle motion, which could give rise 
to the increased linewldth observed, would also 
result in detectable distortions in the wings of 
our scans; none was detected. Furthermore, 
measurements of current fluctuations td the 
Langmuir probes indicated that density fluctua¬ 
tions, 6 n/n, were of the order of 10% or less. 
Since any other strongly periodic motion would 
have a similar effect we conclude that periodic 
motions were not a large constituent of the velo¬ 
city distribution when line broadening was ob¬ 
served. Sifting through other possibilities leaves 
only an aperiodic wave form or, at best, one 
that is periodic but highly complex as respons¬ 
ible for the line shape. Thus, we have the phe¬ 
nomenon of a strongly coherent, periodic oscilla¬ 
tion giving rise to a highly complex, probably 
aperiodic velocity distribution. But this, coupled 
with the increase in the number of ion-cyclotron 
harmonics observed as the line broadens, if it 
does not quite constitute complete thermallza- 
tlon, at least indicates Us beginnings and cer¬ 


tainly points to some sort of randomization, 
justifying the use of the term “temperature rise." 
It should be born in mind that collisions between 
particles were negligible. 

Drummond and Rosenbluth 1 give the following 
expression for the linear growth rate of the in¬ 
stability: 







a 


)• 


(1) 


where r, Is essentially a constant, ftx tt « 1, and 
those symbols not easily recognizable are de¬ 
fined in Ref. 1. (Typical values of y range from 
zero at onset to 0.0340,.) Then they derive an 
expression for the energy transfer from the elec¬ 
tron drift to the wave fields and the particle wave 
motion. In the steady state the ion kinetic ener¬ 
gy is increasing at a rate given by 


a u 

» ..ion 




( 2 ) 


where U is the kinetic energy of the ions. The 
electric field energy density can be expressed in 
the form 


E k t /4n^(kx n ,fn(6 n/nfk T.. (3) 

At densities n< 10 10 cm" 3 the plasma is colli- 
slonless. Ion convection to both end plates repre¬ 
sents the major heat loss of the ions. Equating 
the rate of heat input to the rate of heat loss, we 
write 


BU 

hi 


k, ion 


i 

4 L 


2*<r,-T, 0 ). 


(4) 


where P, = (8ft T,/vm,) 1 * and T i0 = T t at mode on¬ 
set. The data in Fig. 3 show that the high-tem¬ 
perature and mode-amplitude regions coincide 
with the current tube cross section. Combining 
Eqs. (2), (3), and (4) yields the following expres¬ 
sion for T f : 


T l l '*(T,-T, 0 ) = 2.5 




M- 

ft,,*’./ 


(5) 


Using the value of v D calculated from measure¬ 
ments of current and density, the measured val¬ 
ue of T,«4000°K, ft»/n*0.1 (from experimental 
data), r, = 0.22, and ft,= 2ir/L enables us to cal¬ 
culate T t . A plot of r, versus applied voltage Is 
shown in Fig. 2 where the theoretical values are 
compared with the measured values. The agree¬ 
ment between theory and experiment is 30% at 
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the higher values of T t . Since there are some 
factors, e.g., the density, that are known only 
to this accuracy, the degree of agreement is 
quite good. 

Since this is a linear theory the energy calcula¬ 
tion, by implication, must be for coherent mo¬ 
tion. Several mechanisms can transform coher¬ 
ent ion motion into random motion. Petviashvili 7 
found that quasilinear effects can produce true 
ion heating. Also, there is experimental and the¬ 
oretical evidence 11 that this instability is stabil¬ 
ized primarily by orbit perturbations which will 
appear as true stochastic ion motion. In any 
case, our results show that this is what happens. 

Further support for the proposed heating mech¬ 
anism may be deduced from the observation that 
increasing the plasma density cools the ions, or 
at least narrows the llnewldth of the optical fre¬ 
quency scan. This is explained by the increased 
collision rate carrying off the energy either di¬ 
rectly to the plates by ion conduction, or by 
transfer of momentum to the electrons and thence 
to the plates. Also, the introduction of neutral 
helium into the vacuum chamber cools the ions to 
near the plate temperature at a rate consistent 
with energy balance relations. Since the mea¬ 
sured [On/n f" stays constant as the density is in¬ 
creased, we conclude that the instability was not 
seriously weakened by the collisions. 

We believe that our results probably explain 
the results of Hinnov et al. 3 It is not difficult to 
surmise that for some experimental conditions 


the rhenium coatings were patchy and produced 
the effects described here. 

Unlike the ion-acoustic instability, the electro¬ 
static ion-cyclotron Instability is not quenched 
by electron heating. Therefore, this instability 
is an attractive candidate for long-time scale 
heating. 

We would like to acknowledge useful and stimu¬ 
lating discussions with Toshikl Tajima and Nor¬ 
man Rostoker. 
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/ Rotational Polarization of Molecular Groups in Solids 

S. Emld and R. A. Wind 
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and 

S. Clough 

Department of Physics, University of Nottingham, Nottingham NG72RD, England 
(Reoeived 16 July 1974) 

When nuclear spin relaxation in solids is due to rapid random rotational motion of mo¬ 
lecular groups, magnetic relaxation parameters are dynamically coupled to populations 
of molecular rotational states, Relaxation of magnetization induces population differenc¬ 
es between clockwise and anticlockwise rotational states (rotational polarization), result¬ 
ing in nonexpooential magnetic relaxation. At low temperature a nonequilibrium popula¬ 
tion difference between rotational states may be generated by a temperature change, and 
subsequent relaxation induces magnetic dipolar polarization. 


In most solids nuclear spin diffusion is respon¬ 
sible far establishing Boltzmann distributions 
among the levels of the nuclear spin system, per¬ 
mitting a description in terms of two independent 
parameters, the nuclear Zeeman and dipolar spin 
temperatures. 1 In liquids this process is absent 
because the rapid random motions render ineffec¬ 
tive the flip-flop terms of the lnternuclear dipole- 
dipole interactions. Molecular groups in solids, 
executing rapid random rotation about symmetry 
axes, represent an interesting intermediate case 
because some spin-diffusion transitions are ren¬ 
dered Ineffective by this motion, a situation de¬ 
scribed as symmetry-restricted spin diffusion.*•* 
As a result new parameters must be Introduced 
to describe population differences between nucle¬ 
ar spin species, where each species corresponds 
I to an irreducible representation of the group of 
permutations of the nuclei arising from the mo¬ 
tion. 

The consequences may be illustrated by the ex¬ 
ample of a solid containing rotating methyl groups. 
If the nuclear dipole-dipole interactions were ab¬ 
sent, nuclear spin and space coordinates would 
be uncoupled and a nuclear spin function for the 
protons of a particular methyl group could be fac¬ 
tored out of an eigenfunction for the whole crys¬ 
tal. Without the dipole-dipole interactions the 
{ Hamiltonian is invariant under the separate oper¬ 
ations of cyclic permutation of space or spin co¬ 
ordinates of the three protons, so that each mem¬ 
ber of the product function can be classified ac¬ 
cording to the irreducible representations A, £*, 
E* of the permutation group, The Pauli principle 
requires 4 that products be of the form A a A or £* 
x£* or £*x£*. Thus a single label serves to 


Identify the symmetry properties of the three 
species. The random rotation of the methyl group 
affects these functions only by introducing a ran¬ 
dom phase modulation of the E functions.’ The 
nuclear dipole-dipole interactions cause conver¬ 
sion between symmetry species by spin diffusion 
in a time of the order of the spin-spin relaxation 
time T, when there is no motion. The effect of 
motion is to slow down the conversion rate by 
causing dipole-dipole matrix elements to fluctu¬ 
ate randomly. 

As has already been pointed out, 9 under the con¬ 
dition of strong motional narrowing the flip-flop 
transition probabilities which do not Involve a 
change In symmetry are of the order of the inter- 
molecular dipolar field b, while those which in¬ 
volve symmetry conversion are of order 6*t c , 
where t c Is the correlation time for the random 
rotation. As a result, symmetry-restricted spin 
diffusion can maintain Zeeman and dipolar spin 
temperatures during magnetic relaxation, but 
cannot change rapidly the populations of the three 
symmetry species, which may therefore evolve 
on a time scale comparable with the spin-lattice 
relaxation time. Hence the population differences 
between these species must be introduced. The 
departure of these differences from the equilibri¬ 
um values is referred to as rotational polariza¬ 
tion. The dynamical equations for rotational po¬ 
larization are coupled to the magnetization pa¬ 
rameters, accounting for nonexponential magneti¬ 
zation recovery at high temperatures 4 and ther¬ 
mally Induced dipolar polarization at low temper¬ 
atures. 7 

We consider a system of N levels, the tth level 
having Zeeman energy - hu) 0 w 4 , where is a 
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magnetic quantum number and w a is the nuclear 
Larmor frequency. The usual spin-temperature 
assumption would be to write the populations of 
the Zeeman levels as 

fi l =N' , exp(P z m i) + 0 z m,), 

with 0 z =fto, o /k© z where © z is the nuclear Zeeman 
spin temperature. To take account of symmetry- 
restricted spin diffusion we introduce I, 

- 1, for A, £*, £‘ species, respectively, and 
write 


pi«Af M U lXm,*-A) 

+ 0 r p l + 0 t (l-2p,*>]. (1) 

In (1) p )l = hii> 4 /ke i , where lHm,*- A) 

gives the shifts of the energy levels due to the in- 
tramethyl-group dipole-dipole interaction 9 and ©„ 
is the dipolar temperature; P r is a measure of 
the difference between populations of £“ and E b 
species and 13, of the difference between E and A 
populations. Since the A species is a nuclear 
spin quartet and the E species are doublets, the 
equilibrium values of both p r and 0, are zero (ex¬ 
cept at low temperature when tunneling rotation 
of the methyl groups is important). Since sums 
over the eight levels of products like m,(l 

- 2/i i a ) are zero, one finds from (1) 

0z=*2,'",/>,/2('«, a . 


P, 




7-VS m .l.z Il£x 
— - *)* 


DW- 

0r-*2lP,/ , |/2<P| 3 , 


( 2 ) 


P, =*2,0 - 2^W2,<i - 

With the introduction of transition probabilities 

dt> i /‘il=Z IJ Wu[t> i -l> i -N-'P L (m j -m l )\, (3) 

where P L = hw 0 /kO L and O l is the lattice tempera¬ 
ture. Combining (2) and (3) and eliminating p t 
through (1) yields differential equations for the 
0's. The equations for P z and p T are coupled, but 
because 


W(nt t n t ,m t n p * K'(- 4 - p ( , - nij- nj) (4) 

the coupling terms connecting 0 Z or 0 r with P, or 
P t vanish. The coupling between 0* and 0, may 
explain Haupt's experiment 7 where a sudden 
change in temperature at low temperature causes 
0, to depart from its new equilibrium value. As 
a result of the coupling a change in P t is induced 
and so a transient dipolar polarization is ob¬ 
served. 


For 0 Z and 0 r the pair of coupled equations can 
be written 

daz/dt~-A z a z -Ba r , ^ 

da r /dt *-Ba z -A T a T , 
with 

«z = (2,w,*) 1 '*(0z-0 i >, a, = (2,M,‘) ,/, 0 r ; 
A z =£ 

i>J i (6) 

^r=2 *,/p,-0j) a /2 m,\ 

i> J i 

The symbol i >) means that each term occurs on¬ 
ly once in the summations. Equations (4) are de¬ 
coupled by a simple rotation in the a T a z plane 
through an angle 9 where tan20«20/(A r -A z ). 

The combinations azcoB0- a r sln0 and a z sln0 
+ a r cos0 relax exponentially with different relax¬ 
ation times. 

As a simple example we consider a solid con¬ 
taining an array of methyl groups oriented with 
their axes parallel to the external magnetic field. 
The energy levels are sketched in Fig. 1 which 
also shows the nonzero transition probabilities 
W due to the intra-methyl-group dipole-dipole in¬ 
teraction which are expected to dominate the re¬ 
laxation. Taking only these transitions into ac¬ 
count gives A z -4W/3, A r = W/2, and B = - 
Since A z A r = B 2 , one of the relaxation rates is 
zero and the other Is A z +A r . The lower part of 
the diagram in Fig. 1 shows the kind of relaxation 
behavior expected. Equilibrium is represented 
by the origin a z = a r = 0. The relaxation trajec- 
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FIG. 1. Energy levels of methyl group and relaxation 
trajectories in a z a r plana. 
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tory on the diagram depends on the mode of pre¬ 
paration. 3 A single short saturating pulse pre¬ 
pares the system atX on the diagram (0 z = a,=*O). 
The subsequent relaxation is at a rate A z +A r 
parallel to one of the principal axes of relaxation, 
and at a much slower rate (~0) parallel to the 
other. Magnetic relaxation measurements ob¬ 


laxation would occur at the more rapid rate. 

One of us (S.C.) would like to record his appre¬ 
ciation of the hospitality of the Technische Hoge- 
Bchool Delft where this work was carried out. 


serve the projection of this trajectory on the a z 
axis and this has the form of a sum of two expo¬ 
nential decay terms as is indeed observed experi¬ 
mentally.* 

Other ways of preparing the system give differ¬ 
ent results. A long saturating pulse prepares the 
system at Y and relaxation occurs at the slow 
rate. A sudden rotation of the crystal through 
180° about an axis perpendicular to the external 
field has the effect of switching the identities of 
E * and E* states and therefore of inverting the ro¬ 
tational polarization. Thus a system prepared at 
Y can be transferred to Y’ when most of the re¬ 
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Determination of the Optical Properties and Absolute Concentrations 
of Electron-Hole Drops in Germanium 

J. M. Worlock, T. C. Damen, K. L. Shaklee, and J. P. Gordon 
Bell Telephone Laboratories, Holmdel, New Jersey 07733 
(Reoelved 1 July 1974) 

We report measurements of the scattering and absorption of 3.39-pm light by electron- 
hole drops In Ge. An unexpected Fabry-Perot effect In our samples allows us to measure 
not only the drop alee but also their absolute concentration and the optical Indices of re¬ 
fraction of the eleotron-hole condensate. 

The existence of a dense liquid phase of a non- less direct, and subject to reinterpretation; 

equilibrium electron-hole gas in a cold intrinsic though It Is conceivable that these large drops 

semiconductor was predicted by Keldysh 1 and are produced in some crystals under excitation 

has been verified, at least in Ge and Si, by sev- conditions different from ours, 

oral different experiments. Analysis of the shape In our attempts to reproduce the light-scatter- 
and separation of certain bands of recombination ing measurements of Pokrovski! and Svietunova," 

luminescence 1 has supported the hypothesis that we have discovered, to our surprise and delight, 

in Ge the liquid phase is a two-component plasma that we have been able to make use of a variable 

with pair density -2x10” cm’ 3 and binding ener- Fabry-Perot effect in our crystals to measure 

gy per pair ~1.8 meV. These conclusions are not only the droplet Bize but also the concentra- 
conslstent with theoretical predictions of a stable tion of droplets and their infrared properties 
liquid-plasma phase. 3 (the complex index of refaction of the liquid 

Measurements of photocurrent noise 4 and in- phase). Previous analyses of scattered and ab- 

frared light scattering 9 in germanium have es- sorbed light have had to rely on assumed and de- 

tablished that the liquid phase condenses as drop- rived values for the optical indices of the liquid, 

lets with sizes in the 1-10-pm rangq. Lumines- Our experimental Betup is similar to teat re- 
cence-decsy and dimensional-resonance expert- ported by Pokrovski! and Svistunova." A rec- 
ments’ suggesting droplet sizes on tee order of tangular germanium crystal (n type, p*15 O cm) 

hundredS'Of micrometers are, in our opinion, is Immersed in superfluid helium at ~1.8 K. 
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FIG, 1. Experimental configuration. The focused 
3.38-p m beam probes the droplet distribution at a 
variable distance x behind the pumped atrip. 


Electron-hole pairs are produced at or near a 
Syton-polished surface by the absorption of pump 
light from a cw argon-ion laser (5145 A). This 
pumped region is a strip approximately 2 mm by 
0.1 mm as shown in Fig. 1. At a variable dis¬ 
tance x behind this pumped surface, and parallel 
to it, we place a probe beam, obtained from a 
He-Ne 3.39-pm laser, and focused to a beam 
diameter of approximately 70 pm. There are two 
measurements to be made: the intensity of the 
directly transmitted beam, I T ; and the scattered 
intensity as a function of angle, I s (8). We mea¬ 
sure both of these in the same apparatus, refocus¬ 
ing the probed region on an InAs detector with a 
coaxial system of germanium lenses, and defin¬ 
ing the scattering angles with a set of circular 
masks. We further chop the pump beam at 1000 
Hz and detect the scattering, f s (fl), and the 
change in transmission, Af r , with a phase-sen¬ 
sitive detector. These experiments can be car¬ 
ried out at various depths x and as a function of 
temperature and pump power. For brevity, we 
shall here limit ourselves to discussion of mea¬ 
surements at a single temperature ~1.8 K, and a 
single pump power ~ 100 mW. In later publica¬ 
tions we shall deal with the application of this 
technique to different pump powers and configura¬ 
tions, 7 and also with the detailed justification of 
our analysis. 8 

The angular distribution of scattered intensity, 
f s (0), can be used to deduce an average droplet 
radius a. According to the Rayleigh-Gans theory 
of scattering, 0 

l»(0)/l r = (1 /3ir)/h7j I A n | , (ho) , G a (/fe(i6)AO, (1) 

where I is the length of the probed region, h is 
the optical wave vector, i) is the fractional vol¬ 
ume occupied by spherical scatterers of radius 
a and optical refractive index differing from that 
of the host medium by An, and AG is the effec¬ 
tive solid angle defined by the masks. C*(ha6) 


is a simple analytic function* which contains the 
angular dependence. The Rayleigh-Gans theory 
is valid when ha» 1 and Mai An I «1. In all for¬ 
mulas we normalize the refractive index n + in in 
the droplet to that of germanium (x Ge = 4) so that 
An =s + ix - I, and compensate by using the wave 
vector k of the probe light in Ge (k tM =1A pm* 1 ). 
Scattering angles and solid angles are measured 
internally. 

Equation (1) can be integrated over solid angle 
to give the total scattering efficiency: 

I s /I T = ilkv(ka)\An\*. (2) 

Our measurements of f*(0) basically verify 
those of Pokrovski! and Svistunova; we find scat¬ 
tering patterns consistent with Eq. (1), and drop¬ 
let radii in a restricted range of values from 
about 2.5 to 4.0 pm. Radii seem to be indepen¬ 
dent of pump power but have a tendency to be 
slightly larger closer to the pumped surface. 

It is clear that since both Eq. (1) and Eq. (2) 
contain the product t/| An| *, without a knowledge 
of An we cannot go much further. From scatter¬ 
ing experiments alone, we can only show that V 
varies approximately exponentially with distance 
from the pumped surface, with a 1/e depth of 
“0.3 mm. The following sections of the paper 
show how we can measure both An and tj. 

The optical absorption coefficient of our dis¬ 
tribution of droplets is easily calculated in the 
Rayleigh-Gans approximation*: 

a = 2 kT)K . (3) 

The total extinction coefficient contains both this 
absorption and the scattering losses. 10 Thus the 
imaginary part of the apparent macroscopic in¬ 
dex, K tf , in the droplet-infested region can be 
written as 

** = n[K + t(fw)l An|*J . (4) 

Our attempts to measure this attenuation were 
frustrated by an unforeseen Fabry-Perot effect, 
which, as we shall see, when correctly analyzed, 
gives us not only k„ but also the real part of the 
apparent macroscopic index, n M -l. The real 
macroscopic index is very simply related to the 
real liquid index: 

«*-l=*j(h-l). (5) 

With this new information, we are able to evalu¬ 
ate all the parameters in the theory directly 
from our experiments. 

Figure 2 shows both I T and Af r as a function of 
depth behind the pumped surface. A I T measures 
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FIG. 2. Fabry-Perot oscillations In the transmitted 
ntenslty I T and in the “absorbed” intensity A 1 T as a 
unction of the depth x behind die pumped strip. 


he decrease in transmission when the pump beam 
s on. But we find that the “attenuation” oscll- 
ates violently about some depth-dependent aver¬ 
se value and even becomes negative! Further, 
he period (In x) of the oscillation is consonant 
rith that of the unmodulated intensity I r(x), and 
he phases differ by approximately v/2. 

We explain and analyze this phenomenon as fol- 
iws. The slightly nonparallel faces of the sam- 
ile form an imperfect Fabry-Perot cavity whose 
irder changes with x to give the transmission 
unction / r (x) shown in Fig. 2. When the electron- 
ole drops are formed hi the probed region, the 
.pparent macroscopic index of refraction changes 
o +iK M . The change x„ causes a decrease in 
ransmission, while the change n„ -1 changes 
he Fabry-Perot order fractionally. «„ therefore 
hifts the transmission curve down, while n* -1 
hifts it laterally. A/ r (x) measures the result of 
hese two changes, and is also shown in Fig. 2. 
n the limit of a low-finesse Fabry-Perot cavity, 
.e., large wedge angle [a » {ok)' 1 , where o is 
he beam width and k the wave vector of the 
ightj, and with small index modulations, we can 
ilmplify the analysis and show that (1) the mag- 
iltude of the phase shift <p is given by | tan<p| 

; |x*-1)/2k*; (2) the sign of the phase shift is 
letermined by the sign of n M -1 and the sign of 
he wedge angle; (3) the mean value of A/^x), 
veraged locally over the Fabry-Perot oscilla¬ 


tions, is related to by <A/ r (*)), = 2fe/x,(/ T (x)) I ; 
and (4) the amplitude of the Fabry-Perot excur¬ 
sions in Af r (x) is related linearly to the ampli¬ 
tude of the excursions in I T by 

{ A/r(A)}.^ = 2kl [(»„ — 1 f + 4*„ a | »'* {/ r (x)} iBp . 

Using these relations, we have analyzed the 
data shown in Fig. 2 to draw the following con¬ 
clusions. (1) n*-l is negative and varies ex¬ 
ponentially with depth: -2.2x10"“ exp[-x/(0.3 
mm)]; (2) is about 16 times smaller, and 
has the same depth dependence. 

We must now assume that substantially all the 
electron-hole pairs are condensed into droplets, 
so that the macroscopic-refractive-index chang¬ 
es can be related to the refractive indices of the 
liquid as shown in Eqs. (4) and (5). In order to 
complete the analysis, the scattering measure¬ 
ments must be invoked. Angular dependence 
gives us a droplet radius of approximately 3 pm, 
while the total scattering efficiency, £q. (2), var¬ 
ies roughly exponentially with depth, and extra¬ 
polates to a surface value of 1.5%. Now, from 
the measured values of n a - 1, k m , and the scat¬ 
tering efficiency, taking 1 = 2 mm, and using Eqs, 
(2), (4), and (5), we can calculate w-1, k, and 
i )( x ): n-la-8xl0" 4 , *«4xl0" 9 , and tj(x) 
a3x 10"*exp[-x/(0.3 mm)]. 

We have assumed that virtually all the electron- 
hole pairs are condensed into droplets. Measure¬ 
ments 11 of the equilibrium concentration of pairs 
in the vapor phase indicate that at 2 K this con¬ 
centration is below 10 +1 * cm -1 . Our deduced val¬ 
ues of condensed-pair concentrations range from 
6x10” cm'* down to perhaps exio 14 cm"*, and 
so the assumption is reasonable. 

Our measurement of n -1 implies that the liq¬ 
uid in the droplets is responding at the Infrared 
laser frequency as a plasma, with a dielectric 
constant less than unity, and a plasma frequen¬ 
cy of 120 cm' \ The plasma frequency obtained 
here compares very well with that obtained 
from direct infrared measurements by Vavilov, 
Zayats, and Mursin“ (130 cm" 1 ), and also with 
that calculated from the accepted liquid density, 

2 x 10" cm" *, and an optical effective mass 1 * 

of A- 

The value of x we find here implies that the 
plasma is rather heavily damped at this frequen¬ 
cy: Since u)T = | n -11/x ~ 20, the implied scatter¬ 
ing time t is only 4xio" 14 sec. Alternatively, 
we can Interpret this lossy index in terms of a 
cross section par hole for inter-valence-band 
transitions. This interpretation gives an absorp- 
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tion cross section of 3xl0' 17 cm* which is about 
3 times smaller than that observed in doped p- 
type germanium at 3,4 pm by Kaiser, Collins, 
and Fan, 14 

Finally, we discuss the density distribution 
t }(x). We believe that the spatial dependence can 
probably be understood in a model in which pairs 
diffusing out from the surface are captured by 
existing droplets, with very little decay in tran¬ 
sit. If we assume that the droplets are distrib¬ 
uted in a hemlcylindrical cloud in which the con¬ 
centration decays with exponential decay length 
0.3 mm in all directions from the center of the 
cylinder, then we have approximately 5 x 10 ls 
electron-hole pairs. If 50% of our pump laser 
power, or 50 mW, is absorbed, the electron-hole 
generation rate is -1.5X10 17 sec' 1 . The ratio of 
steady-state population to generation rate im¬ 
plies a lifetime of 30 psec, which is in close 
agreement with measured values of the pair life¬ 
time in the liquid state. 19 

At lower pump power levels the exponential 
decay depth decreases while the density of drop¬ 
lets near the pumped region is unchanged. Pre¬ 
liminary measurements with a spot-focused 
pump beam indicate that the droplet density is 
not exponential, but is quite uniform in a hemi¬ 
spherical cloud with rather sharp edges. 7 

We have made use of a Fabry-Perot interfer¬ 
ence effect in probing the scattering and absorp¬ 
tion of electron-hole droplets in germanium. We 
have been able to deduce values for the optical 
constants of the liquid state which are in good 
agreement with other measurements and theories, 
and to find the absolute concentration of electron- 
hole pairs as a function of depth behind the op¬ 
tically pumped surface. We believe that this tech¬ 
nique will be useful, not only in probing the op¬ 
tical properties of the liquid at other frequencies, 
but also in rapidly measuring the spatial varia¬ 
tion of droplet concentrations in other pumping 
configurations, both optical and injection. 19 
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Crystal Fields in Dilate Rare-Earth Metals Obtained from Magnetization Measurements 

on Dilute Rare-Earth Alloys 

P. Touborg and J. Hdg 

Department of Electrophysics , Technical University, DK-2800 Lyngby, Denmark 
(Received 22 April 1974) 

Crystal field par*meters of Tb, Dy, and Er In So, Y, and Lu are summarized. These 
parameters are obtained from magnetization measurements on dilute single crystals, and 
successfully checked by a number of different methods, The crystal field parameters vary 
unpredlotably with the rare-earth solute. *40. Bo. and B u are similar In Y and Lu. Crys¬ 
tal field parameters for the pure metals Tb, Dy, and Er are estimated from the crystal 
fields In Y and Lu. 


The rare-earth metals exhibit a fascinating var- 
sty of magnetic properties, which can be quali- 
itively understood as the consequence of crystal 
leld, exchange, and magnetoelastic interactions. 

.8 a result of this complexity it is extremely dif- 
cult to separate individual terms. The crystal 
eld plays a vital role in the magnetic ordering, 

.1 die spin-wave excitations, and in other mag- 
etic properties of the rare-earth metals. 1 It is 
lerefore of great importance to know the crys- 
il fields in the pure rare-earth metals. How- 
ver, existing theories for the crystal field pa- 
ameters, such as the point-charge model, are 
3t expected to be of any validity, 3 though the 
yint-charge model gives good results for the 
letallic rare-earth pnlcttdes. 3 The crystal field 
irameters which have so far been determined 
xperimentally 1 have not shown satisfactory 
jreement among the results from different mea- 
urements. Recently the presence of highly anl- 
3tropic exchange interactions in the rare-earth 
letals has been demonstrated by the technique 
f inelastic neutron diffraction, 4 and because of 
mtrlbutions from anisotropic exchange to the 
lagnetic anisotropy, no reliable values of the 
ryatal fields have been available yet. It is there - 
ire understandable that the theoretical picture 
t the crystal fields in the rare-earth metals is 
so in a poor state. 9 

By diluting rare earths in nonmagnetic hosts, 
ryatal-field-dominated systems can be created, 
i which an accurate determination of the crystal 
eld is possible. An extensive project on dilute 
are earths in nonmagnetic rare-earth-like host 
letals has been initiated, and in this Letter we 
ish to report crystal field parameters obtained 
>r 0.1—1.0-at-% alloys of Tb, Dy, and Er in the 
ost metals Sc, Y, and Lu. These measurements 
ve allowed—for the first time—a separate quan- 
tatlve determination of the crystal field parame¬ 


ters in the pure rare-earth metals. 

Sc, Y, and Lu are the only nonmagnetic ele¬ 
ments which have rare-earth-like electronic 
structure and hep crystal structures like the mag¬ 
netic heavy rare-earth metals. Y and Lu bear 
very close resemblance to these, and the varia¬ 
tions of the lattice parameters and the width of 
the d conduction bands in Tb, Dy, and Er are 
bounded by Y and Lu. Lu is a rare earth itself 
with a 5 d bandwidth approximately equal to those 
of Tb, Dy, and Er." Determinations of the crys¬ 
tal fields tor rare-earth impurities in Y and Lu 
are therefore expected to give good estimates of 
die crystal field parameters in the pure rare- 
earth metals. 

Crystal fields of dilute rare earths in cubic 
hosts have been determined earlier by spectro¬ 
scopic 7 and by magnetization measurements. 3 
A determination of the axial anisotropy parame¬ 
ter from torque measurements on dilute rare 
earths in Gd has been attempted.** However, 
the parameters obtained in thiB way are deter¬ 
mined with low accuracy and do not agree with 
the parameters obtained in the present work. 

This is attributed to the severe difficulties in 
performing and interpreting such a torque experi¬ 
ment." 

In the present project the crystal fields in Sc, 

Y, and Lu alloyB were determined by fits to mag¬ 
netization measurements. A recent paper 10 de¬ 
scribes the method used for Y:0.14-at.% Er and 
Y:0.14-at% Dy. Because of the lower symmetry 
in the hep hosts compared to the cubic systems,* 7 
it was essential that the measurements were per¬ 
formed on single crystals. The samples were 
spheres cut from single-crystal ingots prepared 
by strain-anneal techniques. 1 ' Magnetization mea¬ 
surements in the temperature range 1.3-300 K 
and in fields up to 8 T were performed in the a, b, 
and c directions of the hep structures. The mag- 
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netic susceptibility of the host metal was mea¬ 
sured separately and subtracted. The crystal 
field parameters were obtained by theoretical fits 
to the Inverse initial susceptibility (measured by 
a high-sensitivity Faraday magnetometer 10 ). Iso- 
field and isothermal magnetisation curves in the 
available temperature and field ranges (measured 
on the Faraday system and on a 5-Hz vibrating - 
sample magnetometer 10 ) were used to check the 
reliability of the deduced parameters and to con¬ 
firm the general validity of the Hamiltonian used. 
The inverse-initial-susceptibility curves show 
characteristic features for all Er and Dy alloys, 
allowing an unambiguous determination of the 
crystal field parameters. Figure 1 illustrates the 
accuracy of the fit for Sc:0.568-at.% Dy. Order¬ 
ing effects, etc. (Fig. 1), cause deviations at low 
temperatures and are responsible for the uncer¬ 
tainties on the crystal field parameters. 

The Tb susceptibility curves contained too little 
structure to allow a unique determination of the 
parameters. For this case it was necessary to 
include results of additional measurements of the 
hexagonal anisotropy in the fitting procedure.” 
These measurements were performed on a 179- 
Hz vibrating-sample magnetometer, in which the 
components of the magnetic moment parallel and 
perpendicular to the external field, lying in the 
basal plane, were measured as a function of crys¬ 
tal rotation angle about the c axis. 

The Hamiltonian appropriate for the interpre¬ 
tation of these experiments is 

JC = + 3C^, (1) 

where JC rf is the most general single-ion hexago¬ 
nal anisotropy operator: 

= HacPao + H <n O, 0 + (2) 

0,„ are the Stevens operators 13 and B lm are 
crystal field parameters. 3C Z is the effective 
Zeeman operator which includes the exchange in¬ 
teraction in the molecular-field approximation, 

3Cz =gjM b J - (H +X>M). (3) 

A is the molecular -field tensor containing two 
independent parameters, X ± and X,,. 

During the fit, 3C cf was diagonalized in the sub¬ 
set of the lowest-J raultiplet, as contributions 
from the higher multiplets in the LS ground-state 
term were found to be negligible. The four B lm ’a, 
X u A q , and the atomic concentration c were taken 
as fitting parameters. The deduced value of c 
was always in agreement with the nominal con¬ 
centration, within a few percent of the latter. 


Because of the importance of knowing the crys¬ 
tal fields in the rare-earth metals it is prefer¬ 
able to check the parameters by other measure¬ 
ments. First we have studied the alloys Y:Tb, 
Y:Dy, and Y:Er for varying concentrations in the 
range 0.1-3.6 at%. 11 The magnetization measure¬ 
ments on these systems were excellently de¬ 
scribed by concentration-independent crystal field 
parameters. Secondly we have performed mea¬ 
surements of the basal-plane anisotropy on al¬ 
most all alloys.” For the Er and Dy alloys, 
where these measurements are not inducted in 
the fitting procedure, they have served as a sepa¬ 
rate check of the B m parameter. Magnetization 
measurements on Y:Tb, Y:Dy, and Y:Er in fields 
up to 370 kOe, where the Zeeman energies are 
comparable to the crystal field energies, are 
described well by the crystal field parameters. 11 
This includes characteristic features due to mix¬ 
ing and crossing of crystal field levels. Finally 
three expected transitions from the ground state 
to excited crystal field levels in an Y:Er single 
crystal have been observed with correct energies 
and intensities in an Inelastic-neutron-scattering 
experiment. 15 

In Fig. 2 the crystal field parameters divided 
by the Stevens factors 15 are plotted as functions 
of the c/a ratio of the host metal. For compari¬ 
son curves calculated in the point-charge model 1 * 
are also shown. The deviation of these from the 
experimental data demonstrates the failure of the 
point-charge model also for these systems. The 
point-charge model even predicts the wrong sign 



FIG. 1. Inverse susceptibility of SeK).S6S-at% Dy 
measured at £-0.170 T. The susceptibility Is given 
per Dy atom. 
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c la c/a c/a c/a 


FIO. 2. Crystal (told parameters divided by Stevens factors versus c/a ratio (or Tb (circles), Dy (triangles), and 
Er (crosses). Errors are not plotted when they (all within the slmbol. The full lines represents the average at the 
Y and Lu results. The dashed lines are calculated from the point-charge model (Ref. 16). Except (or B M /o, the 
point-charge parameters (or Tb and Er are Insignificantly different from those (or Dy and are therefore not plotted. 


of B 4 The B tm 'a divided by the corresponding Stevens factors have, for given l and m, the same 
sign for all alloys, and the ratio - B„/B k for any given alloy Is approximately 10. A substantial vari¬ 
ation in magnitude for different rare-earth Impurities In the same host Is observed, with Tb and Er 
being most alike. The energy V cf of a 4/ electron in a crystalline electric field with hep symmetry 
can be written as 

V cf =4(r/5)*'*V >o (r)y so (0, ?) +(16/3)7 ^Vjr)Y <0 (B, v>) + 32(r/13) 1 "V M (r)Y M (0, <p) 

+ 32(*/3003) ,/s 


V lm (r) describes the radial part of the electric 
field component with the angular dependence 
Y lm (8, <p). The connection to the Hamiltonian (2) 
is given by B, m /a, = (V, n (r 4/ )). la The V, m ’a may 
contain contributions from charges both within 
and outside the Impurity Ion. The external con¬ 
tribution has the form A, n r‘ and Is not expected 
to depend very much on the nature of the Impurity 
Ion, which however may greatly Influence the in¬ 
ternal contribution. It may therefore be concluded 
that the charge residing on the magnetic ion 
makes a significant contribution to the crystal 
field which it experiences. 

In order to obtain estimates of the crystal field 
parameters for the pure rare-earth metals, we 
have shown In Fig. 2 the averages of the values 
for B 00 /y, and B„/y measured in the hosts 

Y and Lu. These values are, within the experi¬ 
mental error, equal for Y and Lu. B 10 /a Is seen 
to vary considerably with the c/a ratio, which is 
close to the Ideal hep value (S') 1 ". The depen¬ 
dence of B ia /a on c /a Is of the same order of 
magnitude as estimated from high-temperature 
paramagnetic measurements on the pure rare- 
earth metals. 17 The deviations in B^JP, B^y, 
and B n /y observed for Sc probably reflect the 
difference between this metal and Lu and Y with 


V"(r)[Y M {e,<p) + Yi. t (e, v )]. 

I respect to atomic volume and to the width of the 
d conduction band.* Crystal field parameters for 
the pure rare-earth metals obtained from the ap¬ 
propriate Y and Lu values by interpolation for 
and by taking the average values for £«,. and 
B 9 , are given In Table I. 

In conclusion the measurements of crystal 
fields of rare-earth metals diluted In the hosts 
Y and Lu have allowed a determination of the 
crystal field parameters In the pure rare-earth 
metals. The crystal field parameters seem to 
vary unsystematically with the atomic number of 
the rare earth, contrary to what is expected in 
simple theories. This demonstrates the neces¬ 
sity of a first-principles calculation based on 
electron band structures. 


TABLE I. Estimated crystal field parameters for tbs 
pure rare-earth metals. 



B» 

(10- J K) 

B « 

(10- 4 K) 

b 9 

(io- 4 k> 

B u 

(10-‘K) 

Tb 

73 ±6 

6*1 

-13*3 

128l'g 

Dy 

32*2 

-27*3 

34*3 

-336*31 

Er 

— 32*3 

<3 

28*6 

317!f 


m 
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Magnetic Properties of Ho-Co and Ho-Fe Amorphous Films 

Neil Helman and Kenneth Lee 
IBM Research Laboratory, San Joee, California 95193 
(Received 6 May 1974) 

Polar— Faraday-rotation and magnetization measurements on evaporated amorphous 
films of Ho-Co and Ho-Fe show that the principle mechanism responsible for differences 
in the T c of the crystalline and amorphous states is the altered electronic configuration 
of the transition metal, rather than local anisotropy. Additionally we found that the 
films possess uniaxial anisotropy. 


That the technologically Important' •* amorphous 
rare-earth (RE)-tranaition-metal (TM) alloys 
can be prepared 1,3,< without the need to Include 
“glass-former” atoms or to maintain the sam¬ 
ples at cryogenic temperatures presents an op¬ 
portunity to understand the fundamentals of amor¬ 
phous magnetism. Published experimental data 
on the magnetic properties of amorphous RE- 
TM alloys are confined mainly to TbFe, 4,3 and 
GdCo t . I, * ,T There is considerable Interest In the 
fact that the Curie temperature ( T c ) for TbFe, is 
markedly lower In the amorphous state than In 
the crystalline state, whereas T c of GdCo, Is con¬ 
siderably higher In the amorphous state than In 
the crystalline state. Harris, PUschke, and 
Zuckermann’ attribute these differences to the 


random orientation of the local anisotropy field, 
in that Gd is an S- state atom whereas Tb is high¬ 
ly anisotropic. Tao et al .,' ,T while not ruling out 
local-anisotropy effectB altogether, attribute the 
differences to the fact that reduced density in¬ 
hibits charge transfer from the RE to the d or¬ 
bitals of the TM. Since Fe, unlike Co, has un¬ 
filled majority as well as minority spin states, 
they indicate that reduced charge transfer may 
produce opposite results in TbFe, and GdCo,. 
Unfortunately the data on amorphous TbFe, and 
GdCo, are not sufficient to resolve the question 
of the relative importance of the two mechanisms 
Additionally some existing data seem to argue 
against either mechanism. For example, a re¬ 
cent Letter by Sarkar et al? reports MBssbauer- 
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effect results which are in agreement with the 
local-anisotropy model and which apparently dis¬ 
agree with the charge-transfer model. On the 
other hand the local-anisotropy model would not 
seem to predict an increased 7c for GdCo,. In 
view of the controversy about the mechanisms 
which account for the properties of amorphous 
RE-TM alloys, we have carried out a study to 
help clarify the issue. We have examined the 
magnetic properties of amorphous Ho-Co and 
Ho-Fe thln-film alloys over a wide composition¬ 
al range. This is the first time that the system¬ 
atica of both amorphous RE-Co and RE-Fe alloys 
have been studied with the same RE constituent 
so that the effects of the different TM can be 
evaluated reliably. Also by comparing Ho- Fe 
results to published TbFe, data and Ho-Co re¬ 
sults to published GdCo, data, the importance 
of the RE can be assessed. Furthermore since 
we have examined the amorphous Ho-TM alloys 
across a broad compositional range, the system¬ 
atic trends in the data provide additional insights. 
We find that our data, particularly when taken in 
conjunction with the published amorphous TbFe, 
and GdCo, data and with known systematica of 
crystalline RE-TM alloys, demonstrate that the 
amorphous state Increases T c for Co alloys, de¬ 
creases T c for Fe alloys, and increases the TM 
moment in both the Fe and Co cases. These con¬ 
clusions strongly support the basic features of 
the charge-transfer model. 

Thin films of amorphous Ho-Co and Ho-Fe al¬ 
loys were prepared by thermal evaporation of the 
two metals in a vacuum Bystem with a base pres¬ 
sure of 7x10 ’• Torr. Films spanned the compo¬ 
sitional range from 17 to 60 at.% Ho. The chemi¬ 
cal compositions were checked by electron-mi¬ 
croprobe analysis on a number of samples, and 
these measurements agreed with the evaporation- 
rate- monitor determinations to within 2%. Films 
were examined and found to be amorphous by 
both x-ray and electron diffraction measurements. 

Figure 1 shows T c and the compensation tem¬ 
perature T comp functions of composition for 
amorphous Ho-Co alloys as determined by polar- 
Faraday-rotation measurements at K =0.6328 pm. 
Also plotted on the same figure for comparison 
are T c and T carnp for several crystalline Ho-Co 
compounds obtained from the literature. 10 T c 
values for amorphous Ho-Co films with greater 
than 60 at.% Co were considerably in excess of 
600 K and could not even be estimated since the 
saturation polar Faraday rotation showed no sig¬ 
nificant decrease up to 600 K, the maximum tem- 



FIG. 1. T ( and 7' cottlp for nmorphouB and crystalline 
Ho-Co alloys. The lines are not fitted functions, but 
merely Indicate trends in the data. The amorphous 
Ho tI Co n sample did not have T comp above 4.2 K (indi¬ 
cated by arrow). 

perature that could safely be used before crystal¬ 
lization would become a consideration. One 
striking feature of Fig. 1 is that T c for Ho„Co„ 
la greater than 500 K whereas T c for crystalline 
HoCo, is only 80 K. In general It appears that 
Tc and T conv of the amorphous Ho-Co alloys are 
similar to Tc and 7' CO n_ of crystalline Ho-Co al¬ 
loys containing 10 at.% more Co. An important 
point is that the Faraday-rotation data on T comp 
conclusively establish the fact that the magnet¬ 
ization Is more Co dominated in the amorphous 
alloys since such measurements determine the 
temperature and composition at which the Ho sub- 
lattice magnetization equals the Co sublattice 
magnetization without regard to questions of sat¬ 
uration, sample volume, or other technical diffi¬ 
culties normally associated with magnetization 
measurements. For completeness vlbratlng- 
sample-magnetometer measurements were made 
from 4.2 to 300 K by using a superconducting 
magnet capable of 70 kOe. We had no difficulty 
saturating our samples. The magnetometer mea¬ 
surements further confirm the more Co-domlnat- 
ed magnetization In the amorphous samples. 
Specifically the 4.2-K saturation magnetization 
values for amorphous Ho„Co„„ Ho,,Co„, and 
HOi T Co„ are 765, 576, and 20 emu/cm 5 , respec¬ 
tively. Using either measured densities or val¬ 
ues determined by linear extrapolation of Ho and 
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Co densities, we calculated the number of Bohr 
magnetons per formula unit (n B /f.u.) at 4.2 K to 
be (4.8±0.5)p B /f.u., (4.3±O.S)Mi/f.u., and (0.2 
± 0.1)p B /f.u., respectively compared to 7.6 mb/ 
f.u., 5.6jj B /f.u., and 1.1/i B /f.u. for the corre¬ 
sponding crystalline phases. The uncertainties 
in the moments reflect the differences in the 
measured and extrapolated densities. It should 
further be noted that in crystalline HoCo s , the 
moment of the Ho sublattice at 4.2 K is greater 
than that of Co, whereas the reverse is true for 
the amorphous film. 

T c and 7' [amp for Ho-Fe films obtained from 
polar-Faraday-rotation measurements are plot¬ 
ted in Fig. 2 along with points for the crystalline 
compounds. 10 There are striking differences be¬ 
tween this figure and the Ho-Co plot. T c of the 
amorphous Ho-Fe films is drastically lower than 
T c of the crystalline compounds. In addition, 
for the crystalline Ho-Fe compounds, T c anom¬ 
alously increases as more Ho is added even 
though the Fe moment is known to decrease. On 
the other hand T iXtnv of the amorphous films ex¬ 
tends further into the Ho-dominated region of the 
alloy system, just as in the case of the amor¬ 
phous Ho-Co data, demonstrating that the mag¬ 
netizations of the amorphous samples are once 
again more TM (in this case Fe) dominated. Re¬ 
sults of magnetometer measurements are simi¬ 
lar to those for amorphous Ho-Co in that the 
magnetization of all the alloys is more Fe domi- 



o I*,--1-1-1-.-.-I-J-1 
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FIG. 2. T c and T corop for amorphous and crystalline 
Ho-Fe alloys. HO| t Fe M was not magnetic above 77 K 
(indicated by arrow). HOj,Fe,j was approaching r conip 
as the temperature was lowered to 77 K. 


nated. Specifically the moments for amorphous 
HoFe, and HoFe, are (2.5±0.3)Mg/f.u. and (2.8 
±0.3)p B /f.u. compared to 5.5p B /f.u. and 4.6p„/ 
f.u. for the respective crystalline material. 
Amorphous Ho-Fe therefore behaves much the 
same as amorphous Ho-Co except for T c . 

The facts established by the data are first that 
the magnetizations in both Ho-Co and Ho-Fe 
amorphous alloys are more TM dominated than 
In the crystalline alloyB and second that, rela¬ 
tive to the crystalline state, T c increases for 
amorphous Ho-Co and decreases for Ho-Fe. 

Since the magnetizations of both Ho-Co and Ho¬ 
Fe amorphous alloys behave the same, and since 
the same RE la involved in both series of alloys, 
it is clear that the difference in the T c behaviors 
of Ho-Co and Ho-Fe must be attributed to the al¬ 
tered state of the TM. The fact that the magnet¬ 
izations of the amorphous samples are more TM 
dominated than In the crystalline case can be ex¬ 
plained by one of three possibilities: Either the 
TM moment is increased or the Ho moment is 
decreased or both. In view of the altered state 
of the TM deduced from the T c behavior, it is 
reasonable to conclude that the TM moment is in¬ 
creased. Furthermore, the systematlcB of crys¬ 
talline RE-TM alloys support this conclusion in 
that both the T c and the Co moment increase with 
increasing Co content whereas the Fe moment in¬ 
creases but T c decreases as the Fe content is in¬ 
creased. Thus, the Tc behavior, the TM domina¬ 
tion of the magnetizations, and the systematlcs 
of RE-TM crystalline alloys support the charge- 
transfer model. 

Some further comments are in order. Since 
the differences in T c and magnetization between 
crystalline and amorphous Ho-TM alloys span 
the broad compositional range, it seems unlikely 
that these differences are due only to density ef¬ 
fects. It would appear that mere disorder plays 
a role in altering the character of the TM. A 
further consideration which may contribute to 
the observed behavior is that nearest-neighbor 
interactions are likely to be particularly impor¬ 
tant In determining the properties of amorphous 
materials. Co exchange interactions are ferro¬ 
magnetic for any realistic distribution of first- 
neighbor distances, whereas Fe exchange inter¬ 
actions for first-nearest neighbors are critically 
dependent upon the distribution. Finally there 
may be some evidence that local-anisotropy ef¬ 
fects alter the RE moment. If one assumes rea¬ 
sonable maximum values for the TM moments 
(1.7fi B for Co, 2.2hb for Fe), one concludes from 
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the magnetization measurements that the Eo mo¬ 
ment is reduced by about 15%; however, as noted 
earlier, a quantitative Interpretation of these 
measurements is not entirely reliable. It must 
be stressed that while both charge-transfer and 
local-anisotropy effects contribute to the altered 
magnetizations of the amorphous RE-TM alloys, 
the change in T c must be attributed mainly to the 
altered properties of the TM. 

Before we conclude, we wish to point out that 
all films examined had the easy direction of mag¬ 
netization perpendicular to the film plane. In a 
number of the films, cylindrical domains (l.e., 
"magnetic bubbles”) were detected either direct¬ 
ly by Lorentz microscopy or inferred from the 
shape of the hysteresis loop. The uniaxial aniso¬ 
tropy constants K a for Ho-Co alloys at 4.2 K were 
determined from the fields needed to saturate the 
films in both the perpendicular and in-plane di¬ 
rections. Values for K a were about 3x10* ergs/ 
cm*. Previously, it was presumed that rf-bias 
sputter-deposition techniques were required to 
produce uniaxial anisotropy. Interestingly the 
1 values for K t in these evaporated Ho-Co films 
are about 1 order of magnitude greater than those 
reported for amorphous Gd-Co 11 prepared by rf- 
bias sputter deposition. A number of experi¬ 
ments 11 had been performed to determine the ori¬ 
gin of K a in those Gd-Co films. The results ruled 
out stress-Induced and shape anisotropy, leading 
to the conclusion that Co pair ordering is the re¬ 
sponsible mechanism. The larger anisotropy in 
evaporated Ho-alloy films would imply that pair 
ordering is most likely not the origin of K a in 
these films. Films prepared on carbon foils sup¬ 
ported on Collodion-coated grids showed uniaxial 
anisotropy, ruling out stress. K a values are too 
large to be explained by shape anisotropy. It 
would appear therefore that K a is due to interac¬ 
tion of the Ho with directional correlations on an 


atomic scale. It may well be that local aniso¬ 
tropy fields though basically random have a pre¬ 
ference for the direction perpendicular to the 
film plane. 

We would like to thank S. Lawrence for his 
technical assistance, W. Parrish for x-ray re¬ 
sults, R. Geiss for the Lorentz microscopy, and 
M. Lorenz, J. Smlt, J. Suits, R. Soohoo, and 
C. R. Guarnleri for helpful discussions. 
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Resonances in 12 C + 13 Cf 

D. J, Crozler and J. C. Legg 
Kansas State University, Manhattan, Kansas 66506 
(Received 24 June 1974) 

Resonant structures at 9.4 and 10.3 MeV c.m. energy have been observed in both the 
reaction 1! C( u C,a) 2, Ne and the elastic scattering of ‘*C from ,2 C. Unambiguous assign¬ 
ments of l "7 for both of the resonances are made. 


Considerable effort has been devoted to the 
search for resonances in heavy-ion systems. 
Previously, such resonances had been found in 
the systems l, C + l, C‘'* and 13 C+ 1 ®0 3 '' ,,s but had 
been considered nonexistent in 1S C In the 

present paper, we report the observation of res¬ 
onances In the system 12 C + 13 C. 

To reexamine the system 12 C + I3 C, we mea¬ 
sured the excitation function of the reaction 
12 C( l3 C, or) J1 Ne at a lab angle of 10° over a range 
of lab bombarding energies, I?( 13 C) = 12 to 22.5 
MeV, in 100-keV steps. Elastic scattering was 
measured at eight lab angles over the same ener¬ 
gy range. As a result two definite resonances 
were observed to be correlated in the two exit 
channels. 

The excitation function for the reaction 1J C( n C, 
o) a, Ne at a lab angle of 10° is shown in Fig. 1(a); 
the yield has been summed over the lowest thir¬ 
teen levels in 21 Ne. Statistical fluctuations in 
summed excitation functions are expected to be 
damped by a factor which is greater than or equal 
to the number of levels (13).“'" From examina¬ 
tion of Fig. 1(a) it can be seen that variations in 
the yield considerably in excess of those allowed 
by the statistical model do occur. Most of the 
energy range has been measured at least twice 
with good reproducibility. Prominent structures 
in the summed a yield are observed near the lab 
energies F tah = 15, 10.2, 17.3, 19.5, and 21.5 MeV 
(£c.m.=7.2, 7.8, 8.3, 9.4, and 10.3 MeV, respec¬ 
tively). Less prominent structures are observed 
near E tab * 20.3 (E,.. nl =9.7 MeV). 

In order to Investigate whether the observed 
structure in the ,2 C( l3 C, a) 21 Ne excitation curves 
might be due to resonances, we examined a dif¬ 
ferent exit channel, the elastic scattering. The 
elastic scattering excitation functions for three 
c.m. angles—73.4, 89.8, and 100.5°—are shown 
in Fig. 1(b). Resonances at£ ub =19.5 and 21.5 
MeV can be plainly seen. 

In order to determine the l values of these res¬ 
onances, the background elastic scattering was 
fitted by using the elastic-transfer theory of von 
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FIQ. 1. (a) Excitation function for the reaction 
,2 C( u C,a) 2, Ne at Si*”10*. Different symbols repre¬ 
sent data taken on different days with different targets. 
The solid ourve is intended to “guide the eye” only. 

(b) Excitation functions for the elastic scattering of 
**C from ll C at three c.m. angles. The solid curves 
are optical-model calculations of the background oross 
section as described in the text. No resonances were 
considered in these calculations. 
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rtzen. 10 A Woods-Saxon optical-model well 
h parameters considerably different from 
«e of von Oertzen was used— V = 100 MeV, w 
5 + 1.2(£-18) MeV, 0=04=0.46 fm, R 0 =R e 
i = 1.19 fm. The calculation employed volume 
sorption and an exchange potential of the form 

V’«ch*ge=(-l)'V.e'°7 ar, (1) 

th a«0.469 and V, = 35 MeV. The calculations 
;re performed by using the program OPTICS 11 
itch has been modified to Include the exchange 
rm. Excellent fits to the nonresonant angular 
strlbutlons were obtained with the use of these 
rameters. The smooth curves In Fig. 1(b) are 
s elastic-scattering predictions with no reso- 
nces Included. The value of the exchange po- 
ltlal obtained here corresponds to a value for 
' In von Oertzen’s notation 10 of 0.85 which Is In 
asonable agreement with the values of 0.8 and 
95 obtained by Bohlen and von Oertzen. 1 * 
Optical-model parameters differing from those 
von Oertzen were chosen for two reasons, 
rst, the angular distributions calculated by 
>hlen and von Oertzen 1 * at E c .m. =9.9 MeV show 
extremely deep minimum at a scattering an- 
e of 110° which does not fit the data well. Sec- 
d, It was considered desirable to use an opti- 
1 model with slowly varying parameters and a 
nstant value of SN. Calculations using the pa- 
meters given above fit the data very well at all 
assured angles and energies with a smooth, 
iw variation of the Imaginary well depth. 

Pits assuming 1 = 1 resonances at 19.5 and 21.5 
3V are shown in Fig. 2(a) for five c.m. angles 
er the energy range 18.4 to 22.5 MeV. Siown 
r comparison in Fig. 2 are calculations using 
? same total and partial widths but assuming 
» following resonances: Fig. 2(b), / = 5 and l 
; Fig. 2(c), f»3 and f = ll; and Fig. 2(d), 1 = 1 
d l = 13. It Is clear In Fig. 2 that each of these 
oices of l value produces a very poor fit to the 
ta at a minimum of two angles. No even-1 res- 
ance will result In a smooth curve at 89.6°. 
sonances with l values higher than those shown 
Fig. 2 may be ruled out because of low pene- 
ibility. Thus, these resonances may be as- 
ned as l = 1. A single-level formulation was 
ed to perform the calculations. A resonance 
xlng phase 1 * of 0° was assumed in calculating 
i fits In Fig. 2. It was found that no l value 
ter than 1 = 7 would fit the data at all five angles 
ardless of the mixing phase assumed. Fur- 
rmore, It was found that for l = 7 only mixing 
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FIG. 2. Fits to Hie elastic scattering cross section 
in the energy range from 18.6 to 22.4 MeV for five c.m. 
angles. Two resonances, one at £c.rr. = 8 - 38 MeV with 
T=200 keV and I - * = 46 keV and one at E c . n ,_ = 10.32 MeV 
with r=200 keV and r d = 50 keV, are Included In each 
calculation, (a) Both resonances are assumed to be I 
= 7. (b) The two resonances are assumed to be I =6 
and l “9. (c) The two resonances are assumed to be 
l=S and 1 = 11. (d) The two resonances are assumed to 
be l =1 and / =13. 


phases less than 30° gave equally good fits. 

The c.m. resonance parameters obtained from 
the fits for the first resonance are A* = 9.36 MeV, 
T = 200 keV, T e , =45 keV; and for the second 
resonance they are E K = 10.32 MeV, T = 200 keV, 
T e , = 50 keV. The total estimated uncertainty In 
the widths is 25%. Reduced widths for these res- 
onancee were calculated by using Coulomb-wave- 
function penetrabilities. At a matching radius of 
7 fm the reduced widths are calculated to be 28 
keV for the 9.36-MeV resonance and 19 keV for 
the 10.32-MeV resonance. These reduced widths 
are 14 and 9% of the Wlgner limit, 3#*/2pR*. 
These results are similar to those obtained for 
the resonances observed In the system ‘“C + ^C. 1 

The use of Coulomb-wave-function penetrabili¬ 
ties In a situation where the nuclear potential ie 
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obviously playing an Important role ia open to 
question. Schiller 14 bus suggested an alternative 
method of comparing a resonance width to that of 
a single-particle resonance. The width of a po¬ 
tential resonance calculated by using the optical 
model with the absorption set to zero Is used as 
the single-particle width. Calculations with the 
optical model used here with W =0 reveal an 1 = 7 
resonance at £<^*9.8 MeV with r = 2.9 MeV. If 
this is used as the single-particle width, then the 
observed resonances have elastic partial widths 
that are approximately 2% of the single-particle 
width. 

These calculations shed some light on the na¬ 
ture of these resonances. They indicate that the 
observed resonances occur at an energy where 
the 1 = 1 partial wave is resonating. This sug¬ 
gests that these resonances may be explained by 
a double-resonance effect similar to that 15 used 
by fitting the structure observed in la O + “O scat¬ 
tering. 

At present, experiments are being done to In¬ 
vestigate reactions at various angles and to ex¬ 
tend the excitation functions to higher energies. 


7Work supported by the U. S. Atomic Energy Commis¬ 
sion under Contract No. AT(11-1)-2130. 
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Three-Body Breakup Reaction 4fl Ca( 16 0 , 1J Ca) 


D. C. Slater, J. R. Hall, and J. R. Calarco 
Department of Physics, Stanford University, Stanford, California 94305* 

and 

B. A. Watson and J. A. Becker 

Lockheed Polo Alto Research Laboratory, Palo Alto, California 94304 1 
(Received 2 July 1974) 

We report for the first time coincident ,2 C and a particles emitted In the bombardment 
ol w Ca with ,4 0 Ions of 64 MeV. Events which populate the ground and first excited states 
of «C and *°Ca are observed. The coincident n C energy spectra are dominated by one or 
two large peaks near the highest allowable ,2 C energy. Relatively few coincidences are 
seen at IJ C energies which correspond to maximum yield in the 40 Ca( 14 O, H C) singles 
spectrum. 


The (**0, **C) transfer reaction has been of In¬ 
terest for the last few years. In several of these 
reaction studies with targets in the nuclear /-/> 
shell, 1 the l *C energy spectra displayed Individual 
sharp peaks superimposed on a broad, continuous 
background "bump.” This continuum makes Its 


appearance in the spectrum near the threshold 
for la O breakup Into “C + a. The background, 
which increases in intensity as the bombarding 
energy Is Increased above the Coulomb barrier, 
has been attributed to the presence of three-body 
final states.* At energies well above the Coulomb 
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barrier, the broad bump, with some superim¬ 
posed structure, becomes the dominant feature 
in the “C spectra and extends to energies which 
correspond to some 30 MeV in the target plus a- 
partlcle residual nuclear system. At a bombard¬ 
ing energy of 48 MeV, however, Erekine, Hen¬ 
ning, and Greenwood’ showed recently that the 
l *C spectrum from the reaction '“Ca( l8 0, , *C)'“T1 
could be completely resolved into individual lev¬ 
els up to 9-MeV residual excitation, indicating 
no breakup contribution at this Incident energy. 

In the present Letter, we report the observation 
of time-coincident U C and a particles following 
the bombardment of “Ca by **0 ions of 84 MeV. 
Most of the coincidences kinematically Identified 
to consist of “Ca(g.s.) + “C(g.s.) + a probably re¬ 
sult from sequential processes rather than direct 
three-body breakup. 

Previous measurements of carbon-particle en¬ 
ergy spectra from the “Ca + 16 0 reaction at £ Un 
= 70 MeV employing a time-of-flight plus E-EE 
counter telescope’ demonstrated that at least 00% 
of the observed carbon particles were the isotope 
“C. In the present experiment we therefore used 
a simple E-EE counter telescope which provided 
a solid angle of 2.8 msr and still permitted sepa¬ 
ration of carbon from nitrogen and boron. In a 
preliminary experiment using two E-EE tele¬ 
scopes, we found that some 90% of the particles 
detected in coincidence with “C were a particles. 
The experimental configuration for the data pre¬ 
sented here consisted of a single E-EE telescope 
in which U C ions were identified, and a single 
large-solid-angle (28 msr) surface-barrier de¬ 
tector for a-partlcle detection. The single count¬ 
er allowed a much lower a energy threshold than 
would have been possible with a two-detector 
telescope. The a counter was positioned at lab 
angles of 45°, 55°, and 65°, the telescope at 20° 
and 25° with respect to the incident beam direc¬ 
tion. Both detector systems were on the same 
side of the beam. Data were recorded event by 
event and subsequently analyzed off-line. Ca met¬ 
al target foils of 200 jig/cm’ areal density were 
evaporated onto thin Formvar backings and trans¬ 
ferred under vacuum from the evaporator to the 
scattering chamber to minimize oxidation. 

Figure 1 shows the 9-value energy spectrum of 
the coincident events calculated from the **C and 
o-particle energies for the data collected at 0 lt 
= 25°, 0 O « 45°. The threshold energy for “O 
breakup (7.18 MeV) has been subtracted so the 
horizontal scale shows the total excitation energy 
of the three outgoing particles. The strong peak 



TOTAL EXCITATION ENERGY (MeV) 

FIG. 1. Total excitation energy spectrum for 4 *Ca( 1 *0, 
,J Cor) obtained from the reaction Q value computed for 
each coincidence event. 


at £,= 0 thus includes all events in which the “Ca 
and l, C ions are emitted in their respective ground 
states. The other strong peak includes events in 
which either the “Ca or “C ion is emitted in its 
first excited state. The few events around £,» 15 
MeV are due to the reaction 1 ’C(”0, “Ca) from 
target contamination. The peaks in this spectrum 
correspond to three-body final states; four-body 
states would appear as a continuum at higher to¬ 
tal excitation energies. 

For a fixed value of total excitation energy, 
three-body events fall along a kinematically al¬ 
lowed locus in the E a versus £„ c plane. The top 
four spectra in Fig. 2 show those eventB in the E, 

= 0 peak. These spectra were obtained by plot¬ 
ting events falling on die kinematic locus accord¬ 
ing to their “C energy. Spectra are shown for 9 a 
-45°, 55°, and 65° with fi Uc -25° and for 0 a = 65° 
with 0 Uc - 20°. The outstanding feature of these 
spectra Is the presence of large peaks near the 
highest allowable “C energy. The weaker struc¬ 
ture seen at lower £ U( . varies greatly from spec¬ 
trum to spectrum. Figure 2(e) is a singles U C 
spectrum taken at 0 U - 25° with the same tele¬ 
scope used for the co&cldence spectra, but 
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FIG. 2. (a)-(d) Cross sections for 40 Ca( ,6 O, 1 j Cq) at 
four angle pairs. Only those events on the 13 C(g.s.) 

■1 4a Ca(g.B.) +0 kinematic locus are Included. Arrows, 
triangles, and asterisks Indicate positions of constant 
relative energies of the « s *°Ca, ,J C + 40 Ca, and a *■ ,S C 
pairs, respectively. The uncertainty In the overall 
cross section normalization la estimated to bo ± 501. 
The phase-space curve la arbitrarily normalized. The 
lowest spectrum (e) is a singles spectrum of 40 Ca( ls O, 
* J C). The low-energy cut off In (e) Is caused by the de¬ 
tection system. 


moved further from the target to reduce kinema¬ 
tic line broadening. 

A coincidence experiment of the kind described 
here can provide a source of information about 
the reaction mechanism based only on kinema¬ 
tics. Any sequential decay process of the type X 
+ y - A +B* -A +C +D should show enhancements 
at energies corresponding to particle-unstable 
states in B*. In the decay of B* the products C 
and D would appear at a fixed relative energy, 
which would manifest itself in spectra such as 
those of Figs. 2(a)-2(d) as a definite energy shift 
of a peak as a function of detector angles. The 
symbols above the spectra in Figs. 2(a)-2(d) In¬ 


dicate the required position of the peak for the 
three possible sequential processes, based on th 
relative energies of the particle pairs for the tw< 
peaks in Fig. 2(a). The asterisks, arrows, and 
triangles show the positions expected for *to* 

- to + a, “Ti'-toa + ar, and "Fe*-toa + to, 
respectively. The arrows align with a peak in 
each coincidence spectrum, providing strong evi 
dence of a sequential decay through 44 Ti at about 
8.7-MeV excitation energy. The strong peak seei 
at the same energy in the to singles spectrum 
supports this conclusion. Since a decay is the 
only .open particle channel at this energy, the 
mechanism 40 Ca + w O- u C + 44 Ti*-“C + a+ 40 Ca 
is favored in both steps of the sequential process. 
If one tries to explain the gross structure of the 
four coincidence spectra in terms of two peaks 
(which may overlap in the lower spectra), then 
the triangles indicating sequential decay through 
a 50-MeV excited state in “Fe correlate rather 
well with the structure in each spectrum. The 
strong population of such a state would be sur¬ 
prising, and more data would be required to con¬ 
firm this interpretation. The asterisks indicat¬ 
ing sequential decay through a 13-MeV state in 
to do not correspond to a peak in Fig. 2(d) sug¬ 
gesting that this process is not occuring strongly. 
While we cannot rule out Buch a process, we have 
no convincing evidence of it in these data. The 
energy shifts as a function of angle for the small¬ 
er peaks in the spectra at lower ‘to energy do 
not correlate kinematically with any type of se¬ 
quential decay. Such structure may be due to di¬ 
rect one-step breakup, or to angular correlation 
effects in a two-step process. 

The large yield of to with energies less than 
40 MeV seen in Fig. 2(e) does not appear in the 
coincidence spectra. The Intensity of coincidence 
events is sufficient to account for only a very 
small fraction of the "bump” seen In the to sin¬ 
gles spectrum between 30 and 40 MeV. We con¬ 
clude on this basis that the "bump” is not due to 
to(g.s.)+a+toa(g.s.) final states. 

In summary, we have observed the three-body 
break-up reaction toa + to — toa + to + a. The 
dominant process appears to be a two-step mode 
Involving an Intermediate excited state of tol 
and possibly one of !, Fe. We can identify final 
states involving toa(g.s.) + u C(g.s.), *°Ca(3.35 
MeV)+“C(g.s.), and toa(g.s.)+ “C(4.44 MeV). 
The large "bump" observed in the to singles 
spectrum is not due to projectile breakup as 
proposed in Ref. 2; thus coincidence measure¬ 
ments can provide Important new Information 
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about heavy-ton reaction mechanisms. 
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New Interpretation of the Coriolis Kinking Effect in Odd-Even Nuclei 

B. Giraud* and A. Jaffrin 

Service de Physique Thearique, Centre d‘Etudes Nucleaires de Saclay, 91190 Gifsur-Yvette. France 

(Reoeived 5 August 1974) 

A description of Hie Coriolis IHnlHncr effect that occurs Inside rotational bands of odd- 
even nuclei is obtained In terms of two distinct Intrinsic states that are separately In¬ 
variant under a unitarity transformation related to die operator £/”oxp(— irj*). 


The main feature that characterizes the ro¬ 
tational behavior of a nucleus Is the well-known 
sequence of excitation energies which increase 
quadratically with the angular momentum and 
which can be Interpreted in terms of a single in¬ 
trinsic State. This Is particularly obvious in the 
case of even-even axially deformed nuclei which 
exhibit typical K = 0 rotational bands. In such 
typical K = 0 bands, however, it Is known that the 
time reversal invariance, at least In the low-en¬ 
ergy region, restricts the states to have natural 
parity. The situation is different in the case of 
odd-even deformed nuclei where the time rever¬ 
sal invariance can no longer eliminate specific 
spins or parities. One observes then a sequence 
of levels with successive half-integer values of 
the angular momentum; but one can still often 
make a separation between groups at states of 
opposite ti+i) parity, say i + , | + , | + ...andf + , 
f + , ^ + ... . This effect, sometimes called the 
kinking effect, was first predicted by Bohr and 
Mottelson 1 In a macroscopic picture as the re¬ 
sult of the Coriolis coupling between the de¬ 
formed core and the odd nucleon. 

We present here simple microscopic calcula¬ 
tions which indicate that the kinking effect is a 
frequent tendency among odd populations of va¬ 
lence nucleons and which suggest an alternative 
description in terms of distinct intrinsic states. 

The model for calculating the energies and the 
wave functions assumes a spherical core and one 


valence shell for each kind of nucleon. This con¬ 
figuration space 1 b still reduced by selecting the 
“aligned” configu rations’■* which are known to 
reproduce accurately the rotational levels of 
weakly deformed nuclei , 1 and which have the ad¬ 
vantage of keeping track of the intrinsic states. 
Along these lines, configurations of the type 

r»i/a 

and 

[ (lif#/a)*(lf>7/i)* ] TV 1/S 

were studied by diagonalizing a Gaussian effec¬ 
tive interaction V characterized by a rather 
standard ratio of spin-isospin components, 
namely (S = 0, T = 0)/(S = 1, T=1)/(S = 1, T»0)/ 

(S = 0, T = 1) = 1.0/- 0.4/1.25/1.0 in the two-di¬ 
mensional space spanned by the projected pro¬ 
late and oblate aligned Slater determinants. As 
a direct application to actual nuclei, one can con¬ 
sider these configurations to be made at holes, 
and one gets then a simplified description of the 
positive-parity levels of ltn Pd and 10 ®Ag, respec¬ 
tively, where the single-particle energies play 
no role. 

Figures 1 and 2 show a plot of the energy ver¬ 
sus the angular momentum for these two con¬ 
figurations. Three curves are presented in each 
figure: the projected energies obtained from a 
single oblate Slater determinant, those obtained 
from a single prolate Slater determinant, and, 
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FIG. 1. Energy versus angular momentum for the 
configuration l(lxW 4 CUrT/^ , J r>vi describing positive 
parity levels of u, Bii. 


finally, those resulting from the dlagonalization 
of V In the two-dimensional space. Two charac¬ 
teristic features emerge from these figures and 
are not, in fact, restricted to the present choice 
of configurations: (1) An interchange occurs be¬ 
tween the oblate band and the prolate band for 
Intermediate J (this effect was already observed 
for even configurations); (ii) the energy oscil¬ 
lates back and forth for successive J (this is a 
microscopic evidence of the Coriolis coupling 
mentioned above). 

A closer analysis shows that the oscillations 
are, of course, weaker in the oblate energy 
curve than in the prolate one. More meaningful 
is the fact that all energy curves oscillate in 
phase, a hint that some underlying symmetry is 
involved in this effect. As a consequence, a 
small admixture of die prolate component is 
enough to enhance the oscillations of the oblate 
energy curve. The amount of mixture of prolate 
shape and oblate shape in the intrinsic state is 
indicated in Table I: One checks that the concept 
of intrinsic state is still meaningful for large 



FIG. 2. Energy versus angular momentum for the 
configuration I r • 1/1 describing positive 

parity levels of ia, Ag. 

fractions of the spectrum. 

These features suggest the existence of two 
underlying intrinsic states that are separately 


TABLE I. Amount of prolate-oblate mixture In the 
seven-hole and the five-hole configurations that gen¬ 
erate positive parity levels of * M Fd and ,M Ag in the 
single-aboil configuration space. 


(% oblate) x relative sign 


5/2 

+ 81 


... 


7/2 


-69 


+ 92 

9/2 

+ 99 


-76 


11/2 


+ 70 


+ 99 

13/2 

-95 


+ 80 


15/2 


-85 


-96 

17/2 

+ 91 


-52 


19/2 


+ 48 


+ 12 

21/2 

-93 


-1 


23/2 


-35 


+ 2 

25/2 

+83 


-1 


27/2 


+ 5 


+ 33 

29/2 

-SO 


+ 3 


31/2 


+ 3 


+0 

33/2 

+ 0 


+ 0 


35/2 


+2 


... 

37/2 

+ 0 


... 


39/2 


+ 0 


... 
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responsible for each class of states of given 
(fj +i) parity. To make this argument more spe¬ 
cific, let us consider a simplified situation where 
the low-energy part of the spectrum is assumed 
to be exactly described by the projection of a 
single aligned Slater determinant ** (the argu¬ 
ment could be repeated In the more complicated 
actual situation). We have by definition 

V*4f. »> 

/* M 

where is the usual Peierls-Yoccoz angular 
momentum projector. Then the intrinsic state 
generating a sub-band of angular momentum 
parity c is defined by 

V= £ (2) 

rwtr / 

where the sum is restricted to values of J such 
that (-1 1 ,a = e. Now, and by analogy with the 

time reversal transformation which, in this 
context, would be expressed by the operator 
exp(- ivJ,), a new transformation V, whose eigen¬ 
values characterise the angular momentum pari¬ 
ty, can be defined for odd-even nuclei as 

U - exp{- ixJ*) . (3) 


0»/-X(-l) /+1/ **/, (4) 

where X is a fixed phase: X=exp(iv/4). 

One can then relate directly to by means 

of U: 

♦* e = i(l + eX~ 1 U\* M . (5) 

We have therefore shown that, in die case of 
odd nuclei, the property of being invariant under 
the unitary transformation X ml U characterizes the 
specific intrinsic states that generate the two 
sub-bands. Equation (5) shows that differs 
from 4>s by the action of a remarkable many- 
body operator and has components on every vec¬ 
tor in the basis of unprojected Slater determi¬ 
nants. The calculation of these components in¬ 
dicates that only an approximated 50% of the ini¬ 
tial ** component remains present in $«*. 

Equidensity maps obtained from a cut by a me¬ 
ridian plane provide a visualization of these in¬ 
trinsic states. Figure 3(a) shows the valence- 
hole contribution to the density distribution trf 
*“Ag in the low-energy region when one considers 
the global intrinsic state for the sake of sim¬ 
plicity, is understood here to be the oblate 
aligned determinant which describes 100% of the 
(odd+i) angular momentum states, but only 79% 
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of the (even + 1) angular momentum states. Fig¬ 
ures 3(b) and 3(c) show the same contribution 
coming from the specific Intrinsic states and 
which generate states of, respectively, (odd 
+ i) and (even+i) angular momentum. The den¬ 
sity curves of the “contraster state” & M =U<b M 
are shown in Fig. 3(d). Finally, Figs. 4(a)-4(d) 
show the equivalent intrinsic states of opposite 
deformation (prolate shape in terms of holes) 
which generate (here exactly) the higher energy 
region of the spectrum of 10s Ag. 

It is clear that the same operator U may be 
considered for nonaxial deformations of odd nu¬ 


clei. 


•Also, Mlrdstipe de 1’Industrie, DITEIM, Paris 
France. 
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Electroexritation of the Giant Resonance in 16 0 


A. Hotta 

Department of Liberal Arts, Shievoka University, Shtsuoha, Japan 

and 

K. Itoh and T. Salto 

Laboratory of Nuclear Science, Tohoku University, Tomisawa, Sendai, Japan 
(Received 15 July 1974) 

Kleetroexcltatlon of la O has been measured. The strength for the E2 (or E 0 ) resonanc¬ 
es were extracted from the longitudinal form factors. In the region of 20 — 30-MeV exoRa¬ 
tion the strength exhausts approximately 20% of the sum rule for an E2 Interpretation, 
while the strength in the region below 20 MeV exhausts 43% of the same sum rule. The 
transvorse form factor is compared with calculations using both the one-particle, one- 
hole and the generalized Goldhaber-Teller models. 


Recent experiments on the inelastic scattering 
of electrons, protons, and 3 He particles 1 have 
revealed the existence of giant quadrupole (£2) 
or giant monopole (£0) resonances both below 
and above the giant-dipole resonance in medium 
and heavy nuclei. The observed energies of both 
resonances indicate systematically 60/1 or 
120/1 MeV dependence, respectively, and its 
strength exhausts more than 60%, of the energy- 
weighted sum rule (EWSR) for an £2 interpreta¬ 
tion. 

In light nuclei, such evidences for a giant £2 
resonance have not been established. A recent 
analysis of the reaction* l0 O(>, * 0 ) ,s O has shown 
It Is necessary to assume a broad £2 resonance 
In the giant-dipole region in order to explain the 
angular distribution and the polarization data. 
Also measurements on the polarized-proton cap¬ 
ture reaction* IS N(p, 7 ' 0 ) 1 *O have shown that a 
broad £2 resonance lies above the El giant reso¬ 
nance and its strength exhausts approximately 


30% of the £2 EWSR, which is a factor of 2 small¬ 
er than the prediction of the neutron data analy¬ 
sis, On the other hand, a study of the a-capture 
reaction' 1 la C(ar, y 0 ) la O has revealed a T = 0, £2 
strength In the region E x m 12 to 28 MeV. In this 
Letter we present evidence for the £2 giant reso¬ 
nance in ls O from a study of Inelastic electron 
scattering. 

The experiment was performed with the elec¬ 
tron beam of the Tohoku University 300-MeV 
linear accelerator. Oxygen gas of 20 atm pres¬ 
sure, contained in a stainless -steel cylinder of 
40 mm In diameter, 40 mm in height, and 0.12 
mm in thickness, was used. The spectrometer 
and detection apparatus have been described else¬ 
where. 5 The spectra of scattered electrons were 
taken at different angles but at the same momen¬ 
tum transfer in order to separate them into lon¬ 
gitudinal and transverse parts. The overall ener¬ 
gy resolution was 0.19%. The Incident energies 
and scattering angles employed were 183 MeV 
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FIG. 1. Spectrum of electrons scattered from le O. 


(35°), 250 MeV (40°), 250 MeV (50°), 70 MeV 
(120°), 97 MeV (135°), and 120 MeV (135°). 

Figure 1 shows a spectrum of scattered elec¬ 
trons for ls O at a scattering angle of 35° and an 
Incident electron energy of 183 MeV. The domi¬ 


nant peaks at 22.2, 23.0, and 24.3 MeV agree with 
the total photoabsorption y-ray spectra of Bezl£ 
et al .' and Agrens et al , 7 The inelastic scattering 
cross sections were obtained by comparison with 
the elastic scattering cross section, whose ab- 



EXCITATION ENERGY U> (M«VI 

FIG, 2. The longitudinal form factors \w L fjq, u) |* for electroexcitation In “o from tills experiment Is shown as 
data points. The arrows show the positions of the form-factor peaks below £,>20 MeV. The middle and the lower 
solid curves shew the total photoabeorption croas section and the oonttnuum, respectively. 


791 




Volumi 33, Nvmih 13 


PHYSICAL REVIEW LETTERS 


23 SiPTiton 1974 


solute value was computed by phase-shift calcula¬ 
tion using the harmonic-oscillator parameters 
ar*1.35, 6=1.81 fm.* 

In the Bom approximation, the form factor 
W(q, to) for the excitation energy to and small en¬ 
ergy interval Au is given by 0 

+ (*£+t a n s f)|R r (q,u,)|*, (1) 

where W L (q, to) and W T (q, to) are the longitudinal 
and transverse form factors, respectively, q p 
the four-momentum transfer of the electron, q 
the three-momentum transfer, to the excitation 
energy, and 0 the scattering angle. The usual 
form factor F\q) Is related to the form factor 
W(q, to) by 

l-Ftfl)! 21 * J\W(q, <o)| a die. (2) 

The observed spectra were normalized to a chan¬ 
nel width of A to = 200 keV, and then separated in¬ 
to W L (q, <u) and W T (q, to) using Eq. (1). 

Figure 2 shows the longitudinal form factors 
W L (q, to) as observed in this experiment for three 
different momentum transfers. The states of 

11.5- MeV 2*, 12-MeV 0 + , 14-MeV 0\ 15.2-MeV 
2*, 17 MeV, 18.5-MeV 2*, 19-MeVl', and or 
3‘, and the giant-dipole resonance have been 
strongly excited. In this figure the middle curve 
in each case shows the total photoabsorption 
cross section. The q dependence of these curves 
was assumed to be given by the Tassie model, 10 
The lower curve shows the continuum which was 
estimated by adopting a phenomenological for¬ 
mula 11 

V ~c(E t - E a Y'”, (3) 

where £, Ib the excitation energy, £„ = 12,1 MeV 
is the threshold energy for proton emission, n 
an adjustable parameter, and c is determined by 
fitting the sum of y and the photoabsorption cross 
section to the experimental Bpectrum at about 
32 MeV. 

The 18.5-MeV state has been studied by Stroet- 
zel and Goldmann 11 who assigned to It a spin J 
= 2. The present experiment indicates that the 

18.5- MeV state is strongly excited by the longi¬ 
tudinal component and its form factor shows a q 
dependence of a £2-type transition. So we assign 
the spin and parity of this state to be J * 3 2*. 

In the giant-resonance region differences can 
be seen between the spectrum and the £1 cross 
section with Increasing momentum transfer. 


This is consistent with the existence of a higher 
multipole resonance besides the £1 giant reso¬ 
nance. In order to extract the strength of the 



FIG. 3. (a) The longitudinal form factor for a range 
of 20-30 MeV a* functions of q. The Darmstadt data 
are also plotted. The square shows the result of the sub' 
traction of the £1 contribution from the experimental 
values. Also shown is the theoretical q dependence of 
the form factor for the £1 and £2 resonances, (b) The 
transverse form factor for the same range as for (a). 
The Stanford data and the photo nuclear data are shown 
together with theoretical results calculated using the 
Goldhaber-Teller model (dash-dotted line), the general¬ 
ised Goidhaber- Teller model (dashed line), and the par¬ 
ticle-hole model (solid line). 
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TABLE I. B(E2), BCE 2) In Welsakopf units, and energy-weighted sum-rule 
(EWBR) limits. 


B, 

(MeV) 

J* 

BCE 2) 

B(E2)/B W (E2) 

£,B(£2)/EWSR 

6.92 

2* 

36 ±4* 

3.0 

0.11 

9.85 

2* 

0.67*0.27* 

0.056 

0.003 

11.52 

2* 

26.67*2.83 b 

2.1 

0.13 

13.15 

2* 

18.8 b 

1.2 

0.08 

16.15 

2* 

8.1* 4.1 c 

0.68 

0.05 

16.46 

2* 

2 .7*0.9 c 

0.22 

0.02 

18.5 

2* 

5.1* 0.6 

0.43 

0.04 




SUM 0.43 

20-30 

2* 

20*8 

1.7 

0.21 

*Hef. 14. 


b Ref. 15. 

c Ref. 12. 


higher multipole resonance, the form factor F\q) 
was obtained by using Eq. (2). The longitudinal 
form factor Integrated over the region from 20 to 
30 MeV Is shown In Fig. 3(a) together with the 
low-momentum-transfer data of Goldmann and 
Stroetzel. 1 * Also shown In Fig. 3(a) Is the £1 
form factor calculated by using the Tassle model 10 
and normalizing to the data of Ahrens et al. 1 
The points represented by a square In Fig. 3(a) 
are the result of the subtraction of the £1 calcu¬ 
lated contribution from the experimental values. 
These points are consistent with the theoretical 
£2 q dependence of the form factor given by the 
Tassle model. 

The reduced transition probability obtained for 
the £2 resonance and a comparison with the 
EWSR are given In Table I together with the 
strengths of other 2 + states. In this table the £2 
strengths for the states below 18.46 MeV are tak¬ 
en from the data of Stroetzel, 14 Kim, Slnghal, 
and Capian, 1 ' and Stroetzel and Goldmann. 10 

In contrast to medium and heavy nuclei, the 
£2 strength In ’"O is distributed in a wide ener¬ 
gy region. The observed strength exhausts 64% 
of the £2 EWSR, while the strength in giant -di¬ 
pole-resonance region exhausts only 21% of the 
same sum rule. In inelastic electron scattering 
both lsoecalar and lsovector quadrupole reso¬ 
nances may be excited. The observed £2 strength 
above £,*20 MeV in comparable to that of the 
lsovector giant-quadrupole resonance obtained 
from the ( p , y) reaction.' Below £,= 20 MeV the 
£2 strength and its distribution are In agreement 
with those of the lsoecalar £2 resonances ob¬ 
tained from the (o, yj reaction. 4 

The transverse form factor integrated over the 
region from 20 to 30 MeV Is shown In Fig. 3(b) 
together with the photonuclear data 0 * 7 and the 


Stanford data. 1 ' The present form factor at 0.6 
fm' 1 agrees well with the Stanford data. The 
transverse form factor obtained by using the 
Goldhaber-Teller model with the lsospin mode 
does not agree with the data, but the form factor 
for the spln-lsospln mode 17 and the particle-hole 
model 1 * both agree with the data. 

The authors would like to thank Professor Y. 
Torizuka and Professor Y. Kojlma for their en¬ 
couragements and advice. 
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New Negative Result for Gravitational Wave Detection, and Comparison 
with Reported Detection 

James L. Levine and Richard L. Garwln 
IBM Thomas J. Watson Research Center, Yorhtown Haights, Neto York 10598 
(Received 24 June 1974) 

We report new negative results for detection of gravitational radiation with a 500-kg, 
1637-Hz detector of demonstrated sensitivity and detection efficiency. These results are 
compared with numerous detections reported by Weber. We conclude that those detec¬ 
tions did not arise from gravitational radiation. Furthermore, gravity wsvob (or oth'er 
Impulsive excitations) oould not have produced data with a coincidence peak as narrow 
as that published in September 1973. 


We report a new negative result for the detec¬ 
tion of gravity wave pulses, at a sensitivity six 
times greater than that of our previous publica¬ 
tion. 1 We believe the present results to be in 
substantial conflict with the detections reported 
by Weber 1 " 1 although this conclusion requires 
estimates of Weber’s detection sensitivity; his 
publications do not adequately present data to al¬ 
low determination of the signal wave form, 
strength, or arrival rate (corrected for detec¬ 
tion efficiency). 

Apart from minor improvements in the trans¬ 
ducer, the major increase in sensitivity was ob¬ 
tained by increasing the mass of the aluminum 
cylinder used as an antenna from 120 to 480 kg, 
the resonance frequency (1637 Hz) remaining 
close to that of Weber’s antennae (1661 Hz). The 
rest of the apparatus, calibration techniques, and 
detection procedures are as described in Ref. 1. 
In particular, pulses of radiation of duration 
less than our 68-msec sampling interval are 
sought, the detection algorithm yielding the os¬ 
cillation energy E, which would be induced by a 
pulse in an antenna initially at rest, independent¬ 
ly of the arrival time of the pulse and the pre¬ 
existing state of oscillation. 

In Fig. 1, we show the observed impulse ener¬ 
gies as defined above, in the form of a logarith¬ 
mic histogram. The energies are determined by 
comparison with an electrostatic calibrator 1 and 
are given for convenience in units of the mean 
oscillation energy kT r (T r = room temperature), 
the straight line (Boltzmann distribution) being 
the result expected if only thermal and amplifier 


noise were present. The slope of the line de¬ 
fines an effective temperature T, = 0.063T r which 
characterizes the experiment. The histogram 
includes 4.1 xlO 7 values obtained during a 27-day 
period (3-30 December 1973). Only one measure 



IMPULSE ENERGY (kT r ) 

FIG. 1. Histograms of observsd impuas snorgiss. 
Solid ourve, Boltzmann distribution with effective tem¬ 
perature T,-18.6 K. 


794 





Volume 33, Numbii 13 


PHYSICAL REVIEW LETTERS 


23 September 1974 


| ment interval (time: 23 :0.1:22 ± 1 sec, E.S.T. 

12 December 1973) contained a pulse substantial¬ 
ly above the noise. We will discuss this pulse 
below. 

We have obtained the efficiency for detecting 
pulses of energy E, above a threshold value E,, 
both theoretically and experimentally. Let a 
large number of such pulses occur. In the pres¬ 
ence of Boltzmann-distributed noise character¬ 
ized by mean value kT„ the detection algorithm 
will return a distribution of apparent pulse ener¬ 
gies E, related to the Rician distribution func¬ 
tion 5 : 

F(E) = (1 /kT.) exp[- (E +E t )/kT ,]/ 0 (X), 

X=[2(EE,) l/1 \/kT., (la) 

where 1 0 (X) is the modified Bessel function of 
zero order. Expanding, we find 

■F(£)3[1/(4jeE, kT,) l/t ] 

x.Bxp[-{p t +kT.-EY]/4E r kT., (lb) 

I £ - £ f | « 25,, E,»hT, . 



Equation (lb) 1 b plotted in Pig, 2(a) for E, = 3 kT r 
and the value of kT, obtained from Fig. 1. The 
detection efficiency P*(E r ,£ t ) is then represent¬ 
ed by the shaded area in Fig. 2(a): 

£,(£„£,) = /,*£(£) dE. (2) 

Equation (2) may be evaluated in terms of the 
tabulated error integral, 5 and is plotted (solid 
curve) in Fig. 2(b), again for E t = ZkT r . 

To verify that Eqs. (1) and (2) correctly de¬ 
scribe our complete detection system, 100 puls¬ 
es of energy 3 kT r were introduced at random 
times by the electrostatic force calibrator of 
Ref. 1. These were detected “blind” by the nor¬ 
mal detection algorithm, 98 being found above 
the (normal) threshold £,„ = 1.1 kT r . These are 
plotted (solid points) in FigB. 2(a) and 2(b), the 
agreement being satisfactory. 

We may now use Eq. (2) to set an upper limit 
for the occurrence 7 rate of pulses of various en¬ 
ergies. In Fig. 1, we note only a single pulse 
above E tn . The detection efficiency for that pulse 
is 0.94, thus it was the only such pulse occurring 
in 27 days and can provide no support for the sev¬ 
eral pulses per day claimed by Weber. Next, as¬ 
sume that pulses of lower energy E, occurred at 
an average rate N, (per day), thus N = 27AT r were 
expected during the experiment. The actual num¬ 
ber N will be Poisson distributed about the ex¬ 
pected value: 

G(N) = exp(-^)J77Nl (3) 

Then the probability P, that at least one addition¬ 
al pulse would have been detected above thresh¬ 
old is 

f>i= £G(N){l-[l-P,(E,,E <1 ,)n. (4) 

#=i 



FIQ. 2. (a) Differential distribution of calibrator 
vises detected with normal procedures, (b) Cumula- 
Ive distribution of above pulses. The solid curves are 
IteoreUcal (see text) and free of adjustable parameters. 


We then obtain (numerically) the average rate re¬ 
quired to give P t =[1 - (1/e)] = 0.64. This is plot¬ 
ted in Fig. 3; combinations (N„E,) above the 
curve are incompatible with our observations. 

IV, (E f ) represents an upper limit on the occur¬ 
rence rate of pulses of one particular energy; 
if pulses of different energies were present si¬ 
multaneously, fewer of each would have been re¬ 
quired to give one detection than the numbers 
determined from Eq. (4). 

The large pulse noted above could a priori be 
a gravity wave pulse, stress relaxation in the 
antenna, electrical pickup of an intense but in¬ 
frequent laboratory tone, or the result of a rare¬ 
ly occurring signal-processor defect. Thus fhr, 
the data from our single antenna cannot preclude 
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FIG. 3. Upper limit for average pulse oocurrenoe 
rate versus energy given to our antenna (lower curve) 
compared with estimates of occurrence rates deduced 
from the work of Weber (upper curves). The latter are 
also scaled to our antenna mass, and are based on the 
limited Information available In Refs. 3 and 4. 


any of these possible causes. However, a coinci¬ 
dent pulse (corrected for antenna parameters) 
was not observed at the University of Rochester 
detector*; thus the pulse is unlikely to have 
arisen from gravitational radiation. 

It would be of considerable value to be able to 
locate with certainty the signals of Refs. 2, 3, 
and 4 either above or below the "upper-limit” 
curve in Fig. 3. This is not possible at present, 
as experimental results for detection efficiencies 
(similar to those presented in Fig. 2) have not 
been published for any of the three systems used 
by Weber. We are thus forced to estimate these 
quantities, while noting that such Information is 
easily obtained by the experimenter and is nor¬ 
mally provided in the publication of a detection 
experiment. 

We have made such estimates'' 10 for the sys¬ 
tems described in Refs. 3 and 4, the signals hav¬ 
ing been detected in 1970 and 1973, respectively. 
The result in each case is a curve giving com¬ 
binations of pulse occurrence rate and energy 
compatible with the published time-delay histo¬ 
grams {prompt-coincidence excess and back- 




FIG. 4. (a) Time-delny-oolnotdenoe hirtograro from 
simulation of an antenna pair using 1.6-Ha band widths 
filters. The simulation uses system parameters of 
Ref. 4. (b) Time-delay-coincidence histogram results 
erf Ref. 4. 

ground-coincidence rate), detection methods and 
estimated noise levels. We have assumed each 
system to have been operating without degrada¬ 
tion and with only thermal and normal amplifier 
noise. These curves are plotted in Fig. 3. The 
1970 signals were clearly not present during our 
experiment. For the 1973 signals, a very large 
occurrence rate of small signals cannot be ex¬ 
cluded. 

This analysis has left open two logical possi¬ 
bilities: (a) Large gravity waves were being de¬ 
tected during May 1973/ but were no longer inci 
dent in December 1973 to be detected by our ap¬ 
paratus; or (b) some hundreds of gravity waves 
were incident per day even during December 
1973, giving our bar <0.3AT r . 

Both these possibilities are precluded by an 
analysis of the form of the delay histogram whlcl 
would be produced by impulsive excitations of 
antenna systems containing a "1.6-Hz bandwidth 
filter.” 4 Figure 4(a) is die result of a simulation 
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such a time-delay coincidence histogram, 
rise and the filter-broadened gradual change 
amplitude combine to give the breadth of the 
etrlbution. For comparison, Fig. 4(b) are the 
isuits of Ref. 4. 

The results of Figs. 3 and 4(a) appear to pre- 
ude all physical explanations of the results of 
f. 4 [ our Fig. 4(b)]. Indeed, the data of Ref. 4 
ire processed with a faulty computer program 
-an-above-threshold event in one specific anten- 
which happened to fall in the last 0.1-sec bin 
a 1000-bin data block was always counted as 
prompt coincidence with a later above-thresh- 
d event in the other antenna. 11 This error was 
town 11 to account for essentially all of the zero- 
slay excess events on a four-day tape of the da- 
of Ref. 4. 

We thank D. H. Douglass for many useful dis- 
isslons. 
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Azimuthal Correlations in pp Interactions at 205 GeV/c 


M. Pratap, R. Engelmann, and T. Kafka 
State University of New York, Stony Brook, New York 11790* 

and 

Y. Cho, T. H. Fields, L. G. Hyman, and R. Singer 

Arganne National Laboratory, Argonne, Illinois 604391 

and 

L. Voyvodlc, R. Walker, and J. Whitmore 
Fermi National Accelerator Laboratory, Batavia, Illinois 605101 
(Received 3 July 1974) 


Using data obtained from an exposure of the 30-ln. Fermi National Accelerator Labora¬ 
tory bubble ohamber to a 205-GeV/c proton beam, results are presented on azimuthal 
distributions. E vide non la presented for dynamical azimuthal correlations whose behav¬ 
ior depends on the particular charge combination. The dependence of tbs azimuthal cor¬ 


relations on the rapidity difference and on 

The study of two-particle correlations has re¬ 
vived considerable attention recently, both the- 
etlcally and experimentally. At the Fermi Na¬ 
nai Accelerator Laboratory (FNAL) and the 
'■HN intersecting storage ring energies, most 
the emphasis has been placed on the analysis 


transverse momentum la also given, 

of two-particle rapidity distributions, although 
some studies have been made of azimuthal corre¬ 
lations. u In this Letter we present new results 
on azimuthal correlations in pp interactions, at 
the inclusive and, lor the first time at FNAL en¬ 
ergies, at the semi-Inclusive level. The depen- 
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TABLE I. As y m m etry perimeter A , (Eq, (l)] for different charge combinations and l eading 
particles. The total number of particles, *?, estimated from A,* and experimentally ob¬ 
served. 


• 


A*- 

n 

a ” 

n 

A~ 

imAla* 


nr 

frol Aj C 

“T 

obfinrftd 

z 

0 . 20 * 0.04 


0 . 20 * 0.04 

0 . 201.04 


611 

4*1 

4 

0 . 11 * 0.01 

0 . 14 * 0.03 

0 . 09*.02 

0 . 041.03 


10*1 

6*1 

6 

0 . 10 * 0.01 

0 . 11 * 0.02 

0 . 09 * 0.01 

0 . 09 X .03 

0 . 07 * 0.03 

11*1 

11*1 

8 

0 . 072 * 0.006 

0 . 08 * 0.01 

0 . 05 * 0.01 

0 . 051.04 

0 . 08 * 0.02 

1511 

1311 

10 

0 . 051 * 0.005 

0 . 06 * 0.01 

0 . 04 * 0.01 

0 . 051.06 

0 . 02 * 0.01 

2112 

1711 

12 

0 . 040 * 0.005 

0 . 06 * 0.01 

0 . 02 * 0.01 



0 . 03 * 0.01 

2613 

1811 

14 

0 . 030 * 0.006 

0 . 06 * 0.01 

0 . 07 * 0.01 


► 0 . 001.03 

0 . 01 * 0.01 

21*2 

21*2 

16 

0 , 035 * 0.008 

0 . 04 * 0.02 

0 . 05 * 0.01 



. 02 * 0.02 

29*6 

ua 

InduftlT* 

0 . 056 * 0.003 

0 . 067 * 0.006 

0 . 048 * 0.005 


0 . 027 * 0.009 




per Inelastic event. 7 We have assumed that on 
the average there la one neutron or antineutron 
per Inelastic event." We observe that the model’s 
predictions for n T are consistently larger than 
the values experimentally determined, which may 
be a manifestation of dynamical effects not Includ¬ 
ed in the model. 

In order to study the transverse-momentum de¬ 
pendence of the azimuthal correlations, we con¬ 
sider the distribution 

_1 tfV 

(Tinci dtp dp T 

In which we have Integrated over the transverse 
momentum of one of the two particles. Figure 
2(b) shows the asymmetry A, Integrated over all 
", as a function of p T . The asymmetry Is seen 
to increase monotonically with p „ an effect due at 
least in part to energy-momentum conservation. 

Io Fig. 2(b) we also show the asymmetry as a 
•unction of p T for particle pairs with a large ra¬ 
pidity difference, Ay =» ly,-y^ I >2. We observe 
hat the above trend continues even ovef large 
rapidity differences. 

Correlation effects between the longitudinal and 


transverse momenta can be analyzed by studyir 
the distribution 


<7 to ci dyidyjdtpt,' ' 

We note that in the independent-particle emis¬ 
sion the asymmetry in <p for the distribution (2) 
depends only very weakly on the rapidity differ¬ 
ence Ay." In Figs. 3(a)-3(d) we show the asym¬ 
metry parameter as a function of Ay lor the 
charged-charged, + -, + +, and-cases, re¬ 

spectively. We observe that for the (+ -) com¬ 
bination (which, as noted above, shows larger 
correlations in both the inclusive and semi-in¬ 
clusive cases), the asymmetry is large for small 
rapidity differences and decreases as the rapidity 
difference increases. That Is, for this combina¬ 
tion, particles which are close together In rapid¬ 
ity tend to balance their transverse momenta. By 
contrast, for the (+ +)*° and (—) combinations, 
we find that the asymmetry is small for small Ay. 
The asymmetry then Increases to a maximum as 
the rapidity difference Increases (Ay <*1 -2) and 
then drops to zero again. 

The suppression of the azimuthal asymmetry at 
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0 12 3 4 5 6 

A» 


IQ. 3 Asymmetry parameter aa a function of ra- 
•tv djffreuoe Ay for the (a) charged-charged, 

FI (o) *• and (d) - - combinations. 


,il1 4j, Q . 1*1 like piona (+ + and —) may be part- 
'*bee«f ,ch;by correlations due to Bose-Einstein 
rthl ttc *‘ 8 a * W However > 11 lfl templing to go a step 
_ tte *' t»ie r^nd compare our observations with a 
, *~hrta fl ?ange cluster model of particle production 
71 obtain has been successful In explaining two-par¬ 
ticle rapidity distributions. In one such picture, “ 
the clusters are assumed to be neutral and con¬ 
tain three plons. Hence, within such a simple 
cluster, there are no (+ +) or (-) combina¬ 
tions. This Implies that the (+ +) and (-) cor¬ 

relations are due to cluster-cluster correlations 
alone, whereas the (+ —) combination has, in ad¬ 
dition to the cluster-cluster contribution, corre¬ 
lations between the particles within a single clus¬ 
ter. Qialitattvely, this is consistent with the 

observation that the (+ +) and (-) correlations 

are small at small Ay, rise with Increasing Ay 
[as correlations between (neighboring) clusters 
become Important], and then fall toward sero 
(beyond the range of correlations between clus¬ 
ters). In a multiperipheral model with only sin¬ 
gle -pion emission tbs above effects can only be 
produced by imposing strong lsospln constraints. 

As has been shown above, as two particles get 
farther apart In rapidity, their transverse mo¬ 


menta become less correlated. It la natural to 
examine the extreme case where one studies the 
azimuthal correlation between "leading” particles' 
(either t* or proton). In order to look for such 
correlations, we have defined die leading parti¬ 
cles In an event as the positive particles with the 
smallest and largest angle (with respect to the 
beam direction) in the laboratory. Table I gives 
the asymmetry parameter as a function of topol¬ 
ogy. We obtain an asymmetry of 0.04*0.02 aver¬ 
aged over events with four or more prongs. Thai 
we observe that the asymmetry for the leading 
partlcleB is nonzero but consistently smaller ths 
the overall asymmetry. (Of course, for the two 
pronga, the two distributions are the same.) For 
n >8, the average leading-particle asymmetry is 
consistent with zero. 

We conclude that there are azimuthal correla¬ 
tions present which cannot be explained solely 
by energy-momentum conservation, since the 
asymmetry has a substantial charge dependence. 
The asymmetry Is also a strong function of the 
rapidity difference between the two particles. 
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CroSB sections and polarizations have been measured tor t4 C(p.^) 14 C scattering over the 
energy range corresponding to the glant-dlpole-resonance region of ’^N. The results Indi¬ 
cate a •/* = S + resonance of about F * 4 MeV near Ep = 10 MeV. This resonance appears to 
be the giant dipole resonance observed In (p,y) measurements. 

Recent measurements of the analyzing powers ments of the U C and 1 °0 cross sections were used 

and cross sections of protons elastically scat- In extracting the 14 C data. 

tered from "SI have suggested, on the basis of The crosB section for the reaction I1 C(p,p) , *C 

the energy dependence of the spin-orbit potential was measured as a function of energy at two an- 
obtalned from an optical-model analysis, that gles. The main component of the GDR as ob- 

these data are sensitive to the existence of the servcu in 14 C(/>,y 0 ) ls N measurements occurs at 

giant dipole resonance (GDR) of M P.‘ In this Let- about E p = 10.5 MeV and is not distinct In these 

ter we will report our results of a study of the excitation functions. This result is not surpris- 

GDR of l *N using the reaction l *C(p,p) l *C. The ing since the y-ray operator is very selective 

intent of this work was to establish whether the and so ( p,y) or (y,P) measurements reveal only 

correlation suggested in Ref. 1 could be more a special part of the wave function—presumably 

definitely established and. If so, what param- described to first order by the one-particle, one- 

eters could be extracted. hole (lp-lh) model (lp-2h In the case of 1# N). On 

The experiment was performed by using the the other hand the giant-resonance states certain- 

polarlzed-lon source at the Triangle Universities ly have proton decay widthB and so should be con- 

Nuclear Laboratory. Angular distributions were talned in the (/>,/>) data. The question is can they 

measured at 8 energies between £, = 7.5 and 12.45 be separated out? 

MeV. Data were taken in 10° steps from 50° to We began our analysis of these data by perform- 

160°. Eight detectors were used—four left and lng an optical-model fit at each energy using the 
four right—and each run was made with the pro- code jupitor.’ A typical set of parameters (at, 
ton spin up and down. The beam polarization say, B MeV) were V = 52.8 MeV, W, = 2.35 MeV, 

was determined to be 0.82± 0.02 by means of the V vo _ =7.56 MeV, a = 0.7 fm, r 0 = 1.75fm, a 4 * 0.7 

quench-ratio technique.* The “C targets used fm, and r, = 1.52 fm. Note that we are using sur- 

for this work were made by cracking 70% I4 C- face absorption (derivative Woods-Saxon form 

enriched acetylene on a 0.12-pm-thlck nickel factor). Although the spin-orbit potential die- 

backing and were about 10 keV thick for 3.4 MeV played some energy dependence, the results were 

protons. The crosB sections were obtained by difficult to interpret. Therefore, the results 

summing the polarization results as well as by were converted into a set of complex phase shifts 

measuring them independently with an unpolar- at each energy. These were then used in a phaae- 
ized beam. At angles forward of 85°, where the shift analysis of the data. The optical-model re¬ 
elastic “C, 14 C, and le O peaks overlap, measure- suits at each energy were used as starting param- 
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